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ON  SOME  TYPES  OF  FUNCTIONAL  SPACES. 

A  Contribution  to  the  Theory  of  Almost  Periodic  Functions. 

BY 

HARALD  BOHR  and  ERL1NG  F0LNER 
in  COPENHAGEN. 

WITH 

AN  APPENDIX. 

BY 
ERLING  F0LNER. 

Preface. 

In  the  present  paper  we  shall  study  some  types  of  functional  spaces,  the  &*- 
spaces,  the  ^-spaces  and  the  Z?*-spaces  (p^i)  as  well  as  the  almost 
periodic  subspaces  of  these  spaces  which  were  met  with  when  generalising 
the  theory  of  the  almost  periodic  functions.  The  spaces  of  £-type,  W-type  and 
jR-type  will  be  treated  separately. 

In  a  later  paper  F0LNEK  will  study  the  »ensemble«  of  all  the  types  of  spaces 
mentioned.  In  the  investigation  of  this  ensemble  certain  methods  of  constructing 
examples,  developed  in  the  present  common  paper,  will  be  employed,  though  in 
a  modified  and  generalised  form  as  in  different  respects  more  properties  have 
to  be  demanded  of  the  constructed  functions.  In  order  to  avoid  repetitions  and 
to  make  the  latter  paper  more  perspicuous,  these  generalisations  of  the  examples 
will  be  treated  by  F0LNEB  in  an  appendix  to  the  present  paper. 
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Introduction. 

Throughout  the  paper  we  operate  with  (complex)  LEBESGUE  measurable  func- 
tions of  a  real  variable;  therefore  in  the  following  by  the  word  »f  unction  «  we 

shall  always  mean  a  LEBESGUE  measurable  function.    By   the  ^-integral  of  a 

ft 

function  f(x)  from  a  to  b  we  shall  mean  f\f(x)\pdx,  whether  this  integral  is 

a 

finite  or  infinite.  We  call  a  function  /(#),  defined  on  the  whole  #-axis,  ^-integrable 
if  the  ^-integral  of  f(x)  extended  over  any  finite  interval  is  finite. 

The  different  types  of  generalised  almost  periodic  functions,  the 
Sp-a.  p.,  Wp-&.  p.  and  5;'-a.  p.  functions,  can  on  the  one  hand  be  interpreted  as 
generalisations  of  the  ordinary  almost  periodic  functions  and  on  the  other  as 
generalisations  of  the  ^-integrable  periodic  functions. 

An  ordinary  almost  periodic  function  (in  the  following  often  shortly 
denoted  as  an  o.  a  p.  function)  is  a  continuous  complex  function  f(x),  defined  for 
—  oo  <  x  <  oo  ,  which,  corresponding  to  every  e  >  o,  has  a  relatively  dense  set 
of  translation  numbers  r  =  r(e).  A  set  is  called  relatively  dense  if  there  exists 
a  length  L  such  that  any  interval  a  <  x  <  a  +  L  of  this  length  contains  at  least 
one  number  of  the  set,  and  a  number  T  is  called  a  translation  number  belonging 
to  e  if  it  satisfies  the  inequality  |  f(x  +  i)  —  f(x)  \  ^  e  for  all  x. 

The  main  theorem  in  the  theory  of  the  almost  periodic  functions  states  that 
an  almost  periodic  function  can  also  be  characterised  as  a  function  which  may  If 
approximated,  uniformly  for  all  x,  by  trigonometric  polynomial*.  L  e.  sums  of  the  form 


where  the  an  are  arbitrary  complex  numbers  and  the  A,,  are  real  number*. 

It  is  this  last  property  of  the  almost  periodic  functions  which  is  used  at 
their  generalisation,  the  uniform  convergence  being  only  replaced  by  other  limit 
notions.  These  limit  notions  are  introduced  by  means  of  a  distance  notion,  to 
two  arbitrary  functions  a  distance  is  ascribed,  and  a  sequence  of  functions  /„  (jr) 
is  called  convergent  to  the  function  /(#),  if  the  distance  of  fn(r)  and  f(jc)  tends 
to  zero  for  n  ->  «  .  Incidentally  we  remark  that  the  uniform  convergence  for 
all  x  originates  from  the  (ordinary)  distance 

/>„[/(*),  .'/(*)!=   n.  b.  \f(x)-g(x)\. 
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Concerning  the  jnntegrable  periodic  functions  with  a  fixed  period  6  —  a>o 
a  similar  main  theorem  is  valid  as  for  the  almost  periodic  functions.  f(x)  and 
g(x]  being  two  arbitrary  periodic  functions  with  the  given  period,  we  define  the 
jj-distance  for  p  ^  i  by 


%[/(*),?(*)]- 


and  we  call  a  sequence  fn(x)  of  periodic  functions  with  the  given  period  ^con- 
vergent to  f(x),  if  Dp\/(x\  /n(a?)]-*o  for  w~*<x>.  Then  the  main  theorem  states 
that  to  any  p-integralle  periodic  function  f(x)  with  the  period  b  —  a  a  sequence  of 
trigonometric  polynomials  with  the  period  I—  a  can  be  found  which  p-converges  to  f(x). 
(The  converse  theorem  is  here  obvious.) 

A  comprehensive  treatment  of  the  generalised  almost  periodic  functions  was 
given  in  a  paper  by  BESICOVITCH  and  BOHR:  Almost  Periodicity  and  General 
Trigonometric  Series,  Acta  mathematica,  vol.  57.  We  shall  use  some  facts  de- 
duced in  that  paper,  in  each  case  quoting  in  detail  the  results  we  shall  employ. 
On  the  one  hand  we  shall  use  some  simple  relations  for  the  different  distances 
—  they  will  be  quoted  in  this  introduction  —  and  on  the  other  hand  certain 
properties  of  the  generalised  almost  periodic  functions  which  will  be  cited  in 
Chapter  I.  In  the  following  the  paper  in  question  will  be  quoted  as  I. 

While  the  periodic  functions  may  be  considered  as  functions  given  in  a 
finite  interval,  the  period  interval,  in  the  theory  of  the  almost  periodic  func- 
tioni  we  principally  have  to  operate  with  (i.  e.  in  some  way  or  other  to  take 
mean  values  over)  the  infinite  interval  —  oo  <#<».  Desiring  to  transfer 
the  jp-distance  mentioned  above  from  a  finite  to  an  infinite  interval  we  may 
choose  among  several  different  possibilities  each  of  which  presents  its  special 
peculiarity  and  its  special  interest.  Within  the  set  of  all  (measurable)  functions 
we  introduce  for  every  p  ^  i  three  such  distances  which  we  denote,  after 
STEPANOFF,  WEYL  and  BEBICOVITCH,  by 


,</(*)]     and     Dlf\f(x),9(x)]. 
STEPANOFP'S  distance  is  given  by 


~|  /  3t+L 

p[/(4  </(*)]==  «.  b.      /  j  (\f®- 

L  —»<«<»   I/       L  J 
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Here  L  is  a  fixed  positive  number;  its  value  is  unessential  (L  may  for  instance 
be  chosen  equal  to  i)  since  given  the  two  positive  numbers  L,  and  L,  there 
exist  two  positive  numbers  &t  and  kt,  depending  only  on  L]  and  L,  and  not  on 

f(x)  and  g(x\  such  that  (I,  p.  221) 

9  Ml  ^  I      [/(*),  0  Ml  ^  *• 


On  account  of  these  latter  inequalities  the  distances  Dsr>  corresponding  to  different 
L  are  said  to  be  equivalent. 

Concerning  the  BESICOVITCH  distance  the  mean  value  is  at  once  extended 
over  the  whole  interval  —  oo  <  x  <  oo  ,  viz. 


i    /          ^ 

IU/(4  </(*)]==  Km     /   -~  l\f(x)-g(x)\*dx. 

T-^co    I/         2  1   J 

Finally  the  WEYL  distance  is  an  ^intermediate  thing*  between  the  two 
distances  cited  above.  Like  STEPANOFF,  WEYL  considers  a  fixed  length  L  which 
he  however  lets  increase  to  oo ,  viz. 

p 


«.  b.  -      \m-g(S)\*dS=]im  Dsr[f(x),g(x)\. 


It  is  easy  to  prove  that  the  limit  always  exists  for 

As  immediately  seen,  all  these  distances  are  generalisations  of  the  distance  Dp; 
for,  if  f(x)  and  g(x)  are  periodic  functions  with  the  period  A,  we  have 

(4  9(4  =  ^)Fp[/(4  J  (*)]  =  DB,  [/(*),*(*)]• 


Instead  of  >S?  we  simply  write  £p,  and  similarly  we  omit  p,  if  p=i,  in  the 
symbols  SpL,  Wp  and  Bp.  Frequently  it  is  convenient  to  use  a  symbol  which 
may  represent  an  arbitrary  one  of  the  symbols  SPL,  Wp  and  J3p;  in  this  case  we 
use  the  symbol  G  or,  if  we  want  to  emphasise  the  exponent  p,  the  symbol  Gp. 
We  observe  that  the  common  symbol  for  £jr,  W  and  B  is  Gl. 

A  sequence  of  f  unctions  /„  (#)  is  called  6  -convergent  to  the  function  /(x), 
if  Do  [/(#),  /n(#)]-»o  for  W-+QO,  and  we  write 


j 
1  fn(x)~2f(x)  means  the  same  as  fn(x)-~?f(x),  the  distances  Dgp  being  equivalent  for 

different  values  of  L. 
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A  function  is  called  a  G-&.  p.  function,  if  there  exists  a  sequence  of 
trigonometric  polynomials  which  ^-converges  to  the  function.  The  set  of  (?-a.  p. 
functions  is  called  the  G-a.  p.  set.1  For  every  p  ^  i  we  have  thus  introduced 
the  three  important  sets: 

the  S*-a.  p.  set,       the  W  *-a.  p,  set    and    the  B*-&.  p.  set, 


Concerning  particular  67*-a.  p.  functions,  besides  the  o.  a.  p.  functions  and 
the  jHiitegrable  periodic  functions,  we  mention  the  GMimit  periodic  func- 
tions; a  function  f(x)  is  called  G^-limit  periodic,  if  there  exists  a  sequence 
of  ^-integrable  periodic  functions  (generally  without  a  common  period)  which 
(^-converges  to  f(x). 

For  every  p  ^  i  the  inequalities 

Do  [/(*),  9(x)}  Z  DSP  (f(x\  g(x}\  It  D(FP  [/(»),  g(x}}  5;  DBf  \f(x\  g(x}\ 

are  valid  (I,  p.  222);  hence  denoting  the  set  of  o.  a.  p.  functions  as  the  o.  a.  p. 
set,  we  have  for  each  p  ^  i  : 

the  o.  a.  p.  set  c.  the  S^-a.  p.  set  c  the  Wp-&.  p.  set  c  the  J^-a.  p.  set. 
Further  we  have  for  i^pl<pt  (I,  p.  222) 

D^[f(x\g(x)\^L^[f(xlg(x)\. 

(This  inequality  is  a  consequence  of  HOLDER'S  inequality  quoted  below.)    Hence 
it  holds  for  i  ^  px  <  pt  that 

the  Gp>-a.  p.  set  ^  the  G^-a.  p.  set. 

Just  as  the  distance  DO  [/(re),  g  (x)}  originates  from  an  0-norm  Do  [/(re)]  = 
Do[/(z),o],  and  the  distance  DP  [/(&),  g(x}\  from  a  j?-norm  Dp  [/(x)]==Dp[/(x),o], 
every  one  of  our  distances  Do[f(x)tg(x)\  originates  from  a  67-norm  Dg\f(x}\  = 
Do[f(x),o\.  Obviously  the  G-norm  satisfies,  like  the  0-norm  and  the  jp-norm, 
the  relation 

(1)  Do  [af(x)}  =  |  a  |  •  Do  [/(#)]         (a  a  complex  number); 
further  it  satisfies  the  inequality  (I,  p.  222) 

(2)  Do  [f(x]  +  g(x}\  £  Do[f(x)}  4-  DG  \g(x)\ 


1  The  S% ^a.  p.  set  is  identical  with  the  5^-a.  p.  set,  as  the  distances  Dsp  are  equivalent  for 

different  values  of  £,  and  it  is  called  the  £*-a.  p.  set.    The  functions  in  the  £*-a.  p.  set  are  called 
5^-a.  p.  functions. 
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which  is  equivalent  to  the  Triangle  Rule 

f  Ml  ^  Do\f(x\  h(x}} 


(This  inequality  is  a  consequence  of  MINKOWSKI'S  inequality  quoted  below.) 

As  a  trigonometric  polynomial  is  bounded,  its  G-norm  is  finite,  and  in 
consequence  of  the  Triangle  Rule  the  same  is  valid  for  any  G-a.  p.  function. 
A  function  with  finite  G-norm  is  called  a  G-function,  The  set  of  all  G-functions 
is  called  the  G-setl,  and  we  have 

the  G-a,  p.  set  c=  the  G-set. 

It  is  important  to  observe  that  the  SP-set  and  the  W*-set  are  identical  for  each 
p^i]  that  the  S^-set  c  the  W  ^-set  is  an  immediate  consequence  of  the  inequality 

Dgp^Dyp,  and  the  converse  is  involved  by  the  equation  D|rJ>  =  lim  D5p  which 

/,—  *«      I* 

shows  that  if  DwP  is  finite  then  Dsp  will  be  finite  for  sufficiently  large  L 
(and  therefore  for  all  L).  We  emphasise  that  the  analogue  is  not  valid  for  the 
a.  p.  sets;  in  fact  the  /S^-a.  p.  set  is  a  proper  subset  of  the  TP-a.  p.  set. 

The   G-sets  satisfy  similar  relations  as  the  G-a.  p.  sets,  and  on  account  of 
the  same  distance  relations: 
For  every  p  ^  i  is 

the  #-set  (  JF'-set)  cr  B*-set, 
and  for  i  ^  pl  <  p^  is 

the  GP'-set  ^  the 


In  our  G-sets  we  shall  have  to  consider  the  so-called  G-fundamental  se- 
quences. A  sequence  of  functions  fn(x)  from  the  G-set  is  called  a  6r-funda- 
mental  sequence,  if  DG[fn(x\  /«(«)]  -*o  when  n  and  m,  independently  of  each 
other,  tend  to  o>.  Further  we  shall  use  the  notion  G-closed.  We  call  a  set 
of  functions  (r-closed,  if  each  function  which  is  the  fr-limit  of  a  sequence  of 
functions  from  the  set  belongs  itself  to  the  set.  On  account  of  the  Triangle 
Rule  the  6r-set  and  the  6-a.  p.  set  are  obviously  ^-closed. 

Leaving  out  of  account  that  the  6r-distance  between  two  different  functions 
may  be  zero,  the  G-set  is  organised  as  a  linear  metric  space  because  of  (i) 
and  (2).  It  is  easily  shown  that  the  same  holds  for  the  G-a.  p.  set.  Firstly, 
the  product  of  a  G-a.  p.  function  f(x)  by  a  constant  is  again  a  G-a.  p.  function  ; 

1  The  5^-set  is  identical  with  the  S£  -set,  as  the  distances  D^p  are  equivalent  for  different 
values  of  £,  and  it  is  called  the  S^-set,  The  functions  in  the  S^-set  are  called  ^-functions. 
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for,  if  sn(ix)  is  a  sequence  of  trigonometric  polynomials  G  -con  verging  to  f(x\  the 
sequence  a-sn(x)  of  trigonometric  polynomials  will  G-con  verge  to  a-f(x],  since 

Do  [af(x\  asn(x}\  =  |  a  \  -  DQ  [/(*),  *.(*)]  . 

Secondly,  the  sum  of  two  G-a.  p.  functions  /(1)(a?)  and  f(l](x]  is  again  a  G-a.  p, 
function;  for,  if  s(^(x]  is  a  sequence  of  trigonometric  polynomials  G-converging 
to/(1)(#),  and  s^(x)  is  a  sequence  of  trigonometric  polynomials  G-converging  to 
f(*](x\  the  sequence  s^(x)+s(^(x)  consisting  of  trigonometric  polynomials  will 
G  -converge  to  /(1)  (x)  +  /(2)  (x),  as 

DG[f({](x]  +/(l)(*)>  ^(x)  +  8W(x)}  =DG[(f(»(x) 


In  the  proofs  of  theorems  on  G-a.  p.  functions  it  is  often  convenient,  instead 
of,  as  above,  using  the  definition  itself,  to  employ  the  following  simple  theorem  : 
A  G-a.  p.  function  can  also  be  characterised  as  a  function  which  is  the  G-limit  of 
o.  a.  p.  functions  (and  not  just  of  trigonometric  polynomials}.  The  proof  is  immediate. 
In  fact,  a  function  which  can  be  approximated  by  o.  a.  p.  functions  must  belong 
to  the  G-a.  p.  set,  as  the  o.  a.  p.  set  iL  G-a.  p.  set,  and  the  G-a.  p.  set  is  G-closed. 

To  pass  from  the  G-set  to  a  proper  linear  metric  space  where  the  distance 
between  two  different  points  is  >  o  (and  not  only  ^  o),  an  equivalence  relation 
(~)  between  the  G-functions  is  introduced  in  the  following  obvious  way: 

f(x)~g(x)    if    DG[f(x),g(x)]  =  o. 

Then  the  G-set  falls  into  classes  of  equivalent  functions.  Each  of  these  classes 
is  called  a  G-poini  Evidently  two  functions  of  the  G-set  belong  to  the  same 
G-point,  if  and  only  if  they  differ  from  each  other  by  a  function  of  the  G-norm  o. 
Such  functions  of  the  G-norm  o  are  called  G-zero  functions.  Now  a  distance 
(again  denoted  by  DG]  is  introduced  in  the  following  manner:  Let  91  and  93  be 
two  arbitrary  G-points;  then  we  define  DG  [?l,  8)  by  the  equation 


where  f(x)  and  g(x)  are  arbitrary  representatives  of  $  and  18  ;  this  definition 
is  evidently  unique.  The  multiplication  of  a  G-point  by  a  constant,  and  the 
addition  of  two  G-points  being  defined  by  means  of  representatives,  it  is  plain 
that  (i)  and  (2)  are  still  satisfied,  if  we  consider  G-points  instead  of  G-functions. 
And  moreover  the  G-distance  between  two  different  G-points  is  always  >  o. 
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Thus  the  set  of  G-points  is  organised  as  a  linear  metric  space  by  the  distance  DG. 
We  denote  it  as  the  G-space. 

If  one  function  in  a  G-point  is  G-a.  p.,  all  functions  of  the  point  are  G-a.  p. 
functions,  and  the  point  is  called  a  G-a.  p.  point.  The  set  of  the  G-a.  p, 
points,  organised  by  the  distance  Do,  forms  a  linear  subspace  of  the  G-space. 
It  is  called  the  G-a.  p.  space. 

Now  we  have  introduced  all  the  spaces  which  we  shall  investigate  in  the 
following,  viz.  for  every  p  ^  I : 

the  S^-a.  p.  space  ^  the  S^space, 
the  W*-&.  p.  space  CL  the  W>-space, 
the  B^-a.  p.  space  c_  the  1^-space. 

If  one  function  in  a  G-point  is  G-limit  periodic,  so  are  all  functions  of  the 
point,  and  the  point  is  called  a  6Mirnit  periodic  point. 

If  a  G-point  contains  a  periodic  function,  it  is  called  a  periodic  G-point 
(but  of  course  it  is  not  true,  that  all  the  functions  of  a  periodic  G-point  are 
periodic  functions). 

We  say  that  a  sequence  Sla,  Slg,  .  .  .  of  G-points  G-c  on  verges  to  the  G-point 
SI  if  D<?[9I,  9ln]-*o  or,  what  is  equivalent,  if  an  (arbitrary)  sequence  of  represen- 
tatives fi(x),  /s(#),  ...  of  Slj,  S12,  ...  is  G-convergent  to  a  representative  f(x)  of  ?(. 

A  sequence  ?l,,?(|, .  ..  of  G-points  is  called  a  G-fundamental  sequence 
if  DH  [Sin,  Sim]-*  o  for  n  and  m  tending  to  oo  or,  what  is  equivalent,  if  a  sequence 
of  representatives  /i(#),  /2(#),  ...  of  SI,,  S12,  .  .  .  is  a  G-fundamental  sequence. 

As  well  knowfl,  a  metric  space  is  called  complete  if  every  fundamental 
sequence  of  the  space  is  convergent;  otherwise  it  is  called  incomplete. 

A  subset  of  a  metric  space  is  called  closed  (relatively  to  the  latter)  if 
every  point  of  the  space  which  is  the  limit  of  points  of  the  subset  belongs  itself 
to  the  subset.  Evidently,  the  G-a,  p.  space  is  dosed  (relatively  to  the  G-space). 

Concerning  the  STEPANOPF  distance,  it  is  easy  to  see  that,  for  any  p^  I, 
a  function  is  a  S^-zero  function  only  in  the  trivial  case  when  it  is  o  » almost 
everywhere*  (i.  e.  except  in  a  set  of  measure  o);  consequently,  for  every  jp,  an 
•S^-point  consists  of  essentially  only  one  function.  In  the  two  other  cases  (the 
W*  and  jB^)  the  set  of  zero  functions  is  considerably  more  comprehensive,  and 
most  .comprehensive  for  #=i;  thus,  while  it  is  only  a  mathematical  subtlety 
to  speak  of  ^-points  instead  of  ^-functions,  it  is  of  decisive  importance  to 
distinguish  between  G-points  and  G-functions  in  case  of  the  W*-  and  JS^-spaces. 
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To  deduce-  the  relations  for  the  different  distances  (about  which  we  re- 
ferred to  I)  two  very  important  inequalities  are  used,  HOLDER'S  inequality  and 
MINKOWSKI'S  inequality.  As  we  later  on  shall  apply  these  inequalities  repeatedly, 
we  quote  them  here  in  the  introduction. 

Haider's  inequality.  Let  p  and  q  be  two  positive  numbers  satisfying  the 
condition 

^-i, 

P    q 

and  f(x)  and  g  (x)  two  complex  functions,  defined  in  the  interval  (a,  6);  then  we  have 

P 


___ 
-i       f~  b  -•       /  6 

*  ]/  pi/l/WI'*-  I/  £/liWI«<* 

fa  V  a 


As  the  inequality  can  be  reduced  by  j—  -»    the  corresponding  inequality  for 

integrals  (instead  of  mean  values)  is  also  valid. 

We  emphasise  a  special  case  of  HOLDER'S  inequality  (which  is  obtained  by 

replacing  /(x),  g(x)  and  p  by  |/(oj)jft,  i  and  —  respectively),  viz: 

Pi 
For  i  &<p   is 


Minkowski's  inequality.    Let  f(x)  and  g  (x)  be  two  complex  functions,  defined 
in  the  interval  (a,  b),  and  j>5  i;  then  the  inequality 


i    r        b 
I/  jL-fig 

V  a 


holds.    As  before  the  corresponding  integral  inequality  is  also  valid, 
Obviously  the  inequality  can  also  be  written  in  the  form 
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Besides  trivial  facts  concerning  LEBESQUE  integrals  we  shall  have  to  use 

Fatou's  theorem.    Let  f(t,  n)  be  a  non-negative  function,  given  for  all  t  in  a 
finite  interval  (a,  I)  and  for  all  positive  integral  value*  of  n.    Then  we  have 


b  o 

I  \irnf  (t,n)dt£  Inn  lf(t,n)dt. 

J   n— *»  u— *«  * 


Before  passing  to  a  summary  of  the  paper  we  will  here  gather  different 
remarks  of  a  general  character  which,  like  the  inequalities  and  the  theorem  above, 
will  be  of  importance  later  on, 

To  begin  with  we  introduce  the  notion  of  minimum  of  two  complex 
functions/^)  and  g(x),  defined  for  all  x,  viz. 


min  \  fix)  <(x)]= 

{  g  (x)  for  the  x  satisfying  |  g  (x)  \  <  \f(x)  \  . 

The  little  »lack  of  beauty*  that  min  (/(#),  g(x)}  is  not  symmetric  in  f(x)  and  g(x) 
is  of  no  importance  whatsoever. 

The  definition   of  min  [/(#),</(#)]   involves  immediately  the  following  in- 
equalities 

|  min  [/(*),  g(x)]  \  S  |/(*)|,         |min  \f(x),g(x)}  \  Z\g(x)\ 
and 

|  min  lf(x),9lx)]-f(x)\Z\g(x)-f(x)\,         |min  [f(x),g(x)\-g(x)\£  |/(*)-</(*)|. 

A  G-point   considered  as  a  set  of  functions  is  G-chsed,  since,  /j  (x),  f2(x),   .  . 
being  a  sequence  of  functions  of  a  G-point  with  the  (r-limit  f(x\  we  have 


so  that  DQ  [f(x\  fi  (x)}  =  o,  i.  e.  f(x)  belongs  to  the  G  -point. 

A  G-point  considered  as  a  set  of  functions  is  closed  with  respect  to  the  minimum- 
operation,  since,  /i  (x)  and  /2  (x)  being  two  functions  of  a  G-point,  we  have 
|  min  [/j(4  MX)}  -A(x)\^  \f^jc)  -/j(a?)|  and  consequently 


Do  [min  [/,  (a?),  /,  («)],  /,  fe)]  £  D<?  [/,  (4  /t  (*)]  =  o, 
so  that  min  [fi(x)>  ff(x)]  lies  also  in  the  G-point. 
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Frequently  it  is  convenient  to  use  the  distance 


-r 
instead  of  the  distance  D^[/(#),  #(#)].    The  two  distances  are  equivalent,  as 


f  _ 

I/"]  • 


The  new  distance  originates  from  the  norm  D*^>  [/(#)]  ==  D*Bp  [/(&),  o]  which 
satisfies  (i)  and  (2). 

Finally  we  give  a  summary  of  the  content  of  the  paper. 

In  Chapter  I  the  needed  properties  of  the  generalised  almost 
periodic  functions  are  quoted,  inter  alia  certain  translation  properties  and 
the  approximation  by  BOOHNEB-FEJ^R  polynomials  are  treated. 

In  Chapter  II  the  completeness  or  incompleteness  of  the  different 
spaces  is  investigated,  It  is  shown,  what  has  been  known  in  the  main,  that  the 
S^-space  and  the  <S^-a.  p.  space  as  well  as  the  7#-space  and  the  J5^a.  p.  space 
are  complete  for  every  p  ^  i,  and,  what  has  not  been  known  before,  that  the 
TF^-space  and  the  TT^-a.  p.  space  are  incomplete  for  every  p  ^  i  .  It  is  of  special 
importance  that  the  J5*-a.  p.  space  is  complete,  as  this  involves  the  validity  of 
BESICOVITCH'S  Theorem  which  is  the  analogue  of  the  famous  theorem  of  RIESZ- 
FISCHEB  on  2-integrable  periodic  functions. 

In  Chapter  III,  which  has  the  character  of  an  insertion,  three  theorems 
are  proved  which  will  be  applied  in  the  following  Chapters. 

Chapter  IV  deals  with  the  mutual  relations  of  the  $*-s  paces  and  the 
&-&,  p.  spaces,  Chapter  V  with  the  mutual  relations  of  the  W*-s  paces  and 
the  TF*-a.  p.  spaces,  and  Chapter  VI  with  the  mutual  relations  of  the  B*- 
s  paces  and  the  B^-a.  p.  spaces.  The  investigations  of  the  spaces  of  TT-type 
and  those  of  B-type  are  essentially  similar  in  some  respects,  but  show  also 
characteristic  differences. 

The  paper  consist  partly  of  theorems  and  partly  of  counter  examples, 
Many  of  the  examples  are  simple  and  more  or  less  trivial.  The  especially  strong 
and  substantial  examples  are  called  main  examples.  Most  of  the  functions 
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constructed  in  our  examples  are  piecewise  constant  and  change  between  the  value 

o  and  values  >o.  Hence  they  have  a  graph  like  the  function  outlined  in  Fig.  i. 

The  graph  thus  consists  of  rectangles 

which  stand  with  one  side  on  the  z-axis. 

These  rectangles  are  called  towers,  and 

the  function  is  given  by  indicating  the 

size  of  the  towers  and  their  position  on 

the  x-axis.   The  size  of  a  tower  may  be 

given  by  its  »  height*  Jc  and  »  breadth*  6, 


Fig.  I. 


but  it  is  often  given  by  prescribing  the  ^-integral  of  the  tower  for  two  different 
values  p{  and  ft  (2£  0;  from  these  values  k  and  b  can  immediately  be  calculated; 
for  the  j?,  -integral  of  the  tower  is  J1  =  6P>  and  the  ^-integral  /,=  &&*»,  and 
hence 


i=  2 


for  an  arbitrary  ps  (^  i)  the  ^-integral  becomes 


When  indicating  a  tower  by  the  values  of  its  ^-integral  for  two  different  values 
of  p,  the  integral  corresponding  to  the  smaller  of  these  values  is  always  chosen 
less  than  the  other  integral  (i.  e.  the  height  Jc  of  the  tower  is  always  chosen  >i); 
then  the  ^-integral  is  a  steadily  increasing  function  of  p  which  tends  to  GO  for 
p  -»  »  .  The  position  of  a  tower  is  generally  indicated  by  the  number  with 
which  the  center  of  the  lowest  side  coincides.  The  tower  is  said  to  stand  on 
this  number.  Sometimes  we  speak  about  a  tower  as  placed  or  standing  on  an 
interval.  This  means  that  the  tower  stands  on  the  centre  of  the  interval  and 
does  not  protrude  beyond  the  interval. 

All  our  examples  of  6r-a.  p.  functions  are  chosen  among  the   (7-  limit 
periodic  functions. 
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CHAPTER  I. 
The  Generalised  Almost  Periodic  Functions. 

In  this  chapter  some  well  known  properties  of  the  generalised  almost  periodic 
functions  are  quoted  which  will  be  applied  in  our  later  investigations.  We  also 
remind  of  the  proofs  of  some  of  the  theorems. 

Already  in  the  introduction  we  have  mentioned  that  the  product  of  a 
G-a.  p.  function  by  a  constant  and  the  sum  of  two  G-a.  p.  functions  are  again 
G-a.  p.  functions.  Moreover  it  is  valid  that  the  product  of  a  G-a.  p.  function 
by  an  ordinary  almost  periodic  function  is  again  a  G-a.  p.  function. 

If  f(x)  is  G-a.  p.,  the  modulus  \f(x)\  and  the  function 

/  l**7       i»         I  fl-\\  ->   AT 


which  originates  from  the  function  f(x)  by  ^cutting  it  off«  at  the  positive 
number  N  are  again  G  a.  p.  This  is  a  corollary  of  the  following  theorem  :  Let 
f(x]  "be  a  G-a.  p.  function  and  ®(z)  be  a  function  defined  in  the  whole  complex  plane 
(or,  in  case  of  a  real  function  f(x],  on  the  real  axis)  with  a  bounded  difference 
quotient;  then  0  (/(#))  is  G*a.p.  The  proof  is  immediate:  Let  fn  (x]  be  a  sequence 
of  o.  a.  p.  functions  which  6r-con  verges  to  /(#);  then  <D  (/»(#))  too  is  a  sequence 
of  o.  a.  p.  functions  on  account  of  the  uniform  continuity  of  (D(e)\  further 


since  the  inequality 

I  *(M  -  *(/.<*))  I 

involves 

KDg\f(x\  MX)}  -  o. 


If  f(x)  is  G-a.p.,  the  function  (f(x))y  will  G-converge  to  f(x)  for  #-+-00. 
Proof.    Let  «>o  be  given.    We  choose  a  trigonometrical  polynomial  s(x) 
such  that  Do[f(x),  s(x)}  <  ->  and  use  the  estimation 


For  JVSu.  b.  |*(a?)|  =  K  we  have  *(#)  =  (*(#))#,  and  hence  on  account  of  the 
inequality 
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(the  validity  of  which  is  seen  by  help  of  a  simple  geometrical  consideration) 

we  get 

DQ[S(X),  (f(xU=Do[(s(x))N,  (/(*))*]  £  Do[s(x\  /(*)]. 

Thus  we  have  for  N  ^  K 


Just  as  for  the  ordinary  almost  periodic  functions  and  the  jnntegrable 
periodic  functions  there  exists  a  theory  of  Fourier  series  for  the  6-a.  p. 
functions.  Bach  G-a.  p.  function  f(x)  has  a  mean  value 

T  T  o 

M  (/(*)}  =  lim  ~  ff(x)  dx  =  lim  -  /  /(*)  dx  =  lim  ^  f  f(x)  dx, 
T—  «  2  l  J  r-4»  l  J  r—  *  1  J 


and  the  function 


of  the  real  variable  I  is  different  from  o  for  at  most  an  enumerable  set  of 
values  of  ^;  these  are  called  the  Fourier  exponents  of  f(x)  and  denoted  in  one 
order  or  another  by  A^  A^  .  .  ..  The  values  of  a  (A),  belonging  to  the  Fourier 
exponents  A^  A^  .  .  .,  are  called  the  Fourier  coefficients  of  f(x)  and  denoted  by 
J.j,  At,  .  .  .  respectively.  With  the  function  f(x)  is  associated  the  Fourier  series 

2AneUn*>  and  we  write 

f(x)~2AneiA«\ 

Sometimes  it  is  convenient  to  include  certain  »improper«  terms  AneA*x  (at  most 
an  enumerable  number)  where  An  =  M\f(x}e~iAnX}~o.  For  such  a  term  A*  is 
called  an  improper  Fourier  exponent  and  An  (=o)  an  improper  Fourier  coefficient 
belonging  to  the  exponent  An. 

All  the  functions  in  a  6r-a.  p.  point  have  the  same  Fourier  series  which  is 
called  the  Fourier  series  of  the  6r-a.  p.  point.  Corresponding  to  the  uniqueness 
theorem  of  the  o.  a.  p.  functions  the  following  uniqueness  theorem  is 
valid  for  the  6r-a.  p.  functions:  Two  different  G-a.p.  points  cannot  have  the  same 
Fourier  series. 

We  emphasise  that  the  Fourier  series  is  formed  in  exactly  the  same  way 
for  all  our  types  of  generalised  almost  periodic  functions.  For  a  jo-integrable 
periodic  function  it  is  easy  to  prove  that  it  has  the  same  Fourier  series  in  the 
ordinary  sense  as  in  the  (?-a.  p.  sense. 
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Concerning  the  connection  between  a  6-a,  p.  function  and  its  Fourier  series 
the  usual  rules  on  addition,  and  on  multiplication  by  a  constant  are  valid.  If 
fm(x)  is  a  sequence  of  6?-a,  p.  functions  G-converging  to  the  G-a.  p.  f unction /(cc), 
the  Fourier  series  of  f(x]  can  be  obtained  by  a  formal  limit  process  from  the 
Fourier  series  of  /«(#). 

The  BOCHNKR-FEJER  method  of  summation,  of  great  importance  in  the 
theory  of  the  o.  a.  p.  functions,  can  be  transferred  to  the  ff-a.  p.  functions 
(I,  §  12 — 13).  Starting  from  the  Fourier  series  of  a  6r-a.  p.  function  f(x)  a  sequence 
of  trigonometric  polynomials  aq(x\  the  Bochner-Fejer  polynomials,  can  be  found  which 
G-converges  to  f(x).  By  means  of  kernels  Kq(t]  which  are  non-negative  trigono- 
metric polynomials  with  the  mean  value  i  these  BOCHNER-FEJER  polynomials 
oq(x)  can  be  represented  in  the  form 


To  establish  the  approximation-properties  of  the  BOCHNER-FEJER  polynomials  the 
following  inequality  which  can  be  deduced  from  the  representation  above  is  of 
decisive  importance: 

D*Mx)]ZW(x)}. 

It  is  essential  for  our  later  applications  that  this  inequality  holds  even  if  G  does 
not  just  denote  the  type  of  almost  periodicity  of  the  function  f(x).  Certainly, 
in  the  proof  of  the  inequality  in  question  given  in  I,  where  G  has  an  arbitrary 
fixed  meaning,  it  was  assumed  that  f(x)  was  a.  p.  in  the  G -sense,  but  in  fact  it 
was  only  used  in  the  proof  that  f(x)  was  almost  periodic  in  one  sense  or  another 
and  not  just  in  the  G-sense. 

Concerning  a  TF^-a.  p.  function  f(x)  the  BOCHNER-FEJER  sequence  aq  (x)  does 
not  only  TF^-converge  to  f(x],  but  this  ^^-convergence  takes  place  with  a  certain 
> uniformity*;  in  fact,  to  every  e>o  there  can  be  determined  an  L0  and  a  Q 
such  that 

#s?  L/H  og(x)}  £e       for  L  £  I0  and  q  ^  Q. 

LI 

In  the  case  of  the  JF*-a,  p.  functions,  B.  SCHMIDT  (Math,  Ann.  Bd.  100)  was 
the  first  to  indicate  approximating  trigonometric  polynomials  with  this  property, 
The  BOCHNER-FKJER  polynomials  oq(x)  have  the  form 
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where  the  An  are  Fourier  exponents  and  the  An  the  corresponding  Fourier  coeffi- 
cients of  f(x),  and  JV(g)-»co  for  g  -*•<».  The  factor  k$  satisfies  the  inequality 
o  ^  k$  ^  i  and  tends  to  I  for  fixed  n  and  q  -»  oo  . 

ForaJB8-a,  p.  function  /(x)  with  the  Fourier  series  2AneA"x  the  Parseval 
equation  holds: 


As  cited  in  the  introduction,  for  the  l?2-a.  p.  functions  the  theorem  of 
BESICOVITCH  which  is  the  analogue  to  RIESZ-FISCHEB'S  Theorem  on  2-integrable 
periodic  functions  is  valid:  An  arbitrary  given  trigonometric  series  2Ane  n*  is 
the  Fourier  series  of  a  B*-a.p.  function  if  and  only  if  S\  An\*  is  convergent.  The 
proof  of  this  theorem  relies  on  the  completeness  of  the  J?2-a.  p.  space;  we  shall 
return  to  it  in  Chapter  II. 

Just  as  the  o.  a.  p.  functions,  also  the  generalised  almost  periodic  functions 
can  (as  shown  in  I)  be  characterised  in  two  different  ways,  viz.  on  the  one 
hand  by  their  approximation  by  means  of  trigonometric  polynomials,  and  on  the 
other  by  translation  properties.  In  the  present  paper  the  generalised  almost 
periodic  functions  have  been  defined  by  their  approximation  properties.  As  to 
the  St-&.  p.  and  Wp-a,.  p.  functions,  however,  also  their  translation  properties 
will  be  needed  for  some  of  our  investigations.  In  the  two  following  theorems 
we  shall  state  these  translation  properties  which  can  easily  be  deduced  from  our 
definitions  of  the  /S^-a.  p.  and  TF^-a.  p.  functions. 

Theorem  1.  An  Sp-a.  p.  function  f(x)  possesses,  to  every  e  >  o,  a  relatively 
dense  set  of  S^-translation  numbers  (L  arbitrary  fixed),  i.  e.  of  numbers  %  with  the 
property 


Proof.    Let  y(x)  be  an  o.  a.  p.  function  such  that 


and  let  i  be  an  (ordinary)  translation  number  of  <p  (x)  belonging  to  -  •     Then 

o 
we  have 


for  all  x  and  hence  a  fortiori 
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By  means  of  the  Triangle  Rule  we  obtain 


T)'  9  (*  +  *))  + 

Consequently  i  is  an  Sf-translation  number  of  f(x)  belonging  to  s.    As  the  «'s 
form  a  relatively  dense  set,  the  theorem  is  proved. 


Theorem  2.   -4  W*-a.  p.  function  f(x)  has,  to  every  e>Q  and  for  L  sufficiently 
large  (i.  e.  L  ^  L0(«)),  fl  relatively  dense  set  of  Si-translation  numbers. 

Proof.    Let  <p(x]  be  an  o.  a.  p.  function  so  that 


3 

Since  D^p  =  lira  Dsp,  we  have  for  a  sufficiently  large  JD,  i.  e.  for  ij£.LoM»  that 
i—  »     ^ 

i>Sff/(4f  (*)]<-'• 

It  follows  as  in  the  proof  of  Theorem  i  that  every  (ordinary)  translation  number 
f  of  y(x)  belonging  to  -  is  an  $•  -translation  number  of  f(x)  belonging  to  e  for 
any  L  ^  L0. 

In  this  paper,  among  the  G-a.  p.  functions,  we  shall  particularly  consider 
the  6r-  limit  periodic  functions,  as  all  our  (r-almost  periodic  examples  will 
be  chosen  among  the  latter  functions.  Therefore  we  finish  this  Chapter  I  by 
some  remarks  on  (r-limit  periodic  functions. 

We  begin  by  showing  that  a  G-limit  periodic  function  can  also  be  charac- 
terised as  a  6-a.  p.  function  whose  Fourier  exponents  are  rational  multiples 
of  one  and  the  same  real  number. 

i°.  Let  f(x)  be  a  6r-a.  p.  function  with  Fourier  exponents  which  are  ra- 
tional multiples  of  a  number  d.  Since  the  exponents  (in  finite  number)  of  any 
BocHNER-Fsj^B  polynomial  og(x)  are  Fourier  exponents  of  f(x)  and  therefore 
integral  multiples  of  a  number  dq}  it  is  evident  that  each  oq(x)  is  a  periodic 

function  (with  period  -r-1  •  Hence  f(x)  being  the  G-limit  of  the  sequence  aq(jr) 
is  a  (r-limit  periodic  function. 
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2°.  Let  then  f(x)  be  a  G-limit  periodic  function  and  /t(a?),  /,(#),  ...  a 
sequence  of  p-integrable  periodic  functions,  with  periods  ft,,  /?„  .  .  .,  which  G-con- 
verges  to  f(x).  We  shall  prove  that  all  the  Fourier  exponents  of  f(x)  are  rational 
multiples  of  a  single  number  d. 

We  may  assume  that  the  Fourier  series  of  f(x)  does  not  only  consist  of 
the  constant  term,  since  in  this  particular  case  the  theorem  is  obviously  valid. 
Then  there  exists  a  Fourier  exponent  An  4s  o.  If  An  (+  o)  denotes  the  Fourier 
coefficient  of  f(x)  belonging  to  this  exponent  An,  and  A(^  the  (proper  or  im- 
proper) Fourier  coefficient  of  fm(x)  belonging  to  the  exponent  An,  the  coefficient 
AM  tends  to  An  for  w-»oo.  Hence  AM  +  o  for  m  sufficiently  large,  i,  e.  for 
w^w0  =  w0(»),  The  exponent  An  thus  being  a  proper  Fourier  exponent  of 
fm(x)  for  m^m0,  we  have 


An~-r-vn  (vm  integral)     and  thus     hm=*  —  vm    for 


Consequently  for  m  ^  m0  the  periods  A*  are  integral  multiples  of  the  number 

2lt     . 

9~— -»  i.  e. 

-#n 

The  Fourier  exponents  of  fm(x)  for  mSt»o  are  thus  to  °e  found  among  the 
numbers  —  ^  = —  (^  integral)  so  that  they  are  all  rational  multiples  of 

2  It 

the  number  d=  —    Finally  the  same  must  be  valid  for  the  Fourier  exponents 
y 

of  the  function  f(x)  itself,  since  the  Fourier  series  of  f(x)  can  be  obtained  as 
the  formal  limit  of  the  Fourier  series  of  fm(x)  for  w-*oo. 

Rema.rk.  We  saw  in  i°  that  the  BOCHNER-FEJER  polynomials  of  a  G-limit 
periodic  function  are  periodic  functions.  We  shall  add  a  remark  concerning  the 
periods  of  the  BOCHNER-FEJER  polynomials  of  a  G-limit  periodic  function  f(x) 
which,  as  in  2°,  is  given  as  the  G-limit  of  a  sequence  of  jnntegrable  periodic 
functions  f^x),  /,(#), . .  .  with  periods  h^  fc,, . .  ..  In  fact  we  shall  show  that 
any  BOCHNER-FEJER  polynomial  of  f(x) 

o(x)  =  a0  +  alefAlX+  a,^*  +  •••-!-  aNeiAN* 
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has  the  number  hm  as  a  period  for  m  sufficiently  large.    For,  as  we  saw  in  2°, 
for  each  An  =1=  o  we  have  for  m  ^  m0  =  w0(w) 

27f  /  .     .  ,v 

An  =  T-  vn,  m     (vn,  m  integral)  ; 

km 

hence  for  w^max  [w0(i),  w*0(2)i  •  •  •>  woW]  ea°h  °f  tne  exponents  of  our  a(x) 


is  an  integral  multiple  of  T-»  and  /i»»  therefore  a  period  of  a  (a;). 
hm 

For  the  generalised  limit  periodic  functions  the  theorems  i  and  2  can  be 
sharpened;  we  choose  a  formulation  which  is  just  adapted  to  our  applications. 

Theorem  1  a.  Let  f(x)  be  an  St-a.p.  function,  and  f{(x),  /,(#),  .  .  .  a  sequence 
of  i-integrable  periodic  functions,  with  the  periods  hl}h^,  .  .  .,  which  Gl-converges  to 
f(x).  Let  further  e  >  o  be  arbitrarily  given.  Then  for  fixed  L,  and  m  sufficiently 
large,  i.  e.  for  m  ^  m0  («,  L),  all  integral  multiples  of  hm  are  Si-translation  numbers 
off(x)  belonging  to  e. 

We  observe  at  once  that  /(#),  as  a  GMimit  periodic  function,  has  a  Fourier 
series  of  »limit  periodic  form«  and  is  therefore  not  only  5^-a.  p.,  but  also  SMimit 
periodic. 

Proof.    Let  a(x)  be  a  BOCHNEB-FEJ^E  polynomial  of  f(x)  for  which 

l>8l\f  (*),*(*)}<  I 

In  consequence  of  the  remark  above,  a(x)  has  the  period  hm  for  m  sufficiently 
large.  Then,  for  each  such  m,  every  integral  multiple  vhm  of  hm  will  be  an 
tfi-translation  number  of  f(x)  belonging  to  «,  since  on  account  of  the  Triangle 
Eule 

£*J  [/(*  +  *U  /(*)]£ 

£*]?[/(*  +  *M,  o(x  -f  vhm)}  +  DSP[O(X  +  vhm\  a(x}\  +  Dsp[o(x),f(x)}  = 

2Dsp[f(x),<j(x)}<£. 

Theorem  2  a.  Let  f(x)  be  a  W*-a.  p.  function,  and  A(x),ft(x),  .  .  .  a  sequence 
of  i-integrable  periodic  functions,  with  the  pmods  ftlf  h2,  .  .  .,  which  Gl-converges  to 
f(x).  Let  further  e  >  o  be  arbitrarily  given.  Then  for  m  and  L  sufficiently  large, 
i.  e.  for  m^w0(«)  and  L^L0(«),  all  integral  multiples  of  hm  are  Si-translation 
numbers  of  f(x)  belonging  to  s. 
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We  observe  at  once  that  f(x\  as  a  GrMimit  periodic  function,  has  a  Fourier 
series  of  limit  periodic  form  and  is  therefore  not  only  JP-a.  p.,  but  also  W  *-lixnit 
periodic. 

Proof.    Let  a(x)  be  a  BOCHNEB-FEJ^B  polynomial  of  f(x)  for  which 


Since  Du'i>=  lim  I)SP,  we  have  for  L  sufficiently  large  (L  S  i0  =  L0(«)) 
/,-*»     L 

D«J  l/(4  »(*))<;• 

For  m  sufficiently  large  (m^  wi0  =  m0(«))  the  BOCHNEB-FEJ^B  polynomial  a(x) 
has  the  period  hm,  and  as  in  the  proof  of  Theorem  i  a  we  conclude  that  every 
integral  multiple  of  hm  is  an  ^-translation  number  of  f(x]  belonging  to  «. 


CHAPTER  II. 
The  Completeness  or  Incompleteness  of  the  Different  Spaces. 


The  Completeness  of  the  8P-  and  the  Sp-&.  p.  Spaces. 

In  this  paragraph  we  prove  the  following 

Theorem.    The  S*-$pace  and  the  S*-a.p,  space  are  complete  for  every  jpS  i. 

Proof.  It  is  sufficient  to  show  that  the  S*-space  is  complete,  since  this 
involves,  the  S*>&.  p.  space  being  a  closed  subspace  of  the  SNpace,  that  every 
^-fundamental  sequence  of  the  $*-a.  p.  space  ^-converges  to  a  point  of  the 
S^-space  and  therefore  also  to  a  point  of  the  /S^-a.  p.  space.  Thus  we  only  have 
to  show  that  every  S^-fundamental  sequence  of  S^-points  is  ^-convergent  or, 
what  is  equivalent,  that  every  S^fundamental  sequence  of  ^-functions  is  ^-con- 
vergent. Let  then  /i  (#),/,(#), ...  be  an  ^'-fundamental  sequence  of  ^-functions, 
i.  e.  a  sequence  of  S^-functions  for  which  Ds9[fn(x),fm(x)}  -^o  when  n  and 
m  tend  to  GO.  We  shall  prove  that  there  exists  a  function  f(x)  such  that 
DSP  [f(x\  fm(x)]-*o  for  w-*oo.  This  function  f(x)  will  automatically  be  an 
^•function,  as  the  /S^set  is  S'-closed. 
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We  begin  by  determining  an  increasing  sequence  of  positive  integers  nt<nt<  - 
so  that 

Dsp[f*(x),fm(x)}  £  ~    for    n  ^  w,,  m  ^  w,    (?  =  I,  2,  .  . 
Hence  in  particular 


Let 


then  we  have  o  ^^j(o:)  ^^(2:)^  •••  so  that  Iim09(#)  exists  (as  finite  or  infinite) 

?-*« 

for  every  x.    Further  we  have  for  each  g,  on  account  of  the  Triangle  Rule, 


24 

in  particular 


is  valid  for  every  integer  p.    Then  we  have  for  every  integer  a 

J/» 
lim (gq (Z))P dx  =  lim  I  (an (xP dx^i. 
^«  ,-.J 

n  n 

Hence  lim  QQ(X]  is  finite  for  almost  all  x.    Thus  the  series 


is  absolutely  convergent,  in  particular  convergent,  for  almost  all  x,  which  shows 
that  the  sequence  /n,(#),  /*,(#)> ...  is  convergent  (to  a  finite  limit)  for  almost  all  x, 
We  shall  see  that  the  function 
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fulfils  our  demands.  Let  s  >  o  be  arbitrarily  given.  Then  w0  can  be  determined 
such  that  DsP\fn(x}}  fn(x)\  ^  «  for  n  S  m0  and  m  ^  m0;  if  further  VQ  is  chosen 
so  large  that  w»0  ^  %  we  have  DSP  [fnv  (a?),  /*(#)]  ^  e  for  v^v0  and  m^w?0,  and 
consequently 

a'+i 

^r  all    x,  v^  ,0l  m  ^  mp. 


Since  |/%(g)-/«(S)h|/(g)-/w(S)|  for  almost  all  §  when  *->oo,we  get  for 
every  x  and  m  ^  m0  by  FATOU'B  Theorem 


f  l/(l)  -/-(g)|'«  ^  HE  f 

J  v-^oo  J 


hence  DSP  [/(«),/»(»)]  ^  «  for  m  ^  m0,  i.  e.  DSP  [f(x),fm(x)}  •*  o  for  m  -*•  oo. 

This  proof  of  the  completeness  of  the  /S^-space  is  an  immediate  transferring 
of  a  well-known  proof  of  the  theorem  that  a  fundamental  sequence  of  p-integrable 
periodic  functions  /j  (#),  /2  (a?),  .  .  .  with  the  period  h  is  ^-convergent.  Besides, 
this  last  theorem  can  on  its  side  easily  be  derived  from  the  theorem  above  con- 
cerning S*-t  unctions.  Indeed,  such  a  sequence  of  periodic  functions  fn(x)  is  at 
the  same  time  an  ^-fundamental  sequence  and  will  therefore  /S^-converge  to  an 
S^-function  /(#),  and  from  this  function  f(x)  we  can  immediately  find  a  function 
g(x\  periodic  with  the  period  h,  which  is  the  ^-limit  of  our  sequence  /„  (a?),  We 
can  simply  use  the  periodic  function  g(x)  which  in  the  period  interval  o^x<h 
coincides  with  f(x).  In  fact  this  function  g(x)  is  a  j)-integrable  function  with 
the  period  k,  and 


J/I/W  -/.Wl'  **  ^  3*1 1/W,  /» 


for  n->oo. 
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The  Completeness  of  the  B*-  and  the  B*-&.  p.  Spaces. 
In  this  paragraph  we  prove  the  following 
Theorem.    The  IP-space  and  the  &-a.p,  space  are  complete  for  every  p^i. 

Proof.  As  the  IP-a.  p.  space  is  a  closed  subspace  of  the  IP-space,  it  is 
sufficient  (just  as  in  the  &case  in  §  i)  to  prove  the  theorem  for  the  IP-space. 
Thus  we  have  to  show  that  every  IP-fundamental  sequence  of  IP-points  is 
.^•convergent  or,  which  is  equivalent,  that  every  IP-fundamental  sequence  of 
IP-functions  is  IP-convergent.  Let  then  /j  (#),  /8  (a?),  ...  be  a  IP-fundamental 
sequence  of  IP-functions,  i.  e,  a  sequence  of  IP-functions  so  that  there  exists  a 
sequence  of  positive  numbers  in  tending  to  o  for  which  the  inequality 


holds  for  all  n  and  q  >  o.  (We  prefer  here  to  use  the  distance  LBV  instead  of 
the  distance  D^P).  We  shall  prove  that  a  function  f(x)  can  be  found  such  that 

Dip  \f(x\  fn(x)}  -*•  o  for  n  ->  CD. 

This  function  f(x)  will  automatically  be  a  IP-function,  as  the  IP-set  is  IP-closed. 
Our  construction  of  f(x)  is  principally  the  same  as  that  which  BESICOVITCH  used 
in  the  proof  of  his  theorem  concerning  the  Fourier  series  of  J5f-a.  p.  functions; 
the  following  arrangement  of  the  proof  is  due  to  B.  JESSEN.  We  will  construct 
a  function  f(x)  such  that 

(Dsp[f(x\fn(x)})P^2en  for  all  n. 

As  the  construction  is  analogous  for  x  >  o  and  x  <  o,  we  confine  ourselves  to 
state  it  for  x>o.  Starting  from  the  assumptions 

T 

(1)  Sm  ^  l\f*(x)-f*+q(x)  \*  dx  <  en      for  all  n  and  q  >  o, 

T-+«  JL  J 
0 

the  task  is  to  construct  f(x)  so  that 

T 

(2)  lim~  «  f\f(x)-f.(x)\*dx£29%       for  all  n. 

T-+*  1J 
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The  construction  of  f(x)  is  indicated  in  Fig.  2,  and  we  shall  show  that  the 
occurring  positive  numbers  Tl  <  Ts  <  -  -  can  be  chosen  so  that 


Fig.  2. 


(3) 


T 

^  f\f(x)-fn(x)\pdx  <  2«tt        for  T>Tn  and  all  n 


which  obviously  involves  (2).  To  this  purpose  we  first  set  up  a  number  of  condi- 
tions, arranged  in  certain  groups,  for  the  numbers  Tlt  T2, .  .  .  which  involve 
n)  (and  thereby  (2));  afterwards,  by  help  of  (i),  we  shall  show  that  these  condi- 
tions can  be  satisfied  simultaneously. 

Group  i.    The  inequality  (3)  is  satisfied  for  w==i,  if 

T 

s<  for 


and  further 


etc. 


r, 


etc. 


Tt 


etc. 


For,  if  T>T,  lies  between  Tm  and  Tm+i,  we  have 

T  T,      T,  Tm       T 


o     r,  Tm_,  J'm 

o(r,-  o)  +  tt(T,  -  r,) 


etc. 


1,  T<  2«,  r. 
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Group  2.    The  inequality  (3)  is  satisfied  for  n  =  2,  if 

T 

*,         for  T>1\    \T^ 


and  further 


etc. 


etc. 


etc. 


For,  if  T>T,  lies  between  T«  and  Tw+i,  we  have 


M*  -  '  '  '  +/  +    \fto  ~f*W 

o      r,  Tm-i  Tm 


etc. 


Group  3.   Correspondingly  it  is  seen  that  the  inequality  (3)  is  satisfied  for 
n  =  3,  if 

T 

J,  I  1/4 M  -fs(*)\pdx  <  «8          for  T  >  T8    \T^ 
o 

T 
0 

etc.  etc. 

and  further 

r,  r, 
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etc.  etc. 

etc. 

After  each  condition  the  Tn  concerned  are  indicated  in  a  rectangle.  A  com- 
posed indication  like  T^T^  means  that  the  condition  be  understood  as  a  claim  to 
T,  after  T,  having  been  chosen.  We  observe  that,  in  consequence  of  (i),  every 
condition  is  satisfied  for  all  sufficiently  large  values  of  the  number  Tn  in  question. 
Since  we  have  only  a  finite  number  of  conditions  for  every  Tn,  and  since  the 
composed  conditions  have  the  form  Tn(. . .)  where  the  T's  in  the  bracket  have 
lower  indices  than  n,  it  is  obvious  that  the  numbers  Tj,  T2,  .  .  .  can  be  chosen 
successively  so  that  all  the  conditions  are  satisfied. 

We  finish  the  paragraph  by  showing  how  the  theorem  of  BESICOVITCH  con- 
cerning B'-a.  p.  functions  can  be  deduced  from  the  completeness  of  the  JJ'-a.  p. 
space.  From  the  PABSEVAL  equation  for  a  Bf-a.  p.  function  it  results  immediately 

00 

that  a  necessary  condition  for  a  trigonometric  series  £AneiAn*  to  be  the  Fourier 

i 

« 

series   of  a  JS'-a.  p.  function  is  that  2M»I*  *8  convergent.    BESICOVITCH'S 

i 

Theorem  states  that  this  condition  is  also  sufficient. 

00  00 

Let  then  2  An  eiA**  be  a  trigonometric  series  for  which  ^  Mn  |f  is  convergent. 

i  i 

We  shall  prove  that  the  series  is  the  Fourier  series  of  a  B2-a.  p.  function.    We 
consider  the  sum  of  the  first  n  terms -of  the  series 

9*(x)=  4*"««+  AJ+*  +  •••  4-  AneA»*. 

From  the  PARSEVAL  equation  for  an  o.  a.  p.  function  in  the  (trivial)  case  where 

it  is  a  trigonometric  polynomial  we  have 

K___ 
2  M.I1; 
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therefore,  ^Mn|8  being  convergent,  the  sequence  $n(x)  is  a  ^-fundamental 
sequence  and  thus  (on   account  of  the  completeness  of  the  J52-a.  p.  space)  B2- 

00 

converges  to  a  B*-a.  p.  function  f(x).    The  given  series  ^AnciAnX  must  be  the 

i 

Fourier  series  of  this  function  f(x],  since  the  Fourier  series  of  f(x)  can  be 
obtained  as  the  formal  limit  of  the  Fourier  series  of  sn(x)  (i.  e.  sn(x)  itself)  for 

Incidentally  the  proof  shows  that  the  Fourier  series  of  a  B*-a.  p.  function 
JB*-con verges  to  the  function. 

§3. 

The  Incompleteness  of  the  WP-  and  the  Wp-&.  p.  Spaces.    Main  Example  1. 

In  this  last  paragraph  we  finally  prove  the  following 

Theorem.    The  W*-space  and  the  W*-a.p.  space  are  incomplete  for  every  p*zi. 

As  the  JP-a,  p.  space  is  a  closed  subspace  of  the  IP-space  it  is  sufficient 
to  show  that  the  PP-a.  p.  space  is  incomplete,  since  a  TP-fundamental  sequence 
of  W ^-a,  p.  points  which  is  not  TP-convergent  to  any  JP-a.  p.  point  is  neither 
IP-convergent  to  any  W *-point.  Thus  we  have  to  prove  that  for  every  p  ^  i 
there  exists  a  TP-fundamental  sequence  of  W*  a.  p.  points  which  is  not  JP- 
convergent,  or,  in  other  terms,  that  there  exists  a  JP-fundamental  sequence  of 
TP-a.  p.  functions  which  is  not  IP-convergent,  We  give  a  single  example 
which  can  be  used  for  all  p  by  constructing  a  sequence  l?\(x],  Ft(x}}  .  ,  .  of 
Wt-a.  p.  functions  which  is  a  W* -fundamental  sequence  for  every  p^  i,  but  which 
is  not  W*-convergent  for  any  p.  In  order  to  show  that  the  sequence  is  not 
JP-convergent  for  any  p,  it  is  sufficient  to  show  that  the  sequence  is  not 
IP-convergent  for  p=  i;  for  a  sequence  JP-con verging  to  F(x)  for  some  p  or 
other  would  also  If -converge  to  F(x),  since  Dw[F(x\  Fn(x)}^>  Dwp[F(x)}Fn(x)}. 

Main  example  1.  Let  wt,  w?2, ...  he  a  sequence  of  integers  ^  2,  and  let 
For  w  =  i,  2,  .  .  .  we  put 

*  1  I      ^  ^          I  I  /  _L  \ 

i    for  vhn  —  ^  x  ^  vhn  +  -     (v  ==o,  ±  i,  ±2,  .  .  .) 
o  for  all  other  x. 
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The  function  /j(a?)  thus  consists  of  towers  of  breadth  i  and  height  i  placed  on 
all  the  numbers   =o  (mod  fct),  the  function  ft(x)  of  towers  of  the  same  kind 
placed  on  all  the  numbers  so  (mod  /i8),  etc.    The  function  fn(x)  is  periodic 
with  the  period  hn. 
Further  we  put 

ft(*)  =/,(*)+/,(*)  +  "•+/.(*) 

(see  Fig.  3  where  ml  =  ms  =  w8  =  2  and  «  =•  3). 


1 

n 

n 

MMM 

n 

••••••i 

n 

3  A, 


Fig.  3- 


F^x)  thus  consists  of  towers  of  breadth  i  and  height  i  placed  on  all  the 
numbers  =o  (mod  hj. 

FI(X)  consists  partly  of  towers  of  breadth  i  and  height  i  placed  on  all  the 
numbers  s  o  (mod  h{)  but  ^  o  (mod  /*2),  and  partly  of  towers  of  breadth  i  and 
height  2  placed  on  all  numbers  ss  o  (mod  fej. 

F3(x)  consists  partly  of  towers  of  breadth  i  and  height  i  placed  on  all 
numbers  55  o  (mod  ftj)  but  ^  o  (mod  ^2)>  partly  of  towers  of  breadth  i  and 
height  2  placed  on  all  the  numbers  s  o  (mod  ht]  but  ^  o  (mod  /i8),  and  finally 
of  towers  of  breadth  i  and  height  3  placed  on  all  numbers  «  o  (mod  hs). 

The  function  Fn(x)  is  not  only  a  JF^-a.  p.  function  for  every  p,  but  moreover 
a  bounded  periodic  function  with  the  period  hn- 

We  begin  by  showing  that  Fl(x)t  F^(x\  ...  is  a  ^-fundamental 
sequence  for  every  p^i,  i.e.  that  to  any  £>o  there  exists  an  N=N(e,p) 
such  that  DWP  [F«(4  Fn+q(x)}  <  e  f  or  n  ^  N  and  q  >  o.  Since  (Fn+g(x}  -  JFife)^ 
is  periodic  (with  the  period  *hn+q),  we  have 


IMF,  (4  Fn+7W] 
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Hence  in  consequence  of  MINKOWSKI'S  inequality 


P    __  P   __  P   _ 

V  h^+V  h^+'"*V  id 


where  the  right-hand  side  is  less  than  the  remainder  Rn  after  the  nth  term  of 
the  convergent  geometrical  series 


.and  hence  is  <e  for  w  ^  N=  N(s,p). 

Next,  we  shall  prove  that  the  sequence  Fn(#)  is  not  ^-convergent. 
Roughly  speaking,  the  reason  is  that  the  periodic  function  Fn(x)  (of  the  increasing 
sequence  Fn(x}}  has  arbitrarily  high  towers  for  n  sufficiently  large  which  prevents 
its  TT-distance  from  a  fixed  JT-function  from  tending  to  o.  Indirectly,  we  assume 
that  there  exists  a  function  F(x)  such  that 


F(x)  being  a  W-i  unction  or,  what  is  equivalent,  an  S-f  unction,  the  norm  Ds[F(x)} 
is  finite,  i,  e.  a  constant  K  can  be  found  so  that 

x+l 

f\F(t)\dt<K  for  all  x. 

X 

We  choose  a  fixed  N  >  £,  and  consider  Fn  (x)  for  n^N.    For  the  distance 
Dw[F(x)t  Fn(x)]  we  have 

Dw[F(x),  Fn(x)}  -  Dw[F(x)  -  F*(x)\  £  D*[F(x)  -  Fn(x)]  - 

T  ( 
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Integrating  only   over  a  part  of  the  interval  I  —  Im-f  -Iftjv,  (wi  +  -]farl,  and 
dropping  the  non-negative  contributions  from  the  rest  of  the  interval,  we  get 


\F(x}-Fn(x)\dx. 


*,„  I*  w,  *»WJ  -m—  (2m  +  l)^^ 

Now,  since  w  ^  #,   we  have  Fn(x)  ^N  in  every  one  of  the  2  m  +  i  intervals 

and  hence 

f\F(x)-F*(x)\dxzfFn(x)dx-(\F(x)\dx>N-K. 

Thus  we  finally  get  for  n  ^  N 

~~  fttf 

where  the  right-hand  side  is  a  (perhaps  »very  small*)  positive  constant  indepen- 
dent of  «,  and  this  contradicts  the  assumption  that 

Dw  [F(4  Fn  (x)}  -» o  f or  n  -*• » . 

As  in  main  example  i,  in  all  the  main  examples  of  the  paper  (as  well  as 
of  the  appendix)  a  sequence  of  functions  .Fi(#),  FS(X),  ...  of  bounded  periodic 
functions  with  the  periods  fc^m,,  A,  =  m1tnt, ...  is  considered  where  m^  t«8, . . . 
are  integers  ^  2.  In  most  of  the  main  examples  further  claims  are  put  to 
these  numbers  concerning  the  rapidity  with  which  they  tend  to  co.  In  main 
examples  i  and  2  (and  main  example  IV  of  the  appendix),  however,  no  such 
claim  is  made  to  the  numbers  wlt  W|,  . . .,  and  we  might  as  well  have  chosen 
them  all  equal  to  2;  in  order  to  get  the  greatest  possible  analogy  between  our 
main  examples,  we  have  preferred  not  to  make  such  a  specialisation. 


Ill  3  C47.  Acta  Math.  76  (1944), 


62  Harald  Bohr  and  Erling  Feiner. 

CHAPTER  III. 
Two  Theorems  on  (^-Functions  and  a  Theorem  on  Periodic  G-Points. 

We  begin  by  stating  two  theorems  on  the  behaviour  of  ^-functions  for 
fixed  Gr  and  variable  p  (of  course  p  ^  i),  the  first  theorem  dealing  with  6r*-a.  p. 
functions,  the  other  with  G*-zero  functions. 

Theorem  1.  If  a  function  is  Gl-a.  p.  and  belongs  to  the  G*°-set  for  a  pQ  >  i  , 
it  is  G*-a.  p.  for  p  <pQ. 

A  bounded  function  being  a  G^-function  for  all  p,  the  theorem  has  the 
following 

Corollary.    A  bounded  Gl-a.  p.  function  is  G*-a.  p.  for  all  p. 

We  next  turn  to  the  (3^-zero  functions.  As  regards  the  6^-zero  functions 
we  have  already  mentioned  the  (trivial)  fact  that  these  functions  for  each  p  are 
just  those  functions  which  are  equal  to  o  almost  everywhere.  In  reality,  the 
following  theorem  on  G^-zero  functions  therefore  only  deals  with  the  cases 
G^W  and  G  =  B,  but  of  course  it  also  holds  for  G  =  S. 

Theorem  2.  If  a  function  is  a  Gl-zero  function  and  belongs  to  the  G^-set 
for  a  p0  >  i,  it  is  a  G*-zero  function  for  p<p0. 

Evidently  we  have  (of  the  same  reasons  as  above)  the  following 
Corollary.    A  bounded  G^-zero  function  is  a  G*~zero  function  for  all  p. 

The  proofs  of  the  two  theorems  are  based  on  HOLDER'S  inequality.  Let  pl 
be  an  arbitrary  number,  I<PI<J?O,  and  /(#)  an  arbitrary  function.  In  HOLDER'S 

i  Ss 

inequality  we  replace  f(x)  and  g(x]  by  \f(x)\p  and  |/(#)|9,  where  the  two  positive 

numbers  p  and  a  are  determined  so  that  -  +  —=»,  and  -  -f  -  =  i,  i.  e. 

P      q  P     5 


We  then  obtain 
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and,  letting  the  interval  (a,  b)  vary  and  »  passing  to  the  limit  «  in  accordance 
with  the  definitions  of  the  different  distances,  we  get  for  G  =  S,  W  or  B  the 
inequality 

Pnr-Pj  Pi—I 

(i)  (DGP>  [/(*)]) 


Proof  of  Theorem  I.  Let  f(x)  be  a  function  satisfying  the  assumptions 
of  Theorem  i,  i.  e.  a  G^-a.  p.  function  and  a  GMunction  for  a  p0  >  i.  Let 
aQ(x)  be  a  BOCHNER-FEJ^R  sequence  of  f(x).  Then  DG>  [/(#),  <77(#)]->o  for  q-*  a> 
and  (as  mentioned  in  Chapter  I) 


For  an  arbitrary  p{  between  i  and  pQ  we  have  because  of  (i) 

Po-Pt 


Po-Pi  Pi-1 


(Dot  [/Or),  <r,0»)])^-1  -  (2  DGPO  [/(^)])^1  ° 

where  the  right-hand   side  tends  to  o  for  q—  >  oo,   since   D(?»[/(x),  ^(a?)]  ->•  o. 
Consequently  D^PI  [/(a;),  a9(ir)]  -*  o  so  that  f(x)  is  a  O-a.  p.  function. 


Proof  of  theorem  2.  Let  /(#)  be  a  function  satisfying  the  assumptions 
of  Theorem  2,  i.e.  a  (^-zero  function  and  a  Gp°-function  for  a  p0>  i.  For  an 
arbitrary  p{  between  i  and  p0  we  have  because  of  (i) 


(DoP,  [/Or)])^  ^  (Dot  [/W])^1  •  (Da*  [/ 
i.  e.  Do?.  [/Wj  =  o. 

Remark.  Using  the  theory  of  Fourier  series  (in  particular  the  uniqueness 
theorem)  we  may  consider  Theorem  2  as  a  special  case  of  Theorem  i.  In  fact, 
a  G^-zero  function  being  the  same  as  a  6^-a.  p.  function  with  the  Fourier  series  o, 
the  function  f(x)  of  Theorem  2  is  on  account  of  Theorem  i  a  G^-a.  p.  function 
for  p<pQ,  and  having  the  Fourier  series  o  it  is  therefore  a  G^-zero  function 
for  p  <  pQ. 

Now  we  pass  to  a  theorem  of  a  somewhat  different  character  which  will 
be  useful  for  us  later  on. 
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Theorem  on  the  periodic  points.  If  f(x)  is  a  i-integrable  periodic  function, 
and  if  (for  a  p  >  i)  the  Gl-point  »arowwd«  f(x]  contains  any  G^function  at  aH, 
then  the  function  f(x)  itself  is  p-integrable, 

In  other  words:  A  i-integrable  periodic  function  f(x)  is  a  G*-i unction  for  all 
those  p  for  which  there  exist  (^-functions  in  the  (periodic)  G^-point  around  f(x}. 

Proof.  Since  DBP£*DGP,  a  ^-function  is  also  a  IP-function,  and  the  Gl~ 
point  around  f(x)  is  contained  in  the  B-point  around  f(x}.  Therefore  it  is  suffi- 
cient to  prove  the  theorem  for  G  =  B.  Hence  we  assume  that  there  exists  a 
B-zero  function  j(x)  such  that  f(x)  +  j(x)  is  a  B*-f  unction,  and  we  have  to  prove 
that  f(x]  is  jHntegrable.  Let  the  period  of  f(x)  be  6  —  a,  and  let  T  =  v  (b  —  a) 
where  v  is  a  positive  integer.  Using  first  the  inequality 


and  afterwards  MINKOWBKI'S  inequality,  we  have  for  an  arbitrary  fixed  N>  o 

p . 

y 

:*))*+  (j(x}}N\*dx\ 


Now,  as  |0'(a;))A'|  is  ^  N  as  well  as  ^  \j(x)\  we  have  \(j(x))y\^  ^  N^1  \j(x) 
Hence 


_T 
Letting  v~>oo,  we  get,  since  j(x)  is  a  B-zero  function, 

p 
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Finally,  letting  N-+&,  we  get  the  inequality 


which  shows  in  particular  that  f(x)  is  p-integrable. 

We  add  two  remarks  on  the  periodic  ^-points. 

i°.  A  periodic  G-point  contains  essentially  only  one  periodic  function,  or 
precisely  speaking:  Two  periodic  functions  in  a  G-point  are  identical  almost  every- 
where. For  they  have  the  same  Fourier  series  in  almost  periodic  and  therefore 
in  periodic  sense;  consequently  they  have  a  common  period,  and  further  they  are 
identical  almost  everywhere  because  of  the  uniqueness  theorem  on  jnntegrable 
periodic  functions  with  a  fixed  period.  A  period  of  some  periodic  function  in  a 
periodic  6r-point  is  called  a  period  of  the  6r-point. 

2°.  Every  periodic  6r- point  with  the  period  h  has  a  Fourier  series  of  the  form 


where  all  the  Fourier  exponents  are  integral  multiples  of  the  number  —  •  We 

shall  prove  that  the  converse  is  also  true,  i.  e.  that  every  G-point  which  has  a 
Fourier  series  of  the  form 


is  a  periodic  G-point  with  the  period  h.    Let  aq(x)  be  a  BOCHNER-FEJER  sequence 
of  the  Fourier  series.   All  the  Fourier  exponents  being  integral  multiples  of  the 

2*r 

number  -,-'   the   BOCHNEB-FEJ^R  polynomials  are  periodic  with  the  period  h. 
ti 

The  sequence  OQ  (x)  being  Cr-convergent  is  in  particular  a  G-fundamental  sequence. 
As  all  the  oq(x)  are  periodic  with  the  period  A,  we  have 
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Thus  oq  (x)  is  also  a  ^-fundamental  sequence  ancl  therefore  ^-converges  to  a 
jnntegrable  periodic  function  f(x]  with  the  period  h.    Since,  on  account  of 

Do  \f(x\  oq(x}\  -  Dp  [/(*),  aq(x)}        (G  =  «,  W*,  »)> 

the  BOCHNEB-FEJ^E  sequence  OQ(X)  also  C?-con  verges  to  /(#),  the  function  f(x) 
belongs  to  our  G-a.  p.  point. 

We  remind  in  this  connection  of  the  fact  (stated  in  Chapter  I),  that  the 
6-liwit  periodic  functions  can  be  characterised  as  G-a.  p.  functions  with  Fourier 
series  of  the  form 


where  all  the  Fourier  exponents  are  rational  multiples  of  a  number  d.  Evidently 
the  same  characterisation  holds  for  the  G-limit  periodic  points. 

The  theorem  on  the  periodic  points  involves  in  particular  that  the  upper 
bound  P,  tor  the  p  for  which  »the  periodic  representative*  f(x)  of  a  periodic 
G^point  is  jo-integrable  is  equal  to  the  upper  bound  P2  of  the  p  for  which  the 
Cr'-point  contains  G  ^-functions.  It  may  be  of  interest  to  show  that  this  (more 
special)  result  can  also  be  derived  by  help  of  Fourier  series.  Indirectly,  we 
assume  that  the  first  upper  bound  P!  is  less  than  the  other  P2.  We  choose  p{ 
so  that  PI<P!<  Pt.  Then  there  exists  a  6rpl-function  g  (x)  in  the  G^point. 
Let  now  p,  be  chosen  so  that  P\<Pi<p\-  The  function  g(x\  lying  in  the 
periodic  G^-point,  is  G^-a.  p.  and,  being  also  a  (rMunction,  is  simultaneously 
a  G^-a.  p.  function  in  consequence  of  Theorem  i.  The  Fourier  series  of  the 
function  g(x)  being  that  of  the  periodic  (^-point  has  the  form 


The  (r^-a.  p.  point  around  g(x)  having  the  same  Fourier  series  is  therefore,  in 
consequence  of  Remark  2°,  a  periodic  G^-point  and  thus  contains  a  jvintegrable 
periodic  function  h(x).  The  two  periodic  functions  f(x)  and  h(x)  both  lying  in 
our  6?l-point  must,  in  consequence  of  Remark  i°,  be  equal  almost  everywhere. 
Consequently  f(x)  (as  h(x))  is  a  jyintegrable  function,  in  contradiction 
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CHAPTER  IV. 
The  Mutual  Relations  of  the  ^-Spaces  and  the  $p-a.  p.  Spaces. 

§i. 
Introduction. 

Since  DQP^DO^  for  p^i,  every  6^-function  is  also  a  ^-function,  and 
every  G^-zero  function  is  also  a  G^-zexo  function.  Consequently  every  G*-point 
is  entirely  contained  in  a  G^point.  In  the  S-case  however,  as  mentioned  above, 
the  S*-zero  functions  have  an  especially  simple  character,  being  the  same  for 
every  j?,  namely  the  functions  which  are  o  almost  everywhere.  Consequently 
every  S-point  is  itself  an  S-point  (and  not  only  contained  in  an  S-point).  We 
start  from  an  S-point  and  will  investigate  its  behaviour  as  regards  the  ^-spaces 
and  the  S^-a.  p.  spaces.  We  call  an  /S-point  alive  at  the  time  pl  as  to  the 
^-spaces,  if  the  /S-point  is  an  Spl-point.  Otherwise  it  is  said  to  be  dead  at 
the  time  pt  as  to  the  S^-spaces.  If  we  know,  whether  an  S-point  is  alive  or 
dead  at  the  time  p{  as  to  the  /^-spaces,  we  say  that  we  know  the  behaviour 
of  the  S-point  at  the  time  p1  as  to  the  SNpaces.  If  an  S  point  is  alive  at  one 
date,  it  is  also  alive  at  all  the  previous  dates.  The  upper  bound  P  of  all  p 
for  which  the  /S-point  is  alive  is  called  the  lifetime  of  the  S-point  as  to  the 
S^-spaces.  Beforehand,  nothing  can  be  said  about  the  behaviour  of  the  S-point 
at  its  moment  of  death  (i.  e.  at  the  time  P).  If  the  /S-point  is  /S-a.  p.,  we  can, 
analogously,  consider  its  lifetime  as  to  the  /S'-a.  p.  spaces  and  its  behaviour  as 
to  the  S^-a.  p.  spaces  in  the  moment  of  death.  In  consequence  of  Theorem  I, 
Chapter  III  an  S-a.  p.  point  has  the  same  lifetime  as  to  the  S*-spaces  and  as  to 
the  Sp-a.  p.  spaces.  In  the  following  two  paragraphs  we  shall  state  all  the 
possibilities  which  may  occur. 

§2. 

^-Points  which  are  not  £-a.  p.  Points. 

We  consider  an  arbitrary  S-point  which  is  not  S-a.  p.  and  denote,  as  above, 
its  lifetime  as  to  the  S^-spaces  by  P.  It  will  be  proved  by  examples  that  the 
following  possibilities  (which  are  all  those  imaginable  beforehand)  may  occur: 
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1.  The  lifetime  P*=oc. 

2.  The  lifetime  P  is  arbitrary  finite,  i  gP<oo. 

2  a.    The  point  is  dead  at  the  time  P  as  to  the  S* -spaces  * 
2  b.    The  point  is  alive  at  the  time  P  as  to  the  ^-spaces 

Example  to  i. 

We  define /(z)  for  -o><a;<ao  by 

f.  .      f  i  for  o  £  a  £  i 

/(*)-]     .       ..     ., 

(o  for  all  other  x. 

Obviously,  f(x)  being  bounded  is  an  S^function  for  every  p3>i.    And  that  f(x) 
is  not  S-a.  p.  is  an  immediate  consequence  of  Theorem  i  of  Chapter  I,  as  f(x) 

has  no  relatively  dense  set  of  5- translation-numbers  belonging  for  instance  to  -» 

the  equality  Ds[f(x  -f- 1),  f(x)}  =  i  being  valid  for  |T|  ^  i. 

Thus  the  5-point  around /(x)  is  not  £a.  p.  and  has  the  lifetime  P=o>. 

Example  to  2  a. 

P  being  an  arbitrary  number,  i<P<»,  we  define  f(x)  for  —  oo<#<oo  by 


-\e  for  o<x^ 


/»!* 

/(*)=( 

o     for  ail  other  x. 
The  function  f(x)  is  an  S*-t unction  for  p<P  but  not  for  p  =*=  P,  since 


ri  \ 
=  ]  (ty 


'dx 


i 
and  I  I- I  da?  is  convergent  for  a  <  i  and  divergent  for  a  =  i.    Further  f(x)  is 

0 

not  S-a.  p.,  as 

J/.\J 

lx(>o)    for    |v|2i. 


Thus  the  /S-point  around  f(x]  is  not  5-a.  p,,  has  the  lifetime  P  and  is  dead 
at  the  time  P. 
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Example  to  2  b. 

P  being  an  arbitrary  number,  i^P<co,  we  define  f(x)  for  —  oo<#<co  by 

/  \- 

j     \p  for  o<x^a<i 

f(x)  =    \x  (log  a?)*/ 

o  for  all  other  x. 

The  function  f(x)  is  an  /S^-f unction  for  p  =  P,  but  not  for  jp  >  P,  since 


and  I  l-Tj  —  -jjl  dx  is  convergent  for  a  =  i  and  divergent  for  a  >  i.    Further 

0 

f(x)  is  not  5-a.  p,  as 

«  i 

for     TS«. 


Thus  the  £-point  around  f(x)  is  not  S-a.  p.,  has  the  lifetime  P  and  is  alive 
at  the  time  P. 

§3- 
£-a.  p.  Points.    Main  Example  2. 

Next  we  consider  the  &a.  p.  points.  As  mentioned  in  §  i,  each  such  point 
has  the  same  lifetime  as  to  the  ^-spaces  and  the  5p-a.  p.  spaces.  We  will  show 
that  the  following  possibilities  (which  are  all  those  imaginable  beforehand)  may 
occur: 

1.  The  lifetime  P  =  <x>. 

2.  The  lifetime  P  is  arbitrary  finite,  i  ^P<oc. 

2  a,    The  point  is  dead  at  the  time  P  as  to  the  /^-spaces  (P>  i). 
2  b.    The  point  is  alive  at  the  time  P  as  to  the  ^-spaces. 

2  b  a.    The  point  is  alive  at  the  time  P  as  to  the  Sp-a.  p.  spaces 


2  b  p.    The  point  is  dead  at  the  time  P  as  to  the  S^-a,  p.  spaces 


The  case  2  b  p,  i.  e.  that  of  an  S-a,  p.  point  which  is  an  5p-point  but  not  an 
/Stp-a.  p.  point,  is  the  only  not  trivial  one. 
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Example  to  i, 

Let  f(x)  be  a  bounded  periodic  function.  Then  the  S-point  around  f(x)  has 
the  demanded  properties. 

Example  to  2  a. 

Let  P  be  arbitrarily  given,  i<  P  <  oo .    We  consider  the  periodic  function 

f(x)  with  the  period  i,  given  in  the  period  interval  o<x£  i  by  /(a?)  =  I  -I 

\xj 

Then  the  S-point  around  f(x)  has  the  demanded  properties, 

Example  to  2  ba. 

Let  P  be  arbitrarily  given,  i  ^  P  <  oo .  We  consider  the  periodic  function 
f(x)  with  the  period  a  <  i  which  is  given  in  the  period  interval  o  <  x  ^  a  by 

f(x}'=Si\~~h \i)P'    Then  the  S-point  around /(x)  has  the  demanded  properties. 

\x(logx)  / 

Example  to  2  b|3.    Main  example  2. 

P  being  an  arbitrarily  given  number,  i<P<oo,  we  shall  indicate  a  function 
F(x)  which  is  S-a.  p.  (even  S-limit  periodic}  and  an  Sf * -function,  but  not  an  Sp-a.  p. 
function.  The  S-point  around  F(x)  is  then  of  the  type  desired. 

Let  MJ,  m,? .  . .  be  arbitrary  integers  S2,  and  (i>)  «!>«,>•••  a  decreasing 
sequence  tending  to  o.  In  this  main  example,  by  a  tower  of  type  n  we  shall 

understand  a  tower  with  the   i-integral  $»  and  the  P-integral  i.    The 

p 
breadth  bn  of  a  tower  of  type  n  is  then  e%~1  so  that  &n-*o  for  w-><x>  and  bn<i 

for  all  n, 

We  put 

kj  =  wij,  kg  =  Wj  wig,  h}  =  wit  w2  wis,  .  .  . 

and,  as  in  main  example  i,  we  construct  a  sequence  F,(#),  Fj(»),  .  .  .  of  bounded 
periodic  functions  with  the  periods  ht,  h2, .  .  ..  The  construction  appears  from 
the  following  array  (compare  with  main  example  i). 

FI(X):   On  all  numbers  so  (mod  kj)  is  placed  a  tower  of  type  i. 

FI(X):   On  all  numbers  »o  (mod  k,)  but  ^o  (mod  k,)  is  placed  a  tower  of  type  i. 
so  (mod  k,)  2. 

FI(X):  On  all  numbers  »o  (mod  k,)  but  ^o  (mod  /*,)  is  placed  a  tower  of  type  i. 

so  (mod  k,)  but  ^o  (mod  k,) 2. 

so  (mod  k8)  3. 
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Fn(x):  On  all  numbers  so  (mod  k^  but  5*0  (mod  A,)  is  placed  a  tower  of  type  i. 

=0  (mod  ty  but  &o  (mod  hj .   .   .   .  2. 

=o  (mod  /&8)  but  &o  (mod  AJ 3. 


so  (mod^n-i)  but  ^o  (mod  hn) w— i. 

so  (mod  hn)  n. 


(See  Fig.  4  where  m1=?wt=w,=2  and  w=3).   Since  bn<i£~<hl}  two  towers 
never  overlap. 


n  1 

n 

nl 

In 

~~wj        "~~3"i        ~~"t 

Fig.  4. 

,          5.,          i. 

The  function  Fn(o;)  is  obviously  a  bounded  periodic  function  with  the 
period  hn,  We  shall  show  that  Fn(x)  &con  verges  to  a  function  F(x)  whose  con- 
struction appears  from  the  following  array. 


F(x):  On  all  numbers  =o  (mod  h^  but 
.......  so  (mod  ht)  but 

.......  so  (mod  h3)  but 


(mod  h^)  is  placed  a  tower  of  type  I. 
(mod  hs)  ............  2. 

(mod  /i4)  ............  3. 


so  (modftn)  but  ^o  (mod 


The  'function  F(x)  differs  from  Fn(x)  only  as  regards  the  towers  on  the 
numbers  =o  (mod  hn+i).  As  the  breadth  of  the  tower  placed  on  o  in  Fn(x)  tends 
to  o  for  w-*oo,  while  in  F(x)  there  is  no  tower  on  o,  it  is  plain  that 


F(x)=[imFn(x) 


for  all  x  =4=  o. 


We  shall  prove  that 
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On  the  numbers  m  o  (mod  /fw+i),  in  Fn(x)  there  are  standing  towers  of  the  type  w, 
while  in  F(x),  with  exception  of  the  number  o,  there  are  standing  towers  of  the 
types  w  -f  i,  w  +  2, ,  , ..  Hence,  denoting  by  n  -f-  q(m)  (qdn)^  i)  the  type  of 
the  tower  in  F(x)  placed  on  a  number  m  »  o  (mod  An+i)  but  =4=  o,  we  have  for 
m«o  (mod 


(x)-F.(x)\dx*jF(x)dx  +  JFn(x)dx- 


T  "     i 

for  m  =  o 
I  «»+«M  +  «»  for  m  B  o  (mod  fe»+i)  but  +o, 

while  for  m  =  o  (mod  AJ  but  5^0  (mod  An+i) 


Thus  we  have 

f  |  F(z)  -  JFM(#)  |  dx  <  2  sn   for  all  m  •»  o  (mod  fc,). 
«~y 

Since  an  arbitrary  interval  of  the  length  A,  is  contained  in  an  interval 
m £*  x  £*¥n  -f  —   (w  s  o  (mod  Ai)), 

2  2      V  1; 

we  get 

*  +  £ 

j"|FW--Fl,W|^<4«.     for  alia:, 

so  that  Dgh  [F(x),  Fn(x)}  S~;~  which  tends  to  o  for  w->oo.  Hence  Fn(#)-£  f(a?), 

and  F(x)  is  therefore  an  5-a.  p.  function. 

The  function  F(x)  is  obviously  an  Sp-i unction,  as  all  the  towers  of  F(x) 
have  the  P-integral  i  and  therefore 

j(F(x)}pdx  £  i       for  all  m  m  o  (mod  A,) 
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and  hence 

f(F(f))pdtg2      for  all  x, 
so  that 


Finally  F(x)  is  not  an  £p-a.  p.  function.  Otherwise  by  Theorem  i  a, 
Chapter  I,  the  function  F(x)  being  the  #-limit  function  of  the  periodic  functions 
Fn(x)  with  the  periods  An,  the  number  hn  should  be  a  »fine«  ^-translation 
number  of  F(x)  for  »large«  n.  This,  however,  is  impossible.  In  fact,  by  the 

translation  hn  the  interval  — -  ^  x  ^  --  containing  o  is  translated  into  the 

interval  — -  -f  hn  ^  jc  ^   -1  -f  hn  containing  hn,  and  in  the  first  interval  Fix)  has 
2  2 

no  tower  while  in  the  second  it  has  a  tower  with  the  P-integral  i,  so  that 


for  every  hn. 

Besides,  in  order  to  prove  that  F(x)  is  not  #p-a.  p.,  we  could  have  confined 
ourselves  to  apply  the  general  Theorem  i  of  Chapter  I  instead  of  the  Theorem 
i  a  (dealing  with  limit  periodic  functions).  In  fact,  for  every  %  with  a  modulus 

^  -  *  we  have 


since   the   interval  —    h^^x^-h^  of  length  -  hl  in  which  F(x)  has  no  tower 
44  2 

will  be  translated  by  T  into  an  interval  containing  at  least  one  of  the  towers 
of  F(x). 

We  remark,  that  the  function  F(x)  constructed  above  is  of  similar  character 
as  a  type  of  examples  of  o.  a.  p.  functions  treated  by  TOEPLITZ  (Mathematische 
Annalen,  Bd.  98). 
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CHAPTEE  V. 
The  Mutual  Relations  of  the  JF*-8paces  and  the  TF"-a.  p.  Spaces. 

Introduction. 

In  this  Chapter  we  shall  study  the  mutual  relations  of  the  TFp-spaces  and 
the  TFp-a.  p.  spaces,  p  ranging  over  all  values  ^  i.  Of  all  the  TFP-pomts  (p^i) 
the  JF-points  are  the  most  comprehensive,  and  every  FP-point  is  contained  in  a 
TF-point,  We  therefore  consider  an  arbitrary  JF-point  and  shall  investigate  how 
this  JFpoint  behaves  as  to  the  TFp-spaces  and  the  JFp-a.  p.  spaces.  First  we 
consider  the  JFp-points  (p  >  i)  contained  in  our  TF-point,  but  subsequently  also 
the  single  functions  of  the  TF-point.  In  our  characterisation  of  the  TFp-points 
and  of  the  functions  in  the  PF-point  only  the  TFp-spaces  and  the  TFp-a.  p.  spaces 
are  applied  (and  not  the  other  types  of  spaces).  Before  carrying  out  our  in- 
vestigations we  must  have  some  knowledge  about  the  TF-zero  functions. 

§2- 

JF-zero  Functions. 

Let  f(x)  be  a  TF-zero  function.  We  denote  the  upper  bound  of  the  p  for 
which  f(x)  is  a  TFp-function  by  P.  In  consequence  of  Theorem  2,  Chapter  III 
the  function  f(x)  is  a  TFp-zero  function  for  p<P  so  that  P  can  also  be  defined 
as  the  upper  bound  of  those  p  for  which  f(x)  is  a  JFp-zero  function.  We  will 
show  that  the  following  possibilities  (which  are  all  those  imaginable  beforehand) 
may  be  realised: 

2.    P  arbitrary  finite,  i  ^  P  <  oo. 

2  a.    f(x)  is  not  a  FFp-f unction  (P>  i). 
2  b.    f(x)  is  a  ^-function. 

2  ba.   f(x)  is  a  TFp-zero  function  (P^  i). 

2  bp.   f(x)  is  not  a  TFp-zero  function  (P>  i). 
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Example1  to  i. 

A  quite  obvious  example  is  /(&)=*  o  for  all  x.   Another  example  is  a  function 
which  is  bounded  and  tends  to  o  for  x— >±oo. 


Example  to  2  a. 


Example  to  2  b  a. 


1 
li>  for  o  <  x  ^  i 

o      for  all  other  x. 


for  o  <  x  ^  a  <  i 

for  all  other  x. 

Example  to  2  bp. 

We  construct  a  function  f(x)  in  the  following  way:  Let  e,,  £2,  ...  be  a 
sequence  of  positive  numbers  ^  i  which  tends  to  o.  On  the  number  n  (n  =  i,  2, . . .) 
a  tower  with  the  i -integral  sn  and  the  P-integral  i  is  placed.  As  the  breadths 
of  the  towers  are  g  i,  they  do  not  overlap.  f(x)  is  a  JFzero  function  as 

z-f-l 

ff(t}dt-+o    for    x-+<x>. 

X 

Further  f(x)  is  a  Malfunction,  but  not  a  JFp-zero  function  as 
f(f(x))pdx=i    for    w=i,2,.... 

n-i 

There  exists  an  infinite  number  of  such  functions  which  do  not  differ  by 
JFp-zero  functions  (i.  e.  do  not  belong  to  the  same  ^Fp-point),  for  instance  the 
functions  a  •/(#),  where  a  is  an  arbitrary  complex  number  4=  o  and  f(x)  the 
function  constructed  above. 

It  may  be  observed  that  a  function  f(x)  which  is  a  TF-zero  function  and  a 
TFP-  but  not  JFp-zero  function  can  never  be  a  JFp-a.  p.  function,  in  fact,  if  it 
was  JFp-a.  p.,  it  would,  as  it  has  the  Fourier  series  o,  be  a  TTp-zero  function. 
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§3- 
IP-Points  in  General. 

In  this  paragraph  we  shall  state  the  laws  for  the  JP-points  (p  >  i)  and 
the  functions  in  a  TF-point.  A  single  proof  belonging  to  this  investigation  will 
be  postponed  to  §  6  because  of  its  particular  character.  In  §  4  and  §  5  examples 
are  given  which  serve  as  existence  proofs  for  the  different  types  of  TF-points. 

We  consider  an  arbitrary  TF-point.  We  call  the  point  alive  at  the  time 
;?!  as  to  the  TP-spaces,  if  it  contains  at  least  one  TFp«-point,  or,  what  is 
equivalent,  if  it  contains  at  least  one  TFM unction;  otherwise  the  TF- point  is  said 
to  be  dead  at  the  time  pit  If  the  IT- point  is  TF-a.  p.,  we  define  in  an  analogous 
way  the  meaning  of  the  point  being  alive  or  dead  at  the  time  p^  as  to  the 
TFp-a.  p.  spaces.  If  we  know,  whether  the  TF-point  is  alive  or  dead  at  the  time 
pl  as  to  the  JF^-spaces  (TFp-a.  p.  spaces)  we  say  that  we  know  its  behaviour 
at  the  time  p^  as  to  the  FFp-spaces  ( TFp-a.  p.  spaces).  If  the  TF-point  is  alive  at 
one  date,  it  is  alive  at  all  the  previous  dates.  By  the  lifetime  P  of  the 
TF-point  as  to  the  TF^-spaces  we  understand  the  upper  bound  of  those  p  for 
which  the  TF-point  is  alive  as  to  the  TFp-spaces.  If  the  TF-point  is  TF-a.  p.  in 
an  analogous  way  its  lifetime  as  to  the  TFp-a,  p.  spaces  is  defined.  In  consequence 
of  Theorem  i ,  Chapter  III  a  W-a.  p.  point  has  the  same  lifetime  as  to  the  Wp-spaces 
and  as  to  the  Wp-a.  p.  spaces.  Beforehand,  we  cannot  say  anything  about  the 
behaviour  of  the  TF-point  at  the  moment  of  death  as  to  the  TFp-spaces  and 
eventually  the  TFp-a.  p.  spaces. 

At  first  we  study  the  TF'-points  in  our  TF-point,  Let  p>\  be  arbitrarily 
given.  The  set  of  all  the  TF^-f unctions  in  the  TF-point,  if  such  functions  exist, 
divides  into  a  set  of  TF'-points.  These  TFp-points  are  called  the  ^-descendants 
of  the  TF-point.  In  consequence  of  example  2  b{J  of  §  2,  if  there  is  one  p- 
descendant,  there  will  be  an  infinite  number  of  them,  since  the  sum  of  any  function 
af(x),  a+o,  of  this  example  with  p  instead  of  P  (or  rather  the  TF-point  around 
this  function)  and  a  fixed  ^-descendant  is  again  a  ^-descendant.  Let  ^  and;?,  be 
two  numbers,  i  <Pi<pt-  We  consider  a  ^-descendant  of  the  TF-point.  The  set 
of  JF^-functions  in  the  ^-descendant,  if  such  functions  exist,  divides  into  a  set 
of  TF^-points  which  are  called  the  ^-descendants  of  the  ^-descendant.  They  are 
at  the  same  time  ^-descendants  of  the  TF-point.  We  will  prove  that  only  one  of 
the  p ^-descendants  of  the  W-point  can  have  p? descendants  for  any  Ps>p\,  so  that 
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all  the  ^-descendants  °f  t»ne  TV-point  (if  existing)  are  ^-descendants  °f  on«  and 
the  same  ^-descendant.  In  foct,  the  difference  of  two  functions,  each  taken 
from  its  ^-descendant,  is  a  TV-zero  function  and  a  TVft- function,  and  hence,  in 
consequence  of  Theorem  2,  Chapter  III,  a  TV-zero  function  for  p<p»  in  par" 
ticular  for  j?=jv  This  'generating*  TVpi-point  is  called  the  ^-generator; 
all  the  other  ^-descendants  die  at  the  time  p{  at  the  moment  they  are  »horn* 
(i.  e.  come  into  existence  as  points)  and  are  therefore  called  the  stillborn 
brothers  of  the  ^-descendant.  The  j?rgenerator  is  defined  for  Kp1<P. 

//  the  W-point  from  which  we  are  starting  is  a  W-a.  p.  point  the  pi-generator 
(i<pt<P)  ivill  be  Wpt-a.  p.  In  fact,  the  ^-descendants  of  the  ^-generator 
(ps>Pi)  consist  of  Wpi-i unctions  which  are  simultaneously  TV-a.  p.  functions; 
thus,  in  consequence  of  Theorem  i ,  Chapter  III  these  functions  are  TV^'-a.  p. 
and,  lying  in  the  j^-descendants  of  the  ^-generator,  they  also  lie  in  the  ^-ge- 
nerator itself,  which  is  therefore  W Pl-a.  p.  In  a  W-a.  p.  point  at  most  one  of  the 
p-descendants  can  be  Wp-a.  p.  (so  that  for  p  <  P  the  p-generator  is  the  only 
TVp-a,  p.  jp-descendant).  For  a  TV-a.  p.  point  in  the  W-a.  p.  point  has  the  same 
Fourier  series  as  the  TV-a.  p.  point  itself,  and,  in  consequence  of  the  uniqueness 
theorem,  there  exists  only  one  TV^-a.  p.  point  with  a  given  Fourier  series. 

In  the  preceding  we  have  used  > biological*  phrases.  We  will  also  give 
another  methaphor  of  the  situation.  We  speak  of  a  TV-rocket,  the  » compo- 
nents «  of  which  at  the  time  p  are  the  jfl-descendants  of  the  TV-point;  the  p-ge- 
nerator  is  called  the  p- nucleus  and  the  still-born  brothers  of  the  ^-generator 
are  called  the  ^-sparks  of  the  rocket  (see  Fig.  5,  which  suggests  the  Devolution* 
of  the  TV-point  nn  the  course  of  time«,  i.e.  for  increasing  p). 

In  connection  with  the  figure  we  remind  of  certain  facts  given  above:  If 
the  TV-point  is  TV-a.  p.,  the  ^-generator  is  TP-a.  p.  for  every  p}  i<p<P, 
whereas  no  one  of  its  still-born  brothers  is.  Further,  if  the  TV-a.  p.  point  is  alive 
at  the  moment  of  death  P  as  to  the  TV-spaces,  so  that  there  exist  P-descendants, 
at  most  one  of  them  is  TVp-a.  p.  As  we  shall  see  in  §  5,  some  of  those  TVa.  p. 
points  have  a  TVp-a.  p.  P-descendant,  whereas  others  have  not. 

Next  we  consider  the  single  functions  in  the  TV-point.  A  function  f(x) 
is  called  alive  at  the  time  pl  as  to  the  TP-spaces,  if  f(x)  is  a  TVp«-f unction; 
otherwise  f(x)  is  said  to  be  dead  at  the  time  pv  If  the  TV-point  is  FV-a.  p.,  we 
define  in  an  analogous  way  what  is  to  be  understood  by  f(x)  being  alive  or 
dead  at  the  time  p^  as  to  the  TP-a.  p.  spaces.  The  upper  bound  of  the  p  for 
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which  f(x)  is  alive  as  to  the  W '-spaces  is  called  the  lifetime  of  f(x)  as  to  the 
If '-spaces.  If  the  If-point  is  If  a.  p.,  the  lifetime  of  f(x)  as  to  the  TP-a.  p. 
spaces  is  defined  in  the  analogous  way,  In  this  case,  in  consequence  of  Theorem 
i,  Chapter  III,  the  function  f(x)  has  the  same  lifetime  as  to  the  Wp-spaces  and  as 
to  the  IP-fl.  p.  spaces. 

We  start  our  investigations  about  the  functions  in  a  given   If-point  by 
mentioning,   without  proof,  that  in  every   If-point  there   exists  a  through 


TP-point 


Fig-  5- 


function  as  to  the  IP-  and  the  IP-a.  p.  spaces,  i.  e.  a  function  which  is  a 
IP-function  for  just  those  p  for  which  the  If -point  contains  IP-functions  and 
a  TP-a.  p.  function  for  just  those  p  for  which  the  If-point  contains  W P-B,.  p. 
functions.  If  the  If-point  is  alive  at  the  time  P  as  to  the  fP-a.  p.  spaces,  or 
is  not  alive  at  the  time  P  as  to  the  IP-a.  p.  spaces  but  is  alive  as  to  the  W r- 
spaces,  it  is  obvious  that  there  exists  a  through  function;  in  fact  an  arbitrary 
one  of  the  W  p-a.  p.,  respectively  ^-functions  contained  in  the  If -point  will  be 
a  through  function.  The  problem  is  to  show  that  there  exists  a  through  function 
also  in  the  case  where  (if  P  <  oc)  the  If -point  is  dead  at  the  time  P  as  to  the 
IP-spaces.  In  order  to  prove  this,  it  is  of  course  sufficient  to  show  that  there 
exists  a  through  function  as  to  the  IP-spaces,  since  such  a  function,  if  the 
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IF- point  be  a  TT-a.  p.  point,  will  at  the  same  time  be  a  through  function  as  to 
the  W p-a,  p.  spac.es,  We  postpone  the  proof  to  §  6.  Taking  the  existence  of 
a  through  function  for  granted,  we  shall  now  give  a  complete  account  of  the 
functions  lying  in  our  arbitrarily  given  TF-point,  whose  lifetime  P  (i  5P^<») 
and  behaviour  at  the  moment  of  death  P  (if  P<oo)  as  to  the  TP-spaces  and 
the  TFp-a.  p.  spaces  are  assumed  to  be  known.  (What  possibilities  may  occur  for  a 
TF-point  in  this  respect  will,  as  mentioned  in  §  i,  be  discussed  in  §  4  and  §  5). 
By  the  investigation  of  the  functions  in  our  JF-point  we  distinguish  between  the 
W-point  not  being  IF-a,  p.  or  being  W-&.  p. 

* 

I.  The  W- point  is  not  W- a.  p.    Denoting  the  lifetime  of  a  function  f(x) 
in  the  FF-point  as  to  the  TF^-spaces  by  Pj,  there  are  the  following  possibilities. 
The  lifetime  Pl  may  be  an  arbitrary  number,  i^P^P,  and  for  any  fixed  choice 
of  P!  there  are,  if  P!<OO,  the  two  possibilities: 

1.  f(x)  is  dead  as  to  the  JP-spaces  at  the  time  P,, 

2.  f(x)  is  alive  as  to  the  JFp-spaces  at  the  time  Pj, 

with  exception,  however,  of  the  case  Pl  =  i  where  of  course  only  2.  can  occur, 
and  the  case  Pl  =  P  where  2.  can  only  occur  if  the  W-point  is  alive  as  to  the 
PP-spaces  at  the  time  P. 

Proof.  Let  g(x)  be  a  through  function  in  the  TF-point  as  to  the  JF^-spaces. 
In  the  special  cases  where  P1=P=oo,  or  Pj  =  P<<x>  and  moreover  the  given 
JF-point  and  the  desired  function  f(x]  have  the  same  behaviour  as  to  the  Wr- 
spaces  at  their  common  moment  of  death  P=P,,  we  may  as  f(x)  simply  use  the 
function  g(jc)  itself.  In  all  other  cases  we  obtain,  on  account  of  the  linearity 
of  the  TP-sets,  a  function  f(x)  of  the  type  wanted  by  adding  to  g(x)  a  TT-zero 
function  of  lifetime  Pl  which  in  case  of  i.  is  not  a  Wp*-f unction,  and  in  case 
of  2.  is  a  Wp*-t unction. 

We  observe  that  for  i  <  Pl  <  P  all  the  functions  in  the  Prsparks  are  of 
the  type  2. 

II.  The    (F-point  is  JF-a.  p.    The  lifetime  Pl  of  a  function  f(x)  in  the 
W-a.  p.  point  as  to  the  Wp-  and  the  Wp-a.  p.  spaces  may  be  an  arbitrary  number 
in  the  interval  i  ^  Pl  ^  P,  and  for  every  fixed  choice  of  Pl  there  are,  if  Pl  <  oo, 
the  following  three  possibilities: 
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1.  f(x)  is  dead  as  to  the  JP-spaces  at  the  time  P1} 

2.  f(x)  is  alive  as  to  the  JP-spaces,  but  dead  as  to  the  JP-a.  p.  spaces  at 
the  time  Plt 

3.  f(x)  is  alive  as  to  the  Tfp-a.  p.  spaces  at  the  time  P15 

with  exception,  however,  of  the  case  P,  =  i  where  of  course  only  3.  can  occur, 
and  the  case  P1  =  P  where  3.  can  only  occur  if  the  W-&.  p.  point  is  alive  as  to 
the  JP-a.  p.  spaces  at  the  time  P,  and  2.  can  only  occur  if  the  TT-a.  p.  point  is 
alive  as  to  the  W ''-spaces  at  the  time  P. 

Proof.  Let  g(x)  be  a  through  function  in  the  Tf-a.  p.  point  as  to  the 
Wp-  and  the  TP-a.  p.  spaces.  If  P1=P=a>,  or  P1  =  P<oo  and  moreover  the 
given  JF-a.  p.  point  and  the  desired  function  f(x)  have  the  same  behaviour  as 
to  the  IP-spaces  and  the  TP-a.  p.  spaces  at  their  common  moment  of  death 
P— P!,  we  may  as  f(x)  simply  use  the  through  function  g(x)  itself.  In  all 
other  cases  we  obtain,  on  account  of  the  linearity  of  the  IP-sets,  a  function  f(x) 
of  the  type  wanted  by  adding  to  g(x)  a  suitable  TF-zero  function:  We  get  a 
function  f(x)  of  the  type  i.,  by  adding  to  g(x)  a  TF-zero  function  with  the  life- 
time P!  as  to  the  IP-spaces  which  is  not  a  TFp>-f unction.  Similarly  we  get  a 
function  f(x)  of  the  type  2.  by  adding  to  g(x)  a  TF-zero  function  which  is  a 
PF7>i-f unction  but  not  a  W p'-zero  function  (since,  in  consequence  of  the  uniqueness 
theorem,  two  JFp'-a.  p.  functions  in  our  TF-a.  p.  point  must  differ  by  a  TFJ>1-zero 
function).  Finally  we  get  a  function  of  the  type  3.  by  adding  to  g(x)  a  TF-zero 
function  which  has  the  lifetime  Pj  as  to  the  PP-spaces  and  is  a  TFp|-zero 
function. 

We  observe  that  for  i  <  Pl  <  P  all  the  functions  in  the  Prsparks  are  of 
type  2. 

§4- 
FT-Points  which  are  not  If  -a.  p.  Points. 

In  this  paragraph  we  shall  consider  the  JF-points  which  are  not  W-&.  p. 
points,  and  we  shall  investigate  what  possibilities  may  occur  for  such  points 
concerning  as  well  the  lifetime  P  as  the  behaviour  at  the  moment  of  death  as 
to  the  TP-spaces.  We  shall  show  that  all  possibilities  tvhich  are  imaginable  before- 
hand may  occur,  viz. 
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2.    P  arbitrary  finite,  i  ^P<  oo. 

2  a.    The  point  is  dead  as  to  the  W  '-spaces  at  the  time  P  (P>i). 
2  b.    The  point  is  alive  as  to  the  TP-spaces  at  the  time  P 


A  (trivial)  example  to  i.  with*the  lifetime  oo  is  first  given.  Next,  in  order 
to  get  examples  of  TF-points  which  are  not  TF-a.  p.  and  have  an  arbitrarily  given 
finite  lifetime  P  and  a  given  behaviour  at  the  moment  of  death  as  to  the  IP- 
spaces,  we  add  the  TF-point  of  the  first  example  to  a  periodic  If  -point  with  the 
lifetime  P  and  the  desired  behaviour  at  the  moment  of  death  as  to  the  IP- 
spaces,  (In  consequence  of  the  theorem  of  Chapter  III  on  the  periodic  G-points, 
the  point  »  behaves  «  entirely  as  the  periodic  function  contained  in  it).  By  this 
addition,  the  almost  periodicity  of  the  periodic  TF-point  is  destroyed,  whereas  its 
lifetime  and  behaviour  at  the  moment  of  death  as  to  the  TP-spaces  are  preserved. 


Example  to  i. 
Let 


{i  for      o  ^  x  <  oo 
—  i  for  —  oo<o;  <  o. 


The  function  f(x)  being  bounded  is  obviously  a  TP-f unction  for  every  p\  further 
f(x)  is  not  JF-a.  p.,  as 

T  o 

Urn  ~  [f(x)dx=i     while      lim  ^  ff(x)dx  =  -i(+i). 
T— »  l  J  r— 9  J-  J 


The  TF-point  around  f(x)  is  thus  not  TF-a.  p.  and  has  the  lifetime  P  =  oo  as  to 
the  TF^-spaces. 

Example  to  2  a. 

Let  P  be  an  arbitrary  number,  i  <P<oo.  Let  f(x)  be  the  function  of 
example  i,  and  h(x)  a  periodic  function  which  is  jnntegrable  for  p<P  but 
not  P-integrable.  Denote  by  81  the  TF-point  around  f(x)  and  by  S3  the  TF-point 
around  h(x).  Then  the  point  6  =  8  +  S3  will  not  be  TF-a.  p.,  will  have  the  life- 
time P  as  to  the  TFp-spaces  and  be  dead  at  the  time  P.  That  $  is  not  TF-a.  p. 
results  from  the  linearity  of  the  TF-a.  p.  space,  S3  being  fF-a.  p.  and  51  not 
being  TF-a.  p.  Further  the  point  E  contains  the  function  f(x)  +  h(x)  which  is  a 
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JP-f  unction  for  p<P.  Finally  no  Wp-t unction  lies  in  the  point  £;  in  fact  the 
functions  in  $  can  be  obtained  by  adding  to  /(#)  all  the  functions  in  33,  and 
/(#)  is  a  TP-function,  whereas,  in  consequence  of  the  theorem  on  the  periodic 
points,  no  function  in  SB  is  a  W ^-function. 

Example  to  2  b. 

Let  P  be  an  arbitrary  number,  i  ^P<<».  Let  /(#)  be  the  function  of 
example  I,  and  h(x)  a  periodic  function  which  is  P-integrable  but  not  j)-inte- 
grable  for  p>P.  Denote  by  81  the  If -point  around  f(x)  and  by  93  the  JT-point 
around  h(x).  Then  the  TT-point  6  =  31  +  8  will  not  be  ff-a.  p.,  will  have  the 
lifetime  P  as  to  the  IP-spaces  and  be  alive  at  the  time  P.  The  proof  is  quite 
analogous  to  that  of  example  2  a:  From  the  linearity  of  the  TP-a.  p.  space  it 
results  that  £  is  not  TT-a.  p.,  the  point  33  being  TT-a.  p.  and  SI  not  being  TF-a.  p, 
Further  the  point  6  contains  the  function  f(x]  +  h(x)  which  is  a  TP-function. 
Finally  for  p>P  no  TP-function  lies  in  the  point  S,  as  this  latter  point  consists 
just  of  the  functions  obtained  by  adding  f(x)  to  all  the  functions  in  33,  and  f(x) 
is  a  TP-function,  whereas,  by  the  theorem  on  the  periodic  points,  no  function 
in  93  is  a  TP-function. 


§5- 
JF-a.  p.  Points.    Main  Example  3. 

In  this  paragraph  we  consider  an  arbitrary  TT-a.  p.  point,  whose  lifetime  as 
to  the  TP-  and  the  TP-a,  p.  spaces  is  denoted  by  P,  and  shall  show  that  aho 
here  all  possibilities  which  are  imaginable  beforehand  may  occur,  viz. 


2.    P  arbitrary  finite,  I  g  P  <  oo. 

2  a.    The  point  is  dead  as  to  the  TP-spaces  at  the  time  P  (P>i). 
2  b,    The  point  is  alive  as  to  the  TP-spaces  at  the  time  P. 

2  ba,    The  point  is  alive  as  to  the  TP-a.  p.  spaces  at  the  time 


2  bp.    The  point  is  dead  as  to  the  TP-a.  p.  spaces  at  the  time  P 
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Example  to  i. 

The  TF-point  around  a  bounded  periodic  function. 

Example  to  2  a. 

Let  P  be  an  arbitrary  number,  i  <P<  GO,  and  k(x)  a  periodic  function 
which  is  jnntegrable  for  p  <  P  but  not  P-integrable.  Then  the  TF-point  around 
h(x)  has  the  desired  properties.  Firstly,  it  is  obviously  FF-a.  p.,  h(x)  being  TF-a.p. 
Secondly,  it  contains  a  Wp-&.  p.  function  for  p  <  P,  viz.  h(x).  And  thirdly,  by 
the  theorem  on  the  periodic  points,  it  does  not  contain  any  Wp-f unction. 

Example  to  2  ba. 

Let  P  be  an  arbitrary  number,  i  ^P<  CD,  and  h(x)  a  periodic  function 
which  is  P-integrable,  but  not  jp-integrable  for  p>P.  Then  the  FF-point  around 
h(x)  has  the  wanted  properties.  Firstly,  the  JF-point  is  TF-a.  p.,  h(x)  being  TF-a.  p. 
Secondly,  it  contains  a  TFp-a.  p.  function,  viz.  h(x).  And  thirdly,  by  the  theorem 
on  the  periodic  points,  it  does  not  contain  any  TFp-function  for  p  >  P. 

The  case  2  bp  remains.  A  rather  complicated  construction  is  necessary  in 
order  to  show  that  this  case  can  be  realized. 

Example  to  2  bp.    Main  example  3. 

Let  P  be  arbitrarily  given,  i  <P<o>.  We  wish  to  construct  a  function 
F(x)  which  is  a  Wp-a. p.  function  for  p  <P  and  a  Wp-function,  but  such  that  the 
W -point  around  F(x)  does  not  contain  any  Wp-a.  p.  function.  Then  the  TF-point 
around  F(x)  will  be  an  example  to  2  b  p. 

Let  OTJ,  w2, .  .  .  be  a  sequence  of  odd  numbers  ^  3,  increasing  so  strongly 
that  the  product 

V     mjv     m,/V     mj 

is  convergent  (>  o).    As  usually  we  put 

^  =  m,,    h2  =  m,  wis,    h6  =  m,  m2  wi8, .  . . . 

Further  let  elt  f,,  ...  be  a  sequence  of  numbers  such  that  !>«,>«, >o.  By 

a  tower  of  type  n  we  understand  a  tower  with  the  i-integral  fn  and  the 
P-integral  i.  Since  sn  <  i,  the  breadth  of  a  tower  of  type  n  is  less  than  i. 
In  the  following,  the  letters  y,  /*,  i;  denote  integers.  We  construct  a  sequence 
of  functions  Fj(x),  Ft(x), ...  in  the  following  way: 
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f\(x):  In  every  interval  vh^x<(v  +  i)hL  a  tower  of  type  i  is  placed  on 
the  central  one  of  the  subintervals  p  ^  x  <  /t  -f  i . 

l\(x)\  Is  obtained  from  t\(x)  by  'tilling  up*  the  central1  one  of  the  sub- 
intervals  iih}  ^  x  <(p+  i)/*i  of  every  interval  vht  ^  x  <  (v  +  i)/*2  by  towers  of 
type  2,  i.  e.  by  placing  a  tower  of  type  2  on  every  subinterval  i\  ^  x  <  y  4-  i  of 
the  mentioned  central  interval  where  no  tower  of  F}  (x)  is  standing. 

t\(x)\  Is  obtained  from  Ft(x)  by  » filling  up«  the  central  one  of  the  sub- 
intervals  pij  ^tt  <  (jtt  +  i)/>2  of  every  interval  vhs  ^  x  <  (v  +  i)hs  by  towers  of 
type  3,  i.e.  by  placing  a  tower  of  type  3  on  every  subinterval  y  ^x<y  +  i  of 
the  mentioned  central  interval  where  no  tower  of  Ft(x)  is  standing. 

Fn+i(x):  Is  obtained  from  Fn(x)  by  » filling  up«  the  central  one  of  the  sub- 
intervals  phn£siX<(p+i)h*  of  every  interval  vhn+i^-x<(v+  \)hn+i  by  towers  of 
type  n+  i,  i.  e.  by  placing  a  tower  of  type  »+  i  on  every  subinterval  rj^x<r}+  i 
of  the  mentioned  central  interval  where  no  tower  of  Fn(x)  is  standing. 

(see  Fig.  6,  where  wij  =  wi2  =  3  and  n  =  2). 


,  ,n  , 

nl 

,  n 

n  , 

n 

,  n  , 

-//,  -8  -7  -2/<,  -5  -4   -/tj  -2-10       i      2     7ij      4      5     2/<,     7      8     A, 

Fig.  6. 

jFn(#)  is  a  bounded  periodic  function  with  the  period  hn.  Further  Fn(x)~Fn+i(x) 
for  —hn^x<hn  and  moreover  Fn(x)  =* Fn+i(x)  =  Fn-w(x)  —  --  for  the  same  x, 
since  An  <  /in+i  <  A«+2  <  •  •  •;  consequentjy,  as  hn  ->  oo,  a  limit  function 


exists  for  —  ao  <  x  <  oo,  and 


for    - 


1  Here  and  in  the  following  instead  of  the  central  one  of  the  subintervals  we  could  have  chosen 
any  one  of  the  subintervals  with  exception  of  the  first  and  the  last,  bat  in  order  to  be  able  to  use 
main  example  3  to  further  purposes  in  the  appendix  we  have  made  the  specialisation  mentioned. 


C47.   Acta  Math.  76  (1944). 


On  Some  Types  of  Functional  Spaces.  85 

The  function  Ftt(x),  differing  from  I  \+g(x)  only  by  towers  of  the  types  n  +  i, 
n  -f  2,  .  .  .,  n  +  q,  differs  from  F(x)  only  by  towers  of  types  n  -f  I,  n  +  2,  .  .  .; 
hence  (as  £n+i  >  «n+2  >  •  •  •) 

w+l 

J(^fe)  —  Fn(x))dx  ^  £tt+i    for  each  integer  m 

m 

and  thus 

x+l 

/  (F(8  -  .F,,(fl)  cf  <  S  2  *n+i    for  all  a?, 

x 

i.e. 


Since  e»->o,  we  have  Fn(x)-^F(x)\  thus  the  function  F(x)  is  an  5-limit  periodic 
function,  in  particular  an  S-a.-p.  function.  All  our  towers  having  the  P-inte* 
gral  i,  obviously  F(x)  is  simultaneously  an  £p-function  (or,  what  is  equivalent, 
a  Wp-t  unction)  and  therefore,  in  consequence  of  Theorem  i,  Chapter  III,  also 
an  <Sp-a.  p.  function  for  p<P.  Hence  our  function  is  not  only  a  Wp-i  unction 
and  a  Wp-&.  p.  function  for  j?<P,  as  desired,  but  moreover  an  Sp-a.  p.  func- 
tion for  p  <  P. 

We  have  to  prove  that  the  TT-point  around  F(x)  does  not  contain  any 
Wp-&.  p.  function.  As  a  preparation  we  prove  that  the  function  F(x)  itself 
is  not  a  TFp-a,  p.  function. 

We  begin  by  some  preliminary  remarks: 

By  (ft  (i  =  i,  2,  .  .  .)  we  denote  the  relative  density  of  all  the  »  places* 
??  ^  x  <  t\  -f  i  on  which  there  are  standing  no  towers  in  JF<  (x),  exactly  speaking, 

the  ratio  dt—  -  between  the  number  et  of  the  »  empty  «  places  in  a  period  interval 

phi  ^  x  <  (/i-f  i)ht  of  Ft(x)  and  the  total  number  ht  of  places  in  such  an  interval. 
It  is  easy  to  see  that 


In  fact,   when   passing  over  from  Fi(x)  to  Ft+\(x)  we  fill  out  just  one  of  the 
period  intervals  fiht^  x  <(p  -f  i)hi  of  Fi(x)  of  which  a  period  Interval 
i)Jii+i  of  Ft+i(x)  consists,  so  that  e<+i  =  (wt^i—  i)et  and  hence 


wt  +1  =  ,  —  = 


/  I     \€i        /  I     \, 

1  1  --  1  7  =  I  I  --  1  »». 

\       mm/nt      \       w<+i/ 
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Especially  we  get  (by  induction),  as  dt  =  ~-  =  (  i  --  1  » 

"i      \      MI/ 


m, 
We  emphasise  that,  on  account  of  the  convergence  of  the  infinite  product 


the  relative  density  dn  of  the  empty  places  in  the  function  Fn(x)  keeps  greater 
than  a  positive  constant  when  w-*oc,  so  that  after  each  construction  of  one  of 
our  functions  Fn(x)  an  »  essential*  part  of  the  #-axis  is  kept  free  from  towers. 
We  can  now  easily  show  that  our  function  F(x)  is  not  IFp-a,  p.  To 
this-  purpose  we  consider,  for  an  arbitrary  fixed  w,  among  the  wn+i  intervals 
nhn  S  x  <  (p+  i)hn  of  the  interval  vhn+\  ^  x<(v+  i)An+i,  the  central  one  which 
we  denote  by  a?  £  x  <  av  +  hn.  Then  we  have 


(l) 

m  m  m 


For,  in  the  interval  a,  4-  hn  ^  x  <  a,  -I-  2  hn  (to  the  right  of  the  central  interval), 
Fn+i(x)  has  the  same  towers  as  Fn(x\  whereas,  in  consequence  of  the  above,  in 
the  central  interval  or,  ^  x  <  av  -f-  hn  itself  Fn+i(x)  has  the  same  towers  as  Fn(x) 

plus  hndn  =  hn\i  --  III  --  r"(i—  "1   towers  of  type  n+  i  (see  Fig.  7), 
\       tw,/  \       m2/       \      Wn/ 


.  Jl 

,n 

,,n. 

1 

.n 

Ln 

,.fi, 

.n., 

vhn+l 

«v                 ttv  +  hn 

Pig.  7- 

«v+2An 

(»+l)An+l 

and  all  our  towers  have  the  P-integral  i.  Now,  however,  F(x)~  Fn+i(#)  for 
—  hn+i  £x<  hn+i.  Hence  we  have  (cr0  ^  x <  a0  4-  hn  denoting  the  central  one 
of  the  intervals  p hn  ^  x  <  (/t  -f  i)  hn  in  o  ^  x  <  ftn+i) 
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to 


By  help  of  (2)  we  conclude  that  F(x)  is  not  JFp-a,  p.  Otherwise,  in  consequence 
of  Theorem  2  a,  Chapter  I,  since  Fn(x)  is  a  sequence  of  periodic  functions  with 
the  periods  hn  which  ^-converges  to  F(x),  we  should  have 


for  L  S  some  LQ  and  n  ^  some  N0,  and  therefore,   choosing-  n  so  large  that 
hn  ^  L0  and  n  ^  ^o» 


which  contradicts  the  relation  (2). 

More  generally,  however,  we  have  to  show  that  in  the  whole  W-  point 
around  F(x)  there  lies  no  Wp-&.  p.  function,  i.e.  that  a  function  G(x)  — 
F(x)  +  J(x)  where  J(x)  is  a  W-zero  function  can  never  be  a  Wp-&.  p.  function. 
Assuming,  indirectly,  that  G(x)  —  F(x)  -f  J(x)  be  a  Tfp-a.  p.  function,  the  func- 
tion J(x),  being  a  PT-zero  function  and  a  JFp-function,  would  (on  account  of 
Theorem  2,  Chapter  III)  be  a  JFp-zero  function  for  p<P.  It  might  be  supposed 
that,  in  a  similar  way  as  above,  we  could  arrive  at  a  contradiction  by  considering, 
for  sufficiently  large  w,  only  the  »first«  of  the  central  intervals,  cr0^tf<a0-f  /in, 
and  by  concluding  from  the  fact  that 


-, 

fin 

QO 

is  »  large*  (i.  e.  not  vanishing)  that 


for  p<P  and  near  to  P  would  also  be  » large*.    This  would  namely  involve,  as 
DSP  [G(x  +  fc»),  G(x)}  and  therefore  DSP  [G(x  +  *»),  0(«)]  for  p<  P  should  be 

An  "n 
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»small«,  that  DSP  [J(# -f  /&«),/(#)]  and  hence  2Dsv  [J(x)\  would  be  » large*,  in 

contradiction  to  J(x)  being  a  TP*-zero  function  for  every  p  <  P.  However,  this 
attempt  of  argumentation  fails  for  the  following  reason:  The  larger  n  is  chosen, 
the  nearer  to  P  we  have  to  choose  the  number  p,  so  that  we  must  operate  with 
a  variable  p,  while  on  the  other  hand  the  carrying  out  of  the  idea  indicated 
would  claim  a  fixed  p<P.  In  the  real  proof  we  are  forced  to  consider  all  the 
central  intervals  crv  g  x  <  av  +  hn  (for  sufficiently  large  w),  and  not  only  the  first 
one;  this  means  a  certain  complication,  as  F(x)  is  not  equal  to  Fn+i(x)  in  all 
the  intervals  a,  ^  x  <  av  +  2  hn  (as  in  the  first  one  cr0  iS  x  <  cr0  +  2  /in).  But  except 
that,  the  reasoning  is  still  the  same  as  in  the  above  attempt.  Besides,  in  this 
way  it  is  as  easy  to  prove  that  even  in  the  B-point  and  not  only  in  the  W-point 
around  F(x)  there  is  no  Wp-a.  p.  function,  and  this  we  are  therefore  going  to  do. 
Denoting,  as  before,  the  central  one  of  the  intervals  nhn  ^  x  <  (/t-f  \)hn  in 
g  x  <  (v  -f  i) Anfi  by  av  ^  x  <  av  +  hn  we  can,  to 


say 

4 


4  \       mj  \       w2/ 
and  an  arbitrarily  fixed  w,  determine  P0M<  P  such  that  the  inequality 


1/i 

I/      #n 


|/ 

is  valid  for  every  v  and  for  PO(H)  <p  <P.  This  results,  through  continuity  reasons, 
from  the  relation  (i)  using  that  for  p-+P  the  ^-integral  of  a  tower  of  type  w+  i 
tends  to  its  P-integral  (-=1). 

The  problem  is  to  pass  from  Fn+\(r}  to  F(x\  or  mo^e  conveniently  to  In +</(•*') 
(which  for  a  large  q  is  identical  with  F(x)  in  the  large  interval  —hn+q£jc  <hn+g). 
To  this  purpose,  for  an  arbitrary  </>o,  we  consider  a  period  interval  (of  length 

hn+q)  of  Fn+q(x)  consisting  of    r~T-  (=Wn+2W»+3  •••  w*+q)  period  intervals  of 

Fn+i(x)  and  ask:  What  is  the  relative  density  d^^  of  those  of  the  latter  inter- 
vals in  which  Fn+q(x)  is  identical  with  Fn+i(x),  or  exactly  speaking,  what  is  the 
ratio  d1^^  between  the  number  of  those  of  the  intervals  in  which  Fn+q(x)  is 

identical  with  Fn+i(x)  and  the  total  number  7-^  of  these  intervals? 
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Above,  we  have  met  a  similar  question,  viz.  that  of  determining  the  relative 
density  dn  of  the  empty  places  in  the  function  Fn(x).  By  a  similar  reasoning  we 
find  that  the  answer  to  our  present  question  is 


__  '--Wi  __  U.../,  __  L- 

Wn+2/\          Wn+3/         \         Wltt+9/ 


It  may  however  be  observed  that  in  order  to  get  this  expression  for  d^+V  we 
need  not  carry  out  this  similar  reasoning  as  we  can  directly  establish  the  relation 
^(n+ 1)  _  _!L±?  from  whjch  (using  the  expression  for  of,-)  we  just  get  the  expression 

±q          dn+l 


for  d%+*]  given  above.  The  relation  in  question  may  be  obtained  in  the  following 
way:  We  consider  the  empty  places  of  the  function  Fn+g(x)  in  one  of  its  period 
intervals.  On  the  one  hand,  the  number  of  those  places  is,  per  definition,  en+q. 

On  the  other  hand  however,  as  such  empty  places  only  occur  in  the  dfc+f  -  j-— 

**ii+i 

intervals  vhn+i^x<(v+  i)ftn+i  in  which  Fn+q(x)  is  identical  with  Fn+i(x),  the 

number  in  question  may  also  be  expressed  by  d^f  7—^  •  e*+i-    Putting  this 

" 


last  expression  equal  to  en+q  (and  using  that  ^  •=<&)  we  just  get  the  relation 


Since 

F(x)  =  Fn+Q(x)    for    -hn+<i^ 


the  function  Fn+i(x)  is  identical  with  F(x)  in  2dJl+«~±5  of  the  2         intervals 

9    /ln+1  hn+l 

x<(v+  i)An+i  of  which  the  interval  —1in+q^x<hn+q  consists.    By  (3) 
in  every  one  of  these  2d^^-~^  intervals  vhn+i^-x<(v  -f  i)hn+i  there  is  lying 


an  interval  av  ^  x  <  av  +  hn  such  that 

"<V+An 


holds  for  P0(w)<  jp  <  P,  where  P0(w)  is  independent  of  g. 
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We  shall  show  that  this  involves  that  no  Wp-&.  p.  function  can  lie  in  the 
B- point  around  F(x).  Indirectly,  we  assume  that  such  a  function  G(x)  exists. 
Then  F  (x)  —  G  (x)  =  J(x)  is  a  JS-zero  function  and  a  JBp-f  unction  and  there- 
fore, in  consequence  of  Theorem  2,  Chapter  III,  a  l?p-zero  function  for  p  <  P. 
Further,  Fji(x)  being  a  sequence  of  periodic  functions,  with  the  periods  hn, 
which  /^-converges  to  F(x)  and  hence  B-converges  to  G(x)}  the  number  An,  in 
consequence  of  Theorem  2  a,  Chapter  I,  is  an  #f -translation  number  of  our 
JFp-a.  p.  function  G(x)  belonging  to  our 


for  L  *£  some  L0,  n  S  some  NQ,  i.  e. 

DSP  [G(x  +  k»),  G(x)}  ^  c    for    n  ^  JT0,  L  ^  L0. 
We  choose  N  so  large  that  HN  ^  L0  and  N  ^  N0.    Then  we  have 


and  therefore  a  fortiori 

(5)  DSP  [G(x  +  M>  G(x)}  ^  e    for    p  <  P. 

*A* 

Now  we  consider  F(x)  in  the  interval  —  hy+q£x  <  hy+q.    In  2d(*+*}>  r  +<i 


of   the    2  j—-"      intervals    v  h$+i  ^  ;r  <  (v  -f  i)  ftjv+1    of    which    the    interval 


consists,  there  is,  as  we  have  seen  above  (at  (4)),  an  interval 
av  ^  x  <  av  +  hff  such  that 


av  +  AA"  /' 

(6)       I/    r-  f  (F(x]-F(x-\-h^Ydx>]/ (i--\(i-  l 
17     k,v  J  F    \      w1/\      w?2, 


for  PQ(N)  <p<P,  where  P0(JV)  is  independent  of  q. 

For  every  p  satisfying  P0(AO  <  p  <  P  the  inequalities  (5)  and  (6)  involve  by 
help  of  MINKOWSKI'S  inequality 
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1     I  I  (Ffe)  -  F(x  +  hy))  -  (ff  (x)  -  6r  (z  +  M  |p  <to 

*AT   J 


hy 


v  +  Ajv  -|       /        av+hy 

hx 


f(Ffe)-JFfe  +  M'da~  I/  r-  (\G(x)- 

J  ]/        fly  J 


where  k  is  a  constant  (independent  of  #). 

Finally,  p  being  a  fixed  number,  PQ(N)<p<P,  we  get  (using  the  expression 
for  the  relative,  density  d(n+Q]) 


i 


2hy+vJ    '     V   '          V          'M  2/1^ 


V      i  l       \l  l      \ 

i i =fc 

^Wiv+i  \       w,v+2/  \       mav+3/ 


where  ^'  =  kr  (N)  is  independent  of  q.    Hence 

p 


I       /         I          T  Pr- 

(7)     DhP[J(x),  J(x  +  Ml  =  lim  I  /    -~  I  | /(x)  -/(j  +MI'<tesVT>  o. 


On  the  other  hand,  J(x)  being  a  5p-zero  function,  we  have  Dff[J(x\  J(x+hy)] 
(x)}  =  o}  i.e. 


in  contradiction  to  (7). 
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§6. 
Through  Functions. 

Already  in  §  3  we  used  the  following 

Theorem.  Let  8  be  a  W-point  with  the  lifetime  P,  I  <  P  ^  oo ,  as  to  the 
Wp-spaces  which  is  dead  at  the  time  P  (if  P  <  w ).  Then  there  exists  a  through 
function  /*  (x)  in  9  as  to  the  Wp-spaces,  i.  e.  a  /unction  which  is  a  Wp-function  for 
every  p  <  P. 

We  shall  now  prove  this  theorem.  Roughly  speaking,  the  method  is  as 
follows:  In  our  JF-point  we  choose  functions  f^(x\  ft(x\  . . .  whose  lifetimes 
approach  P  more  and  more.  Starting  from  these  functions  we  shall  arrive  at  a 
through  function.  The  first  idea  might  perhaps  be  to  consider  the  function 
which  is  equal  to  f^x)  say  for  \x\  <  i,  to  ft(x)  for  I  &  \x\  <  2,  to  /8(#)  for 
2  ^  \x\  <  3  etc.  This  function,  however,  is  far  from  being  a  through  function; 
it  needs  not  even  to  be  jnntegrable  for  larger  p  than  is/,(x).  However,  it 
proves  possible  to  modify  the  functions  /j  (x),  /,  (x), ...  in  such  a  way  that, 
applying  the  above  method  on  the  modified  functions  f\ (x\  f\  (x\  . . .,  we  really 
get  a  through  function  f*(x).  By  our  modification  of  the  f unctions  /j (x),  /,(#), . . . 
we  wish  to  obtain,  firstly,  that  the  modified  functions  f\(x\f\(x),  .  .  .  be  p-inte- 
grable  for  all  p  <  P,  and  secondly,  that  each  function  of  the  modified  sequence 
/*(#)» /J(#)»  •  •  •  differs  »so  little*  from  its  successor  that  the  ^composed*  func- 
tion /*(#)  differs  »little«  from  each  of  the  functions  /!(#), /J(z), ...  in  the 
following  sense:  f*(x)  is  a  JP-function  ^almost  as  far«  as  each  of  these  func- 
tions fn(x)  (and  is  therefore  a  TP-f unction  for  alljp<P),  and  like  these  functions 
it  belongs  to  the  W -point. 

Ve  begin  with  the  two  following  remarks. 

Eemark  i.  Let  f(x)  be  a  \-integrable  function.  Then  we  can  always  by 
adding  a  W-zero  function  obtain  a  function  g(x)  which  is  p-integrabk  for  every  p, 
and  such  that  \g(x)\£\f(x)\  for  all  x. 

This  may  be  done  in  the  following  way.  For  n  ==o,  ±  I,  ±  2, . .  .  we 
determine  Nn  so  large  that 


n+i 
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v'tt  denoting,  as  usually,  the  function  cut  off  at  Nn,  and  define 

g(x)  =  (/(o?))j\rn    for    n  <  x  <  n  +  i    («  =  o,  ±  I,  ±2,  .  .  .). 


Then  we  have 


since  the  mean  value  of  !/(#)-•  <?(#)!  over  a  sufficiently  large  interval  is  arbitrarily 
small  wherever  on  the  #-axis  the  integration  starts.  Further,  the  function  g(x], 
being  bounded  in  every  interval  n^x<n+  i,  is  jnntegrable  for  every  p. 
Finally  |;(*)|S|/(*)|  since  \(fW)*n\*\f(x)\. 

Remark  2.  As  easily  seen,  for  an  S^f  unction  it  does  not  always  hold 
(as  in  the  case  of  a  jnntegrable  periodic  function)  that  DSP[/(OF),  (/fe))jir]-*o  for 
AT  -x».  But,  if  i^pi<Pt  and  if  f(x]  is  an  S^-function,  it  does  hold  that 


-*o  for 

i.  e.  to  a  given  e  >  o  the  inequality 


is  valid  for  all  x  provided  N  is  chosen  sufficiently  large. 

This  may  be  seen  in  the  following  way.    We  have  for  all  t 


in  fact,  the  inequality  is  obvious  for  those  t  for  which  l/MIS-ff  as  the  left- 
hand  side  is  o,  and  for  those  t  for  which  |/(£)  |  ^  N  we  have 

i/w-  (f(t>)»\* 

Hence  for  all  x 

x+l 

Jl/W  -(f(t})*\*dt 

X  X 

which  tends  to  o  for  ^->oo. 

Now,  we  pass  to  the  proof  of  the  theorem.    Let  i<Pi<p*<  —  *P.    Then 
in  the  JF-point  $  there  exists  a  TTpl-f  unction  /j(#),  a  TTMunction  ff(x),  .  .  .,  and, 


HI  5  C47.   Acta  Math.  76  (1044). 


94  Harald  Bohr  and  Erling  Felner, 

in  consequence  of  Remark  i,   we  may  assume  that  all  the  functions  /„  (x)  are 
jMntegrable  for  every  p.    Let 


/•W  -/•(«)«;•(*) 

Then  Ji(x)Jt(x)}  ...  are  all  FF-zero  functions,  and  jt(x)  is  a  W^-i  unction  i.e. 
an  SM  unction,  j9(x)  an  /Sft-f  unction,  ....    Let  further 


where  A7,,  JV2,  .  .  .  will  he  chosen  below.  All  the  functions  j*(x),  fi(x),  ...  are 
T7-zero  functions,  since  |ji(ff)|S|jfi(a;)|,  b'JWI^I^WI,  ----  For  the  same 
reason  the  function  j*(x)  is  an  ^-function,  jj(x)  an  Sft-f  unction,  .  .  ..  Let 

00 

£en  be  a  convergent  series  of  positive  terms.  In  consequence  of  Remark  2  it 
is  possible  to  choose  J\T,,  JV2,  .  .  .  such  that  for  all  x 


We  can  now  indicate  the  » modified*  functions/?^),  /*(#), ....    They  are  suc- 
cessively determined  by 
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It  may  be  observed  that  these  functions  /?(#),  /?(#),  ...  are  constructed  starting 
from  f^x)  by  help  of  the  functions  j?  (#),$(#),  ...  in  exactly  the  same  way  as 

•  •  •  may  be  obtained  starting  from  f^x)  by  help  of  the  functions 

.."    We  find 


(0 


All  the  functions  ji(x),$(x\  .  .  .  being  IP-zero  functions,  the  functions /?(#), 
fl(x\  . .  .  will  (on  account  of  their  definitions)  belong  to  H.  Further,  all  the 
functions  (Ji(x))yl}  (j9(x))y^  .  .  .  being  bounded,  it  results  from  the  equations  (i) 
that  fi(x)  is  a  W*-t unction,  /}(«)  is  a  TFMunction, . . .,  and  that  they  are  all 
p-integrable  for  every  p.  From  the  way  in  which  Nl}  Nt,  .  .  .  are  determined, 
we  conclude  that  for  all  x  and  all  n  —  I,  2,  .  .  .  (putting  p0  =  i) 


since 


Pn-1  Pn-l 

•fl 

l  +  -     + 


yn—l 

&i  W  -/» W  I"1-'  <*<  +  1//1  At  W  -  A.  W  I"-1 


Pn-1 P» 

^1(0^ 
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Finally  we  define  f*(x)  by  (see  Fig.  8) 


for 

w^|#|  <  n  4-  I         \n  =  0,  i,  2,  .  .  .). 


/to*) 


-3-2-10  i  2  3 

Fig.  8. 

The  function  /*  (x)  is  p-integrable  for  each  p,  all  /»  (x)  being  ^-integrable.    We 
consider  the  difference  /*(#)  —f!(x)  for  an  arbitrarily  fixed  «,  and  shall  estimate 


The  inequality  (2)  tells  us,  how  much  /*  (x)  differs  from  /»  (x)  for  all  #  outside 
the  finite  interval  —  n  ^  x  <  n.  Since  for  the  determination  of  Dwpn-i  the  values 
of  the  function  in  an  arbitrary  finite  interval  are  irrelevant  if  only  the  function 
is  ^n-i-integrable  in  this  interval,  we  get  from  (2) 


(3)  Dwf«-i  [/*  (4  ft  Ml  ^  «.  +  *n+,  +  •  -  • 

which  tends  to  o  for  «-»<».    From  (3)  it  results  in  particular  that 
Dw[f*(x),/:(x)}-+o    for    n-cc; 

hence  /*(#)  belongs  to  9,  a  ff-point  considered  as  a  set,  of  functions  being 
ff-closed.    Further  we  get  from  (3)  that 

«  (X)]  £  Dwpn-i  1/n*  (X)]  +  *n  +  «M+I  +  '  '  '  , 


so  that  f*(x)  is  a  ^"""^function  for  every  n  =  i,  2,  .  .  .  and  therefore  a  W  p- 
function  for  p<  P. 
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CHAPTER  VL 
The  Mutual  Relations  of  the  B*>*  and  the  J^-a.  p.  Spaces. 

§i. 
Introduction. 

In  this  Chapter  we  shall  consider  an  arbitrary  I?-point  as  to  the  /^-spaces 
and  the  Br-&.  p.  spaces.  We  proceed  in  quite  the  same  way  as  by  the  corres- 
ponding investigation  in  Chapter  V  of  the  behaviour  of  a  W -point  as  to  the 
W1'-  and  the  JP-a.  p.  spaces.  On  the  one  side  we  investigate  what  Z^-poitits 
belong  to  our  jB-point,  and  on  the  other  side  we  consider  the  single  functions 
in  the  B-point.  Both  the  -^''-points  and  the  functions  are  characterised  by  means 
of  the  Bp-  and  the  JV'-a,.  p.  spaces.  In  many  respects  also  the  results  of  our 
investigations  will  prove  to  be  analogous  to  those  of  Chapter  V.  The  results  of 
Chapter  V,  §  2  on  TF-zero  functions  may  even  be  transferred  verbally  to  the 
I?-zero  functions,  for  by  a  retrospective  glance  we  see  immediately  that  we  may 
replace  »FF«  by  »J5«  everywhere  in  the  text  without  changing  the  examples. 
Also  the  general  investigation  in  Chapter  V,  §  3  of  the  TF^-points  in  a  given 
TF-point  can  be  transferred  word  for  word;  here  too  we  may  replace  »  W*  by 
>#»  everywhere.  Whether  the  investigation  of  the  single  functions  in  Chapter  V, 
§  3  can  also  be  transferred,  obviously  depends  on  the  question  whether  (analogously 
to  the  IF-case)  in  a  J5-point  there  is  always  a  through  function  as  to  the  Sp- 
spaces  and  the  Bp-&.  p.  spaces,  i.  e.  a  function  which  is  a  Bp-i unction  for  those 
p  for  which  the  l?-point  contains  J^-functions,  and  a  Bp-a,.  p.  function  for  those 
p  for  which  the  #-point  contains  J5;'-a.  p.  functions.  As  we  shall  see,  such  a 
general  theorem  is  really  valid.  Evidently,  to  establish  this  theorem  it  is,  just 
as  in  the  JF-case,  sufficient  to  prove  that  every  2?-point  with  the  lifetime  P 
which  (if  P  <  00)  is  dead  at  the  time  P  contains  a  through  function  as  to  the 
Bp-spaces.  By  means  of  this  theorem  the  investigation  of  the  single  functions 
in  a  given  IF-point  can  be  transferred  word  for  word  to  the  given  JB-point.  The 
proof  of  the  theorem  on  the  existence  of  a  through  function,  however,  is  not 
analogous  to  that  in  the  JF-case,  and  it  will  be  postponed  to  §  6. 

But  there  is  an  interesting  difference  between  the  JF-a.  p.  points  and  the 
U-a.  p.  points.  In  the  JF-case  we  gave  an  example  of  a  TF-a.  p.  point  which  is 
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alive  at  the  time  P  as  to  the  W ^-spaces  but  is  dead  as  to  the  W p-a,  p.  spaces 
(Main  example  3,  Chapter  V,  §  5);  in  the  B-case,  however,  such  an  example 
does  not  exist,  the  theorem  being  valid  that  a  B-a,  p,  point  which  is  alive  at 
the  time  P  as  to  the  B^-spaces  is  also  alive  at  the  time  P  as  to  the  Bp-a,  p. 
spaces.  Hence,  if  a  B-a.  p.  point  with  the  lifetime  P  possesses  P-descendants  at 
all,  one  (and  of  course  only  one)  of  them  will  always  be  a  Bp-a.  p.  point. 

As  to  the  B-zero  functions,  we  simply  refer  to  the  treatment  in  Chapter  V, 
§  2  of  the  TF-zero  functions  where,  as  mentioned  above,  the  letter  »W*  may 
rig-fat  away  be  changed  to  »B«,  From  systematical  reasons,  however,  we  shall 
(in  spite  of  the  complete  analogy  with  the  JF-case)  in  §  2  give  a  brief  account 
of  the  behaviour  of  the  Bp-points  and  the  functions  in  a  given  B-point  as  to 
the  Bp-  and  the  Bp-a.  p.  spaces.  In  §  3  we  give  the  proof  of  the  theorem  on 
B-a.  p.  points  indicated  above.  Next,  in  §  4  and  §  5  we  state  all  the  possibilities 
for  a  B-point  which  is  not  a  B-a.  p.  point,  respectively  is  a  B-a.  p.  point.  Finally 
in  §  6  we  prove  the  theorem  on  the  through  function, 


§2. 

General  Remarks  on  J5-Points. 

Already  in  §  i  we  spoke  about  a  lifetime  P  of  a  B-point  as  to  the  Bp- 
spaces  and  eventually  the  Bp-&.  p.  spaces,  and  used  the  fact  that  a  B-a.  p.  point 
has  the  same  lifetime  as  to  these  spaces.  As  in  the  TT-case,  we  say  that  we  know 
the  behaviour  of  a  B-point  at  the  time  pt  as  to  the  Bp-spaces  and  (eventually) 
the  Bp-&.  p.  spaces,  if  we  know  whether  the  point  is  alive  or  dead  at  the 
time  Pi  as  to  the  Bp-spaces  and  the  Bp  &.  p.  spaces.  Further  we  speak  of  the 
p- descendants  of  our  B- point  (or  of  the  » components «  of  our  B-rocket)  and 
for  every  j),  i<p<P,  of  a  p- generator  (^-nucleus).  The  p-generator  is  the  only 
one  of  the  p-descendants  which  has  descendants  itself,  all  the  other  ^-descendants 
(the  still-born  brothers,  or  jD-sparks)  dying  at  the  time  p  in  the  moment  they 
are  bora.  If  the  B-point  is  B-a.  p.,  the  p-generator  is  Bp-a.  p.  As  to  the  general 
situation  we  may  refer  to  the  Fig.  5  (with  » W*  replaced  by  »B«). 

We  now  pass  to  the  single  functions  in  a  B-point.  We  speak  about  a 
function  being  alive  or  dead  as  to  the  Bp-spaces  and  the  Bp-a.  p.  spaces  at  a 
definite  date,  and  we  speak  of  its  lifetime  P,.  If  the  B-point  is  B-a.  p.,  a  func- 
tion in  this  point  has  the  same  lifetime  as  to  the  Bp-  and  the  Bp-a.  p.  spaces. 
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If  the  B- point  (with  the  lifetime  P)  is  not  J8-a.  p.,  there  are  the  following 
possibilities  for  a  function  f(x)  with  the  lifetime  PI  contained  in  the  B-point. 
The  lifetime  P1  may  be  an  arbitrary  number,  i  £  PJ  g  P,  and  for  each  fired  PJ 
there  are,  if  P^co,  the  two  possibilities: 

1.  f(x)  is  dead  as  to  the  jB^-spaces  at  the  time  Pt, 

2.  f(x)  is  alive  as  to  the  Bp-spaces  at  the  time  Plt 

with  exception,  however,  of  the  case  Pt  =  i  where  of  course  only  2.  can  occur, 
and  the  case  P,  =  P  where  2.  can  only  occur  if  the  B-point  is  alive  as  to  the 
B'-spaces  at  the  time  P. 

If  the  5-point  is  JB-a.  p,,  the  lifetime  P1  of  a  function  in  the  point  may  be 
an  arbitrary  number  in  the  interval  i  ^  P1  ^  P,  and  for  each  fixed  Pj  there  are, 
if  Pj  <  oo,  the  three  possibilities: 

1.  f(x)  is  dead  as  to  the  ^^-spaces  at  the  time  P1? 

2.  f(x)  is  alive  as  to  the  J9p-spaces,  but  dead  as  to  the  Bp-&.  p.  spaces  at 
the  time  Plt 

3.  f(x)  is  alive  as  to  the  Bp-&.  p.  spaces  at  the  time  Plt 

with  exception,  however,  of  the  case  P,  =  i  where  of  course  only  3.  can  occur, 
and  the  case  PI  =  P  where  3.  can  only  occur  if  the  B-a.  p.  point  is  alive  as  to 
the  Bp-z.  p.  spaces  at  the  time  P,  and  2.  can  only  occur  if  the  JB-a.  p.  point  is 
alive  as  to  the  Bp-spaces  at  the  time  P. 


§3- 
A  Theorem  on  the  Behaviour  of  JB-a.  p.  Points  in  their  Moments  of  Death. 

In  this  paragraph  we  prove  the  following  theorem  concerning  the  B-a.  p. 
points  which  has  no  analogue  in  the  TT-case. 

Theorem.  A  B-a.  p.  point  which  contains  a  Bp-function  f(x)  contains  also  a 
Bp-a.  p.  function  g  (x). 

The  general  proof  of  this  theorem  uses  the  notion  of  asymptotic  distribution 
function  of  a  real  JS-a.  p.  function.  In  the  special  case  P=2,  however,  the 
theorem  can  be  proved  in  another  and  more  simple  way,  namely  by  help  of 
BEBICOVITCH'S  Theorem  on  Fourier  series  of  JJ*-a.  p.  functions.  We  shall  begin 
by  giving  this  proof  which  is  only  applicable  in  the  case  P  =  2. 
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The  special  case  P=2.    Let  our  J?-a.  p.  and  l?8-function  f(x)  have  the 
Fourier  series  2AneiA»*.    We  first  show  that 

d)  isM-l'sU 

Let 

JVM 

<*(*)- 2*5?  4. 

n-1 

be  a  BOCHNER-FEJER  sequence  of  f(x).    Then 


Hence  on  account  of  the  inequality  (Chapter  I) 


we  get 


As  o  g  in*  ^  i,  and  tf-*  i  for  fixed  n  and  g  ->  <x>,  we  immediately  get  f  or  q  -*•  oo 
the  desired  inequality  (i),  In  particular  l|-4tt|2  is  convergent  and  thus,  in 
consequence  of  BBSICOVITCH'S  Theorem,  2AneiA*x  is  the  Fourier  series  of  a 
J5'-a.  p.  function  g(x).  As  the  two  functions  g(x)  and  f(x)  (considered  as  5-a.  p. 
functions)  have  the  same  Fourier  series,  the  function  g(x)  lies  in  our  B  a.  p. 
point  around  f(x). 

As  mentioned  above  the  proof  of  the  theorem  in  the  general  case  uses  the 
notion  of  asymptotic  distribution  function  of  a  real  U-a.  p.  function, 
The  asymptotic  distribution  functions  for  the  different  types  of  almost  periodic 
functions  are  dealt  with  by  JESSEN  and  WINTNEE  in  their  paper:  Distribution 
Functions  and  the  Eiemann  Zeta  Function,  Trans,  of  the  Amer.  Math.  Soc., 
vol.  38.  We  shall  only  apply  a  single  theorem  of  this  paper,  and  as  we  shall 
•not  assume  the  knowledge  of  the  paper  we  shall  not  merely  state  the  theorem 
but  also  give  a  direct  proof  of  it  (communicated  to  us  by  JESSEN). 

To  begin  with  we  remind  of  two  well  known  and  elementary  facts  con- 
cerning real  monotonic  functions  (in  the  wide  sense)  defined  on  the  whole  axis. 
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i°.  A  monotonic  function  has  at  most  an  enumerable  number  of  discon- 
tinuity points. 

2°.  Let  i//(a)  and  tyi(<x)  be  increasing  functions  with  the  following  two 
properties : 

^(a)  £  \p  (a)  for  all  a,    and    ^(0)  ^  i/>(cr)  for  jj  >  o. 

Then  t/;(c)  and  Vi(ff)  ^ave  ^e  same  discontinuity  points,  and  V/i(«)s=^(c)  in 
all  the  continuity  points.  (For,  if  a  is  a  continuity  .point  of  t/^Ca),  it  results 
from  t//x  (0)  S  i/>  (or)  for  £  >  a  that  t^  (or)  =  ^  (a  +  )  ^  t/>  (a)  which  together  with 
t//i(a)  ^  t//(or)  gives  ^(o)  =  1/KcO). 

We  say  that  a  real  function  f(x)  defined  on  the  whole  #-axis  has  an  asymptotic 
distribution  function,  if  there  exists  an  increasing  function  ty(a)  (in  the  wide 
sense)  defined  on  the  whole  a-axis  so  that: 

1)  In  a  continuity  point  a  of  ty(a)  the  two  » relative  measures* 

mrel  ([/(*)  =S  «]}  =  liin  ~m  |[/(«)  fS  a]  X  [-  T  S  x  £  T}} 

T— »«  2  J. 

and 

wirei  {[f(x]  <  cr]|  =  lim  ^=  w  {[/(«)  <  a]  X  [-  T  ^  x  ^  T}} 

T— *«  2  jt 

both  exist  and  are  equal  to  t//(«)  (then  obviously  o^t//(or)^  i). 

2)  !/;(«)->  i  for  a->oo,  and  i//(a)-*o  for  a -*•—<». 

By  the  distribution  function  of  f(x)  we  then  understand  the  function  i/;(cr)  in 
its  continuity  points. 

We  can  now  state  the  theorem  of  JESSEN  and  WINTNEB: 
Auxiliary  theorem,    Every  real  B-a.  p.  function  f(x)  possesses  an  asymptotic 
distribution  function. 
Proof.    Let 

Vto  =  n*  K/W  S  a)}  =  lim  ~   m  {[/(x)  ^  «]  X  [-  T  £  x  £  T\\ . 

T-*»  2  J. 

Obviously  the  function  \ft(a)  is  an  increasing  function  of  a  (in  the  wide  sense) 
defined  on  the  whole  a-axis.  We  shall  show  that  the  two  relative  measures 
mT&}  {[f(x)  ^  a]\  and  wrei  {[/(#)<  a]}  exist  in  every  continuity  point  of  i//(a)  and 
are  both  equal  to  vM>  and  that  ty(a)  -M  for  a  •*  oo  and  i//(a)-»-o  for  a  ^~  oo. 
Then,  according  to  our  definition,  the  function  ty(a)  considered  in  its  continuity 
points  is  an  asymptotic  distribution  function  of  /(#). 
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Together  with  t//(a)  we  consider  the  other  increasing  function 


Km  -~  m  {[/(a?)  <  or]  X  [- 

T^Z21 


T}\  . 


First  we  shall  show  by  help  of  2°  that  y(a)  and  t/>,(cr)  have  the  same  dis- 
continuity points  and  are  equal  in  their  continuity  points.  Obviously  i/>i(cr)^(c); 
hence  it  is  sufficient  to  show  that  ty^ft)  ^  i//(a)  for  0>  a.  In  order  to  do  that 
we  introduce  the  auxiliary  function  (see  Fig.  9): 


f-' 


for  *  S 

f  or  a  ^  ir 


tor 


OL 

Fig.  9. 


This  continuous  function  Q(z)  (which  for  ft  »near  to«  a  differs  unessentially 
from  the  function  which  is  I  for  z^a  and  o  for  z>a)  has  a  bounded  difference 
quotient.  Hence  <D  (f(x))  is  a  S-a.  p.  function  (Chapter  I).  In  particular,  what 
is  of  decisive  importance  in  the  proof,  <P  (/(#))  has  a  mean  value  M{0(f(x))}. 
As  0(/te))  ^  i  for  /(a?)  <  0  and  0>  (/fee))  =  o  for  f(x)  ^  ft  we  have 


o  for  f(x)  >  a,  we  have 


and  as  d>  (/(*))  ==  I  for  f(x)  ^  c  and 


From  the  two  latter  inequalities  the  desired  inequality  t//t  (ft)  ^  t/^  (a)  results. 

Further,  in  an  arbitrary  one  of  the  (common)  continuity  points  for  t/;  (a)  and 
tyi  (a)  we  have 


,  W  -  ^r 


a}} 


a}}  == 


and  as  the  first  and  the  last  term  in  this  chain  of  inequalities  are  equal,  all  the 
terms  must  be  equal.    Consequently  Wrei{[/(#)^  «]}  and  wrei  {[/(#)<  c]}  both 
exist  and  are  equal  to  ty(a). 
It  remains  to  prove  that 

t//(or)-M  for  a-*  00    and    i//(cr)-*o  for  «->  —  oo. 
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We  begin  by  proving  the  first  of  these  limit  relations.    As  t/;(a)  is  increasing 
and  ^i,the  limit  lira  ty(a)  exists  and  is  ^i.    Proceeding  indirectly  we  assume 


a—  » 


that  lim  ty(a)  =  g<i  and  hence  ty(<x)^>g<i  for  every  a.    In  the  following  we 

a-** 

may  let  a  avoid  the  discontinuity  points  of  t/j(cr).    Obviously 

mrel  {[/(*)^  «])==!  -V>M- 

From  our  assumption  it  would  follow  that  for  every  a 

mni{[f(x)^a]}£i-g>o, 

and  hence  for  arbitrary  large  a  (indeed  for  every  a>o) 

T 
DR[f(x}\  =  jta  -!=  (\f(x)\  dx^  "lim  ~  [  /(*)  dx  5 

T-*«  2  JL  J  r-»»Zl    J 


-T 

Uma 

y-*»        2  1 


in  contradiction  to  DJJ  [/(#)]  being  finite.  The  other  limit  relation  t//(or)-»o  for 
a->  —  QO  follows  immediately  from  the  first  limit  relation  ^  (<*)->  i  for  a->oc  by 
applying  the  latter  to  the  function  —/(a?)  and  using  that 

Mrei  {[/(*)  <  «]|  =  I  -  mrei  {[/(.*)  S  a]}  =  I  -  tita  {[-  /(a?)  S  -  «]}. 

Having  proved  the  auxiliary  theorem,  we  now  pass  to  the  proof  of  our 
theorem  in  the  general  case  i.e.  for  an  arbitrary  P>i.  This  proof 
may  be  formulated  in  the  shortest  way  by  help  of  STIELTJES'  integrals,  but 
not  having  to  use  STIELTJES'  integrals  elsewhere  in  our  paper  we  prefer  to 
accomplish  the  proof  in  a  more  elementary  manner. 

Let  f(x)  be  the  B-a.  p.  and  Bp-f  unction  of  the  theorem.  Then  \f(x)\  is  a 
real  Z?-a.  p.  function  and  hence  possesses  an  asymptotic  distribution  function  \fj(a). 
For  the  sake  of  convenience  we  will  assume  that  no  point  of  the,  at  most 
enumerable,  set  of  discontinuity  points  of  t//(cr)  is  a  positive  integer;  otherwise 
we  might  consider  the  function  #/(#),  instead  of  /(#),  where  Jc  is  a  suitably 

chosen  positive  constant.    I  If  ty(a)  has  the  discontinuity  points  rf»,  the  function 

|  kf(x)\  has   the   distribution  function  i/n,l  with  the  discontinuity  points  kd*, 

\K> 

and  disposing  of  k  in  a  suitable  way  we  can  of  course  provide  for  none  of  these 
latter  numbers  being  a  positive  integer!  . 
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For  «  =  i,  2,  .  .  .  we  put 

l**=*m**{[n£\f(x)\<n  +  i]}\ 
then 

/*n  =  V/(w  +  i)-y(n). 

We  begin  with  two  remarks  which  easily  result  from  the  fact  that  \f(x)\  has 
the  distribution  function  i//(cr). 

i°.    It  is  evident  that 

mM,{[w  g  \f(x)\  £  QO]}  =^n  +  ft«  +  •••; 
for  on  the  one  hand 

«»i|[»s  |/(*)|  s»]}  =  i-vW 

and  on  the  other  hand 


lim  i//  (v)  —  t/;  (w)  —  I  — 

»-*09 

2°.    Further,  J 


is  convergent  with  a  sum  ^  (Dnp  [/fe)])p,  in  other  words,  the  inequality 


holds  for  an  arbitrary  fixed  n.  In  order  to  prove  this  latter  inequality  we 
estimate  (DBp[f(x)]}p  from  below  in  the  following  way:  Taking  only  those  x  for 
which  i  S  \f(x)\  <  n  -f  i  into  consideration,  we  get 

T 

*  HS  —  f  \f(x}\pdx. 

T-»»2  J.    J 

[-T 

Therefore  we  consider,  for  a  fixed  J,  the  integral 


We  divide  the  range  of  integration  [~T^o;^T]X[i  ^|/(a;)|<w-f  i]  into  the  n 
subsets  [-  T  i£  a;  ^  T]  X  [v  g  |/(»)  |  <  v  +  1]  (y  =  i  ,  2,  ,  .  .  w),  and  correspondingly 
the  integral  into  the  n  integrals 
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For  each  of  these  integral  we  have 


t-rs  *  s;  T]  x  [»s|/(*)  I  <*+i) 
where  the  left-hand  side  tends  to  vptfiv  for  T  -+  oo.    Thus  we  get 


ton  -~  \  \f(x)\"dx 


.  and  hence  the  wanted  inequality 

ft  •  ip  +  /v 2p  +  -  -I-  jin' np^  (DBp[f(x)]}p. 

Now  we  pass  to  the  proper  proof.  The  salient  point  is  to  demonstrate  that 
the  sequence  (f(x))n  is  a  J5p-fundamental  sequence.  To  this  purpose  we 
have  to  estimate 

T 

for  n<m.  For  those  x  for  which  \f(x)\<n  we  have  ( f(x]}n  —  (f(x))n  =  o, 
for  those  a?  for  which  v  ^  |/(#)|  <  v  +  i  (v  =  w,  w  -f  i, .  .  .,  m  —  i)  we  have 
I (/(#))«»  —  (/(^))n|  <  v  +  i  —  w,  and  for  those  x  for  which  \f(x)\  ^  m  we  have 
|  =  m  —  w.  Thus  we  get 


Enlarging  v  -f  i  —  n   to  v  in  the  first  sum,  and  (m  —  n)p  n*  to  vpnv  in  the  last 
term,  we  get 


where  the  right-hand  side  is  independent  of  m  and  tends  to  o  for  M  -*  »  since, 
according  to  2°,  the  series  2f.iv>vp  is  convergent,  Consequently  (/(#))n  is  a 
J3p-fundamental  sequence. 
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As  f(x)  is  JB-a.  p,,  the  function  (f(x))n  is  also  .B-a.  p.  (Chapter  I)  and,  being 
bounded,  it  is  therefore  I^-a.  p.  for  all  p,  in  particular  it  is  J3p-a.  p.  Hence  the 
sequence  (/fe))»  is  a  Bp-fundamental  sequence  of  JBp-a.  p,  functions.  The  i?p-a.  p. 
space  being  complete,  the  sequence  (f(x))n  thus  jBp-con verges  to  a  J5p-a.  p.  func- 
tion g(x).  This  function  g(x)  must  lie  in  our  -B-a.  p.  point  around  f(x)  as  the 
sequence  (f(x)}n  JS-converges  to  g(x)  and  S-converges  to  /(#),  the  latter  because 
/(a?)  is  5-a,  p.  (Chapter  I). 

We  observe  that  the  » reason «  why  no  corresponding  theorem  holds  for  th« 
FT-a.  p.  points  is  the  incompleteness  of  the  Wp-&.  p,  spaces;  for  as  regards  the 
distribution  functions  a  wholly  analogous  notion  exists  for  TF-a.  p.  functions,  only 
a  relative  measure  in  the  JF-sense  being  used  instead  of  a  relative  measure  in 
the  JS-sense.  In  the  S-case  we  have  completeness  of  the  Sp-a.  p.  spaces  but  the 
notion  asymptotic  distribution  function  has  no  meaning  in  the  £-case  (and  as 
we  have  seen  in  Chapter  IV  a  function  f(x)  may  very  well  be  an  S-a.  p.  and 
#p-function  without  being  £p-a.  p.). 


§4. 

ft-Points  which  are  not  J*-a.  p.  Points. 

In  this  paragraph  we'  shall  consider  the  jfr-points  which  are  not  B-a,.  p. 
points,  and  we  shall  investigate  what  possibilities  may  occur  for  such  points 
concerning  as  well  the  lifetime  P  as  the  behaviour  in  the  moment  of  death  as 
to  the  ^-spaces.  We  shall  show  that  (as  in  the  JF-case)  all  possibilities  which 
arc  imaginable  beforehand  may  occur,  viz. 

1.  P  =  oo. 

2.  P  arbitrarily  finite,  i  ^  P  <  oo. 

2  a.    The  point  is  dead  as  to  the  1?  ''-spaces  at  the  time  P  (P>i). 
2  b.    The  point  is  alive  as  to  the  B  ''-spaces  at  the  time  P  (P^i). 


The  examples  which  we  shall  give  are  quite  similar  to  those  used  in 
the  corresponding  investigation  in  Chapter  V,  §  4  on  T^-points  which  are  not 
W+.  p. 
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Example  to  i. 
Let 


—  1  for  x  <  o. 


The  function  f(x)  being  bounded  is  a  J^-function  for  all  p.    Further  f(x)  is  no 
B-a.  p.  function  as 

T  0  i 

lim  ^  I  /(a?)  rfx-  =  i     while    lim  ~  I  f(x)  dx  =  -  1  (4s  i  ). 
T-+»1J  T-*»-LJ 


-T 


Thus  the  JB-point  around  /(x)  is  not  JB-a.  p.  and  has  the  lifetime  P  =  oc. 

Example  to  2  a. 

In  order  to  get  a  D-point  (not  B-a.  p.)  with  an  arbitrary  finite  lifetime 
P(>i)  which  is  dead  at  the  time  P  we  add  to  the  B-point  of  the  first  example 
a  jfr-point  around  a  periodic  function  h(x)  which  is  jnntegrable  for  p<P  but 
not  P-integrable.  The  B-point  thus  constructed  is  not  JB-a,  p,  as  the  JB-point  of 
the  first  example  is  not,  while  the  jB-point  around  k(x)  is.  Further  the  point 
contains  the  function  f(x)  -f  h(x)  which  is  a  D'-fnnction  for  p<P,  but  it  does 
not  contain  any  #p-f  unction,  as  the  functions  of  the  point  can  be  obtained  by 
adding  to  f(x)  all  the  functions  in  the  JB-point  around  h(x),  and  f(x)  is  a 
JSp-function  whereas,  in  consequence  of  the  theorem  on  the  periodic  points,  the 
5-point  around  h(x)  does  not  contain  any  JBp-f unction. 

Example  to  2  b. 

In  order  to  get  a  jB-point  (not  #-a.  p.)  with  an  arbitrary  finite  lifetime 
P(^  i)  which  is  alive  at  the  time  P  we  add  in  an  analogous  way  to  the  B- 
point  from  the  first  example  a  U-point  around  a  periodic  function  h(x)  which  is 
P-integrable  but  not  p-integrable  for  p  >  P. 

§5-    . 
B-&.  p.  Points. 

In  this  paragraph  we  consider  an  arbitrary  Z?-a.  p.  point  whose  lifetime 
as  to  the  Bp-  and  the  Bp-&.  p.  spaces  is  denoted  by  P.  In  consequence  of  the 
theorem  in  §  3  it  holds  (in  contrast  to  the  JT-case)  that  every  JB-a.  p.  point 
*  behaves  in  the  same  way*  as  to  the  Bp-  and  the  Bp-a,.  p.  spaces  in  the  following 
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sense:  If  a  B-a.p.  point  contains  a  Bp-f unction^  it  contains  also  a  Bp-a.p.  function. 
We  shall  prove  that  there  are  the  following  possibilities  for  a  B-a,  p.  point  as 
regards  its  lifetime  P  and  behaviour  in  the  moment  of  death. 

1.  P  =  <». 

2.  P  arbitrary  finite,  i  ^  P<  oo. 

2  a.    The  point  is  dead  as  to  the  Bp-  and  the  2?p-a.  p.  spaces  at  the 

time  P(P>i). 
2  b.    The  point  is  alive  as  to  the  Bp-  and  the  Bp-&,  p.  spaces  at  the 

time  P(PSi). 

Example  to  i. 

The  JB-point  around  a  bounded  periodic  function. 

Example  to  2  a. 

The  l?-point  around  a  periodic  function  which  is  jnntegrable  for  p  <  P  but 
not  P-integrable. 

Example  to  2  b. 

The  .B-point  around  a  periodic  function  which  is  P-integrable  but  not  p- 
integrable  for  p  >  P. 

§6. 
Through  Functions. 

Finally  in  this  paragraph  we  prove  the  following  theorem  which  has  already 
been  used  in  §  2. 

Theorem.  Let  ?l  be  a  B-point  tvith  the  lifetime  P,  I  ^  P  ^  oo ,  which 
(if  P<  oc)  is  dead  at  the  time  P.  Then  there  exists  in  31  a  through  function  f*  (x) 
as  to  the  Bp-spaces,  i.  e.  a  function  in  ?l  which  is  a  Bp-function  for  every  p  <  P. 

In  the  proof  of  this  theorem  we  use  a  remark  made  in  the  proof  of  the 
corresponding  theorem  on  JF-points,  viz.  that  a  i  -integrable  function  can  always 
be  modified  by  a  JF-zero  function,  and  hence  still  more  by  a  B-zero  function,  so 
that  it  becomes  jHntegrable  for  all  p,  and  so  that  its  modulus  is  not  enlarged 
for  any  x,  Further  we  shall  use  the  operation  of  forming  the  minimum  of  two 
functions,  in  the  sense  indicated  in  the  introduction. 
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Let  i  ^  2*1  <  P*  <  —  *  P-  We  choose  in  91  a  #M  unction  /i  (a?),  a  BMunction 
ft(x),  .  .  .  and  in  consequence  of  the  remark  above  we  may  assume  these  functions 
to  be  ^-integrable  for  all  p.  We  replace  ./!(#),  /2(;r),  ...  by  other  functions 
fi(x),  fl(%},  •  •  •  in  ?(  where  fl(x]  like/n(#)  is  a  Z?p»-f  unction  and  jHntegrable 
for  all  p  and  so  that  moreover  the  chain  of  inequalities 


holds  for  every  x.    As  such  functions  /*  (x),  /*  (rr),  ...  we  may  use 
/?(*)=/,(*),  /?W  =  min  [/f  (ar), 


In  fact,  firstly  |/n(#)|  S  |/n(#)|  for  every  x  which  involves  that  /£  (x)  like  /M(a?) 
is  a  S^n-f  unction  and  jnntegrable  for  all  ^,  secondly  |/*  (or)|  ^  |/JW|  S  ••• 
for  every  a,  and  thirdly  /*(#),  /*W,  ...  are  all  contained  in  ?l,  as  a  fi-point 
considered  as  a  set  of  functions  is  closed  with  respect  to  the  minimum-operation. 
The  functions  /*  (x),  fl(x],  .  .  .  lying  in  91  form  in  particular  a  B-fundamental 
sequence.  Now  we  make  use  of  the  special  method  of  constructing  a  B-lirait 
function  of  a  jB-fundamental  sequence  indicated  in  Chapter  II  in  the  proof  of 
the  completeness  of  the  Up-spaces.  Constructing  by  this  method  (see  Fig.  2) 
a  IMimit  function  of  our  ^-fundamental  sequence  f*(x\  /*  (x),  ...  we  get  a 
function  /*  (x)  which  is  a  through  function  for  our  point  S(.  On  the  one  hand, 
this  function  f*(x]  lies  in  91,  as  a  G-point  considered  as  a  set  of  ^-functions 
is  6r  -closed.  On  the  other  hand,  as  |  /*,  (x)  \  ^  |  /J+i  (x)  \  S;  •  •  •  we  have 
!/*(#)!  ^  I  /»(#)!  ^or  x  >  ^n~i  (an^  analogously  for  negative  x  with  a  large 
modulus)  which,  together  with  the  fact  that  /*  (x),  /*  (x\  ...  are  ^-integrable  for 
all  p,  shows  that 

7V»l/*W]^V'»[/''M!; 

hence  /*(.r)   is  a  7^'n-f  unction   for  every  n  and  consequently  a  I^-function  for 
every  p  <  P. 
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APPENDIX. 

BY 
ERLING  F0LNER, 

In  the  proper  paper  the  reciprocal  interaction  between  the  Gp-  and  the 
(?*-a.  p.  spaces  was  treated  in  every  one  of  the  three  cases  6r  =  S,  G  =  W  and 
G  =  B.  As  mentioned  in  the  preface  the  reciprocal  interaction  between  all  the 
spaces  will  be  investigated  in  a  later  paper.  For  this  investigation  a  new  series 
of  main  examples  will  be  needed.  In  every  one  of  these  main  examples  the 
problem  is  to  construct  a  #a.  p.  point  (represented  by  a  B-&.  p.  function  F(xj) 
with  certain  particular  properties,  and  each  example  deals  with  an  » extreme  case*. 
The  main  examples  serve  as  bricks  in  the  construction  of  all  the  types  of  J?-a.  p. 
points,  as  the  » medium  cases «  can  be  obtained  by  addition  of  different  extreme 
cases.  Naturally  these  main  examples  are  more  varied  and  complicated  than  our 
former  main  examples  i,  2  and  3,  but  on  the  other  hand  they  are  more  or  less 
analogous  to  them.  Therefore  we  have  preferred  to  indicate  them  —  with 
exception  of  a  single  especially  complicated  one  —  in  an  appendix  to  the 
present  paper.  The  examples  in  this  appendix  are  numbered  by  Roman  numerals 
I,  II,  ...  with  subsequent  letters  a,  b,  ....  Every  main  example  numbered  by 
one  of  the  Roman  numerals  I,  II  or  III  is  nearly  associated  with  the  main 
example  with  the  corresponding  Arabian  numeral  in  the  paper  itself.  In 
connexion  with  main  example  II  some  lemmas  concerning  integral-estimations 
are  proved  which  also  will  be  used  in  the  later  paper.  We  shall  not  here  try 
to  give  a  comprehensive  view  of  the  examples,  as  such  a  view  can  first  be 
properly  gained  in  the  course  of  the  later  paper  where  the  examples  are  put  in 
their  natural  places  as  counter  examples  to  the  general  theorems. 
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Main  Example  I. 

In  the  main  example  i  we  constructed  a  sequence  F^x),  F2(#),  ...  of  bounded 
periodic  functions  with  periods  h^m^  ht—  mi  w2,  .  .  .  which  is  a  W  ^fundamental 
sequence  for  every  p,  but  not  If  -convergent.  We  shall  now  prove  that  there 
exists  a  function  F(x)  such  that  the  quoted  sequence  Fn(x]  is  /^-convergent  to  F(x) 
for  every  p  (^i)  and  such  that  the  l?-point  around  F(x)  does  not  contain  any 
W-i  unction.  We  remark  that  these  latter  properties  involve  in  particular  that 
the  sequence  Fn(x)  cannot  Jf-converge  to  any  W-i  unction,  as  an  eventual  TT-limit 
function  of  Fn(x],  being  a  JB-limit  function  of  Fn(x\  would  lie  in  the  J?-point 
around  F(x).  We  emphasise,  and  this  is  the  real  content  of  the  example,  that 
we  hereby  get  a  function  F(x)  which  is  Bp-a.  p.  for  all  p,  whereas  the  B-point  around 
F(x)  does  not  contain  W-f  unctions. 

For  —$^#^2  our  sequence  Fn(x)—n  tends  tooc,  while  for  —  x  <x<—\  and 
the  limit  lim  Fn(x)  exists  and  is  finite,  In  fact  for  — 


and   \<x<hn+i  —  i  we  have  FH(x)  =  Fn  +\(x)  and  hence  for  the  same  x  (as 


and  for  n  sufficiently  large  every  x  <  —  I  and  x  >  J  is  caught  in  the  quoted 
intervals.    For  —  Aw-n  +  i  <  x  <  —  J  and  \  <  x  <  Att+  1  —  J  we  get 
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We  shall  see  that  as  our  F(x)  we  can  use  the  function 
say  o  for  —  J  ^  x  ^  $ 

c)  for   —oo  <  x  <  —  i    and 


Thus  F(x)  consists  of: 

Towers  of  the  breadth  i  and  the  height  i  placed  on  all  the  numbers 
so  (mod  AJ  but  5^0  (mod  A2)} 

towers  of  the  breadth  i  and  the  height  2  placed  on  all  the  numbers 
ss  o  (mod  As)  but  ^  o  (mod  A8), 

towers  of  the  breadth  i  and  the  height  3  placed  on  all  the  numbers 
so  (mod  ft8)  but  5^0  (mod  ftj, 


We  shall  first  show  that  Fn(x)^F(x)  for  every  p Si,  so  that  F(x)  is 
B'-a.  p.  for  all  p. 
We  have 

T 
___      I      /*. 

\jLJjy    \JL  \X)y  J.  n\Jv)\)      "~~~   *im          ~y    I    I  JL  \Xj  """"  JL  ft\tC)  I      tt'JC. 

T_»QP  2  1  J 

-r 
Thus  we  shall  estimate 


-T 


for  fixed  n  and  large  T,  say  T^hn.  For  a  given  T^^n  we  determine  first  ^^o 
such  that  hn+q  £  T  <  hn+<j+i  and  then  v  among  the  numbers  1,2,..,,  mn+q+i--i 
such  that  vhn+q  £T<(v+  i)hn+g. 

To  begin  with  we  distinguish  between  ^he  case  ygwin+9+i—  2  and  the  case 


^  J 


In  the  first  case  we  get 

('-H 

|  JP  W  - 
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(as  F(x)  =  Fn+g(x)  for  -(*  +  i)h»+g£x  <  -|  and  for  J 

v=  i,  2,  ,  .  .,  mn+9+i—  2),    Since  (Fn+?(#)~  jFnM)*  is  periodic  with  the  period 

hn+q,  the  last  term  of  the  inequality  is  equal  to 


In  the  second   case   (v  =  win+v+i  —  i)   we   get,   as   F(#)  =  Fn+q+i  (x)  for 
a;  <  —  J  and  J  <  a? 


n+o-fl 


As  (Fn+q+i(x)  —  Fn(x})p  is  periodic  with  the  period  hn+q+iy  the  last  term  of  the 
inequality  is  equal  to 


Using  the  estimation  of  M  {(Fn+q(x)—  Fn(x})p]  from  main  example  i  (see  pages 


59—60)  we  get  in  both  cases,  as  v  ^  i  and  -  ^  2, 


where  Rn  is  the   remainder   after  the  w-th  term  in  the  geometrical   series 

»  T 

y  —  •    We  let  now  T  and  consequently  g->».    Then  we  get 

i    2* 

r 


-r 
i.  e. 


_ 

The  last  inequality  shows  that  Fn(x)-+F(x)  for  every  j?S  i. 
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Next  we  shall  show  that  the  2}-point  around  F(x)  does  not  contain 
any  JT-function.  The  proof  runs  in  a  similar  way  as  the  proof  (given  in 
main  example  i)  of  the  more  special  fact  that  the  sequence  Fn(x)  is  not  TT-con- 
vergent.  Proceeding  indirectly  we  assume  that  there  exists  a  B-zero  function 
J(x)  such  that  the  function 

F(«)  +  J(x)=G(x) 
is  a  JF-function  (i.  e.  an  ^-function).    Let 


We  choose  a  fixed  integer  N>  K.    In  F(x)  on  all  the  numbers  msso  (mod  AA) 
except  the  number  o  there  are  standing  towers  of  the  breadth  i  and  a  height 

2  +  1 

^  N.    As  f\G(t)\dt£K  for  all  x,  the  inequality 


f\F(x)-G(x)\dx%fF(x)dx-f\G(x)\dxZN-K 
—I  .-i  ,-j 

is  valid  for  every  one  of  the  quoted  m.    Hence 

r 
DM[J(X)]  =  DI[Q(X)-F(X)]=  M  -^  f|FW-6(a:)|^S-^ 

T-*  »  2  J.  J  riff 


-T 


and  consequently  Ds[J(o:)]>o,  in  contradiction  to  J(x)  being  a  J5-zero  function. 
Finally  we  observe  that  as  in  main  example  2  we  might  have  chosen  all 
the  numbers  mlf  m,,  . .  .  equal  to  2. 


Iain  Examples  II  a,  II  b  and  II  c. 

In  main  example  2  we  constructed  a  function  F(x)  which  is  an  Sp-&.  p. 
function  for  p<P,  an  Sp-function,  but  not  an  Sp-&.  p.  function.  The  following 
three  main  examples  II  a,  II  b  and  II  c  are  generalisations  of  this  main  example. 

In  main  example  II  a  the  5-point  around  the  function  F(x)  of  main 
example  2  is  considered,  the  numbers  m,,  mf, .  . .  occurring  in  it  being  only 
assumed  to  increase  suitably  strongly  to  oo.  In  this  way  we  get,  as  we  shall 
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see,  a  function  F(x)  which  is  Sp-a.p.  for  p<P,  Wp-a.  p.y  Bp-a.p.  for  all  p,  and 
such  that  the  B-point  around  F(x)  does  not  contain  any  Sp-a.p.  function.  Here  P 
is  an  arbitrarily  given  number,  i  <  P «» . 

In  the  main  examples  II  b  and  II  c  other  types  of  towers  are  used  than  in 
main  example  2,  but  apart  from  this  the  construction  is  quite  the  same. 

In  main  example  II  b  we  construct  a  function  F(x)  which  is  Sp-a.  p.  for  p<P, 
Bp-a.p.  for  all  p  and  such  that  the  B-point  around  F(x)  does  not  contain  any 
Sp- function.  Here  P  is  an  arbitrarily  given  number,  i  <P<  <x. 

Finally  in  main  example  II  c  we  construct  a  function  F(x)  which  is  Sp-a.  p., 
Bp-a.  p.  for  all  p  and  such  that  the  B-point  around  F  (x]  does  not  contain  any 
Sp-function  for  any  p>  P.  Here  P  is  an  arbitrarily  given  number,  i  ^  P  <  oo. 


Main  Example  II  a. 

As  mentioned,  in  main  example  II  a  we  consider  the  J3-a.  p.  point  around 
the  function  F(x]  of  main  example  2.  In  this  latter  example  we  saw  that  F(x) 
is  an  £p-a.  p.  function  for  p<P  and  an  #p-f unction,  but  not  an  5p-a.  p.  function. 
From  this  it  can  easily  be  concluded  that  the  B-&.  p.  point  around  F(x) 
does  not  contain  any  £p-a.  p.  function.  Indirectly  we  assume  that  the 
point  contains  an  Sp-&.  p.  function  G(x).  Then  G(x)  has  the  same  Fourier  series 
as  F(x),  and  both  F(x)  and  G(x)  are  £-a.  p.  functions;  in  consequence  of  the 
uniqueness  theorem  they  can  therefore  only  differ  by  an  £zero  function,  which 
is  also  an  S^-zero  function,  and  G(x)  being  £?-a.  p.,  F(x)  would  also  be  £p-a.  p., 
which  is  not  the  case. 

Next  we  show  that  F(x)  is  a  Wp-&.  p.  function.  As  mentioned  in  main 
example  2,  the  function  F(x)  differs  from  Fn(x)  only  at  the  numbers  m  =  o 
(mod  ftn+i).  Therefore  for  all  m  »  o  (mod  ft,)  but  ^  o  (mod  An+i)  we  have 


and  further,  as  all  our  towers  have  the  P-integral  i,  we  get  in  consequence 
of  MINKOWSKI'S  inequality  for  all  m  a  o  (mod  hn+\) 
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Hence 


where  the  right-hand  side  tends  to  o  for  n-»  oo. 

Finally  we  shall  show  that  by  letting  the  numbers  m,,  w2,  .  .  .  increase 
sufficiently  strongly  to  infinity  we  can  obtain  that.F(#)  becomes  BF-&.  p,  for 
all  p.  However,  as  it  will  be  convenient  to  prove  this  property  of  F(x),  which 
is  common  for  the  main  examples  II  a,  II  b  and  II  c,  simultaneously  for  all 
three  main  examples,  we  postpone  the  proof. 

In  the  main  examples  II  b  and  II  c  we  shall  use  the  following 

Lemma  1  a.  Let  f(x)  be  a  function,  defined  in  a  finite  interval  a^z^a  +  L, 
which  consists  of  a  number  of  congruent  towers  placed  in  some  way  or  other  in  the 
interval.  Then  every  function  t(x)}  satisfying  the  inequality 


where  o<Jc<i  and  i^P<<»,  will  satisfy  the  inequality 

a+L  a+L 


for  an  arbitrary  a,  i  ^  a  ^  P. 

In  the  main  examples  II  b  and  II  c,  however,  the  lemma  will  only  be  applied 
in  the  case  where  or  =  i  and  f(x)  consists  of  only  one  tower, 
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Proof.  Let  the  towers  of  f(x)  have  the  breadth  &  and  the  height  h  and 
let  their  number  be  v.  We  may  assume  that  |J(#)|^/i;  otherwise  we  consider 
(t(x))h  which  in  consequence  of  the  inequality 

\f(x)  +  (t(x))h\  =  !(/(*))>  +  (t(x))h\  ^  \f(x]  +  t(x)\ 

satisfies  the  same  assumption  as  t(x}\  on  account  of  \t(x)\  ^  |(£Gr))A|  the  con- 
clusion for  t(x)  results  from  the  conclusion  for  (t(x))h.  Then  (i.  e.  for  \t(x}\  ^  h) 
we  have  for  every  or,  I  ^  a  ^  P, 


a+L 


/I*1-" 


a-t-7, 


Main  Example  II  b. 

We  construct  a  sequence  F^x),  F,(a?),  .  .  .  and  a  function  F(x)  in  exactly 
the  same  way  as  in  main  example  II  a.  Only  by  »a  tower  of  type  w«  we  shall 
now  understand  a  tower  with  the  #n-integrai  «n  and  the  P-integral  n  where 

the  sequence  ^,#2, ...  is  chosen  such  that  i  ^pl  <p9  < *  P,  As  before 

i  >  ei  >  e8  > >  o.  The  w-th  function  Fn  (x)  is  a  bounded  periodic  function 

with  the  period  hn. 

First,  we  shall  show  that  the  sequence  Fn(x)  is  S^-convergent  to 
F(x)  for  every  p<P,  so  that  F(x)  is  an  SMimit  periodic  function  for  p<P. 
For  every  m  =  o  (mod  A,)  and  ?^o  (mod  hn+i)  the  quantity 


\F(x)-F*(x)\»*dx 
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is  equal  to  o  (cp.  page  115)  and  for  m«o  (mod  hn+\)  we  have 


,h 

*  '2 


i 


/I 


__ 

which  for  w=(Hs  equal  to  |^n,  while  for  w+o,  denoting  by  n  +  q(m\ 
the  type  of  the  tower  placed  on  the  number  m  in  F(x}}  it  is 


1>n+q(m) 


1  /  V* 

r   I    /  J    |F(#)|Pn4"9 

V    A' 


/• 

J   |F,,(a: 


As  !>£,>«,>••-,  we  have  consequently  for  every  m  •  o  (mod  /i,) 


J  I *•(*)- 


and  hence  for  everj  a; 


J  \F(t)-Fn 


Thus 

PR    _ 

2>sp.  [F(4  FM  £  Y%  -zfa^2 
which  tends  to  o  for  » -*  ».    From  this  it  results  that 

,F.(*)l-o    for 


as  for  sufficiently  large  n  we  have  pn  >  p  and  therefore 

F (4  ft  (*)]  -  o. 


in. 
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Next  we  show  that  the  U-point  around  F(x)  does  not  contain  any 
Sp- function.    Proceeding  indirectly  we  assume  that  the  B-pomt  around  F(x) 

contains  an   -^-function   G(x\    Then   DsP[G(x)}=*  K  «x>.    Let  N  be  a  fixed 

p 
number  so  that  Y~N  ^  2  If.    In  F(x)  on  all  numbers  wisso  (mod  hy)  but  **o 

(mod  AJV+I)  towers  of  type  N  are  standing  and  these  towers  have  the  P-integral  N. 
Thus  we  have  for  the  m  in  question 


Iz 

/m*: 


At  the  same  time  the  inequality 

p 


•* 


is  valid  so  that  for  the  quoted  m  we  get  the  inequality 
p  P 


m  +  i 
f\F^)\'dx. 


Thus  we  have,  on  account  of  the  lemma  i  a  above,  for  these  m 

w+!  m+| 

J|  G(x)-F(x)\dx*fflf\F(x)\dx=  Qfk' 
*-i  »-i 

where  ^'  denotes  the  i  -integral  of  a  tower  of  type  N.    Hence 


o, 


Dj,(6(4F(i»)]  =  lim  -4=  (\G(x)-F(x)\dx^^— -, >o, 

T— »»  2  I   J  /iA  +  l 

—  r 
which  contradicts  the  fact  that  F(x)  and  G(or)  lie  in  the  same  ^-point. 
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Main  Example  II  c. 

In  just  the  same  way  as  in  the  main  examples  II  a  and  II  b  a  sequence 
Fi(x),  F2(#),  . .  .  and  a  function  F(x)  are  constructed.  Only  by  a  » tower  of 
type  w«  we  shall  now  understand  a  tower  with  the  P-integral  en  and  the 
j?n-integral  n  where  the  sequence  of  numbers  plt  j)8, . .  .  is  chosen  such  that 
Pi  >  Pi  >  — *  P>  As  before  i  >  ^  >  «,  >  — *  o.  The  n-th  function  Fn  (x)  is  a 
bounded  periodic  function  with  the  period  Jin. 

First,  we  shall  show  that  the  sequence  Fn(x]  is  ^-convergent  to 
F(x),  so  that  F(x)  is  an  Sp-limit  periodic  function,  The  quantity 


'2 

f\F(x)-F,(x)\'dx 


is  equal  to  o  for  every  m  s  o  (mod  h})  but  ^o  (mod  hn+i),  whereas  for  w=so 
(mod  hn+\)  we  have,  denoting  for  m  4s  o  by  n  4-  q(m),  q(m)  ^  i,  the  type  of  the 
tower  which  stands  in  F(x)  on  the  number  wj, 


)/"«n  for  m  =  o 
p ;>_ 

K«»»+9  (m)  •+  V"«»   for  m  4s  o 


which  is 


Hence  for  every  m  s  o  (mod  A,) 
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and  hence  for  every  x 
p 


a 


p         p 


-* 


Consequently 


which  tends  to  o  for  n  -*•  GO. 

Next  we  shall  prove  that  the  .B-point  around  F(x)  does  not  contain 
S*>-  functions  for  any  p  >  P.  Proceeding  indirectly  we  assume  that  the 
B-point  around  F(x)  contains  an  ^-function  0(x)  for  a  p>  P.  Then 


_ 
Let  N  be  a  fixed  number  so  that  YN^  2K  and  pN^p.    In  F(x)  on  all  the 

numbers  ws  o  (mod  tin)  but  ?^o  (mod  /ijyr+i)  there  are  standing  towers  of  type 
N  and  these  towers  have  the  p^-integral  N  and  therefore  a  ^-integral  which  is 
^  N.  Hence  for  the  m  in  question 


At  the  same  time  the  inequality 

p 


1/71 

I/      J\G(x)\'dx 

V    ,-t 


holds,  so  that  for  the  quoted  m 
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Consequently,  by  the  lemma,  we  have  for  these  m 


G(x)  -  F(x)\  dx  *  $  JF(x)dx  =  Q'  *'  >  o, 
.-I  .-i 

where  &'  denotes  the  i  -integral  of  a  tower  of  type  N,    Hence 


DB (G (x\,  F(x)\  =*\im~f\G (x)  - F(x) \ dx ^  ^— >  o 

—  T 

which  contradicts  the  fact  that  F(x)  and  G(x)  lie  in  the  same  l?-point. 


Spreading*  of  the  Towers  in  the  Main  Examples  II  a,  II  b  and  II  c. 

Finally  we  show,  simultaneously  for  all  three  main  examples,  that  by  letting 
Wj,  w2,  .  .  .  increase  sufficiently  strongly  we  can  obtain  that  the  sequence 
Fl  (#),  Ft  (#),  .  .  .  is  JBp-convergent  to  F(x)  for  every  p,  so  that  F(x)  is 
Bp-limit  periodic  for  every  p. 

We  put  (cp.  main  example  i) 


Let  dj?  J|,  .  .  .   be  a  sequence  of  positive  numbers  so  that  ^  ^  is  convergent, 

and  let  P,,  P2,  .  .  ,  be  a  sequence  of  numbers,  i  ^  Pj  <  P2  <  •  •,  tending  to  oo. 
Successively  we  may  choose  m^  wi2,  .  .  ,  so'  large  that 

Djf»[f*(v)]<tn    for    w=«i,2,  .... 

In  fact  fn(x]  =  Jl»(^)"~^»i-i(^)  differs  from  o  only  at  the  numbers  so  (mod  A«), 
and  on  these  numbers  in  Fn-i  (#)  there  stand  towers  of  type  n  —  i  ,  whereas  in 
Fn(x)  towers  of  type  n  are  standing,  so  that 


where  I*  denotes  the  P»-integral  of  a  tower  of  type  n  —  i  and  /„  denotes  the 
Pn-integral  of  a  tower  of  type  n\  assuming  the  numbers  m^  m^  .  .  .,  w«-i  already 
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fixed,  the  number  Wn  and  therewith  hn  =  %  m, . . ,  mn  may  evidently  be  chosen 
so  large  that  the  right-hand  side  of  the  inequality  and  therefore  DBPn  [/« (x)} 
becomes  <<f». 

After  this  choice  of  ml}  mit .  . .  we  can  prove  that 

D/n  [F(x\  Fn  (x)]  -*  o    for    w  ->  a . 

From  this  we  get  immediately  the  desired  relation  DBP[F(x),  Fn(x)}  -+ o  for 
every  fixed  p,  as  for  n  sufficiently  large  Pn>p  and  therefore  DBP[F(x),  Fn(x)]£* 
DBPn[F(x\Fn(x)}-+o. 

In  order  to  prove  that 


for    K-Q 
_ 


we  estimate  (cp.  main  example  1) 


T 
~l\F(x)-Fn(x)\p«dx 

-T 


for  fixed  n  and  large   T,    say    T^/i».     First  we  determine  q  S  o  so  that 
i,  and  then  v  among  the  numbers  i,  2,  .  .  .,  Wn  +  g+i—  i  so  that 


To  begin  with  we  distinguish  between  the  two  cases  v^S  wn  +  g+i  —  2  and 


In  the  first  case  we  have 
T 


where,  as  before,  Jn  denotes  the  Pn-integral  of  a  tower  of  type  n;  for  on  o  there 
is  standing  no  tower  in  F(x),  whereas  a  tower  of  type  n  is  standing  in  F»(#), 

and  F(x)  =  Fn+g(x)  for  —  (v  +  i)  hn+q  <x  < L  and  for  —  <  x  <  (v  +  i)  hn+g, 
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y=i,  2,  .  .  ,,  m»+7+i—2,  As  \Fn+q(x)—Fn(x)\Pn  is  periodic  with  the  period  hn+g, 
the  right-hand  side  is  equal  to 


In  the  second  case  (v  =  Wn+g+i"-  1)  we  get 


as  jF(#  =  Fn  +  </+i#)  for  —  /&7,  +  +i  <  #<  --  -  and  for  —  <  x  </u  +  <+i.    Since 


|  Fn+q+i(x)—  Fn(x)\Pn  is  periodic  with  the  period  An+g+i,  the  last  term  is  equal  to 


n+q        v 
An  estimation  of  Jf  {|Fn4-9(a?)  —  2^W|Pn}  is  got  in  the  following  way: 


___  ____ 

=  VM  {{/*»  (x)  +/n72(^  -"-  " 


Thus  we  have 


Using  this  estimation  in  each  of  the  two  above  cases,  we  get 
T. 


—  T 
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For  T-*oo  and  therefore  ^-»oo,  we  have  -  ,"    —  >o;  hence 


T 

lira 

2 

-T 

or 


T 

ira  -4=  [\Fto-  F» 

-+  »  2  1   J 


which  shows  that 

Z)n[F(4Fn(*)]->o    for    n 


In  connexion   with  the  lemma  i  a   we  insert  here  two  lemmas  of  similar 
character  which  will  be  applied  in  the  later  paper. 


Lemma  1  b.    Let  f(x]  be  a  function,  defined  in  a  finite  interval  a^x 
which  consists  of  a  number  of  congruent  totcers  placed  in  some  way  or  other  in  the 
interval.     Then  every  function  t(x)  satisfying  the  inequality 


\(f(x)Ydx< 
where  o<k<  i  and  i  ^  P<  oo,  mil  satisfy  the  inequality 


for  an  arbitrary  or,  P  ^  a  <  oc . 

Proof.  We  may  assume  that  t(x)=o  where  f(x)  =  o.  Otherwise  we  may 
consider  the  function  t*  (x)  which  is  equal  to  o  where  f(x)  =  o  and  equal  to 
t(x)  where  f(x)  4=0;  like  t(x)  this  function  t*(x)  satisfies  the  assumption  of  the 
lemma  i  b,  since  |/(#)-H*(#)|  ^  I/W+  ^Wh  a^d  the  conclusion  for  t(x)  results 
from  the  conclusion  for  t*(x),  as  |^W|^|^*W|.  Let  the  towers  of  f(x)  have 
the  breadth  b  and  the  height  h,  let  the  number  of  the  towers  be  v,  and  denote 
by  e(x)  the  function  which  has  towers  in  the  same  places  and  with  the  same 
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breadth  as  the  towers  of  f(x)  but  with  the  height  i.  In  consequence  of  HOLDER'S 
inequality  we  have  for  every  a  ^  P 


a+L 


Hence 


—  l—  (jf\t(x}\"dx 

1 


a+L 

ff\t(*)\pdx\ 
bj 


-m/V 

ar[y  • 

-U<, 

..r'-l 


Lemma  2.    Le^  the  function  f(x)  be  defined  in  a  finite  interval  a 
and  let  P  be  a  number,  i^P<oo.    Let  further  A^o  be  given  so  that 


p  

1  fit  ' 

A  <  I  /     -  I  I  f(r\\p  flr 

I  /          T     t    \J  v    /  I      **it/» 

V   Li 
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Then  there  exists  a  constant  c>  o  such  that  every  function  t(x)  which  satisfies  the 
inequality 


also  satisfies  the  inequality 


Proof.    We  determine  N  so  large  that 


Then 


a  +  L 


/  fl4~/ 


It  may  be  observed  that  lemma  2  is  of  a  somewhat  other  character  than  the 
two  lemmas  i  a  and  i  b,    In  fact  the  lower  bound  c  indicated  for 


in  lemma  2  depends  on  the  function  f(jc)\  it  is  easily  seen  that  there  exists  no 
form  of  lemma  2  corresponding  to  the  lemmas  i  a  and  r  b  (where  the  indicated 
lower  bounds  are  independent  of  /Or)). 


Ill  T 
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Main  Examples  III  a  and  III  b. 
Main  Example  III  a. 

In  main  example  3  we  constructed  a  function  F(x)  which  is  an  Sp-a.  p. 
function  for  j?<P,  an  Sp-function  and  such  that  the  It-point  around  F(x)  does  not 
contain  Wp-a.  p.  functions.  Now  we  shall  show  that  F(x)  becomes  Bp-a.  p.  for  allp, 
if  the  numbers  mlt  w2,  .  .  .  increase  sufficiently  rapidly  to  oo  .  We  remark,  that 
it  was  in  order  to  be  able  to  obtain  this  property  that  already  in  main  example 

3  we  chose  to  fill  out  just  the  central  subintervals. 

« 

Let    i  ^  P,  <  P8  <  —  >  00   and  let  2  #n  be  a  convergent  series  of  positive 

i 

numbers.    We  put  (cp.  main  examples  I  and  II) 


The  function  fn(x)  is  periodic  with  the  period  hn  and  consists  in  a  period 
interval  vhn^x  <  (v  +  i)hn  of  the  towers  of  type  n  which  by  the  transition 
from  Fn-i(x)  to  Fn(x)  we  filled  into  the  central  one  of  the  subintervals 
phn-i£x<(p+  i)fc»-i.  We  have  calculated  the  number  of  these  towers  exactly, 
but  here  we  need  only  observe  that  it  is  (of  course)  at  most  equal  to  the  total 
number  of  subintervals  i\  £=>  x  <  i\  4-  i  in  the  mentioned  central  interval,  viz. 
^  &n—  i  .  The  Pn-integral  of  a  tower  of  type  n  being  denoted  by  /„  we  have  the 
estimation 

Pn 


Now  we  choose  wn  so  large  that 


In  particular  we  have 


VM\(fn(xf»\<in,         * -I,  2 
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for  such  a  choice  of  %,  w2,  .  .  .,  which  involves  (on  account  of  Pn->  oc,  cp.  main 
example  II)  that  DBP[F(x),  F*(x}]-+o  for  every  fixed  p}  so  that  F(x)  is  J3p-a.  p. 
for  all  p. 
We  have 


I    /         f 

=  lim     /   -^     (F(x}-Fn(xfndx. 

T-»CD  I/        2  L  J 


Thus  we  shall  estimate 


-T 

for  fixed  n  and  large  T,  say  T  ^  hn  (cp.  the  main  examples  I  and  II).  We 
choose  first  q  ^  o  such  that  hn+q  ^  T  <  hn  +  q+i  and  then  v  among  the  numbers 
i,  2, .  .  .,  Wn+tf+i—-  i  such  that  vhn+q^  T <(v+  i)hn+q.  As  F(x)*=  Fn+q+i(x)  for 
i,  we  have 


-T 


iT'J( 

-T 


(x)  - 


(xf "  do:  ^ 


-= 

2  1 

-r 


^=  f  (/., 

2  1  J 


and 


)  =  o  for 


we  plainly  have 

Pn 


A»-f-QH 

—    /"(/. 

ftn+9     I 
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and  the  above  quantity  is  thus 


As   (Fn+q(x)  —  Fn(x))Pn  is   periodic   with  the  period  hn+q  and   (/n+9+i 
periodic  with  the  period  An  4  9+1,  the  latter  quantity  is 


s 


y  2  M  {(Fn  +  q(x)  —  Fn(x})1>n} 

Pn      Pn Pn 

1/4  (VM{(Fn+(1(x}-Fn(xf "}  +  Vjtf  {(/,+,+iOrf11}). 
By  an  estimation  of 


in  a  way  quite  analogous  to  that  on  page  1  24  we  see  that  the  right-hand  side  is 


Pn      n+l 


Hence 


dx  ^ 


~T 


It  results  for   T  ->  oo   that   7)/B[/fM4 
DBP*  [F(x\  Fn(x)}  ->  o  for  n  •*  oo. 


T 


+i  +  '»+a  +  ••  )  so  that 
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Main  Example  III  b. 

This  main  example  is  formed  in  a  manner  quite  analogous  to  main  example 
III  a,  but  is  somewhat  simpler  in  so  far  as  all  the  towers  are  taken  to  be 
congruent,  viz.  with  the  breadth  I  and  the  height  i.  The  function  F(x)  thus 
constructed  will  have  the  same  properties  corresponding  to  P=  I  as  the  func- 
tion F(x)  of  main  example  III  a  (where  P  was  >i)  —  with  exception  of  course 
of  the  function  being  Sp-&.  p.  for  p  <  P  —  and  the  proofs  can  directly  be 
transferred.  It  may  be  remarked,  however,  that,  on  account  of  F(x)  here  being 
bounded,  in  order  to  prove  that  F(x)  is  l?p-a.  p.  for  all  p,  we  need  only  to  show 
that  F(x)  is  #-a.  p.;  hence  in  the  proof  we  may  put  Pl  =  P2=  =  i.  In  this 
way  we  get  a  function  F(x)  which  is  an  Sp-f  unction  (even  bounded)  and  a  Bp-a.  p. 
function  for  all  p  and  such  that  the  B-point  around  F(x)  does  not  contain  any 
W-a.  p.  function. 

Main  Example  IT. 

We  construct  a  function  F(x)  which  is-Wp-a.  p.  for  all  p  and  such  that  the 
B-point  around  F(x)  does  not  contain  any  S-a.  p.  function. 

Throughout  this  main  example  by  a  »tower«  we  shall  always  understand 
a  tower  with  the  height  i  and  the  breadth  i.  Let  Wj,  w2,  ...  be  arbitrary 
integers  ^2.  As  usual,  we  put  J^  —  tn1}  A,  =  m1w,,  A8  =  mi  wi2  w3,  .  .  .,  and 
construct  (cp.  main  examples  I  and  II)  a  sequence  of  functions  F^x),  t\(x),  .  .  . 
in  the  following  way: 

Fi(x):        On  all  numbers  so  (mod  At)      a  tower  is  placed. 

I\(x}\        On  all  numbers  so  (mod  ht)      but  ^o  (mod  AJ      a  tower  is  placed. 
»     »         »        so  (mod  A2) 


no 


F}n(x):      On  all  numbers  so  (mod  fej) 

»     »          »  =0  (mod  Aj) 

»     »          »  s=o  (mod  ftan 

»     »          »  so  (mod  /la 

^2»-fi(^)'  On  all  numbers  so  (mod  h^ 

»     »         »  so  (mod  /is) 

»     »         »  so  (mod  fan 

»     »         »  ^o  (mod  Ajn 


but  ^o  (mod  A2)     a  tower  is  placed. 
»     5^0  (mod  h&)      no   »      »       » 


(mod 


a     » 
no  » 


but 

» 


(mod  h2)      a  tower  is  placed. 
(mod  A3)     no   »      »      » 

(mod  /ian+i)  no  »      »      » 
a     »      »      » 


C47.   ^cto  Math.  78  (1944). 


132  Harald  Bohr  and  Erling  F01ner. 

(see  Fig.  10  which  represents  F9(x)  for  ml  =  w8  =  w8  =  2). 

...  n  n  ,  n  in  n  .  n  n 

-fti         -3ft,         -ft|          -A,  o  ft,  A,  3^,  ft, 

Fig.  10. 

Obviously  Fn(x)  is  a  bounded  periodic  function  with  the  period  An. 

We  begin  by  proving  that  Fn(x)  is  JF-convergent  to  the  following 
function: 

F(x):  On  all  numbers  ss  o  (mod  h})      but  &o  (mod  ht)       a  tower  is  placed. 
»     »         >         so  (mod  ht)        »    5^  o  (mod  h^)      no    »      »      » 


»      »      » 


»         »         so  (mod  fen-i)    »     ^0  (mod  fen)     a 
»         »         so  (mod  fen)      *    5^0  (mod  fen^-i)  no 


If  we  leave  the  interval  —  1^£^  J  out  of  account,  obviously  F(x)  can  also 
be  defined  as  [imFn(x)  (cp.  the  main  examples  I  and  II).    F(x)  is  a  bounded 

n—  *•  » 

function  and  differs  from  Fn(x)  at  most  on  the  numbers  mso  (mod  /in+i),  and 
we  have  for  each  such  m 

v» 

f\F(x)-Fn(x)\dx&i, 
—  i 

viz.  either  o  or  i.    Hence 


which  tends  to  o  for  w-^oc,  so  that  Fn(x)*F(x)  for  «->«,  Thus  the  function 
F(a?)  is  a  TT-limit  periodic  function,  and  F(x]  being  bounded  is  therefore 
W*+.  p.  for  all  p. 

Next  we  show  that  the  B-point  around  F(x)  does  not  contain  any 
/S'-a.  p.  function.    Indirectly,  we  assume  that  G(x)  is  such  a  function.    Then 

we  have 

G(x)  =  F(x)  +  J(x) 

where  J(x)  is  a  j?-zero  function.  Further,  Fn(x)  being  a  sequence  of  periodic 
functions  with  the  periods  hn  which  B-con  verge  to  G(x),  the  period  A»  is,  in 
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consequence  of  Theorem  I  a  of  Chapter  I,  for  n  sufficiently  large,  an  ^-translation 
number  of  G  (x)  belonging  to  an  arbitrary  given  s  >  o.  We  choose  e  =  J  and 
determine  a  fixed  N  so  large  that 

(0  Da[6(a  +  Ue(*)lSi. 

Let  now  m  denote  numbers  ss  o  (mod  hy)  but  &  o  (mod  A^+i),  and  let 
m"  denote  numbers  «o  (mod  k^+i)  but  ?^o  (mod  /Lv+2).  Either,  in  F(x),  there 
are  towers  on  all  numbers  m  and  none  on  the  numbers  w",  or  conversely.  By 
a  translation  UN  all  tw"-points  are  translated  into  certain  of  the  w'-points,  as 


m"  4-  hy^Q  -f  Ajv^o  (mod 
and 

m"  +  /ijy  s  o  -I-  o  =  o  (mod  hy). 
Hence 


(2) 

for  all  the  numbers  m".    In  consequence  of  (i)  we  have  in  particular 


By  (2)  and  (3)  we  get  for  the  function  J(x)=  G(x)  —  F(x) 


Hence 

r 

W""  !  >  0. 


=  liin  4r  f  |  J(a?  +  M  -  J(a?)  |  date 
r-^«  2  i  J 


Consequently   DB  [«/"(«  -f  M>  ^Wl  >o   which  contradicts  the  fact  that  J(x)  is  a 
jB-zero  function. 

We  observe  that  in  this  main  example   we  were  not  forced  to  impose 
additional  conditions  on  the  sequence  iw,,  w2,  .  .  .. 
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Main  Examples  V  a,  V  b  and  YI. 

In  main  example  V  a  a  function  F(x)  is  constructed  which  is  an  Sp-a.  p. 
function  for  p<  P,  not  a  Bp- function  and  such  that  the  B-point  around  F(x)  con- 
tains a  function  G  (x)  which  is  Bp-a.  p.  for  all  p.  Here  P  is  an  arbitrarily  given 
number,  I  <P<  oo. 

In  main  example  VI  a  function  F(x)  is  constructed  which  is  an  Sp-a.p. 
function  for  p<P,  an  Sp-function,  but  no  Bp-a.  p.  function  and  such  that  the  B-point 
around  F(x)  contains  a  function  G(x)  which  is  Bp-a.  p.  for  all  p.  Here  P  is  an 
arbitrarily  given  number,  I  <  P  <  oo . 

In  main  example  V  b  a  function  F(x)  is  constructed  which  is  an  Sp-a.  p. 
function,  but  not  a  Bp-function  for  any  p>P  and  such  that  the  B-point  around  F(x) 
contains  a  function  G(x)  which  is  Bp-a.  p.  for  all  p.  Here  P  is  an  arbitrarily 
given  number,  I  ^  P  <  oo . 


Main  Examples  V  a  and  V  b. 

The  two  main  examples  Va  and  Vb  are  constructed  in  an  analogous  way. 
In  both  cases  we  start  from  a  positive  function  t(x)  defined,  for  —  |  ^  x  <  | 
which  is  bounded  in  every  interval  —  i^s#^a<i;  in  main  example  Va 
this  function  t(x)  is  jnntegrable  for  p  <  P  but  not  for  p  =  P,  while  in  main 

example  V  b  the  function   t(x)  is  P-integrable,  but 


/ 


not  jnntegrable  for  p  >  P. 

Let  —  £  <  ai  <  a2  < 
-  1  ^  x  <  \  we  define 


(see   Fig.   1  1).     For 


t      \t(x]  for   -IS 

|   = 

I  o  elsewhere, 

(*(*)  for    «: 

I  o  elsewhere, 

lt(x)  for  ag 

1  o  elsewhere. 


Fig.  ii. 
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Let  Wj,  w2,  .  .  .  be  a  sequence  of  integers  ^  2  and  let  A,  =  m:,  ft,  =  m}  w8, 
HZ  =  %  w2  wi8,  .  ,  ,.  By  /n(#)  we  denote  the  function  arising  from  the  function 
tn(x)  by  repeating  it  periodically  with  the  period  /in,  w  —  i,  2,  .  .  ..  We  put 
(cp.  main  example  I) 


(see  Fig.  1  2  where  ml  —  mt  =  ws  =  2  and  «  =  3). 

l  rf.1  rll  n:1  nil  ffl  rll  ffl  r<f 


.,, 

-*•  ~3*i  -*»  -*i  °  ''i  *«  3*i  *i 

Fig.  12. 

Further  we  put 

FW=/i(*)  +  /2M  +  ---; 

this  last  series  is  convergent  for  every  a?,  since  at  most  one  of  the  terms  is 
different  from  o  for  a  given  x.  The  function  Fn(x)  is  bounded  and  periodic 
with  the  period  hn. 

It  is  easily  seen  that 


for  jKP,  respectively  forj>=P,  so  that  F(x)h  S^-a.  p.  for  p<P,  respectively 
for  ^  =  P;  in  fact  for  an  arbitrary  e>o  we  have 


for  p<P,  respectively  for  p  =  P,  when  w  >  some  N=N(s,  p),  as  for  n 


for  p  <  P,  respectively  ^  =  P. 

The  function  F(x)  is  fto  ^-function  for  p  =  P,  respectively  for 
p  >  P,  since  F(JC)  =  t(x)  for  —  \  ^  x  <  J  and  f  (a;)  is  not  j?-integrable  for  p  —  P, 
respectively  for  p>P. 

Finally  we  shall  show  that  the  B  point  (even  the  W-point)  around 
F(x)  contains  a  function  G(x)  which  is  Bp-a.  p.  for  all  p,  if  we  only  let 
the  numbers  mlt  m2,  .  .  .  increase  sufficiently  rapidly  to  oo. 
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CO 

Let   i  ^  Pl  <  P8  <  — » *>  and  let  2  '»  De  a  convergent  series  of  positive 

p, 

numbers.    We  choose  the  number  m1  so  large  that  YM  \(f\(x)Y*\  <  <*i»   the 


number  w?2  so  large  that 

Subtracting  from  F(x)  the  TT-zero  function 

tt(x)  for   —  |^#<i 

}  (x)  =  i 

I  o    elsewhere 

we  get  a  function   G(x)  =  F(x)—  j(x)  which  will  prove  to  be  JBpa.  p,  for  all  p. 

Putting 

(t(x)  for  —  i^x<cfn 

1  o     elsewhere, 
and  Gn(x)~  Fn(x)  —  jn(x),  we  have 

since  jn(x)  is  a  H^-zero  function  for  all  p.    Further 

A* 

_l/~7 ~~7~ 

D/B  [G(a;),  6,(x)]  =  lira    I  /       _  /  (G(os)-  ««(«))  "  rfx, 
r-.|/     2T_Jr 

and  we  shall  therefore  estimate 


T 

^  l(G(x)-Gn(x))Pndx 
*•  J 


for  fixed  w  and  large  T,  say  T  ^  fen,  proceeding  in  a  similar  way  as  in  the  main 
examples  I,  II  and  III.  We  determine  first  q^o  so  that  hn+<i^T<hn+q+i  and 
then  v  among  the  numbers  i,  2,  .  .  .,  mn+q+i  —  i  so  that  vhn+q^  T  <(v  +  i)hn+g. 

To  begin  with  we  distinguish  between  the  two  cases  v^wn+<?+i--2  and 
y^fWn+g+i  ~  i. 

In  the  first  case  we  get 

T 


Pn  dx  £  2v1^    f  (G  (x]  -  GM)P»  dx  = 
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as  G(x)  =  Gmg(x)  for 

—  (*  +  l)hn+q^X<(v+  l)hn+q}   V=I,  2,  .  .  ., 

Here  the  right-hand  side  is 


as 

O  ^  Gn+q(x)  -  Gn(x)  =  Fn+q(x)  -  ft  (, 

and  this  quantity  is 


as  (Fn+q(x)— -Fn(x))Pn  is  periodic  with  the  period  hn+g. 
In  the  other  case  we  get 

T  hn+q+l 

-1--  f  (G  (x]  -  Gn(x)fn  dx  ^  -  -\  —  f  (G  (x]  -  Gn(xfn  dx 

2  1   J  2Vhn+q  J 


^;J( 

~~*n+g 

as  (r(;r)  =  6rn+a.fi(,r)  for  —  /zn+g+i  ^  ^  <ftn  +  9+i.    Here  the  right-hand  side  is 

i     "  C  P 

^  — T —  I  (ft  +0+1  fe)  —  ft  (x))  ndx, 
2vnn+q  J 

as  o^  Gn+q+i(x)—  GH(x)£Fi,+q+i(x)  —  Fn(x),  and  this  is  further 


as  (ft+g+iW  —  J^nW11  is  periodic  with  the  period 

Estimating  Jf  {(ft+9fe)—  ^«fe))Pn}  in  the  same  manner  as  on  page  124  we  get 


V  M  |( 


n+q 
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v  + 1 
Thus  we  get  in  both  cases,  as ^  2, 


f 

—  J  ((}(x)-Gn(x 

for  r^/zn.    Letting  T-»oo  we  get 


Since  D/»[ff(4  *;(*)]==!>/,,[  6  (z),  6,  (a)],  it  results  that  D/»[6(4  j;(a)] 
for  »-*•«,    Hence 

*•„(*)  -(?(*)  for  all  i), 

and  consequently  6(0?)  is  a  Bp-a.  p.  function  for  all  p. 


Main  Example  VI. 

This  main  example  is  constructed  in  a  similar  way  as  main  example  III  a. 
As  in  that  example  we  construct  a  sequence  FI(X),  l\(x),  ...  of  bounded  periodic 
functions  with  the  periods  h^m^  ht  =  mlm^,  ...  and  consider  F(x)  =  liin  Fn(x). 

n—  *•  » 

In  main  example  III  a  we  obtained  Fn+\(x)  from  Fn(x)  by  filling  out  the  central 
one  of  the  subintervals  r)hn^x<(r]  +  i)hn  of  every  interval  vhn+\£x<(v+  i)An+i 
by  towers  of  type  w+i,  i.  e.  by  towers  with  the  I  -integral  £n+i  and  the  P-inte- 
gral  i.  Now,  however,  instead  of  filling  out  the  central  one  of  these  subintervals 
we  fill  out  the  first,  i.  e.  that  farthest  to  the  left  (see  Pig.  13  where  w1=wa=3 
and  n  —  2\ 


nflOn 


n   nn   n 


-A,  -8    -7  -2hl  -5   -4   -^    -2-10       i       2      fc,      4       5     2*»     7       8       A, 

Fig.  13- 

As  in  main  example  Ilia  we  denote  the  added  function  Fn+\(x)-~  %\(x)  by 
/n+i(af)  (/i(x)==  J\(»))  and  assume  that 
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is  convergent.  Since  this  time  we  fill  out  the  first  interval  instead  of  the 
central  one,  it  does  not  hold  that  F(x)=*F«(x)  for  —  hn^x<hn,  but  only  that 
F(x)=F*(x)  for  —hn£x<hn-i]  but  obviously  it  is  still  valid  that  Fn(x)^F(x) 
so  that  F(x)  is  S-a.  p.,  and  that  F(x)  is  an  Sp-function. 

While  F(x)  of  main  example  III  a  is  #p-a.  p.  for  all  p  for  a  suitable  choice 
of  wij,  wi2, ...  we  shall  now  show  that  in  the  present  case  F(x)  is  not  Bp-&.  p. 
We  prove  this  by  showing  that 


>0 


for  every  JY>o;  this  involves  that  F(x)  is  not  #p-a.  p.,  as  otherwise  (see  Chapter  I) 
D*p[F(#),  (F(X))N]  ->o  for  N -+  oo. 

Let,   then,  JV  be   an   arbitrary   number  >  o.    The   height  Tcn  of  a  tower  of 

type  n  being  equal  to  I  —  I7'"1  (see  page  43)  tends  to  co  for  W-+GO.    We  choose 

JVj   so  large  that  kn^2N  for  w  ^  Nit    If  <(a?)  denotes  a  tower  of  type  n  for 
n  ^  j\^  standing  on  the  interval  r)^x<r)  +  i  we  have 


l/^j  ; 


We  consider  F(x)  in  the  interval  o^x<hn-.\.    In  this  interval  F(^)  =  ^nW, 

and  Fn te)  contains  /zu~i  ( I 1  ( i 1     1 1 1  towers  of  type  w,  namely 

\       mil  \       wa/     \       Ww-i/ 

all  the  towers  of  type  n  which  were  filled  into  the  first  of  the  subintervals 
vhn-i  ^x<  (v  -t  \)hn-i  of  the  interval  o^x<hn  when  passing  from  Fn-i(x)  to 
Fr»  (x)  (cp.  page  86).  Therefore  for  all  n  ^  ^  we  have 


---  l(F(x)-(FW)KYdxZ 

n—  1  J 
0 

l/.J_/l,1_1(I-l)(I-L)...(I--1  ..)('.)"„ 

K     *n-l  \          t»,/  \          m,/       \          Wn_i/  \2/ 


m, 
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and  thus 


Finally  we  shall  prove  that,  by  letting  m1}  mi} .  .  .  increase  sufficiently  rapidly 
to  oo,  we  can  obtain,  that  the  l?-point  (even  the  TF-point)  around  F(x) 
contains  a  function  G(x)  which  is  J9^-a,  p.  for  all  p. 

OP 

Let  i^Pl<P9<  — »-  oo    and  let  ^  ^  ^e  a  convergent  series  of  positive 

i 

numbers.    We  denote  the  Pn-integral  of  a  tower  of  type  n  by  7n  and  choose 
ww,  n  =  i,  2, . . .,  BO  large  that 


v\ 


and  thus  (see  page  128) 


Let 

\fn(x]   for   —  hn£ 

•  <  ,       W  =  I,  2,  .  .  .. 

I  o      elsewhere 
Corresponding  to  J?(#)  =  ./i(#)  +  ft  (x)  +  •  •  •  we  form  the  function 


(the  series  is  convergent,  since  for  a  given  x  at  most  one  of  the  terms  is  +o). 

We  shall  prove  that  j(x)  is  a  JF-zero  function  and  that  the  difference 
G(x]  =  F(x)—j(x)  is  BP-&.  p.  for  all  p. 

It  is  easily  seen  that  j(x)  is  a  TF-zero  function;  for  outside  the  interval 
—  hn^x<hn  the  towers  of  j(x)  are  all  of  types  2s  w  +  i  and  such  towers  have 
i -integrals  ^«tt+i. 
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Next  we  prove  that  (!(r)  =  F(x)  —  j(x)  is  Bp  a,,  p.  for  all  p  by  showing  that 
./> 
Fn  (x)  ~*  (*•  M  for  all  p.    To  this  purpose,  corresponding  to 

+  -+/„(*)    we  put    ,/,,(*H/i*M  +  /*'(*)  -f  •••+/:(*) 


and  consider  the  function  Gn(x)  =  /Y«(.r)  —  ,/»(#),   72  —  i,  2,  ....    Obviously  >(#) 
is  a  Wp-zero  function  for  all  p  and  (r(x]=  lim  (rn(x).    Further 


since 

fiWiW=*Wi(z)->4-iM^ 

Hence  we  have,  on  account  of  the  definition  of  /J+i(.r), 

successively  applying  this  equation,  we  get 

G  (x)  =  GV  (x)    for    —  hn+i  ^  x  <  hn+i . 

As  jn(.c)  is  a  Wv-zero  function  (and  hence  a  fortiori  a  l?p-zero  function)  for 
all  j?,  we  have 


—  I  /  i  r 

Bji-,  [0(4  *'„(*)]  =  /V.  ((«  W-  «.(*)]  =  Hm     /    -^     (tf  («)  -  Gn(x)}P»  dx. 

T-+<x>  \f         2  J.  J 

Thus  we  shall  estimate 


—T 


for  fixed  n  and  large  T,  say  T  ^  hn  (cp.  the  main  examples  I,  II,  III,  V). 
First  q  ^  o  is  determined  so  that  hn+q  ^  T<hn  +  q+i,  and  next  v  among  the 
numbers  1,2,..  .,  wn+<n-i  —  i  so  that  vhn+q  ^T  <  (v  -f  i)ftn+9.  Then  we  have 

T  (*+ J)An4<? 

i    /'  ^    />w  i       r    r          y      PJJ      __ 

2  TJ  '|V   '  ~  2vhr,+q  J 

-T  -(i-H)An+7 

I  /*/"    '  N/> 

T I   ( (in 40 fe)  ~  G» Ou))   M  d X, 

2vhn+<jJ 
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since 


G(x)  =  Gn+q(x)    for     — 

As  o  ^  Gn+<i(x)  —  Gn(x)  ^  Fn+q(x)  —  Fn(x\  the  right-hand  side  is 


2vhn+q  ., 
and  this  is 


as  (Fn+9(a;)  —  Fn(x))  n  is  periodic  with  the  period  hniq.    Further,  in  consequence 
of  the  estimation  on  page  124  the  last  quantity  is 


_  ____  ____     __ 

(  VM  K/UI  tof*"}  +  /w7+"itef-«}  +  •  •  + 


2+  •    -f  dn+/n     2B+ 
Hence  for  T  ^  fe,  we  have 


/.  Jn 

^  /  (tf  Cr)  -  Gn(xf*dx  ^  /2  (d» 
'  •*  »/ 

-r 

letting  T->oc,  we  get 


Since 


we  conclude  that   DB?n[G(x),  Fn(x)}  -»  o  for  n  ->  oo   and    consequently   that 
Fw(a;)-^(a;)  for  all  jp. 
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Main  Examples  YII  a,  Til  b  and  Til  c. 

The  number  <*,  i  <  a  <  oo,  being  arbitrarily  given,  in  all  the  three  main 
examples  we  construct  a  function  F(x)  which  is  an  Sp-a.  p.  function  for  p<a,  an 
Sa-function  and  such  that  the  B-point  around  F(x)  contains  a  function  G(x)  which 
is  B^-a.  p.  for  all  p. 

In  main  example  VII  a  the  number  P  being  arbitrarily  given  such  that 
a  <  P  <  oo,  and  in  the  main  examples  VII  b  and  VII  c  the  number  P  being 
arbitrarily  given  such  that  a^P<  o>,  in  the  different  examples  the  function 
F(x)  has  further  the  following  properties. 

In  main  example  Vila:  F(x)  is  Bp-a. p.  for  p<P,  and  the  Wa-point  around 
F(x)  contains  no  Bp -functions. 

In  main  example  VII  b:  F(x)  is  a  lip-function,  and  the  Wa-point  around  F(x) 
contains  no  Bp-a. p.  functions.  In  the  case  P=a  it  results  already  from  the 
above  that  F(x)  is  a  J?a-f unction ;  in  fact  it  is  even  an  $a-f  unction. 

In  main  example  VII  c:  F(x)  is  a  Bp-a.  p.  function,  and  the  Wa-point  around 
F(x)  contains  no  Bp -functions  for  p>  P. 

We  remark  that  in  the  later  paper,  where  the  examples  of  the  appendix 
will  be  used,  we  shall  see  that,  on  account  of  general  theorems,  the  JB-points 
around  the  functions  F(x)  of  the  three  main  examples  cannot  contain  Wa-a>.  p. 
functions. 

The  main  examples  VII  a,  VII  b  and  VII  c  are  constructed  in  an  analogous 
way,  and  they  are  of  a  similar  type  as  the  main  examples  III  a  and  VI.  Just 
as  in  these  examples,  we  construct  a  sequence  F^x),  F2(x),  ...  of  bounded 
periodic  functions  with  the  periods  ^  =  m^  h2  =  ml  w?g,  . .  .  where 


m,/ 
is  convergent  and  consider  F(x)—  lim  Fn(x).  In  main  example  Ilia,  respectively 

71-*  » 

VI,  we  passed  from  Fit(x)  to  Fn+\(x)  by  filling  out  the  central,  respectively  the 
first,  of  the  subintervals  fihn^x<(fi+i)hn  of  every  interval  vhn+i^x< (v-f-  i)hn+\ 
by  towers  of  type  n+i,  i.  e.  towers  with  the  i -integral  £M+i  and  the  P-integral  i. 
In  the  present  construction,  however,  a  takes  the  place  of  P,  so  that  a  tower 
of  type  n  means  a  tower  with  the  i -integral  *»  and  the  a-integral  i.  Further, 
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by  the  transition  from  Fn(x)  to  Fn^i(x)  we  do  not  fill  out  just  the  central  or 
the  first  of  the  subintervals  fihn^x<  (fi  +  i)hn  by  towers  of  type  w  -f  i,  but 
another  of  the  subintervals,  later  precisely  indicated.  The  subintervals  to  be 
filled  out  shall  of  course  as  usual  lie  periodically  with  the  period  hn+i.  As  we 
shall  see,  by  a  suitable  choice  of  these  intervals,  we  can  obtain  that  F(x]  gets 
the  desired  »£-properties«.  Let  the  subinterval  vhn  ^  x  <  (v  +  i)  hn  of  the  interval 
o£x<hn+i  which  is  filled  out  at  the  transition  from  Fn(x)  to  Fn+i(x)  be 
denoted  by  Vn+ihn£x<  (vn+i  +i)hn.  For  the  sake  of  convenience  we  shall 
choose 


so  that  the  interval  vn+ihn  ^x<  (vn+\  +  i)hn  is  that  (or  eventually  one  of  the  two) 
of  the  subintervals  filled  out  at  the  mentioned  transition  which  lies  nearest  to  o. 

It  is  plain  that  Fn(x)-^F(x)  for  w-><x>,  as  the  i  -integral  en  of  a  tower  of 
type  n  tends  to  o  for  w-^co,  and  thus  the  function  F(x)  is  an  £a.  p.  func- 
tion. Further  all  towers  of  F(x)  having  the  ^-integral  i,  the  function  F(x) 
is  an  5a-function. 

We  introduce  similar  notions  as  in  main  example  VI.  We  put  /,  (.r)  =  F^s), 
ft(x)  =  F>  (x)  -  1\  (x),  /,(*)  =  Ft(r)  -  Ft(x),  ...,  so  that  Fn  (x)  =/,  (x)  +ft(x)  + 
•••+/„  (x)  and  F  (x)  =  J\  (x)  +  ft  (x)  +  •  •  •  .  farther  we  put 

,.,,      f/.W   for   -h«^x<htt 

JtW  =         .      , 

(o  elsewhere, 


Gn(x)  =  F,  (x)  -jn(x),    G(x)  =  F(x)  -j(x). 

For  hn+q^*  T<  /t,i49H  we  get  the  estimation  (cp.  the  analogous  estimation 
on  pages  129  —  130) 


~-*n-fyfl 
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(if  Vn+q+i  =o  we  put  -  =  QO  I,  or,  introducing  the  notion 


Ap(n)  = 
the  estimation 


p 


Further  we  have  (cp.  page  137) 

p 

j     /  P__  .  P  _ 


— 


Let   i  ^  Pt  <  Px  <  —  *  co    and  let  ^  '»  ^e  a  convergent  series  of  positive 

i 
numbers.    We  let  m,,  w2,  .  .  .  increase  so  strongly  that  (cp.  page  128) 


(3)  VM{(fn(xf»}<dn. 

For  A»+,5  T<  An-n+i  w^  get  from  (2)  and  (3) 


T 


Pn 

~  I  ((•}&)— Unldfndx  <  V~2  (V  M{(fn+MYn\  +  --+V  M{(fn+g(x))''n})  £ 
~  1  J 

-T 


xf*"}  +  .  •  -  +  VM  \(fn+g(xf»+«})  , 
p*_ 

t*+g)  ^  V*  (^l  +  d,+,  +  --)- 


Hence 
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and,  jn(x)  being  a  TFp-zero  function  for  all  p,  we  have 


so  that  DBPn[G(x),  JM«)]  -*o  for  12  ->  oo,  Thus  6(ar)  is  a  jB*-a.  p.  function 
for  all  p.  Since  ,;(#)  is  a  TF-zero  function  (cp,  main  example  VI),  G(x)  lies 
in  the  TF-point  around  F(x)  and  in  particular  in  the  B~  point  around  F(x). 
Having  discussed  the  common  properties  of  the  main  examples  VII  a,  YII  b 
and  VII  c  we  now  pass  to  consider  these  examples  separately,  as  regards  their 
mutual  differences. 


Main  Example  VII  a. 

We  wish  to  choose  the  numbers  vlt  v%,  .  .  .  defined  above  so  that  F(x) 
becomes  I?p-a.  p.  for  p<P  and  so  that  the  fFa-point  around  F(x)  does 
not  contain  any  JBp-function. 

We  shall  first  show  that  we  can  choose  vlt  viy  .  .  .  so  that 

Ap(n)  -*•  o    for    p  <  P    and    n  ->  co 
and 

^4P(w)-»-oo     for    w->o>; 

later  we  shall  show  that  F(x)  then  gets  the  desired  properties. 

A  necessary  condition  for  Ap(n)  -*  »  is  that  -^l  ->  o.    For,  as 

mn 


the  relation  4p(n)->oo  obviously  involves  the  relation  — w->  GO,  since,  on  account 

Vn 

p»r p 

of  V M{(fn(xtf*\  -o,  we  have  \U\(f*&if\-Q. 
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As  the  ^-integral  of  a  tower  of  type  n  is  equal  to  ej""1  we  have 
P  P 


where  dn—i  has  the  same  meaning  as  in  main  example  3,  i.  e.  indicates  the  relative 
density   of  the   empty  intervals  1?  ^  x  <  rj  +  i  in  the  function  Fn-i  (x).    Thus, 


/    ^--^ 
denoting  <?n-i(  —  r"1  by  Bp(n)}  we  have 

\£n/ 


Obviously   we  can  choose  a  sequence  of  numbers  (a<)pi<pi<  —  +  P  which 
converges  so  slowly  to  P  that 


P-a 
I  \^l 


P  —  n 


BP(n)      ^  7n  /i\~«~i 

v™V7  = X    7 =    -  ->cc     for    w->oo. 


We   shall  show  that  as  our  vn  we  may,  from  a  certain  step  N  (to  be  indicated 
below),  use 


(where  [x]  denotes  the  greatest  integer  ^  x).  In  fact  we  shall  show  that,  choosing 
vn  in  this  manner,  Ap(n)  ->  o  f  or  p<  P,  Ap(n)  ->•  oo  and  (for  N  sufficiently  large) 


We  start  by  observing  that  vn  ->  GO  (and  thus  especially  vn  ^  I  for  w  suffi- 
ciently large).    This  results  from 


P— J 


(if 
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where 

CC —  I  \  ^[f  \  ^J 

and 


•  00. 


In  particular 

log  jjpr\ 
Then  we  have 


since 

BP(n) 


•  oo. 


so   that  APn(n)  ->  o.    Now,  for  a  fixed  p  <  P  and  n  being  chosen  so  large  that 
pn>p  (and  vn  ^  i),  we  have 

Ap(w)^^Pn(«); 
in  fact,  as 


the  inequality  ^(w)S^lpn(w)  follows  from  HOLDER'S  inequality,  since  /n  (x)  is 
different  from  o  at  most  on  intervals  with  total  length  ^2hn-\  and  a  fortiori 
with  total  length  <z2vnhn-i.  Thus,  as  ^Pn(w)-*o,  we  have 

Ap(n)-*o    for    p  <  P. 
Further  we  have 


so  that 
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•y 

As  mentioned  above  this  involves >  o,  and  therefore  we  can  determine  our 

mn 

N  so   large   that  the  last  claim  vn  <  —  for  «  ^  N  is  satisfied.    For  n  <  N  we 
choose  the  vn  arbitrarily  so  that  merely  vn  <  ~  • 

We  shall  now  show  that  by  this  choice  of  the  numbers  vn  the  function  F(x) 
gets  the  desired  properties. 

First  we  shall  see  that  F(x)  is  Bp-&.  p.  for  p<P.    This  results  from  (i) 
and  (3),  since  for  hn+q^  T<hn+q+i  and  n  so  large  that  Pn+i>p  we  have 
p 


-r 


p 

VI 


/2  (dn+i  +  5«+2  +  '  '    +  <W9)  +  ^p(w  +  ?  +  l), 

and  hence,  letting  q  -»•  co  , 


Thus  D^plFfa?),  Fn(x)]  ->  o  for  «-*-oo,   and    consequently  F(a;)  is  a  JBp-a.  p. 
function  for  p  <  P. 

Next  we  show  that  the  Wa-point  around  F(x)  does  not  contain 
any  Bp-i  unction,  Proceeding  indirectly,  we  suppose  that  there  is  a  JFa-zero 
function  J(x)  so  that  D*Bp[F(x)  +  J(x)]«x>.  Denoting  by  J*(x)  the  function 
which  is  equal  to  J(x)  where  j(x)^o  und  equal  to  o  elsewhere,  we  have 

D'Bp(i(x)  ^J*(x)]^D^(F(x)  +  J(x)]  <», 

since   F(x)  =j(x)  where  j  (oj)  +  o.    Let  D*BP[J(X)  +  J  *(«)]  =  K.    For  n^   some 
sufficiently  large  N{  we  have 
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in  particular  we  have,  denoting  by  Jn*  (x)  the  function  which  is  equal  to  J*(x) 
where  /n*  (x)  4s  o  and  equal  to  o  elsewhere, 

p 


For  n  ->  oo  we  have  also 
p 

i 


VI  *n 

— V-fur 
2  (Vfi  +  I )  ftn-1  J 


*" 


2  Vn  hn-l 

-A, 


so  that  for  n  S  some  sufficiently  large 
p 


Thus  for  n  ^  max  (JV,,  JV,) 
p 


K(Vfl)*w_l  "I       /"     (»n+DAn 

^  /  l/n$  (x)  -f  J:(x)\*dx  ^  I  I/   ^  J  ( 

vn  An-l  ^  *n  hn-l 

Hence,  by  help  of  the  lemma  on  page  116,  we  get 

<»»+»**-!  <vn+D^-l 


and  therefore  further 


This  inequality,  holding  for  every  sufficiently  large  w,  contradicts  the  fact  that 
J"(a?)  is  a  W c-zero  function. 
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Main  Example  VII  b. 

Here  we  wish  to  choose  the  numbers  vlf  v2,  .  . .  so  that  F(x)  becomes  a 
^-function  and  so  that  the  JFa-point  around  F(x)  does  not  contain 
any  Bp-&.  p.  function, 

We  begin  by  proving  that  vly  v2,  .  .  .  can  be  chosen  so  that 

Ap(n}-*lc    for    n->oo 

where  k  is  a  constant    >  o.    In  a  similar   way  as  in  main  example  VII  a  it  is 

seen  that  a  necessary  condition  for  Ap(n)-+k  is  that  —  ->  o.    For  all  n  from  a 

mn 

certain  step  N  (which  will  be  indicated  below)  we  put 


We  observe  immediately  that  vn^  i.   If  P  —  at  we  have  Bp(n)~dn-i,  vn—  i,  and 
hence 


If  P  >  a,  we  have 

TD    (~\ 

JDp\n) 


<k-l 

so  that 


and  therefore 


As  mentioned  we  have  then  —  -*•  o  and  therefore  our  above  N  can  be  determined 

mn 

so  that  the  claim  vn  <  —  is  satisfied  for  n^N.    For  «  <  JV  the  numbers  vn  are 

chosen  arbitrarily  so  that  merely  vn<  —  is  satisfied, 

We  shall  show  that  by  this  choice  of  the  numbers  vn  the  function  F(x)  gets 
the  desired  properties. 
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Firstly  F  (x)  i  s  a  Bp-  function,  In  fact  for  hn + q  ^  T  <  hn + Q+ 1  and  sufficiently 
large  n  we  have 


Ap(n 


/2  (4.+1  +  du+2  +  •  •  •  +  t»+g)  +  2  *  <  /2  (dtt+i  +  dH+2  +  •••)  +  2  t. 
Letting  g->oo,  we  get 

),  Ftt  (*)]  ^  V  2  (dB+1  +  dn+2  +  -  -  -  )  +  2  ifc 


and  thus 

p 

DBp[F(x)}  £  DBp[Fn(x)]+V2  (iM  +  <JH+2  +  - 

Secondly  we  shall  show  that  the  ira-point  around  F(x)  does  not 
contain  any  J5p-a.  p.  function.  Proceeding  indirectly  we  assume  that  there 
exists  a  PP-zero  function  J(x)  so  that  F(x)  +  J(x)  is  a  J5p-a.  p.  function  or, 
which  is  equivalent  (as  F(x)  is  $-a.  p.),  that 


Denoting  by  J*(x)  the  function   which  is  equal  to  J(x)  in  the  points  where 
and  equal  to  o  elsewhere,  we  have 


since  F(x)=*j(x)  in  the  points  where  j(x)  4=  o.  J(x)  heing  a  Wa-zero  function, 
J*(x)  is  also  a  TFa-zero  function.  Then  j(x)  +  J*(x)  is  a  fF-zero  function,  in 
particular  a  J?-zero  function.  Consequently  (j(x)  -f  J*(X))N  is  a  Bp-zero  function 
for  all  p  and  especially  a  Bp-zero  function.  As  the  jBp-point  around  o,  considered 
as  a  set  of  functions,  is  JS^closed,  the  function  j(x)  +  J*(x)  is  also  a  J?p-zero 
function.  Consequently  we  have 


r — ~jy—  f  !;'(*)  +  J*(*)\pdx  ^l    for    n  S;  some  Nl9 
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in  particular 


^n  i   I  j  «-n— 1  J 


where  Ji?  (#)  denotes  the  function  which  is  equal  to  /(a:)  in  the  points  where 
/n*  (#)4=o  and  o  elsewhere.    Further,  for  sufficiently  large  w, 


^r-  ((j:(x)}pdx~  /  -7— ^T]—  f 

-H)An-l  J  I/        2(yn-|-l)kn-i  J 


f>,> 
I 


2  Vn 

and  thus 


•  -((/.-« 

T  I  j  flu— I    J 


-     for 

4 


Hence  for  ?/  ^  max 
p 


»H+D*B-l  1         /  M^V-l 

[ 

hn-l 


.L.  ( 

ln-l  J 

By  help  of  the  lemma  of  page  116  we  get 


Hence,  for  sufficiently  large  ;/, 


which  contradicts  the  fact  that  J(x)  is  a  FK^zero  function. 
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Main  Example  VII  c. 

Finally,  in  this  main  example,  we  wish  to  choose  the  numbers  v1}  va,  .  .  . 
such  that  F(x)  becomes  J5p-a.  p.  and  so  that  the  ira-point  around 
F(x)  does  not  contain  J5p-functions  forp>P. 

We  shall  show  that  we  can  determine  v^  vt}  .  .  .  such  that 


and 


Ap(n)  -*  o    for    w-*oo 
AP  (n)  ->  oo    for    p  >  P    and    n  ->  oo. 


A  necessary  condition  for  this  last  relation  is  that  —  -*  o,    We  have 

mn 


First  we  choose  pl  >  p2  > >•  P  converging  so  slowly  to  P  that 


I  \  a-1 


Then  from  a  certain  step  2V^  (which  will  be  indicated  below)  we  put 


Then  on  the  one  hand,  as  vn  ->  oo  and  therefore 

i         ^    / 


we  have 


while  on  the  other  hand 


Pn 


Pn 
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which  involves  that  Ap(n)  ->  oo  for  p  >  P.   From  this  it  follows  as  mentioned  that 
—  -*•  o  for  n  •*  CD    and  we  can  therefore  determine  our  above  N  so  that  the 

Wn 

claim  vn  <  —  for  n  ^  N  is  satisfied.  For  n  <  N  we  choose  vn  arbitrarily  so  that 

2 
i  ^m" 

merely  vn  <  —  • 

Now  it  results  (in  a  way  quite  analogous  to  main  example  VII  a)  that  F(x) 
is  Bp-a..  p.  and  that  the  PFa-point  around  F(x)  does  not  contain  J5p-functions 
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En  for  —  oo  <  x  <  oo  kontinuert  Funktion  /  (x)  —  u  (x)  -f-  iv(x) 
kaldes  som  bekendt  nsestenperiodisk  (afkortet  n.p.),  der- 
som  der  til  ethvert  6  >  0  f  indes  en  «relativ  taet>>  Maengde  af  til 
£  horende  «Forskydningstal»  T  —  rf  (f)  for  f(x).  Herved  kaldes  r 
et  til  e  h0rende  Forskydningstal  for/(#),  hvis  \f(x  +  T)  —  f  (x)  \<£e 
for  —  oo<;r<oo,  og  en  Msengde  af  reelle  Tal  kaldes  relativ 
taet,  hvis  der  findes  en  fast  Lsengde  I  saaledes,  at  ethvert  In- 
terval a  <  x  <  a  +  I  af  denne  Lsengde  indeholder  mindst  et  Tal 
i  Msengden. 

En  Hovedssetniiig  indenfor  de  n.p.  Funktioners  Teori,  den 
saakaldte  Approximationsssetning,  udsiger,  at  Msengden 
af  n.p.  Funktioner  er  identisk  med  Msengden  af  de  Funktioner 
f(x),  der  kan  approximeres  ligeligt  for  alle  x  ved  Exponential- 

n 

polynomier,  d.v.s.  endelige  Summer  af  Formen  s  (x)  =  2  <*>yei''v*> 

r~*l 

hvor  Exponenterne  Ar  er  reelle  Tal,  medens  Koefficienterne  av  er 
komplekse  Tal. 

Idet  vi  som  «Normen»  ||g?||  for  en  for  —  oo  <  x  <  oo  defi- 
neret  Funktion  <p(x)  betegner  Tallet 

r.  Gr.   }9(*)'f 


kan  Betingelsen  for,  at  r  er  et  til  K  herende  Forskydningstal  for 
/(#),  udtrykkes  ved,  at  Normen  \\f(x  +  r)  —  f  (x)  \\  skal  vaere  <[  e, 
og  Approximationsssetningen  udsiger,  at  de  n.p.  Funktioner  er 
identiske  med  de  Funktioner  f(x),  for  hvilke  der  til  ethvert  e>0 
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findes  et  Exponentialpolynomium  s  (x)  saaledes,  at  Normen 
H/(*)— «<*)!!  er^e. 

Til  enhver  n.p.  Funktion  /  (x)  er  knyttet  en  uendelig  Raekke 

00 

2  AnelAn*  med    reelle    Exponenter  An  og  komplekse  Koefficien- 

i 

ter  A n  som  Funktionens  Fourierraekke.  Dejine  Raekke  be- 
stemmeB  udfra  Funktionen  f(x)  paa  f01gende  Maade:  For  ethvert 

reelt  A  betragtes  Middelvserdien 

T 

a  (A)  =  M  lf(x)  e-»*}  =  lim  -7    ff(x)  e~»*  dx. 

*  J          T-+00  **  J 

rp 

Det  viser  sig,  at  denne  Funktion  a  (A)  er  0  for  alle  A  paa  naer 
et  (hojst)  taelleligt  Antal  Vaerdier;  disse  Vaerdier  er  da  Funk- 
tionens «Fourierexponeriter»  Al.  A2,.  .  .,  og  de  tilsvarende  Vaerdier 
a  (An)  =  An  Funktionens  ,«Fourierkonstanter».  Fourierraekken  for 
en  n.p.  Funktion  vil  i  Almindelighed  ikke  vsere  konvergent 
(dette  behover  jo  ikke  engang  at  gselde  i  det  specielle  Tilfaslde, 
hvor  f  (x)  er  en  kontinuert  periodisk  Funktion).  Der  findes 
imidlertid  et  vigtigt  SpecialtilfseJde,  hvor  Fourierrsekken  altid  er 
konvergent,  eiidda  ligelig  konvergent  for  alle  x,  nemlig  det,  hvor 
Fourierexponenteriie  A  L ,  A2,  .  .  .  er  1  i  n  e  SQ  r  t  u  a  f  h  ae  n  g  i  g  e, 
d.v.s.  hvor  der  ikke  findes  nogen  Relation  af  Fornien 

hlAl  +  h2  Az  +  ...  +  h,n  Am  =  0 

med  hele  Koefficienter  hl ,  .  .  . ,  hm  (som  ikke  alle  er  0) ;  i  Tii- 
faelde  af  lineaert  uafhsengige  Fourierexponenter  An  gaelder  det 
nemlig,  at  Rsekken  ^|-4n|  altid  er  konvergent. 

Foruden  de  saedvanlige  (kontinuerte)  n.p.  Funktioner  har 
man  ogsaa  studeiet  forskellige  Klasser  af  Funktioner,  der  er  n.p. 
i  en  eller  anden  generaliseret  Forstand.  I  denne  Af  handling 
skal  kun  omtales  de  af  STEPANOFF  indf0rte  generaliserede  n.p. 
Funktioner,  de  saakaldte  /S-n.p.  Funktioner.  Idet  vi  for  en 
vilkaarlig  (maalelig)  Funktion  <p(x),  givet  paa  hele  Aksen 
—  oc<a;<loo,  som  Funktionens  (oS-Norim  betegner  Tallet 

x+l 

\\  V  (*)  \\s  -  I!  <P  \\s  =    0vr.  Gr.  / 1  v  (f)  \  dt     (<  oo), 

~00<iC<00     y 

kan  en  S-n.p.  Funktion  defineres  som  en  Funktion  f(x),  der  til 
ethvert  e  >  0  besidder  en  relativ  tset  Maengde  af  «$-Forskyd- 
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ningstal»  T  =-  T/(f),  d.v.s.  af  Tai  r,  for  hvilke  \\f  (x  +  T)  — 
f(x)\\#^=£>  °£  ganske  svarende  til  Hovedsaetningen  (Approxima- 
tionssaetningen)  for  de  saedvanlige  n.p.  Funktioner  gielder  det 
her,  at  en  n0dvendig  og  tilstrsekkelig  Betingelse  for,  at  en  funk- 
tion  f(x)  er  en  S-n.p.  Funktion,  er,  at  den  «i  $-Forstand»  kan 
approximeres  ved  Exponentialpolynomier,  d.v.s.  at  der  til  ethvert 
£  >  0  findes  et  Exponentialpolynomium  s  (x)  saaledes,  at  \\f(x)  — 
s(x)\\s<,8.  Ogsaa  en  S-n.p.  Funktion  f  (x)  besidder  en  Fourier- 
raekke  ^AnelAft*,  der  bestemmes  paa  n0  jag  tig  sarame  Maade  som 
for  en  ssedvanlig  n.p.  Funktion. 

For  /S-Norinen  \\<p\\s  gselder  (ligesom  for  den  ovenfor  be- 
tragtede  simplere  Norm  ||  9?  ||)  den  saakaldte  Trekantsulighed 
II  9  +  V  l|.«  ^  II  9  \\s  +  II  V  Ik  Met  et(  Exponentialpolynomium  s(x) 
jo  er  begraenset  og  derfor  har  en  endelig  £-Norm,  foiger  det 
umiddelbart  af  Approximationssaetningen,  ved  Hjaelp  af  Trekants- 
uligheden,  at  enhver  S-n.p.  Funktion  har  en  endelig  £-Norm. 
Vi  naavner  endvidere  (se  f.  Eks.  H.  BOPIR  og  E.  FOLNER:  On 
some  types  of  functional  spaces,  Acta  Mathematica  76),  at 
£-Rummet,  d.v.s.  Maengden  af  alle  Funktioner  med  endelig 
iS-Norm,  er  «f uldstaendigt)> ;  herved  menes,  at  en  Funktionsf01ge 
fi(x),f2(x),...,  der  er  en  «£-Fundamentalf01ge»,  d.v.s.  ||/n  — 
fm  \\s  -*  0  for  n  og  m  -*cx>,  altid  tillige  er  «iS-konvergent»,  d.v.s. 
der  findes  en  Funktion  /(.E),  saaledes  at  \\f  —  fn  \\#  -*  0  for 
n  ~>  oo. 

I  det  f01gende  ska)  behandles  S-n.p.  Funktioner  med 
line  as  it  uafhaengige  Fourierexpon  enter.  Visse  For- 
hold  kunde  tyde  paa,  at  det  ogsaa  for  en  S-n.p.  Function  (lige- 
som for  en  sa?dvanlig  n.p.  Funktion)  maatte  gaelde,  at  dersom 
dens  Fourierraekke  ^AnelAnV  havde  linesert  uafhaengige  Expo- 
nenter  -AH9  da  vilde  ^J  |  An  \  vaere  konvergent  (og  Funktionen 
derfor  i  Virkeligheden  vaere  en  sosdvanlig  n.p.  Funktion).  Som 
vi  skal  se,  beh0ver  dette  imidlertid  ikke  at  vstre  Tilfaaldet. 
Derimod  gaalder  det,  at  hvis  Fourierexponenterne  An,  foruden 
at  vaere  lineaert  uafhaengige,  tillige  er  b  e  g  r  ae  n  s  e  d  e,  |  An  \  <J  c 
for  alle  nt  da  vil  ^J  |  An  \  vsere  konvergent.  Vi  vil  begynde  med 
at  be  vise  dette,  altsaa 
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See  tiling  1.  Deraom  Rcekken  ^AnetAn*  med  Itnecert  uafhcen- 
gige  og  begrcensede  Exponenter  An  er  Fourierrcekke  for  en  S-n.p. 
Funktion  f(x),  da  er  ^\An\  konvergent. 

Vi  bemaerker  ferst,  at  det  af  Beviset  for  Approximations- 
ssetningen  (ved  Hjselp  af  de  saakaldte  BocHNER-FEJ&a'ske  Sum- 
mer) fremgaar,  at  dersom  en  £-n.p.  Funktion  /  (a;)  bar  en  Fourier  - 
raekke  ^£Ane*An*  med  lineaert  uafhcengige  Exponenter,  da  kan 
man  som  approximerende  Exponeiitialpolynomier  til  /  (x)  simpelt- 
hen  benytte  Fourierraekkens  Afsnit 


t'-Jf 

d.v.s.  det  vil  gselde,  at 

\\f—  *n\\S~+0       for    H-+OQ. 


Idet  ||*n|U^||/|U+  ||/  —  *n\]s  f01ger  beraf  umiddelbart,  at  der 
findes  en  Konstant  Ct  saaledes  at  ||5n||^^(7  for  alle  nt  d.v.s. 

x+  1 

f  I  sn  (t)  |  dt  <>  C  for  n  ==  1,  2,  3,  .  .  .   og  —  oo  <  x  <  oo  , 

x 

eller  anderledes  skrevet 

i 

(1)  f  |  sn  (x  +  t)  |  dt  <£  C   for  alle  n  og  alle  x. 

o 

Lad  nu  Ar  ~  Qvei0y  (v  =  1,  2,  .  .  .).  Det  drejer  sig  om  at  bevise, 
at  ^Qy  er  konvergent.  Vi  betragter  det  vte  Led  i  Fourier- 
raekken  i  Punktet  x  +  t,  altsaa 


Idet  Tallene  Al9  A2,  ...,  An  er  linesert  uafhamgige,  kaii  vi  i 
F01ge  KRONECKER'S  klassiske  Saetning  om  Diophantiske  Approxi- 
mationer  bestemme  et  Tal  x0  =  x0  (n)  saaledes,  at 

|  Sv  +  AvxQ  |  <  -=-  (mod.  2n)       (y  =  1,  2,  .  .  . ,  n). 

I  F01ge  Antagelse  er  |  Ar  \  ^  en  Konstant  c  for  alle  v,  og  f01ge- 
lig  er  |  Ay  t  \  <  -r=-  for  |  ^  |  <  ^- .  For  ethvert  r  —  7,  2,  .  . . ,  n  og 

1 1 1  <  ^-  gaelder  det  derf or,  at 
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Avt\  <  ~  +  ~  =  -      (mod. 


~      ~       - 

og  dermed   (idet  vi   med  91  (2)   betegner   den   reelle  Del   af   det 
komplekse  Tal  z),  at 


-  SR  e,e'+-i  "'  "    >  ^cos  -     =       Qt,. 
Folgelig  er 

(2)  m{sa(x<t+t)}^±^{A,ei)'^+n}>^.  Sc,,for  |  <  |  <  £  . 

y.=  ./  ^      »'<«;?  ^^ 

1 
Nu  er  imidlertid,  i  F01ge  (1),  f\9t{sn  (*o  +  0  }  I  *  ^  C'.     altsaa 

o 

yderligere,  idet  vi  med  d  betegner  Min  U-,  7l, 

(3)  /9t{«.(*o  +  0}*^C. 

o 
Af  (2)  og  (3)  folger 

d 

(s-  <*o  +  0}  *  ^  C, 


^^1  2C 

d.v.s.  ^jgr  <  -,-.  Da  denne  Ulighed  gaelder  for  alle  n,  er  her- 

y=^ 

00 

med  Konvergensen  av  2  ^  godtgjort. 

/ 

Vi  skal  dernsest  bevise,  at  det  i  k  k  e  for  e  n  b  v  e  r  Reekke 
^AnelAnX  med  linesert  uafhaengige  Exponenter,  der  er  Fourier- 
raekke  for  en  S-n.p.  Funktion,  gaelder,  at  S  I  -^n  I  er  konvergent. 
Vi  vil  imidlertid  bevise  vsesentlig  mere.  Hertil  betragtes  Klassen 
af  de  saakaldte  £2-n.p.  Funktioner,  der  er  en  Underklasse  i 
Klassen  af  5-n.p.  Funktioner.  En  $2-n.p.  Funktion  defineres 
paa  ganske  tilsvarende  Maade  som  en  /S-n.p.  Funktion,  og  der 
gselder  en  fuldkommen  tilsvarende  Hovedssetning  (Approxima- 
tionssaetning),  idet  blot  overalt  —  saavel  i  Definitionen  som  i 
Hovedssetningen  —  S-normen  ||^||,s  erstattes  af  Sy-Normen 


II  V  (*)  Ik  =  II  V  Ik  =          0^-  Or.  .    1  v  (0|8  *. 

V        —  oo<a:^oo    0 

For   /Sfa-Normen    gaelder    (ligesom    for    5-Normen)   Trekantsulig- 
heden  \\<p+  if'  \\s.  ^  \\  <P  \\s*  +  \\  *f'\\s*  ,   og  /Sj-Rummet  er   (ligesom 
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£-Rummet)  et  fuldstaendigt  Rum.  Ogsaa  en  S2-n.p.  Funktion 
f(x)  besidder  en  Fourierraekke  ^  A  *&*»*.  Om  S2-n.p.  Funktioner 
gaelder  det,  at  en  nodvendig  (men  ikke  tilstrsekkelig)  Betingelse 
for,  at  J£AneM»*  er  Fourrierrsekke  for  en  SVn.p.  Funktion  er,  at 
iJj^ni2  er  konvergent.  Vi  vil  bevise,  at  der  fimtes  $2-n.p.  Funk- 
tioner (og  dermed  a  fortiori  $-n.p.  Funktioner),  hvis  Fourierraekke 
^£AHeiAnx  bar  lineaert  uafhaengige  Exponenter  .!„,  men  hvor 
X|-4n|  dog  er  divergent,  ja  vi  vil  endog  bevise,  at  der  findes 
Fourierraekker  for  $2-n.p.  Funktioner  med  linesert  uafhaengige 
Exponenter  An,  bvori  Koefficienterne  An  er  fuldkommen  vil- 
kaarligt  opgivne  komplekse  Tal,  som  blot  (selvf01gelig)  opfylder 
den  fornaevnte  n0dvendige  Betingelse  ^  |  Alt  \2  konvergent. 

Sae  tn  ing  2.  Til  en  vilkaarlig  opgiven  Felge  af  komplekse 
Tal  Aii  A2  .  ..,  for  hrilken  ^[An\2  er  konvergent,  kan  bestemmes 
en  Folge  af  linecert  uafhcengige  reelle  Tal  Jls  .12,  ...  saaledes,  at 
den  uendelige  Rcekke  ^1  Ane^»*  er  Fourierrakk'e  for  en  S2-n.p. 
Funktion  f(x). 

Ved  Beviset  benyttes  bl.  a.,  at  det  som  bekendt  —  og  som 
man  umiddelbart  viser  —  gilder  for  et  vilkaarligt  Exponential- 

n 

polynomium  s  (x)  =   ^aveUv*9  at 

r-7 

X  +  L  H 

1    C  ^^ 

lim          I  |  s  (t)  j2  dt  =-=  ^>,  |  av  |2     ligeligt  i   —  oc  <  .r  <  OD  . 

L~*co   -LJ  **** 

'• 


Lad  //,  ,  //2,...  vsere  en  vilkaarlig  opgiven  Folge  af  linesert  uaf- 
h?engige  reelle  Tal.  Vi  vil  da  bevise,  at  vi  som  Exponenter 
Jj  ,  A2>...  i  vor  Saetning  kan  benytte  de  (lineaert  uafhaeiigige) 
Tal  An  =  pn[*ny  hvor  de  paahaeftede  Faktorer  plt  p2,  ..  .  er  pas- 
sende  valgte  positive  hele  Tal.  I  det  folgende  vil  vi  til  Afkort- 
ning  betegne  Exponentialpolynomierne 

i  Are'tt'*       og      S  Aye"1**  -  ^  A,*'""'* 

V-l  >—  1  J'-J 

med  henholdsvis  on(x)  og  sn  (x).  Vi  begynder  med  at  bestemme 
positive  hele  Tal  w1  <  m2  <  m8  .  .  .  saaledes  at,  naar  vi  saetter 


oo 
da  vil  2  6ry  vaere  konvergent.  At  et  saadant  Valg  af  ml9  mt,  .  .. 
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er  muligt,  er  klart;  thi  idet  |  AJH  +  t\2  +  -4,»  +  2|2  +  ••  .  — »  0  for  m-»  oo, 
kan  vi  jo  successivt  vselge  ml ,  w2,  ...  saa  store,  at  f.  Eks. 

b2  <  9v  &s  <  -03 ,  •  ••  •  For  ethvert  fast  #>  7  gaelder  det.  ligelig 

i  —  cc  <  a?  <  oo  ,  at 

«  +  ^  mg 

Km      -  f  |  owq  (t)  -  a^  (t)*dt  =  **?\A>.\*  =  V, 

/v-*00    ^  J  ^0J 

a;  »  ="*</ i  t-J 

og  vi  kan  derfor  bestemme  et  positivt  helt  Tal  N(]  saaledes,  at 

<>•»„  (0  —  "w^--,  (0  I2  dt  <  4 b,*     for  alle  x. 

I  Stedet  for  at  skulle  tage  Middelvaerdien  over  et  Interval  af 
Lrengden  NtJ  (so in  maaske  er  ineget  stor  for  store  g),  vil  vi 
imidlertid  gerne  kuiine  benytte  den  f aste  Intervallaengde  1 ;  dette 
kan  vi  opnaa  ved  at  multiplicere  de  indgaaende  Exponenter 
/i,  (Wy-!  <  v  <*  m<j)  med  Faktoren  Nq,  og  vi  va?lger  derfor  defer 
omtalte  Faktorer  pt,  =  Nq  for  v  =  mfj^1  +  7, .  .  .,  mQt  og  ssetter 
altsaa  Ay  -—  N9  jiy  for  disse  v  (medens  vi  vselger  de  m1  f0rste 
Faktorer  pl9  .  .  .,  pnii  vilkaarligt).  Herved  bliver 

og  vi  faar  for  ethvert  x 

x+1  x+2 


=--  ^      f  I  Cm,  (0  —  «!„,,_,  («)  |2 
lv,, 

Det  gajlder  altsaa  for  ethvert  q  >  7,  at 


«„,  —  *«,.., 
og  dermed,  i  Felge  Trekantsuligheden,  at 

II     «  _     ^  II  <f    |  I    -  _    «}  No       -U    II     « 

II  *m/y-t-/         ^nr/l'^j^  II  **»</  +  »         **»//  I'-Sj     i     ||  *>mq  +  1 


for 
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F01gen  af  Exponentialpolynomier  ami(#),  smt  (#)»•••  er  saa- 
ledes  en  *S,-Fundaraentalf01ge,  og  da  /S^-Rummet,  som  ovenfor 
naevnt,  er  fuldstsendigt,  felger  heraf,  at  denne  F01ge  er  S£-kon- 
vergent,  d.v.s.  der  findes  en  Funktion /(ar),  saaledes  at 

\\f—**q\\a<-+0     for  q-+oo. 

Denne  Funktion  f(x)  vil  da  have  de  i  Ssetningen  omhandlede 
Egenskaber.  Thi  for  det  f0rste  er  /  (x)  en  Sa-n.p.  Funktion,  idet 
den  kan  #a-approximeres  ved  Exponentialpolynomier,  nemlig  ved 
Exponentialpolynomierne  smq  (x).  Og  for  det  andet  vil  /  (x)  til 

QO 

Fourierrsekke    netop    have    Raekken    ^j  ^nei'inx»    fordi    Fourier- 

n-/ 

rsekken  for  /  (x)  (i  F01ge  en   kendt  let  beviselig  Saetning)    frem- 
kommer  ved  formel   Grsenseovergang    udfra  de   approximerende 

mq 

Exponentialpolynomier   amg  (x)  =  2  AneiA*x.     Hermed    er   Sset- 

n**l 

ning  2  be  vis  t. 
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On  some  functional  spaces. 

By 
Harald  Bohr. 

A  (metric)  space  is  a  set  of  elements/,  g,  .  .  .  which  in  the  following 
sense  is  organized  by  help  of  a  distance  notion:  To  two  arbitrary 
elements  /  and  g  in  the  set  a  real  non-negative  number  D[ft  g]  is 
associated  which  is  called  the  distance  from  /  to  g,  and  which 
satisfies  the  following  conditions 


1)  #[/,  9]  =  D\g,f]  ,      2)  D[J,  g]  =  0  if  and  only  if  /  =  g  , 
3)  D[f,  g]  <^  Z>[/,  h]+D[h,  g]     (the  triangel  inequality). 


The  notion  of  convergence  immediately  presents  itself  in  such  a 
space;  we  say  of  a  sequence  of  elements  /n  that  /n->/  if  D[/,/n]-»-0 
for  n  -*•  oo.  The  space  is  called  complete  if  every  fundamental 
sequence  fn  (i.e.  every  sequence  satisfying  Z>[/n,/m]->0  for  n  and 
m->oo)  is  also  a  convergent  sequence. 

In  this  lecture  I  shall  treat  some  functional  spaces,  namely  spaces 
whose  elements  /  =  f(x),  g  =  g(x),-  .  .  are  complex  functions  of  a 
real  variable.  These  spaces  were  met  with  by  the  generalization  of 
the  theory  of  almost  periodic  functions  and  have  been  studied  in  a 
joined  paper  by  EBLING  FOLNER  and  the  lecturer1),  and  later  more 
deeply  in  FOLNER'S  dissertation2).  The  functions  in  question  are 
defined  for  all  x,  i.  e.  for  —  oo  <  x  <  oo.  As  starting  point,  however, 
we  shall  first  consider  some  classical  functional  spaces,  the  functions 
of  which  are  defined  in  a  finite  interval,  say  the  interval  0  ^  x  <  1, 
or  —  more  conveniently  —  defined  in  the  whole  interval  —  oo  <  x  <  oo 
but  periodic  with  the  period  1. 


1)  HARALD  BOHR  and  ERLING  FOLNER,  On  some  types  of  functional  spaces, 
Acta  Mathematica  76  p.  31—155. 

*)  ERLJNG  FOLNKB,  Bidrag  til  de  generaliserede  nsestenperiodiske  Funk- 
tioners  Teori,  Kobenhavn  1944. 
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Functions  defined  in  0  <^  x  <  I  (and  periodically 
continued). 

1.  As  an  especially  simple  example  of  a  functional  space  we  first 
mention  the  set  of  all  functions  bounded  in  0  ^  x  <  1  and  organized 
by  help  of  the  distance  notion 


Here,  evidently,  convergence  of  a  sequence  fn  -+f  is  equivalent  to 
the  uniform  convergence  of  the  sequence  of  functions  fn(x)  towards 
f(x),  and  the  space  is  complete.  An  important  subspace  of  this  space 
is  the  set  r  of  the  (periodic)  continuous  functions.  The  classical 
approximation  theorem  of  WEIERSTRASS  may  be  expressed  by 
saying  that  in  this  space  r  the  periodic  exponential  polynomials 
with  the  period  1,  i.  e.  the  functions 

S(X)  =  2?<*ne*"in* 

-N 

are  lying  everywhere  dense.  We  may  also  express  this  theorem  by 
the  equation  r  =  H{s(x)}  where  H{s(x)}  denotes  the  closure  of  the 
set  {s(x)}. 

2.  Another  important  functional  space  is  the  space  rl  consisting 

of  all  in  0  <^  x  <  1  measurable  f  unctions  /(#)  for  which  V  \f(x)\  dx  <  oo 

JQ 

where  the  distance  is  defined  as  a  mean  distance,  namely  by 


Also  in  this  space   the  set  of  all  our  exponential    polynomials 

N 

s(x)  =  £  1ane2ntnx  is  lying  everywhere  dense,  i.e.  rl  =  H{s(x)},  and 

-N 

i*!  is  (as  r)  a  complete  space. 

As  well-known,  we  can  more  generally  for  an  arbitrary  p  ^  1 
consider  the  space  rp  of  all  in  0  5^  x  <  1  measurable  functions  f(x) 

for  which  \  \f(x)\pdx<  oo  where  the  distance  notion  is  defined  by 

JQ 


For  every  p  2^  1  the  space  rp  is  a  complete  space,  and  our  exponential 
polynomials  s(x)  are  lying  every  where  dense  in  this  space.  For 
increasing  p  the  space  rp  will  decrease,  i.  e.  rpj  is  contained  in  rpl 
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ior  £>2  >  Pi-  I*1  w*ll  ^e  convenient  to  consider  the  parameter  p  as  a 
time-parameter  which  increases  from  1  to  oo,  and  we  shall  say 
about  a  function  f(x)  in  rt  that  it  is  still  "alive"  at  the  time  p  iff(x) 
belongs  to  rpt  while  f(x)  is  "dead"  at  the  time  p  if  f(x)  is  not  con- 
tained in  rp.  By  the  "lifetime"  of  a  function  f(x)  in  rl  we  then 
naturally  understand  the  upper  bound  P  (I  ^  P  ^  oo)  of  all  p's  for 
which  f(x)  is  alive.  In  its  "moment  of  death"  (i.  e.  at  the  time  P) 
the  function  f(x)  may  either  be  alive  or  be  dead. 

Concerning  these  functional  spaces  rp  there  is',  however,  a  remark 
to  be  made — rather  unimportant  in  itself  but  essential  in  view  of 
the  functional  spaces  Rp  to  be  considered  below — namely  that  our 
set  of  functions  rp  in  reality  are  not  functional  spaces  according  to 
the  definition  of  such  a  space,  since  (for  every  p  2^  1)  there  exist 
functions /(x)  and  g(x)  which  have  the  distance  dp[f,  g]  =  0  without 
being  identical.  This,  however,  is  only  the  case  when  f(x)  is  equal 
to  g(x)  almost  everywhere,  i.  e.  outside  a  set  of  measure  0.  Strictly 
speaking,  a  point  in  the  space  rp  is  not  a  single  function  but  a  class 
of  equivalent  functions,  i.  e.  functions  with  mutual  distances  0. 
In  view  of  the  more  general  spaces  to  be  considered  below  we 
introduce  the  notion  of  a  zero -function  whereby  is  meant  a  function 
which  has  the  distance  0  from  the  function  identical  0.  Two  functions 
belong  to  the  same  point  if  and  only  if  their  difference  is  a  zero 
function.  In  case  of  the  distance  dp  the  zero-functions  are  the 
functions  which  are  0  almost  everywhere.  It  is  of  little  importance, 
however,  whether  as  points  in  rp  we  think  of  the  single  functions 
or — as  we  ought  to  do — of  the  (small)  classes  of  equivalent  functions. 
This  is  connected  with  the  fact  that  the  zero -functions  are  the  same 
for  every  p  so  that  two  functions  equivalent  in  rl  are  either  both 
alive  at  the  time  p  or  both  dead  at  the  time  p,  and  (if  alive)  equiva- 
lent in  rp,  too. 

After  these  introductory  remarks  on  functions  defined  in  a  finite 
interval  I  now  pass  to  my  proper  subject: 


Functions  defined  in  the  interval  —  oo  <  x  <  oo . 

We  shall  treat  different  generalizations  of  the  above  mentioned 
functional  spaces.  The  fact  that  now  the  whole  axis  is  at  our  disposal, 
and  not  only  a  finite  interval,  will  give  rise  to  a  larger  richness  of 
possibilities  presenting  some  quite  new  features.  The  class  of  all 
periodic  exponential  polynomials  with  the  period  1  is  here  replaced 
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by  the  class  of  all  exponential  polynomials,  i.  e.  all  finite  sums  of 
the  form  v 

S(x)  = 


where  the  exponents  An  are  arbitrary  real  numbers. 

I.  Firstly,  in  analogy  to  1  ,  we  consider  the  set  of  all  in  —  oo  <  x  <  oo 
bounded  functions  f(x)  organized  to  a  space  by  the  distance  notion 

]=    u.b.     \f(x)-g(x)\. 


Here,  as  in  1,  convergence  means  uniform  convergence,  and  the 
space  is  complete.  By  R  we  denote  the  subspace  which  consists  of 
all  in  —  oo  <  x  <  oo  continuous  (bounded)  functions.  In  contrast 
with  1,  the  set  (S(x)}  of  all  exponential  polynomials  is  here  not 
every  where  dense  in  H,  i.  e.  the  closure  H{S(x)}  is  not  the  whole 
space  R  but  only  a  certain  subspace  JR*  in  R.  This  subspace  R* 
consists  just  of  the  almost  periodic  functions,  the  different  properties 
of  which  shall  not,  however,  be  treated  in  this  lecture. 

II.  Next,  in  analogy  to  2,  we  consider  functional  spaces  where 
the  distance  between  two  functions  /  ==  f(x)  and  g  =  g(x)  is  defined 
as  a  mean  distance,  but  now  of  course  taken  over  the  whole  axis 
—  oo  <  x  <  oo.  This  distance  notion  is  for  periodic  functions  to 
coincide  with  the  one  considered  in  2.  Several  possibilities  of  de- 
finition are  here  available,  each  with  its  special  properties  and  its 
special  interest.  We  shall  mention  three  such  distance  notions  which 
have  all  been  introduced  in  connection  with  the  study  of  generalized 
almost  periodic  functions.  We  denote  them 

D8[f,g}>     DW[f,g}     and     D*[f9g] 

where  the  letters  S,  W  and  B  refer  to  the  names  of  STEPANOFF, 
WEYL  and  BESICOVITCH. 

STEPANOFF'S  distance  is  defined  by 


where  L  is  a  fixed  length  ;  its  value  is  unessential,  as  a  change  of  L 
certainly  involves  a  change  of  the  distance  D8*1*  but  not  of  the 
convergence  notion  /n-*/  established  by  D8*1*. 

As  to  BESIOOVITCH'S  distance  the  mean  value  is  at  once  extended 
over  the  whole  axis  —oo  <  x  <  oo,  viz. 
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_     I    »T 
D*[f,  g]  =  lim  —  \     \f(x)-g(x)\dx. 

T-^OQ^J-   v~T 

Finally,  WEYL'S  distance  is  an  "intermediate  thing"  between  the 
two  distances  cited  above.  Like  STEPANOFF,  WEYI,  considers  a  fixed 
length  L  which  he,  however,  lets  increase  to  oo,  viz. 


L-+OQ 

As  mentioned  above,  these  three  distances  are  all  generalizations 
of  the  former  one  d^\J,  g]  for  the  finite  interval  0  ^  x  <  1  since  they 
all  (for  the  ^-distance  when  L  =  1)  are  reduced  to  that  distance 
when  f(x)  and  g(x)  are  periodic  with  the  period  1  . 

The  ^-distance  is  the  "finest"  of  the  three  distances,  next  comes 
the  W-distance  and  finally  the  ^-distance.  This  involves  that  among 
the  three  corresponding  functional  spaces  JRf  ,  R^  and  Rf  the 
J3-space  is  the  most  comprehensive,  the  W-space  less  comprehensive, 
and  the  £-space  the  narrowest  one.  As  for  the  finite  interval  so  also 
for  the  infinite  interval  we  introduce  distance  notions  corresponding 
to  a  parameter  p  ^  1,  namely  the  distance  notions 


],     D?[f,9l     and     D*[f,g] 
where  for  instance  D^\J,  g}  is  defined  by 


p       __^ 
=  I™  I/  —  ( 

T->oo  '      *1    J 


\f(x)-g(x)\*>dx. 

As  before  we  are  interested  in  the  changes  which  take  place  when 
the  parameter  p  —  which  again  is  interpreted  as  a  time-parameter  — 
inci  eases  from  1  to  oo.  All  three  functional  spaces  R^,  R^  and  R^ 
corresponding  to  the  three  distances  will  decrease  when  p  increases, 
exactly  as  in  the  case  of  a  finite  interval. 

S.  In  case  of  the  S  -distance,  the  situation  is  in  many  respects 
nearly  as  simple  as  for  the  finite  interval.  There  is,  however,  as  in  I, 
reason  to  consider  besides  the  space  R%  itself  also  the  so-called 
almost  periodic  subspace  of  this  space  which  is  defined  as  the  closure 
H{S(x}}  of  all  exponential  polynomials  S(x).  We  shall  not  treat  this 
relatively  simple  iS-case  more  detailed,  but  shall  at  once  pass  to  the 
essentially  more  complicated  and  interesting  spaces  R%  and  R%  . 

W  and  B.  What  in  the  following  shall  be  said  about  the  R™-  and 
the  Kp-spaces  is  mainly  the  same  in  the  W-  and  the  J5-case,  and 
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hence  we  shall  omit  the  letters  W  and  B  and  simply  write  Dp[f,  g] 
and  Rp. 

What  distinguishes  the  W-  and  the  U-case  from  the  5-case  is  that 
in  the  W-  and  J5-case  the  set  of  the  zero-functions,  i.  e.  functions 
n(x)  with  Dp[n(x),  0]  =  0,  is  much  more  comprehensive  than  in  the 
£-case,  and  especially  the  fact  that  the  class  of  zero-functions  (the 
zero-point  of  the  space)  is  not  the  same  for  different  values  of  p  but 
decreases  for  increasing  p.  In  fact,  this  involves  that  two  functions 
which  belong  to  the  same  point  in  Rl9  i.  e.  has  the  Dl -distance  0, 
need  not  have  the  same  lifetime,  and  further,  if  they  are  both  alive 
at  a  certain  time  p  they  need  not  belong  to  the  same  point  in  Rp 
(since  their  Z>p-distance  may  be  >  0).  Thus,  besides  the  lifetime  of 
a  single  function  /(#),  also  the  notion  of  the  lifetime  of  a  point  in  R^ 
is  needed.  Naturally  this  lifetime  is  defined  as  the  upper  bound  of 
the  lifetimes  of  all  the  functions  in  the  point  in  question.  We  are 
interested  in  and  shall  try  to  give  an  illustrative  account  of  what 
could  be  called  the  "evolution"  of  an  arbitrary  point  from  R^  and, 
especially,  of  a  point  from  the  almost  periodic  subspace  R*  which 
consists  of  all  points  which  (or  rather  the  functions  of  which)  can 
be  approximated  by  exponential  polynomials  S(x). 

We  first  consider  an  arbitrary  point  A  in  Rl  with  the  lifetime  P. 
For  every  p  <  P  amongst  the  infinity  of  functions  which  constitute 
the  point  A  some  functions  will  be  dead  at  the  time  p  while  other 
functions  are  still  alive.  Those  latter  functions,  however,  will  not 
form  a  single  point  in  the  space  Rp  but  an  infinity  of  points  in  Rp, 
in  connection  with  the  fact  that  two  functions  f(x)  and  g(x)  which 
belong  to  the  same  point  in  Rl  need  not  belong  to  the  same  point  in 
Rp.  This  infinity  of  points  in  Rp  which  all  originate  from  one  and 
the  same  point  A  in  Rt  will  be  called  the  ^-children  of  the  point  A . 
Amongst  this  infinity  of  ^-children  of  the  point  A  there  is,  however, 
for  every  p  <  P  a  single  one  which  distinguishes  itself  beyond  all 
the  others.  In  fact,  if  p^  >  p  but  still  <  P  all  the  j^-children  of  our 
point  A  are  descendants  of  one  and  the  same  p-child  which  di- 
stinguished p-child  may  be  called  the  pregnant  p-child  or  the 
p-generator.  All  the  other  p-children  may  be  called  the  still-born 
brothers  of  the  pregnant  p-child  since  they  first  come  into  existence 
as  independent  beings  at  the  time  p  itself  (while  at  any  previous 
moment  they  are  all  lying  in  the  same  point,  namely  the  generator 
child  of  this  moment)  and  then  immediately  die  (since  no  function 
in  any  of  them  will  survive  the  time  p).  If  P  <  oo  and  the  point  A  is 
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living  in  its  moment  of  death  P  there  can  obviously  be  no  P-generator 
amongst  the  infinity  of  P-children,  and  generally  none  of  the 
P-children  of  our  point  A  will  play  a  distinguished  role. 

Next,  I  shall  say  some  words  about  the  (especially  interesting) 
case  where  our  point  A  from  the  space  Rl  belongs  to  the  subspace 
JR*,  i.  e.  is  an  almost  periodic  point.  Here,  to  every  p  <  P  amongst 
the  infinity  of  p-children  of  the  point  A  there  will  be  exactly  one 
p-child  which  is  an  almost  periodic  point  in  the  space  Rp.  Further, 
this  single  almost  periodic  p-child  turns  out  just  to  be  the  pregnant 
p  -child. 

So  far,  everything  said  holds  as  well  for  the  W-  as  for  the  -B-case. 
Finally  I  shall  briefly  mention  an  interesting  and  characteristic 
difference  between  the  two  cases  which  arises  when  we  consider 
an  almost  periodic  point  A  just  in  its  moment  of  death  P  (provided 
it  is  still  alive  at  this  moment).  While  in  the  J3-case  there  will 
always  among  the  P-children  be  one  which  distinguishes  itself, 
namely  as  an  almost  periodic  P-child,  it  may  in  the  PP-case  happen 
that  none  of  the  P-children  is  almost  periodic.  This  difference 
between  the  two  cases  is  closely  connected  with  another — in  itself 
very  important — difference  between  the  W-  and  the  .B-case,  namely 
that  the  space  R^  is  complete  for  every  p  ^  1,  while  none  of  the 
JR^-spaces  is  a  complete  space. 

As  to  further  details  I  refer  to  the  above  cited  paper  of  F0LNER 
and  myself  and  to  FOLNER'S  dissertation  which  contains  a  thorough 
and  systematic  investigation  of  the  interesting  and  manifold  relations 
between  all  the  spaces  in  question,  the  /S-spaces,  the  JF-spaces  and 
the  -B-spaces  as  well  as  their  almost  periodic  subspaces. 
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MEAN  MOTIONS  AND  ALMOST  PERIODIC  FUNCTIONS ; 
BY  HAR\LD  BOHR   VXD  Boanr  JKSSKN. 


1.   Our    subject    has    its    starting    point    in    the    treatment   by 
Lagrange  (1782)  of  the  perturbations  of  the  large  planets.  Let 


be  a  trigonometric  polynomial  with  complex  coefficients  and  real 
mutually  different  exponents  X/t.  The  problem  is  to  study  the 
variation  of  the  argument  of  F(£).  If  F(£)  contains  a  preponderant 
term  it  is  evident  that  a  continuous  branch  of  the  argument  will 
be  of  the  form 


where  c  is  the  exponent  of  the  preponderant  term.  Thus  the 
argument  consists  of  a  secular  term  ct  and  a  bounded  remainder. 

Lagrange  has  proposed  the  problem  to  study  the  variation  of 
the  argument  also  in  the  general  case.  In  this  case  it  may  arrive 
that  F(£)  takes  arbitrarily  small  values  or  even  the  value  zero. 
In  passing  a  zero  of  odd  order  the  line  joining  o  and  F(£)  will 
change  its  positive  direction.  In  order  to  speak  of  a  continuous 
branch  of  the  argument  it  is  therefore  necessary  to  consider  the 
argument  mod.  TT  and  not  as  usual  mod.  271. 

It  is  no  restriction  to  take  ^0=  o  so  that 

F ( t}  =  «o  -t-  <7!  e*' i ' -4-  .  .  .  -+-  ax  «*"•  *'. 

If  here  all  ratios  7—'  are  rational,  F(0  l*  periodic,  and  (2)  obviously 
holds,  but  now  c  is  generally  not  one  of  the  exponents.  For  N  =  2 
and  an  irrational  ~>  Bohl  (1909)  proved  by  means  of  equidis- 
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tribution   mod.    i,    introduced    by   him    for    this    purpose,    that 

(3) 


but  here  the  remainder  is  generally  unbounded.  This  means  that 
the  limit 

.  _  r       argF(T)  —  argF(o) 
V  __  1  1  ni  -  =  - 


exists.  The  constant  c  is  called  the  mean  motion  of 

By  his  famous  generalisation  of  Kronecker's  theorem,  i.  e.  by 
extending  the  theorem  on  equidistribution  mod.  i  to  the  case  N>  2, 
Weyl  could  prove  (1914)  that  (3)  holds  whenever  ^i,  .  .  .  ,  >N 
are  linearly  independent.  This,  howewer,  means  no  complete 
solution  of  Lagrange's  problem  since  for  N  ^>  2  the  exponents 
may  be  linearly  dependent  even  if  two  of  them  have  an  irrational 
ratio.  Further  results  along  similar  lines  were  pbtained  by  Harlman, 
van  Kampen,  and  Winlner  (1988)  and  Weyl  (1938-1939). 

2.  It  suggests  itself  to  extend  Lagrange's  problem  from  trigono- 
metric polynomials  to  the  more  general  class  of  almost  periodic 
functions 

F(O  ~  doe1'***-*-  «!<?"•'-*-.  .  ., 

defined  either  by  their  translation  properties  as  continuous 
functions  possessing  relatively  dense  translation  numbers  r(e)  for 
every  e.  or  as  the  closure  with  respect  to  uniform  convergence  of 
the  class  of  trigonometric  polynomials.  The  series  on  the  right  is 
the  Fourier  series  of  the  function. 

It  was  conjectured  by  Wintner  (  1  93o  )  that  if  F  (  t  )  does  not  take 
arbitrarily  small  values,  i.  e. 

(4)  inf|F(O!>o, 

then  (2)  is  again  valid,  and  the  remainder  is  almost  periodic. 
This  was  proved  by  Bohr  (1930)  by  means  of  the  translation 
properties  and  by  Jessen  (1935)  by  approximation  with  trigono- 
metric polynomials.  Regarding  the  value  of  the  mean  motion  c  we 
have  the  following  results  : 
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I.   The  mean  motion  c  is  always  expressible  by  means  of  a  finite 
number  of  the  exponents  X,t  both  in  the  form 

c  =  /<<>  XQ  -4-  ...-+-  /IN  ^-\> 
where  the  coefficients  hn  are  integers  with  sum  i,  and  in  the  form 


where  the  coefficients  rn  are  non-negative  rational  numbers  with 
sum  i  .  This  implies  that  in  case  of  trigonometric  polynomials 
with  given  exponents  X0,  .  .  .  ,  Xy  (and  inf  |  F(/)  |  >  o)  there  are 
only  a  finite  number  of  possible  values  of  c.  The  exact  charac- 
terization of  the  set  of  possible  values  of  c  is  still  an  open  problem. 

II.  If  the  movement  F(/)  is  considered  from  two  different  points 
a,  and  b  with 

inf  |  F(O  —  «  |  >  o          mid          i»f  |  F(n  —  b  |  >  o 

the  corresponding  mean  motions  ctt  and  e^,  have  always  a  rational 
ratio.  This  is  a  special  case  of  a  geneial  theorem  of  Fenchel  and 
lessen  (ig35)  to  the  effect,  that  an  almost  periodic  movement  on 
any  closed  surface  with  negative  Euler  characteristic  may  be 
uniformly  transferred  into  a  purely  periodic  movement.  Another 
generalization  has  recently  been  obtained  by  Tornehave,  who  has 
proved,  that  if  Ft(£),  ...,  FN(£)  are  almost  periodic  functions 
such  that  inf  |  F7i(£)  |  >  o,  and  if  the  corresponding  mean  motions 
d,  .  .  .  ,  cv  are  linearly  independent,  then  the  set  of  arguments 
argF4(O,  •  -  •  ,  argFN(£)  is  mod.  arc  everywhere  dense.  Plainly 
this  is  an  extension  of  Kronecker's  theorem. 

3.  If  the  almost  periodic  function  F(£)  does  not  satisfy  (4)  the 
variation  of  its  argument  may  be  very  complicated  and  if  the 
function  has  zeros  it  may  even  bje  impossible  to  fix  the  argument 
as  a  continuous  function  of  t.  The  problem  seems  then  only  to  be 
of  interest  in  the  case  of  analytic  almost  periodic  functions 


defined    in  a  vertical  strip  a«<o><C(3,    which  we  consider  on  a 
vertical  line  v  =  <TO  in  ihis  strip.   On  such  a  line  the  function  is 
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an  almost  periodic  function  of  the  real  variable  t  .  The  series  on 
the  right  is  the  Dirichlet  series  of  the  function  and  is  composed 
of  the  Fourier  series  belonging  to  the  different  vertical  lines. 

Previous  to  the  general  theory  of  almost  periodic  functions  the 
distribution  of  the  values  of  certain  analytic  almost  periodic  func- 
tions in  vertical  strips  had  been  the  subject  of  detailed  investi- 
gations. These  investigations  concern  in  particular  the  Riemann 
zeta  function  {(5)  and  its  logarithm  and  deal  not  only  with  the  half 
plane  where  the  fo  notions  are  almost  periodic  but  also  with  the 

strip  -<o--^  i  where  they  retain  a  certain  degree  of  generalized 

almost  periodicity.  Among  the  results  we  mention  only  the 
following  one  : 

For  every  vertical  strip  -  <C  a\  <  o-  <  <72   and  every  value  of  a 

there  exists  a  relative  frequency  of  zeros  of  t  ($)  —  a  in  the  strip,  i.  e- 
if  Na(T)  denotes  the  number  of  zeros  of  £  (s)  —  a  lying  in  the  strip 
and  having  ordinates  between  o  and  T  then  the  limit 


exists,  and  this  limit  is  o  tor  a  =  o  while  it  is  >  o  for  a  ^  o 
when  crf  ^  i  .  For  a  =  o  this  theorem  is  due  to  Bohr  and 
Landau  (1914)  •  for  a  ^  o  it  was  announced  by  Bohr  (1922)  and 
the  proof  developed  by  Bohr  and  Jessen  (1982). 

It  is  evident,  that  for  an  analytic  function  the  distribution  of 
the  zeros  in  vertical  strips  will  be  closely  connected  with  the 
variation  of  the  argument  on  vertical  lines.  It  is,  therefore,  not 
surprising  that  in  the  above-mentioned  investigation  of  the  zeta 
function  the  Bohl-Weyl  extension  of  Kronecker's  theorem  \>as  a 
main  tool. 

i.  For  an  arbitrary  analytic  almost  periodic  function  the  distri- 
bution of  the  zeros  in  vertical  strips  and  the  variation  of  the  argu- 
ment on  vertical  lines  was  considered  by  Jessen  (1933-1938)  and 
Hartman  (1939).  The  main  results  are  as  follows  : 

For  every  0  between  a  And  (3  the  mean  value 


i     /*T 

?(<?)  selling     /        log  j  /(  <J  -f-  it )  \  (It 
T  •>•  «e    1    V^A 
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exists,  and  the  function  cp  (or)  is  continuous  and  convex  in  the 
interval  a  <  cr  <  £  and  hence  possesses  a  derivative  <?'(&)  in  all 
points  of  the  interval  except  an  enumerable  set.  If  o(a)  is  difleren- 
tiable  at  the  point  cr  then  the  function  f  (  cr  -f-  it)  possesses  a  mean 
motion  c,  which  is  =  o'(o-),  i.  e.  if  arg/(cr  -4-  **)  denotes  a 
continuous  branch  of  the  argument  on  the  corresponding  vertical 
line  we  have 

(5)  lin. 


Moreover,  if  o(or)  is  difTerentiable  at  the  points  cri  and  cr._>,  then 
the   relative   frequency  of  zeros  of  f(s)  in  the  strip  0^1  <C  a  <C  0*2 

exists  and  is  =  ^  —  *2  ~1  r         ?  i.  e.  if  N(T)  denotes  the  number 

of  zeros  lying  in  the  strip  and  having  ordinates  between  o  and  T 
then 

N  (_  T  ) 


The  linearity  intervals  of  9(0-)  (if  any)  correspond  to  the  vertical 
strips  without  zeros  ofy'(j). 

In  the  special  case  of  a  purely  periodic  function  this  formula  is 
equivalent  to  the  classical  Jensen  formula.  The  function  9(^7)  is 
called  the  Jensen  function  belonging  to  the  almost  periodic 
function  /"($). 

In  the  conference  there  will  be  commented  on  the  proof  of  the 
above  results. 

5.  In  continuation  of  the  investigations  just  mentioned  the 
Jensen  function  and  its  connection  with  mean  motions  and  the 
distribution  of  zeros  of  analytic  almost  periodic  functions  has 
been  the  object  of  a  detailed  and  systematic  study  b}~  Jessen 
and  Toruehave,  published  in  Ada  Mathematica  (i()4->)-  The 
main  purpose  of  the  present  lecture  is  to  indicate  the  results 
obtained  in  this  paper.  They  fall  into  three  parts. 

I.  A  detailed  discussion  of  the  variation  of  the  argument  on  an 
arbitrary  vertical  line. 

II.  Complete    characterization  of  the  convex  functions   which 
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may  occur  as  the  Jensen  function  of  an  analytic  almost  periodic 
function. 

111.  Results  on  special  classes  of  analytic  almost  periodic 
functions,  including  all  exponential  polynomials  and  all  ordinary 
Dirichlet  series,  and  leading  among  other  things  to  a  solution  of 
La  grange's  problem. 

6.  As  to  the  firs£  problem  it  is  convenient,  for  every  vertical 
line  to  introduce  a  left  and  a  right  argument  of/*((7  -h  it)  obtained 
by  encircling  the  zeros  of  f(s)  on  the  line  to  the  left  or  right 
respectively.  From  these  arguments  one  obtains  by  taking  lower 
and  upper  limits  four  mean  motions,  which  are  called  the  lower 
and  upper,  left  and  right  mean  motions  and  are  denoted  by  c-,  c~~, 
c%  e~*~.  Formula  (5)  is  then  for  an  arbitrary  cr  replaced  by  the 
inequalities 


connecting  the  four  mean  motions  with  the  left  and  right  deriva- 
tives of  the  convex  function  9(0"). 

The  main  result  is  now  that  these  inequalities  are  best  possible 
in  the  sense  that  to  any  six  numbers  satisfying  this  system  of 
inequalities  there  exists  an  almost  periodic,  function  f(s)  and  a  rj 
such  that  the  six  numbers  are  just  the  two  derivatives  of  9(0*)  and 
the  four  mean  motions. 

7.  As  to  the  second  problem  we  first  mention,  that  in  case  of  a 
purely  periodic  function,  say  with  period  27re,  the  Jensen  func- 
tion 9(0*)  is  a  convex  polygon  for  which  <?'(&)  takes  only  integral 
values  (the  vertices  lie  on  the  vertical  lines  through  the  zeros). 
Conversely  any  such  polygon  is  the  Jensen  function  of  a  periodic 
function  with  period  27T*. 

In  case  of  a  limit  periodic  function  with  limit  period  27U,  i.  e. 
with  rational  exponents,  it  is  easily  seen  that  the  values  of  9/(o>)  in 
the  linearity  intervals  of  9(0-)  (if  any)  are  rational.  It  was  shown 
by  Buch  (1988)  that  conversely  any  convex  function  of  this  kind 
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is    the   Jensen    function   of  a  limit  periodic  function  with  limit 
period  27^. 

These  results  would  suggest,  that  any  convex  function  should 
be  the  Jensen  function  of  some  analytic  almost  periodic  function, 
but  this  is  not  the  case.  The  necessary  and  sufficient  condition 
for  a  convex  function  9(0"),  «  <  &  <C  (3  to  be  a  Jensen  function  is 
that  to  any  reduced  interval  (a  <C)  «0  <C  o"  <I  (30(<[  (3)  there 
exist  a  finite  set  of  linearly  independent  numbers  /UL^,  .  .  .  ,  /J.M  and 
a  number  k  >  o  such  that  if  <jt  and  <r2,  where  -a0<C  o"t  < 
belong  to  different  linearity  intervals  of  9(0-),  then 


where  the  coefficients  rm  are  rational  numbers  and 


8.  Finally  we  come  to  the  third  problem.  In  case  of  a  purely 
periodic  function  it  is  easily  seen  that  the  mean  motion  exists  for 
all  values  of  <J  and  is  determined  by 


T  >  x, 


This  is  due  to  the  fact  that  there  are  no  zeros  in  the  immediate 
neighbourhood  of  the  line.  Similarly  the  frequency  of  zeros  exists 
for  every  strip  and  is  determined  by 


T  >  *.          1  2  7S 

The  problem  naturally  arises  to  find  other  classes  for  which  these 
more  precise  relations  hold. 

Since  periodicity  means,  that  the  exponents  X,t  belong  to  a 
discrete  module  [h  fx  j  where  p.  ^  o  and  /*  runs  through  all  integers, 
one  might  expect  a  positive  answer  in  case  of  other  simple  modules, 

such  as  {  r/j.  },  r  rational,  or  }  h<  ^4  -h  AajUL2  }>  where  —  is  irrational, 

and  /i^  and  /*2  run  through  all  integers.  This,  howewer,  is  not  the 
case.   In  fact,   the  result  for  problem  I  holds    good    even   if  we 
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restrict  ourselves  to  functions  f($)  with  exponents  from  any  given 
everywhere  dense  module. 

Nevertheless,  the  formulae  (6)  and  (7)  hold  for  large  classes  of 
functions  f(  s)  for  which  the  exponents  belong  to  a  module  with  an 
integral  base,  i.  e.  are  linear  combinations  with  integral  coefficients 
of  a  finite  or  infinite  number  of  linearly  independent  numbers* 

To  explain  the  situation  let  us  consider  a  function  f(s)  with 
exponents  from  a  module  of  the  above  type  [  Ai/^i-f-  h*!**  },  i-  e. 
a  module  with  an  integral  base  of  two  numbers  p.*  and  /juj.  The 
Dirichlet  series  may  then  be  written 

/(*)  ~»Sa/l|1/,9e</'«lx»  +  /'>J1«>*. 
Together  with  this  series  we  consider  the  class  of  all  series 


\\here  x^  and  x<*  are  real  parameters.  They  are  easily  seen  to  be 
Dirichlet  series  of  analytic  almost  periodic  functions/(,s;  #,,  j?2) 
in  the  same  strip  a  <C  cr  <  (3  asy"(  5),  and  we  have  for  any  real  T 


Plainly  f(  s  ;  xtj  x-2)  is  periodic  in  the  parameters  a?,  and  x*  with  the 
period  arc.   On  account  of  (S)  it  is  called  the  spatial  extension 


Our  result  is  that  the  relations  (6)  and  (7)  hold  whenever  the 
spatial  extension  f(s\  #4,  jc>>)  is  regular  not  only  in  s  but  also 
in  the  parameters  x^  and  j?2.  The  same  result  holds  for  an 
arbitrary  finite  integral  base.  In  particulier  (6)  and  (7)  hold  for 
any  exponential  polynomial 


since  in  this  case  there  exists  a  finite  integral  base  (of  at  mostN  -+-  i 
numbers)  and  the  spatial  extension  obviously  is  regular  in  all  the 
variables  as  it  contains  only  a  finite  number  of  terms.  Since  the 
trigonometric  polynomial  (i)  is  obtained  by  considering  the  expo- 
nential polynomial  (9)  on  the  imaginary  axis,  this  shows  that  the 
mean  motion  c  exists  for  an  arbitrary  trigonometric  polynomial  F  (I) 
and  is  given  by 
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where  <?(cr)  is   the  Jensen  function  corresponding  to  /($).  Thus 
Lagrange's  problem  is  solved,  and  with  a  positive  answer. 

Indications  of  the  proof  will  be  given  in  the  conference.  It  is 
based  on  the  Kronecker-Weyl  theorem  and  on  Weierstrass  'Vorbe- 
reitungssatz'*  and  also  shows  that  the  points  of  non-diflferentia- 
bility  of  <p(0")  have  no  accumulation  points  in  the  interior  of  the 
interval  «  <C<7  <[  (3. 


9.  Quite  analogous  results  hold  for  an  analytic  almost  periodic 
function  with  an  infinite  integral  base.  The  spatial  extension  here 
contains  infinitely  many  parameters  XA,  x*,  .  .  .  ,  and  the  regularity 
in  the  variables  s,  ar,,  a?2,  •  •  -  >  to  be  assumed  is  merely  regularity 
in  any  finite  number  of  the  variables  for  fixed  values  of  the 
remaining  variables.  Besides,  integration  in  infinitely  many 
variables  is  applied  in  the  proof. 

An  important  class  of  functions  with  infinite  integral  base  and 
analytic  spatial  extension  (in  the  above  sense)  is  formed  by  all 
ordinary  Dirichlet  series 


in  their  half-plane  of  uniform  convergence.  As  base  we  may  here 
use  the  numbers  —  (log/?),  where  p  runs  through  the  primes,  and 
the  exponents  are  then  integral  combinations  with  non-negative 
coefficients  of  the  numbers  in  the  base.  Writing 

/t==/^;     •••    Pl",          aud          e*fm=ym, 
the  spatial  extension  takes  the  form 

/(s;  *,,  ^,,,  .  .  -)  =2  n"r"!     '  '  '    •V"'  ' 
i 

As  this  is  a  power  series  in  j^4,  y*,  .  .  .,  the  regularity  in  all  the 
variables  easily  follows.  In  a  slightly  different  form  this  power 
series  was  used  for  other  purposes  by  Bohr  (igi3). 

10.  At  the  end  of  the  conference  a  recent  unpublished  investiga- 
tion by  Miss  Borchsenius  and  Jessen  will  be  briefly  dicussed.  It  con- 
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cerns  an  extension  of  the  results  connected  with  the  Jensen  function 
to  generalized  almost  periodic  functions  and  a  detailed  study  of 
the  functions 


in  the  half-plane  <r 

* 
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ON  ALMOST  PERIODIC  FUNCTIONS  AND 
THE  THEORY  OF  GROUPS* 

HARALD  BOHR,  University  of  Copenhagen 

1.  Introduction.  The  subject  which  I  have  chosen  for  my  lecture,  the  theory 
of  the  almost  periodic  functions,  has  gradually  been  increased  to  a  comprehen- 
sive and  extensive  theory  by  the  contributions  of  numerous  mathematicians  in 
various  countries.  Therefore  it  would  be  a  rather  impossible  task  to  try  to  give 
in  a  single  lecture  even  a  very  cursory  survey  of  the  many  different  problems 
which  have  been  taken  up  for  treatment  within  the  scope  of  this  theory  and  its 
generalizations.  The  task,  then,  which  I  have  set  myself  today  is  less  compre- 
hensive. First  I  shall  try  to  describe  quite  briefly  what  might  be  called  the  main 
problem  of  the  theory,  confining  myself  however  to  the  consideration  of  func- 
tions of  a  real  variable,  and  to  explain  some  especially  important  features  of  its 
solution.  Subsequently  I  shall  explain  to  you  in  a  few  words  how  this  main 
problem  could  later  on  be  fitted  into  a  much  wider  class  of  problems  than  was 
originally  the  case,  that  is  to  say,  that  it  could  be  considered  as  a  problem  in  the 
so-called  theory  of  groups.  The  points  of  view  which  led  to  this  extension  were 
first  emphasized  by  Weyl,  whereas  the  accomplishment  of  the  group  theoretical 
treatment  is  due  to  von  Neumann. 

2.  Periodic  functions.  Before  I  begin  to  speak  about  the  almost  periodic 
functions  it  will  be  natural  and  convenient  to  say  first  a  few  words  about  the 
theory  of  the  purely  periodic  functions.  We  shall  start  with  a  very  simple,  but 
at  the  same  time  very  general  notion,  namely,  a  quite  arbitrary  periodic  con- 
tinuous motion  in  the  plane.  Let  t  denote  the  time,  and  let  us  use  complex 
numbers  w=*u+iv  to  characterize  the  points  of  the  plane.  Then  this  motion  can 
be  represented  by  an  equation 

w  -  w(t)  m  «(/)  +  w(0, 

where  w(t)  is  a  continuous  complex  function  for  —  oo  <J<  <»,  periodic  with  a 
period  p.  Such  a  motion  can  of  course  be  extremely  complicated.  Among  these 
motions  the  most  primitive  one  is  certainly  a  uniform  motion  on  a  circle,  for 
instance  with  its  centre  at  the  origin.  Such  a  motion  may  be  represented  by  the 
equation 

w  «  ae*' 

where  a  is  a  complex  constant  and  X  a  real  number.  Let  a = re19.  Then  r  indicates 
the  radius  of  the  circle,  and  X  is  the  angular  velocity,  so  that  the  period  is 
29r/|X| ,  whereas  0  indicates  the  phase,  i.e.,  determines  where  on  the  circle  the 
point  is  to  be  found  at  the  time  /=0.  Such  a  uniform  circular  motion,  repre- 
sented by  w**ac*',  will  be  called  a  pure  oscillation.  For  the  present,  we 
shall  consider  only  those  pure  oscillations  which  have  a  given  number  p  as  one 

*  Rouse  Ball  Lecture,  delivered  in  Cambridge,  England,  in  May,  1946. 

595 


C51.    Amer.  Math.  Monthly  56  (1949). 


596     ON  ALMOST  PERIODIC  FUNCTIONS  AND  THE  THEORY  OF  GROUPS     [November, 

of  their  periods;  let  us  call  them  mutually  harmonic.  If  for  the  sake  of  conven- 
ience we  choose  £»2T,  the  circular  motions  selected  in  this  manner  are  just  the 
ones  represented  by  aneint,  where  n  is  an  arbitrary  integer  and  a*  is  a  complex 
constant.  Combining  an  arbitrary  finite  number  of  such  simple  circular  mo- 
tions with  the  period  2ir,  i.e.,  considering  an  exponential  polynomial  $(t)  of  the 
form 


we  get  of  course  again  a  continuous  periodic  motion  of  period  2ir,  which  may, 
however,  look  very  complicated.  Such  motions,  produced  by  so-called  super- 
position of  mutually  harmonic  oscillations  were,  as  is  well  known,  not  un- 
familiar even  to  ancient  Greek  astronomers.  Of  every  motion  produced  in  this 
way  we  shall  say  that  it  can  be  decomposed  into  mutually  harmonic  pure  oscil- 
lations. But  we  shall  extend  the  meaning  of  this  notion  somewhat  further,  it  be- 
ing convenient  to  operate  not  only  with  finite  sums,  but  also  with  infinite  sums, 
that  is  to  say,  also  to  involve  a  limit  transition.  We  shall  here  consider  only  a 
limit  process  uniform  for  all  /,  as  the  simplest  possible  limit  transition.  Thus 
more  generally  we  shall  say  about  a  function  w(t)  that  it  can  be  decomposed  into 
mutually  harmonic  oscillations,  if  the  function  can  be  represented  as  the  result 
of  a  uniform  limit  transition  on  finite  sums  of  the  kind  in  question.  From  the 
point  of  view  of  pure  mathematics  as  well  as  of  the  applications,  it  is  evidently  a 
problem  of  decisive  importance  to  find  out  which  continuous  periodic  motions 
with  the  period  2v  may  in  this  way  be  composed  of  uniform  circular  motions.  As 
is  well  known,  this  problem  was  solved  by  Weierstrass  in  his  famous  theorem 
that  every  continuous  motion  which  is  periodic  with  the  period  2v  allows  such 
a  decomposition.  In  other  words  any  quite  arbitrary  continuous  periodic  motion 
with  the  period  2ir  can  be  approximated  for  all  t  by  one  of  our  polynomials  s(t) 
with  an  arbitrarily  given  degree  of  approximation.  This  being  the  case,  the 
question  naturally  arises  as  to  the  intensity  and  phase  with  which  a  definite 
one  of  our  oscillations  eint  occurs  in  the  arbitrary  motion  w**w(£)  under  con- 
sideration. That  is,  what  value  does  the  coefficient  of  eint  assume?  Evidently 
the  coefficients  of  the  single  terms  of  the  approximating  polynomial  s(t)  cannot 
be  fixed  exactly  before  we  have  gone  to  the  limit,  i.e.,  as  long  as  we  only  con- 
sider a  polynomial  s(t)  approximating  w(t)  with  a  certain  degree.  However,  $,(/) 
being  a  sequence  of  polynomials  which  for  u—  *«>  converges  uniformly  to  the 
given  function  w(t),  the  coefficient  o!£  with  which  the  oscillation  eint  occurs  in  the 
polynomial  $,(/)  will  for  every  fixed  n  converge  to  a  definite  value  An.  This 
number  An  is  called  the  nth  Fourier  coefficient  of  the  function,  and  it  may  be 
said  to  indicate  the  intensity  and  phase  with  which  the  corresponding  oscilla- 
tion eint  occurs  in  the  given  motion  w(t).  This  nth  Fourier  coefficient  An  is  de- 
termined by 


where  ^t{w(f)er^}   denotes  the  mean  value  (l/2w)Jtrw(t)e-*l"dt.  There  is 
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another  way,  namely,  by  a  more  formal  consideration,  by  which  we  may  im- 
mediately arrive  at  these  expressions  for  the  Fourier  coefficients.  Let  us  write 
formally  w(t)  as  an  infinite  series 


and  make  use  of  the  fact  that  the  system  of  functions  eint  forms  a  normalized 
orthogonal  system  in  the  sense  that  for  any,  two  arbitrary  functions  <t>(t)  =e<ni< 
and  $(f)  «=  e<n|*  of  the  system 

0  for    HI  5^  HI 

1  for    n\  **  n\* 

Then,  by  multiplying  our  infinite  series  by  e~int  and  integrating  term  by  term 
we  get  just  the  expression  given  above  for  the  coefficient  An  of  eint.  We  have 
indicated  above  how,  starting  from  Weierstrass'  approximation  theorem  and  by 
performing  the  limit  transition,  we  were  led  to  the  Fourier  coefficients  and  thus 
to  the  Fourier  series  of  the  function  w(t).  Conversely,  however,  we  can  prove 
Weierstrass1  approximation  theorem  starting  from  the  formally  formed  Fourier 
series  of  the  function  w(t).  Indeed,  the  exponential  polynomials  which  are 
directly  determined  by  the  partial  sums  X/-n  Aveivi  of  the  Fourier  series  cannot 
always  be  used  as  uniform  approximation  sums;  these  partial  sums  do,  it  is 
true,  in  a  certain  sense  approximate  the  function  best,  namely  in  the  so-called 
mean,  but  not  uniformly,  as  we  claim  here;  however,  starting  from  the  Fourier 
series  we  may  in  different  ways  by  various  so-called  summation  methods  form 
finite  sums  S#(/)  which  for  N-+&  converge  uniformly  to  the  given  function 
w(f).  From  the  mere  fact  that  it  is  possible  from  the  Fourier  series  of  the  func- 
tion w(f)  to  determine,  i.e.,  to  come  back  to  the  function  w(t),  we  see  in  particu- 
lar that  the  function  w(t)  is  uniquely  determined  by  its  Fourier  series,  t.e.,  that 
two  different  continuous  periodic  functions  cannot  have  one  and  the  same 
Fourier  series.  This  fundamental  theorem,  the  so-called  uniqueness  theorem,  can 
also  be  formulated  in  the  following  way:  The  function  w(t)  identically  0  is  the 
only  function  the  Fourier  constants  of  which  vanish  altogether;  consequently 
there  does  not  exist  any  function  w(t)  which  may  be  added  to  the  system  eint  so 
that  the  extended  .system  again  becomes  a  normalized  orthogonal  system.  This 
is  expressed  by  saying  that  the  system  eint  is  a  complete  normalized  orthogonal 
system. 

3.  Almost  periodic  functions.  I  have  dwelt  at  comparative  length  on  the 
theory  of  the  continuous  purely  periodic  functions  and  the  theory  of  their 
Fourier  series,  and  adapted  my  remarks  about  them,  in  order  to  be  able  to 
speak  all  the  more  briefly  of  the  corresponding  more  general  theory  of  the  al- 
most periodic  functions.  Just  as  before,  we  start  our  discussion  of  the  general 
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theory  by  considering  the  simple  pure  oscillations 

w  -  at**t 

but  now  we  include  all  of  them  in  our  considerations,  i.e.,  we  do  not  select  a 
simple  mutually  harmonic  system  by  considering  only  those  oscillations  which 
have  a  given  period.  This  gives  from  the  very  beginning  an  essentially  different 
situation  in  view  of  the  fact  that  the  total  number  of  pure  oscillations  has  the 
power  of  the  continuum  whereas  there  exists  only  a  denumerable  number  of  pure 
oscillations  with  a  given  period.  As  before,  so  also  here,  we  consider  all  finite 
sums  of  our  pure  oscillations,  i.e.,  all  exponential  polynomials  of  the  form 


where  now,  however,  the  exponents  Xn  may  be  quite  arbitrary  real  numbers 
and  not  all  of  them  multiples  of  one  and  the  same  number  as  before.  As  formerly, 
we  are  interested  in  the  continuous  motion  which  is  determined  by  the  function 
w~s(t).  A  principal  difference,  though,  is  that  in  this  case  the  composed  motion 
is  no  longer  periodic;  certainly  the  single  components  a^^'are  still  periodic,  but 
in  general  they  will  have  no  common  period,  since  the  exponents  may  be 
incommensurable.  However,  as  pointed  out  by  Bohl,  who  in  some  very  interest- 
ing papers  studied  some  classes  of  continuous  functions  which  include  the  peri- 
odic functions  and  are  contained  in  the  more  general  class  of  the  almost  periodic 
functions,  the  motion  described  by  w**s(t)  must  at  any  rate  present  certain 
periodic-like  features,  namely,  for  every  «>0  there  is  an  infinite  number  of  so- 
called  almost  periods  or  translations  numbers  r(e).  By  a  translation  number 
r(e)  we  understand  a  number  r  which  for  all  t  satisfies  the  inequality 

|  w(t  +  r)  -  w(t)  |  S  «. 

In  the  study  of  the  general  class  of  motions  which  may  be  decomposed  into 
a  finite  or  infinite  number  of  pure  oscillations  the  first  important  problem  is,  of 
course,  to  find  the  theorem  analogous  to  Weierstrass*  theorem  concerning  the  spe- 
cial case  of  mutually  harmonic  oscillations  eint.  To  put  it  more  exactly,  we  ask 
in  analogy  with  the  former  case:  Which  continuous  motions  w  *«;(/)  may  be 
represented  either  by  finite  sums  of  pure  oscillations  or  may  be  uniformly  ap- 
proached by  such  sums.  Evidently  these  motions  need  not  be  periodic,  but  they 
are  far  from  being  quite  arbitrary,  since  they  must  certainly  present  some  peri- 
odic-like features.  The  exact  solution  of  the  problem  is  that  the  function  w(t) 
should  be  what  I  have  called  an  almost  periodic  function.  The  definition  of  such  a 
function  reads:  A  f  unction  /(/)  continuous  for  all  t  is  called  almost  periodic  if, 
firstly,  for  any  €>0  it  possesses  translation  numbers  r(e)  in  the  sense  defined 
above  and  if  furthermore,  the  set  of  translation  numbers  belonging  to  a  given 
€>0  is  relatively  dense,  which  means  that  there  do  not  exist  arbitrarily  great 
intervals  which  are  free  from  such  translation  numbers  r(e). 

In  view  of  the  subsequent  group  theoretical  investigations  I  should  like  to 
insert  a  remark  about  another  way  of  characterizing  the  almost  periodic  func- 


051.    Amer.  Math.  Monthly  58  (1949). 


1949]        ON  ALMOST  PERIODIC  FUNCTIONS  AND  THE  THEORY  OF  GROUPS  599 

tions,  a  way  which  proves  to  be  closely  associated  with  the  original  definition 
given  above.  Already  in  my  early  investigations  of  almost  periodic  functions  I 
had  occasion  to  use  the  following  theorem:  Let  /(*)  be  an  almost  periodic 
function  and  hi,  h,  •  •  •  an  arbitrary  sequence  of  real  numbers.  Consider  the  se- 
quence of  functions  f(x+hi),  f(x+hz),  •  •  •  whose  elements  originate  from  the 
given  almost  periodic  f  unction  f(x)  by  the  corresponding  translations  of  the  in- 
dependent variable.  Then  we  can  always  select  a  subsequence  hnv  hnv  •  •  •  so 
that  the  new  sequence  of  functions  f(x+hni),  f(x+hnt),  •  •  -converges  uni- 
formly on  the  whole  #-axis.  Later  on  Bochner  found  the  interesting  result  that 
this  theorem  can  be  converted  so  that  we  have  really  a  new  characterization  of 
the  very  notion  of  almost  periodicity.  This  new  definition  reads  in  exact  formu- 
lation: A  f  unction  f(x)  continuous  for  all  x  is  called  almost  periodic,  if  from 
each  sequence  of  f  unctions  f(x+hi),f(x+h2),  •  •  •  formed  from/(#)  by  transla- 
tions of  the  x-axis  a  sub-sequence  may  be  selected  which  converges  uniformly 
for  all  x.  This  may  also  be  expressed  by  saying  that  the  set  of  functions  {f(x+K)  }  , 
—  oo  <  h  <  oo  ,  formed  from/(#)  by  all  possible  translations  is  compact. 

It  is  not  very  difficult  to  prove  that  every  function  w(t)  which  can  be  de- 
composed into  pure  oscillations,  i.e.,  can  be  approximated  uniformly  by  ex- 
ponential polynomials  s(t),  is  an  almost  periodic  function.  The  essential  difficulty 
lies  in  the  proof  of  the  converse,  i.e.,  that  every  almost  periodic  motion  w(t)  can 
be  approximated  uniformly  by  sums  of  pure  oscillations.  Here  let  me  stress  that 
the  oscillations  ane**'  which  occur  with  no  quite  negligible  coefficients  in  an  ex- 
ponential sum  s(t)  which  approximates  the  given  function  w(t)  sufficiently  closely 
must  have  exponents  Xn,  which,  in  contrast  to  the  coefficients  a»,  have  exactly 
determined  values  characteristic  of  the  function  w(t)  in  question.  This  is  in- 
timately associated  with  the  fact  that  while  an  oscillation  ae***  is  only  slightly 
changed  if  the  coefficient  a  is  changed  a  little,  the  least  change  of  the  exponent 
X  means  an  essential  change  of  the  course  of  the  oscillation,  since  we  are  inter- 
ested in  this  course  for  all  times,  i.e.t  for  —  oo  </<  oo.  In  proving  that  an  arbi- 
trary almost  periodic  f  unction  /(/)  can  really  be  approximated  by  finite  sums  of 
pure  oscillations,  we  must  therefore  begin  by  finding  a  way  to  make  the  given 
almost  periodic  function  f(t),  so  to  speak,  deliver  as  its  oscillation  exponents 
certain  numbers  A*  characteristic  of  that  function.  This  is  obtained  by  connect- 
ing a  Fourier  series  with  the  function,  just  as  in  the  case  of  the  periodic  functions. 
This  Fourier  series,  however,  has  here  the  general  form 


where  the  set  of  the  exponents  An,  characteristic  of  the  function,  may  be  any 
enumerable  set  of  real  numbers  and  not  just  of  integers.  Thus,  since  the  oscilla- 
tion exponents  An  of  an  almost  periodic  function  are  first  disclosed  by  its  Fourier 
series,  the  Fourier  series  assumes,  in  a  sense,  a  still  more  central  position  in  the 
theory  of  the  almost  periodic  functions  than  it  does  in  the  more  restricted  class  of 
the  purely  periodic  functions,  where  the  exponents  are  given  beforehand.  In  this 
lecture  I  am,  of  course,  not  able  to  go  further  into  the  structure  of  the  theory, 
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but  shall  only  say  a  few  words  about  it.  The  starting  point  is  that  the  total  non- 
enumerable  system  of  all  pure  oscillations  e*',  where  X  runs  over  all  real  num- 
bers, forms  a  normalized  orthogonal  system,  but  now,  of  course,  only  if  we 
consider  the  system  on  the  whole  /-axis;  for,  denoting  by  9tf  {/}  the  mean  value 
over  the  infinite  /-interval,  namely, 

lim  — 

we  have 

0  for    AI  y&  A», 

1  for    AI  «  At. 

Therefore,  writing  formally  our  given  almost  periodic  f unction /(/)  as  an  infinite 
sum  of  pure  oscillations,  that  is, 


we  can  determine  the  coefficient  An  of  the  oscillation  c***'  by  a  formal  calcula- 
tion, quite  analogous  to  that  in  the  case  of  the  purely  periodic  functions.  Multi- 
plying the  equation  by  er***'  ,and  taking  the  mean  value  on  both  sides,  we  get 


However,  this  formal  starting  point  must  be  seen  from  a  point  of  view  essen- 
tially different  from  that  of  the  purely  periodic  case,  where  the  exponents  An 
were  numbers  given  beforehand  and  where  the  relation  was  only  to  serve  to 
determine  the  corresponding  coefficients  An.  In  our  case  where  we  do  not  know 
the  exponents  of  the  function  but  have  to  determine  them,  we  proceed  in  the 
following  way.  For  an  arbitrary  real  X  we  form  the  mean  value 


The  forming  of  this  mean  value  may  be  interpreted  as  a  question  put  to  the 
function:  Do  you  for  the  given  X  contain  the  oscillation  e*'t  The  result  a(\)  =0 
means  that  the  function  /(/)  answers  the  question  in  the  negative,  whereas  the 
answer  a(X)?*0  means  that  the  function  admits  that  it  contains  the  oscillation 
e*1  in  question,  and  with  a  coefficient  the  value  of  which  is  given  by  the  number 
a(X).  Now  it  is  relatively  easy  to  show,  and  this  result  is  a  decisive  point  in  the 
development  of  the  thfeory,  that  the  answer  is  negative  for  almost  all  values  of 
X,  i.e.,  that  a(X)  »0  for  all  X  apart  from  an  enumerable  set,  say  AI,  Aj,  •  •  •  . 
These  values  of  X  are  called  the  Fourier  exponents  of  the  function,  and  the  cor- 
responding mean  values  A***a(A>n)9*Q  are  called  the  Fourier  coefficients  of  the 
function.  With  these  pairs  of  numbers  An,  An  we  form  the  infinite  series  2L4A6<A«' 
called  the  Fourier  series  of  the  almost  periodic  function  /(/)  in  question.  Thus 
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we  have  obtained  a  first,  important,  though  for  the  present,  formal,  starting 
point  of  the  theory. 

About  the  further  development,  leading  up  to  the  final  result  that  f(t)  can 
be  approximated  uniformly  by  finite  exponential  sums  5(0, 1  shall  say  only  a  few 
words.  We  have  seen  how  to  every  almost  periodic  function  f(t)  is  attached  an 
infinite  series  2L4n«<An<  with  real  exponents  A*  and  complex  coefficients  Ani  the 
Fourier  series  of  the  function.  It  now  becomes  a  question  of  decisive  importance 
to  ascertain  whether  conversely  the  function  /(/)  is  uniquely  determined  by  its 
Fourier  series,  or  in  other  words,  whether  two  different  almost  periodic  func- 
tions always  have  two  different  Fourier  series.  We  may  also  formulate  this  ques- 
tion in  another  way,  and  ask  whether  our  normalized  orthogonal  system  e**  is 
complete  in  the  set  of  the  almost  periodic  functions,  i.e.,  whether  we  may  add  a 
further  almost  periodic  function  to  this  system  so  that  the  extended  system  be- 
comes again  a  normalized  orthogonal  system.  In  a  more  vague  formulation  we 
may  interpret  the  question  in  the  following  way:  Can  an  almost  periodic  func- 
tion really  be  entirely  decomposed  into  a  denumerable  number  of  pure  oscilla- 
tions or  does  there  remain  an  undecomposable  remainder  of  the  function  after 
the  pure  oscillations  given  by  the  Fourier  series  have  been  removed?  Fortu- 
nately the  uniqueness  theorem  saying  that  every  almost  periodic  function  is 
entirely  characterized  by  its  Fourier  series  is  valid.  To  prove  this  theorem  or 
other  theorems  equivalent  to  it  is  the  central,  but  also  the  most  difficult  point, 
of  the  theory.  Several  proofs  exist,  varying  as  to  starting  point  and  method.  The 
most  simple,  and  in  a  certain  sense  the  most  elementary  one,  is  de  la  Vall£e 
Poussin's  proof;  it  may  be  characterized  as  a  considerable  simplification  of  the 
original  and  rather  complicated  proof  of  the  lecturer.  Other  proofs  were  given 
by  Norbert  Wiener  in  connection  with  his  interesting  general  spectral  theory 
and  by  Hermann  Weyl.  Weyl's  proof,  based  on  an  analogy  with  the  theory  of 
integral  equations,  has  proved  to  be  especially  significant  for  the  group-theo- 
retical generalization  of  the  theory  about  which  I  shall  speak  in  a  moment. 

With  the  uniqueness  theorem  at  our  disposal,  we  may  advance  in  various 
ways  to  obtain  the  main  theorem  of  our  theory,  the  theorem  of  the  uniform  ap- 
proximation by  exponential  polynomials  which  is  the  counterpart  and  the 
generalization  of  Weierstrass'  approximation  theorem  for  purely  periodic  func- 
tions. The  original  proof,  given  by  the  lecturer,  and  generalizing  a  method  of 
Bohl  which  was  developed  for  an  essentially  more  restricted  class  of  functions, 
was  based  on  a  theory  of  Fourier  series  for  the  so-called  limit-periodic  functions 
of  an  infinite  number  of  variables.  Later  on,  Bochner  succeeded  in  showing  that 
the  approximating  exponential  sums  s(t)  in  question  could  also  be  obtained  di- 
rectly from  the  Fourier  series  of  the  f unction /(/)  without  the  transition  to  func- 
tions of  an  infinite  number  of  variables.  Other  proofs  of  the  approximation 
theorem  were  given  by  Weyl  and  Wiener  among  others.  Among  these  proofs 
Wiener's  proof  has  turned  out  to  be  especially  suitable  for  generalization.  In 
one  sense  or  the  other  all  the  different  proofs  may  be  regarded  as  summation 
methods,  the  application  of  which  to  the  Fourier  series  of  an  almost  periodic 
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function  produces  finite  sums  s(t)  which  converge  uniformly  to  the  function. 

Before  I  proceed  to  place  the  theory  within  the  scope  of  the  theory  of  groups, 
I  want  briefly  to  mention  that,  like  the  classical  theory  of  Fourier  series  of  purely 
periodic  functions,  the  theory  of  the  Fourier  series  of  the  almost  periodic  func- 
tions has  also  been  generalized  in  various  ways  by  numerous  mathematicians.  Of 
special  interest  is  a  generalization  due  to  Besicovitch,  who  succeeded  in  ob- 
taining a  class  of  functions  almost  periodic  in  a  generalized  sense,  the  Fourier 
series  of  which  may  be  characterized  in  an  especially  simple  way,  being 
just  the  series  S-4ne<Aw<  for  which  S|<4n|*  is  convergent,  while  the  An  may  be 
quite  arbitrary  real  numbers. 

4.  The  theory  of  almost  periodic  functions  as  a  part  of  the  theory  of  groups. 
In  the  remaining  part  of  my  lecture  I  shall  try  to  describe  briefly  the  points 
of  view  which  made  Weyl  and  von  Neumann  see  the  theory  of  the  almost  peri- 
odic functions  (including  in  particular  the  classical  theory  of  the  purely  periodic 
functions)  in  a  far  more  general  light,  i.e.,  to  see  it  as  belonging  within  the  gen- 
eral theory  of  groups. 

We  may  start  our  considerations  by  observing  what  in  the  present  connec- 
tion may  be  said  to  be  the  essential  properties  of  the  normalized  orthogonal 
system  in  question,  i.e.t  the  system  of  the  pure  oscillations  e**.  These  pure  oscil- 
lations may,  of  course,  be  looked  upon  in  different  ways,  but  their  main  char- 
acteristics may  be  said  to  be  that  they  satisfy  the  simple  functional  equation 

*(*+?)-*(*) '*(?)• 

As  is  well  known,  this  functional  equation  has  an  infinite  number  of  solutions, 
both  continuous  and  discontinuous,  the  latter  being  of  a  rather  unpleasant  or 
abnormal  character,  in  fact,  not  even  measurable  in  the  general  sense  of 
Lebesgue.  As  regards  the  continuous  solutions,  they  simply  consist  of  all  func- 
tions e**t  where  a  is  an  arbitrary  complex  constant.  Selecting  from  among  them 
only  those  for  which  the  exponent  a  is  a  purely  imaginary  number  tX,  we  get 
only  our  pure  oscillations  e***,  which  thus  may  be  characterized  as  the  bounded 
continuous  solutions  of  the  functional  equation  in  question.  However,  a  func- 
tional equation  of  the  type 

#(*+?)-*(*)•*(?) 

is  also  encountered  in  quite  another  discipline,  namely,  in  the  general  theory  of 
groups,  where  the  independent  variable  x,  however,  need  not  be  a  number,  but 
may  be  a  symbol  of  quite  a  different  kind,  whereas  the  values  of  the  function 
<t>(x)  are  still  ordinary  complex  numbers.  Before  going  into  details  I  must  first  say 
a  few  words  about  the  general  notion  "abstract  group"  which  plays  such  a 
fundamental  part  in  the  mathematics  of  our  day;  this  importance  follows  from 
the  fact  that  in  the  theory  of  groups  many  apparently  quite  different  investiga- 
tions taken  from  numerous  mathematical  disciplines  may  be  comprised.  For  the 
sake  of  simplicity  I  shall  confine  myself  in  what  follows  to  the  consideration  of 
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the  so-called  commutative  or  Abelian  groups.  Such  a  group  is  a  set  of  a  finite 
or  an  infinite  set  of  elements  x,  y,  •  •  • ,  A,  B,  •  •  •  (the  term  "element*  is  used 
if  we  have  to  deal  with  abstract  investigations  where  we  do  not  want  to  commit 
ourselves  beforehand  to  the  considered  objects  being  of  any  definite  kind).  For 
these  elements  a  single  so-called  composition  rule  is  given  which  is  called  multi- 
plication or  addition,  and  is  denoted  by  the  multiplication  sign  •  or  the  addition 
sign  +,  respectively,  but  which  need  not  have  anything  to  do  with  ordinary 
multiplication  or  addition,  for  the  simple  reason  that  the  elements  need  not  be 
numbers. 

If  we  use  the  multiplication  sign  for  the  composition  of  the  group,  the 
formulas 

A-B  =  B-A 

A'(B-C)  -  (A'B)-C 

are  valid,  and,  furthermore,  we  claim  that  the  equation 

A-X~  B, 

where  A  and  B  are  two  arbitrary  given  elements,  is  always  satisfied  by  one  and 
only  one  element  X.  If  we  use  the  addition  sign,  these  rules  read  that 

A+B= B+A 
A  + 

and  that  the  equation 

A  +  X  =  B 

has  one  and  only  one  solution. 

Let  me  give  you  one  or  two  examples  of  such  Abelian  groups,  chosen  in  close 
connection  with  our  subject. 

First,  let  us  consider  the  set  of  all  rotations  of  a  circle,  for  instance,  the  unit 
circle,  about  its  center.  Let  the  single  rotation  be  characterized  by  its  rotation 
angle  x,  where  the  real  number  x  is  determined  modulo  2ir.  Then  the  composi- 
tion rule,  i.e.,  the  composition  of  two  rotations  x  and  y,  is  simply  expressed  by 
the  sum  x+y,  this  number  being  of  course  only  determined  modulo  2ir.  On  the 
other  hand,  if  we  characterize  the  rotation  by  the  point  or  complex  number 
X^e**  on  the  unit  circle,  into  which  the  point  1  is  transformed  by  the  rotation, 
then  the  composition  of  two  rotations,  determined  by  X=*e**  and  Y-e^,  re- 
spectively, is  expressed  by  ordinary  multiplication  X-  KaB«e*(*flf>. 

As  the  second  example  I  choose  the  set  of  the  translations  of  a  straight  line 
into  itself.  Let  a  single  translation  be  characterized  by  the  (positive  or  nega- 
tive) number  x,  indicating  the  length  of  the  translation  or,  what  comes  to  the 
same  thing,  by  the  point  (number)  x  into  which  the  origin  is  transformed  by  the 
translation.  Then  the  composition  of  two  translations  given  by  x  and  y,  respec- 
tively, is,  of  course,  expressed  by  the  ordinary  sum  x+y.  Both  the  rotation  group 
and  the  translation  group  are  so-called  topological  Abelian  groups,  which  means 
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that,  besides  the  structure  fixed  by  the  given  composition,  they  have  also  an- 
other so-called  topological  structure,  in  consequence  of  which  we  may,  for 
example,  speak  about  two  elements  of  the  group  lying  near  each  other  or  far 
from  each  other.  We  observe  that  the  first  group,  the  rotation  group,  may  in  a 
certain  sense  be  placed  under  the  latter  group,  the  translation  group,  by  identi- 
fying those  points  on  the  line  which  differ  by  a  multiple  of  2r,  or  more  geo- 
metrically expressed,  by  imagining  the  straight  line  twisted  around  the  unit 
circle. 

Besides  these  two  examples  of  infinite  groups,  i.e.,  groups  containing  an  in- 
finite number  of  elements,  I  shall  mention  a  classical  example  of  a  finite  Abelian 
group,  the  group  of  the  classes  of  residues  modulo  n,  where  n  is  a  positive  integer. 
As  is  well  known,  this  group  is  a  dominating  factor  in  an  essential  part  of  the 
elementary  theory  of  numbers.  Let  us  consider,  for  instance  n  «  3  ;  then  the  group 
contains  only  two  elements  which  we  may  denote  by  ai,  as  corresponding  to  the 
two  classes  of  integers  which  are  relatively  prime  to  3.  These  two  classes  consist 
of  the  numbers  of  the  form  3n+l  and  3w+2,  respectively.  The  composition  of 
the  group  is  given  by  the  following  scheme 

a\>a\  »  a^        a\-at  =  a\-a\  •»  0j,        a^-at  «  a\. 

This  scheme  states  that  the  product  of  two  numbers,  both  of  the  form  3«+l 
or  both  of  the  form  3n+2,  is  a  number  of  the  form  3w+l,  whereas  the  product 
of  two  numbers,  one  of  the  form  3w+l  and  the  other  of  the  form  3n+2,  is  of  the 
form  3w+2. 

While  generally  the  elements  of  an  Abelian  group  are  themselves  not  num- 
bers, but  symbols  of  one  kind  or  another,  they  can  in  a  natural  way  be  con- 
nected with  numbers,  generally  complex  numbers,  so  that  the  composition  rule 
for  two  arbitrary  elements  of  the  group  is  reproduced  by  ordinary  multiplica- 
tion of  the  numbers  attached  to  these  elements.  This  is  obtained  by  means  of 
the  so-called  grouj)  characters.  A  character  belonging  to  an  Abelian  group  is  a 
function  \(X),  where  the  independent  variable  X  ranges  over  the  elements  of  the 
group,  while  the  values  of  the  function  are  ordinary  complex  numbers,  satisfying, 
for  any  two  elements  X  and  Y  of  the  group,  the  equation 


where  X-  Y  determines  the  element  resulting  from  X  and  Y  by  the  composition 
of  the  group.  If  the  composition  of  the  group  is  expressed  by  X+  Y  instead  of  by 
X  •  Yt  the  equation  characteristic  of  a  character  reads 


Thus  we  see  an  evident  association  with  the  functional  equation  valid  for  the 
exponential  function,  i.e., 

#(*+?)-#(*)•  #00 
where  x  and  y  denote  ordinary  real  numbers.  It  may  be  noted  that  it  is  not 
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demanded  that  a  character  x(^)  should  take  two  different  values  for  two  dif- 
ferent elements  X\  and  X*\  thus  for  any  group  we  have  the  trivial  so-called  main 
character  which  assumes  the  value  x(X)  ™  1  f°r  every  X.  Generally  there  exist 
both  real  characters  for  which  %(X)  is  a  real  number  for  every  X  and  complex 
characters  x(X)  which  assume  complex  values  for  certain  elements  X.  If  x  PO 
is  a  complex  character,  the  conjugate  function  x(^)  >s  obviously  again  a  com- 
plex character.  Further,  as  the  functional  equation  provides  immediately,  the 
product  xi  (X)x*(X)  of  two  characters  XiW  and  Xt(X)  is  again  a  character  of 
the  group. 

I  shall  speak  briefly  about  the  characters  of  the  three  particular  Abelian 
groups  mentioned  above.  As  regards  the  group  of  the  classes  of  residues  modulo 
n  with  h=*<t>(n)  elements  Xi,  X*,  •  •  •  ,  Xh,  where  <t>(n)  is  the  Euler  function  indi- 
cating the  number  of  elements  among  1,  2,  •  •  •  ,  n  which  are  relatively  prime 
to  n,  we  have  at  the  same  time,  ^=0(n)  different  characters  XiO^O»  XaC^O»  '  *  '  t 
Xh(X).  For  these  characters  we  have  the  important  relations 

1  A  (0    for    v  *  M, 

TS  *(*.)&(*-)-  \ 
h  tft.1  U    for    v  *»  M 

which  may  be  said  to  express  the  fact  that  the  characters  form  a  normalized 
orthogonal  system  by  a  simple  formation  of  mean  value.  It  was  the  study  of  the 
characters  of  this  group  of  the  residues  modulo  n  which  was  the  starting  point  of 
Dirichlet's  famous  proof  that  every  arithmetical  progression  contains  an  infinite 
number  of  primes. 

Concerning  the  two  other  groups,  the  rotation  group  and  the  translation 
group,  the  elements  of  which  we  will  denote  by  x  modulo  2ir  and  by  x,  respec- 
tively, where  x  ranges  over  the  real  numbers,  we  will  call  attention  only  to 
some  of  their  characters,  namely,  the  bounded  characters;  the  unbounded  char- 
acters are  of  no  importance  for  our  purpose.  For  a  bounded  character  it  is  seen 
readily  that  |  x  (x)  \  =1  for  all  x.  If  furthermore  we  require  that  our  bounded 
characters  should  be  continuous  functions  on  the  group,  (considering  the  group 
as  a  topological  group,  i.e.,  continuous  functions  of  the  variable  x),  then,  in  the 
case  of  the  rotation  group  (where  a  character  must  be  periodic  with  the  period 
27r)  these  characters  are  only  the  functions  ein*t  w  =  0,  ±1,  ±2,  •  •  •  ,  whereas 
for  the  translation  group  we  get  the  much  more  comprehensive  set  of  characters 
e**t  where  X  is  an  arbitrary  real  number.  Thus  we  realize  that  the  mutually 
harmonic  pure  oscillations  forming  the  basis  of  the  theory  of  Fourier  series  of 
the  purely  periodic  functions  may  be  characterized  from  a  group  theoretical 
point  of  view  as  the  bounded  continuous  characters  of  the  rotation  group,  while 
the  set  of  all  pure  oscillations  e**  forming  the  basis  of  the  theory  of  the  almost 
periodic  functions  may  be  characterized  as  the  bounded  continuous  characters 
of  the  translation  group.  Now  we  understand  how  the  main  problem  solved  in 
the  theory  of  the  purely  periodic  and  of  the  almost  periodic  functions  may,  ac- 
cording to  Weyl,  be  generalized  to  the  following  general  problem  concerning  a 
quite  arbitrary  Abelian  group:  Which  function  f(X)  defined  on  the  group,  i.e., 
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the  independent  variable  of  which  ranges  over  the  elements  of  the  group,  can 
be  represented  by  a  linear  composition  of  the  bounded  characters  of  the  group? 
Precisely  speaking,  which  functions  defined  on  the  given  Abelian  group  can 
either  be  represented  as  a  finite  sum  s(X)  •»  £axx(Z),  w^ere  the  coefficients  ax 
are  complex  constants,  or  can  be  uniformly  approached  by  such  sums? 

Passing  on  to  an  outline  of  the  solution  of  this  general  problem  I  start  with 
the  following  remark,  where  for  the  sake  of  connection  with  the  first  part  of  my 
lecture  it  will  be  convenient  to  use  an  additive  and  not  multiplicative  nota- 
tion for  the  composition  of  the  group.  We  consider  first  a  single,  arbitrarily 
chosen  bounded  character  x(X)  of  the  group.  Let  #-be  a  parameter  which 
ranges  over  the  whole  group.  Then  the  set  of  all  the  functions  \x(X+H) }  will, 
as  is  seen  easily  from  the  functional  equation  x(X+H)ssx(X)x(H),  be  a  com- 
pact set,  in  the  sense  that  from  any  sequence  of  functions  x(^+#i)» 
x(X+Hj),  •  •  •  taken  from  the  set,  we  can  choose  a  subsequence  of  functions 
converging  uniformly  on  the  group.  Furthermore  from  this  property  of  any 
single  bounded  character  we  may  without  difficulty  conclude  that  every  function 
J(X)  which  can  be  composed  linearly  of  bounded  characters  of  the  group  will 
have  the  same  quality,  i.e.,  for  every  such  function  f(X)  the  set  of  functions 
{f(X+H)}  will  be  compact.  Now,  guided  by  Bochner's  formulation  of  the 
definition  of  the  notion  "almost  periodicity "  for  the  functions  of  a  real  variable, 
von  Neumann  set  up  the  following  general  definition:  A  complex  f unction /(Z) 
defined  on  an  arbitrary  Abelian  group  is  called  almost  periodic  on  the  group  if 
the  set  of  functions  \f(X+H) }  is  compact  in  the  above  sense. 

As  just  mentioned,  it  is  easily  seen  that  every  function  on  the  group  which 
can  be  composed  linearly  of  bounded  characters  is  almost  periodic  on  the  group. 
Von  Neumann  has  shown  that  the  converse  theorem  is  valid  for  a  quite  arbitrary 
Abelian  group  (and  not  only  for  the  translation  group  and  the  rotation  group), 
so  that  the  functions  on  an  arbitrary  Abelian  group  which  can  be  linearly  com- 
posed of  the  bounded  characters  of  the  group  are  exactly  the  almost  periodic 
functions  on  the  group.  In  its  main  ideas,  von  Neumann's  proof  of  this  funda- 
mental theorem  follows  previous  proofs  given  in  the  theory  of  the  ordinary 
almost  periodic  functions.  Corresponding  to  the  theory  of  the  ordinary  almost 
periodic  functions,  where  a  Fourier  series  of  the  form  ^A*eil**  was  attached  to 
every  almost  periodic  function,  there  is  also,  in  the  general  case  of  an  arbitrary 
Abelian  group,  attached  to  any  function  f(X)  almost  periodic  on  the  group,  a 
Fourier  series,  here  of  the  form  J^AnXn(X}t  where  Xi(X),  x«CX),  •  •  •  is  a  de- 
numerable  set  of  bounded  group  characters  characteristic  of  the  function  f(X) 
under  consideration.  By  a  generalization  of  the  method  which  Weyl  developed  to 
prove  the  uniqueness  theorem  for  the  ordinary  almost  periodic  functions,  it  is 
shown  that  also  in  the  general  group  theoretical  case  the  Fourier  series  deter- 
mines the  function  f(X)  uniquely.  Thus,  to  two  different  almost  periodic  func- 
tions belong  two  different  Fourier  series.  A  generalization  of  the  method  ap- 
plied by  Wiener  in  proving  the  approximation  theorem  for  the  ordinary  almost 
periodic  functions  is  further  used  to  accomplish  the  proof  of  the  main  theorem. 
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This  theorem  states  that  also  in  the  general  group  theoretical  case,  starting 
from  the  Fourier  series  £^4nX*(^)» we  maY  f°rm  finite  sums  s(X)  =»  £a»X*(^0 
which  approximate  the  given  function  f(X)  uniformly  on  the  whole  group. 

So  far,  the  theory  of  the  almost  periodic  functions  on  arbitrary  Abelian 
groups  is  quite  parallel  to  the  theory  concerning  the  special  case  of  the  transla- 
tion group.  But  before  the  theory  could  get  started  at  all  and  be  developed  on 
the  lines  indicated  above,  there  was  a  fundamental  difficulty  to  be  overcome 
which  would  seem  to  make  the  whole  problem  quite  unapproachable.  In  fact 
the  very  basis  of  the  formation  of  the  Fourier  series  of  an  ordinary  almost 
periodic  function  was  the  consideration  of  the  mean  value  of  the  function  f(x) 
defined  by 

Km  If '/(*)<**• 


In  the  general  case,  however,  when  we  consider  an  arbitrary  Abelian  group 
without  any  topological  structure,  it  might  seem  at  first  that  there  is  no  possi- 
bility of  defining  the  notion  of  a  mean  value  of  a  function  over  the  group.  I  have 
no  time  to  explain  the  simple  and  ingenious  way  in  which  von  Neumann  suc- 
ceeded in  defining  this  notion  of  the  mean  value  9ti  \f(X) }  of  a  function /PQ  al- 
most periodic  on  the  group.  I  shall  only  mention  that,  as  soon  as  the  mean  value 
had  been  defined,  the  way  was  open  to  the  further  development  of  the  theory 
in  analogy  with  the  theory  of  the  ordinary  almost  periodic  functions.  In  par- 
ticular, as  might  be  expected,  the  set  of  the  bounded  group  characters  proved  to 
be  a  normalized  orthogonal  system,  that  is, 

0    for    xi  *  X«, 
for    xi  *  X* 


This  being  the  case  we  naturally  get  the  Fourier  series  ]C^»X»»W  of  an  almost 
periodic  function  f(X)  by  forming  the  mean  value 


for  an  arbitrary  character  x  W  and  by  showing  that  this  mean  value  is  equal  to 
0  for  all  x  apart  from  a  denumerable  number  of  characters  x^(X)  characteristic 
for  the  function  in  question.  These  Xn(-AT)  are  of  course  just  the  characters  which 
occur  in  the  composition  of  the  almost  periodic  function  f(X)  under  considera- 
tion. 

So  far  I  have  spoken  as  if  the  general  theory  of  the  almost  periodic  functions 
on  an  arbitrary  Abelian  group  included  in  particular  the  ordinary  theory  of  the 
purely,  periodic  and  of  the  almost  periodic  functions  of  a  real  variable,  if  we 
simply  specialize  our  group  to  be  the  rotation  group  or  the  translation  group, 
respectively.  But  as  you  may  have  observed,  this  is  not  the  case.  Indeed  the 
pure  oscillations  forming  the  basis  of  the  ordinary  theory  of  the  purely  periodic 
or  the  almost  periodic  functions  are  not  all  of  the  bounded  characters  of  the  rota- 
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tion  group  or  the  translation  group,  but  only  those  bounded  characters  which  are 
continuous  on  these  particular  groups  with  their  natural  topology.  In  the  gen- 
eral case  of  an  arbitrary  Abelian  group,  however,  we  must  necessarily  treat  all 
the  bounded  characters  of  the  group  on  the  same  footing,  as  a  restriction  con- 
cerning continuity  cannot  be  formulated  at  all  on  a  non-topological  group. 
Seen  from  a  general  group  theoretical  point  of  view,  the  different  bounded 
characters  are  therefore  all  equally  simple.  In  the  special  case  of  the  translation 
group,  the  class  of  all  von  Neumann  almost  periodic  functions  on  this  group, 
which  functions  were  investigated  by  Ursell  prior  to  and  independently  of  the 
general  theory,  is  essentially  more  comprehensive  than  the  class  of  the  ordinary 
continuous  almost  periodic  functions,  as  von  Neumann  does  not  claim  con- 
tinuity for  his  class.  Fortunately,  and  this  is  another  beautiful  chapter  of  von 
Neumann's  theory,  the  theory  of  the  ordinary,  i.e.,  of  the  continuous  almost 
periodic  functions,  proves  to  fit  quite  naturally  into  his  general  theory.  I  must 
confine  myself  to  a  few  words  about  this  point.  Let  us  consider  an  arbitrary 
Abelian  group,  and  let  it  be  possible  to  introduce  into  this  group  (as  it  is  possible 
in  the  case  of  the  translation  group  and  the  rotation  group)  a  topology  of  some 
kind  or  other  in  order  to  be  able  to  ascribe  any  sense  at  all  to  the  notion  of  con- 
tinuous function  on  the  group.  Then  the  main  theorem  will  remain  valid  if  in 
the  whole  of  the  theorem  we  restrict  the  functions  under  consideration  by  de- 
manding that  they  shall  be  continuous  on  the  group  considered  as  a  topological 
group.  More  precisely,  it  holds  for  any  topological  group  that  the  continuous 
f unctions  f(X)  almost  periodic  on  the  group  are  just  those  functions  which  can 
be  composed  linearly  of  the  continuous  characters  of  the  group. 

5.  Concluding  remarks.  In  conclusion,  I  should  like  to  make  two  remarks 
in  order  to  emphasize  what  has  been  gained  by  von  Neumann's  general  theory, 
of  which  I  have  given  you  only  a  rough  outline.  In  the  first  place,  and  this  must 
be  said  to  be  a  characteristic  feature  of  the  mathematics  of  our  day,  we  have 
achieved  the  combination  and  harmonization  of  investigations  hitherto  quite 
unrelated  into  one  single  theory  of  a  general  abstract  character.  Thus,  in  our 
case,  we  have  learned  about  an  intimate,  hitherto  unobserved,  connection  be- 
tween the  theory  of  Fourier  series  of  purely  periodic  and  almost  periodic  func- 
tions not  only  of  one  variable  but  of  several  variables,  indeed  of  an  infinite  num- 
ber of  variables,  and  the  theory  of  the  group  characters  of  the  finite  Abelian 
groups,  in  particular  the  group  of  the  classes  of  residues,  which  forms  the  basis 
of  the  investigations  of  the  distribution  of  the  prime  numbers  in  the  different 
arithmetical  progressions. 

As  for  the  other  remark,  it  concerns  in  particular  the  translation  group  and 
the  difference  emphasized  above  between  the  theory  of  the  almost  periodic  func- 
tions of  this  group  considered  as  a  group  without  any  structure  (apart  of  course 
from  the  structure  given  by  the  composition  itself)  and  considered  as  a  group 
topologized  by  means  of  the  ordinary  metric  of  the  straight  line.  Von  Neumann's 
theory  has  enabled  us  to  fit  into  our  considerations  the  total  set  of  all  the 
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bounded  characters  of  this  group,  i.e.,  to  operate  not  only  with  the  continuous, 
but  also  with  the  discontinuous  solutions  of  the  classical  functional  equation 


and  to  treat  these  discontinuous  solutions,  hitherto  disdained,  on  exactly  the 
same  footing  as  the  continuous  solutions,  i.e.,  the  pure  oscillations.  Indeed  we 
have  seen  that  in  order  to  obtain  the  right  systematization,  it  is  even  necessary 
to  include  these  discontinuous  solutions. 

Here,  as  so  often  before  in  the  history  of  mathematics,  phenomena  which 
appeared  at  first  to  be,  so  to  speak,  of  a  pathological  nature,  and  which  therefore 
from  the  start  had  to  be  excluded  by  means  of  protecting  definitions,  were  later 
recognized,  from  a  more  general  point  of  view,  to  be  pertinent,  even  indis- 
pensable, to  the  subject  under  consideration. 
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On  limit  periodic  functions  of  infinitely  many  variables. 

By  HARALD  BOHR  in  Copenhagen. 

1.  In  the  sequel  the  functions  to  be  considered  are  continuous  complex- 
valued  functions  of  unrestricted  real  variables.   Furthermore,  convergence  of 
a  sequence  of  functions  is  always  to  be  takep  in  the  sense  of  uniform  con- 
vergence over  the  whole  range  of  the  variable  (or  the  variables). 

2.  Among  the  a.p.  (almost  periodic)  functions  of  one  variable  x, 

F(x)~2AneiA«*, 

the  p.p.  (purely  periodic)  functions  P(x)  are  the  simplest  ones;  the  periods 
of  such  a  function  are  either  all  real  numbers  (in  the  case  of  P(x)  being 
constant),  or  the  integral  multiples  of  a  real  number  pQ^=0.  Another  simple, 
although  more  general  case  of  a.p  functions  F(x)  are  the  l.p.  (limit  periodic) 
functions  G(x)  the  set  of  which  are  obtained  from  the  class  of  the  p.  p. 
functions  (P(x)}  by  closing  it  (with  respect  to  uniform  convergence),  i.  e. 

(G(*)}  =  CI  {/>(*)}. 

As  easily  seen  (II,  p.  141),  for  the  1.  p.  functions  G(x)  a  kind  of  period 
still  exists  since  two  p.p.  functions  P^x)  and  P2(jc)  which  approximate 
a  non-constant  l.p.  function  G(x)  sufficiently  well,  must  necessarily  have 
periods  with  rational  ratio.  Denoting  the  class  {G(x)}  =  C\{P(x)}  of  all  1.  p. 
functions  by  C,  and  by  Cp(/?=fO)  the  closure  C\{Pp(x)}  of  only  those  peri- 
odic functions  Pp(x)  which  have  a  rational  multiple  of  p  as  one  of  their 
periods,  we  conclude  that  the  set  C  is  the  union  of  all  the  sets  Cp,  i.  e. 


We  may  express  this  in  the  following  way  :  We  get  the  same  set  of  functions 
(and  not  a  smaller  one)  by  closing  first,  for  a  fixed  p+O,  the  set  (Pp(x)} 
and  then  forming  the  union  of  all  these  closures,  as  we  get  by  closing  di- 
rectly the  whole  set  (P(x)}.  As  to  the  Fourier  series  of  the  1.  p.  functions, 
these  are  characterized,  among  the  Fourier  series  of  the  a.  p.  functions,  by 
having  exponents  An  with  mutually  rational  ratios;  more  particular,  the  expo- 

nents of  a  1.  p.  function  from  Cp  are  rational   multiples  of  the  number  —  . 
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3.  In  the  study  of  the  a.  p.  functions  of  one  variable  the  I.  p.  functions 
of  an  infinite  number  of  variables  play  an  important  role  (II,  p.  118—163). 
We  consider  the  enumerable-dimensional  space  of  points  X~(xl9x*,...) 
with  arbitrary  real  coordinates  where  convergence  of  a  sequence  of  points 
X',  X",  .  .  .  simply  means  convergence  in  each  of  the  coordinates.  A  (continu- 
ous) function  P(X)  —  P(xlt  x2,  .  .  .)  is  called  p  p.  (purely  periodic)  with  respect 
to  the  axis,  if  there  exist  non-vanishing  real  numbers  PI,A>>---  such  that 
for  each  n  the  equation 


holds  good  in  the  whole  space.  On  account  of  the  continuity  of  the  function 
P(X)  we  then  also  have  (II,  p.  135) 


for  each  choice  of  the  integers  v^v^  —  By  closing  the  set  of  all  functions 
P(X)t  p.p.  with  respect  to  the  axis,  we  get  the  functions  G(X),  1.  p.  with 
respect  to  the  axis, 

{G(X)}=C\{P(X)}. 

Furthermore  (II,  p.  148),  denoting  for  A=rO»  A=rO,  ...  by  CPlll.it...  the  closure 
of  only  those  of  our  p.  p.  functions  PPltflt...(X)  which  have  rational  multiples 
of  PI,A,  ...  as  periods  with  respect  to  the  axis,  we  have  just  as  before 

c-  u  c^,,..  . 

J»I.J»If... 

Among  the  Fourier  series  of  the  a.  p  functions  F(X)  of  infinitely  many 
variables 

F(xltx,2)  .  .  .)f^2Ane(A»>**+A"-'*'+'-'+A">'"*JI!m«) 

studied  by  BOCHNER  (1),  those  belonging  to  1.  p.  functions  of  the  class 
CpitP,t...  are  characterized  by  having,  for  each  fixed  /n,  all  the  numbers  AHiHI 

in  the  exponents  equal  to  rational  multiples  of  —  .  Thus  the  Fourier  series 

belonging  to  the  1.  p.  functions  of  the  class  C2x.2n....  are  just  those  Fourier 
series  of  a.  p.  functions  for  which  the  numbers  AHiiH  are  all  rational. 

4.  We  now  introduce  the  notion  of  a  substitution  in  our  infinite-di- 
mensional space  as  a  linear  one-to-one  bicontinuous  transformation  T  of  the 
whole  space  on  the  whole  space  itself.  As  easily  seen  (III,  p.  1  1  and  V,  p.  53) 
such  a  substitution  may  be  written  in  the  form 


where  the  linear  forms  Lm(Y),  each  containing  only  a  finite  number  of  the 
coordinates  of  X,  fulfill  the  following  two  conditions.  1°.  The  Lm(Y)  are 
linearly  independent,  i.  e.  there  exists  no  linear  relation  with  constant,  not 
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ail  vanishing  coefficients  among  any  finite  number  of  them.  2°.  Each  variable 
yt  (<j(=  1,2, . . .)  may  be  "isolated",  i.  e.  expressed  as  a  linear  combination 
with  constant  coefficients  of  a  finite  number  of  the  Lln(Y).  For  a  later  appli- 
cation we  remark  that  if  a  (finite  or  enumerable)  set  of  linear  forms  satisfies 
only  the  condition  1°  we  may  always  (III,  p.  14)  add  to  the  set  new  linear 
forms  —  and  even  such  consisting  each  of  only  one  coordinate  —  so  that 
also  condition  2°  be  fulfilled. 

5.  The  notion  of  almost  periodicity  of  a  function  F(X)  on  our  infinite- 
dimensional   space  is  invariant  under  any  substitution  T  performed  on  X, 
i.  e.  F(TX)  is  again  an  a.  p.   function  of  X.   In  fact  the  set  of  the  a.  p, 
functions  F(X)  may  be  characterized  as  the  closure  of  the  set  of  the  trigo- 
nometric polynomials  S(X),  and  a  trigonometric  polynomial  S(X)  is  evidently 
transformed   into  a  trigonometric  polynomial  S(TX).  Now,  applying  a  sub- 
stitution T  to  a  function  P(X)y  p.  p.  with  respect  to  the  axis,  and  denoting 
again  the  new  variable  point  by  X,  instead  of  K,  we  obtain  a  (continuous) 
function  which  we  denote  by  PT(X)  and  abbreviatively  call  a  p.  p.  function 
with   respect  to  the  substitution  7  (or  more  correctly  with  respect  to  the 
straight  lines  hito   which  the  coordinate  axis  are  transformed,  and  which 
again  span  the  whole  space).    For  a  fixed   substitution  T  and  all  the  P(X) 
we  form  the  class  (Pr(X)}   and  its  closure   CT  =  C\{PT(X)},  the  functions 
of  which   we  call  1.  p.  functions   with   respect  to  T.   Finally,   we  form  the 
union  F  of  all  these  classes  C,,  r~  U  C7,  the  functions  of  which  we  simply 

T 

denote  as  1.  p.  functions. 

6.  Before  proceeding,  it  may  be  illustrating  to  consider  the  notion  of 
periodicity  in  our  infinite-dimensional   space  from  a  more  general  point  of 
view.  A  vector  V^^v^,...)  in  our  space  is  called  a  period  of  the  (con- 
tinuous) function  F(X)  if  F(X+V)  =  F(X)  for  all  X.  Each  function  has  the 
trivial  period  (0, 0, . . .).  Obviously,  on  account  of  the  continuity  of  F(X)  the 
set  of  all  periods  of  F(X)  is  a  closed  module.  Now,  according  to  a  simple, 
but  not  trivial  theorem  of  E.  FOLNER  and  myself  (IV,  p.  30  or  V,  p.  46)  every 
closed  module  in  our  space  may  be  transformed  by  a  substitution  T  into 
a  module  of  the  simple  type  {(v^v^ .. .,?•„,...))  where  the  indices  1,2, ...,/!,... 
fall  into  three  classes  {/2,},  {n,},  {nt}   such  that  the  coordinates  vnr  indepen- 
dently run  through  all  real  numbers,  the  coordinates  vn,  independently  run 
through  all  integers  while  the  remaining  coordinates  vni  are  all  equal  to  0. 
Here  we  are  only  interested  in  the  case  in  which  the  last  class  {nt}  is  empty, 
as  otherwise  the  module  does  not  span  the  whole  space  (i.  e.  is  lying  in  a 
proper  subspace).  Thus  we  see  that  there  exists  no  other  function  F(X) 
with  a  period  module  which  span  the  whole  space  than  those  introduced 
above,  i.  e.  functions  belonging  to  one  of  the  classes  (PT(X)}. 
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7.  Returning  to  the  1.  p.  functions,  there  exists  in  case  of  functions  of 
infinitely  many  variables  a  problem  which  has  no  analogue  for  1.  p.  functions 
of  one  variable1)  and  to  which  B.  JESSEN  has  called  my  attention,  namely 
whether  the  union  r  of  all  the  closed  sets  CT  =  Cl  {PT(X}}  is  identical  with 
(or  only  forms  a  part  of)  the  closure  r*  of  the  whole  set  of  all  the  p.  p. 
functions.  Since  r*  is  closed  and  F  obviously  contains  all  the  p.  p.  functions, 
the  problem  is,  in  other  words,  whether  the  set  r  is  closed.  The  purpose  of 
this  paper  is  to  give  the  solution  of  this  problem  by  proving 

Theorem.    The  set  r=  U  CT  consisting  of  all  ihe  I  p.  functions  of 

T 

infinitely  many  variables  is  a  closed  one. 

8.  The  proof  to  be  given  in  the  next  section  depends  on  the  conside- 
ration of  the  Fourier  series  of  the  1.  p.  functions  G(X)  =  G(xlt  x>, . . .).  From 
what  have  been  said  before  it  easily  follows  that  a  necessary  and  sufficient 
condition  for  a  Fourier  series  of  an  a.  p.  function  F(X)  to  be  that  of  one 
of  our  1.  p.  functions  is  that  the  linear  forms  in  the  exponents 

Mn(X)  =  A^X,  +  4,3*3  +  .  .  .  +  An.  mnXmn 

can  be  obtained  from  linear  forms  with  mere  rational  coefficients  by  sub- 
jecting them  to  some  linear  substitution.  From  this  characterization  of  the 
Fourier  series  of  the  1.  p.  functions  we  shall  deduce  the  following 

Lemma.  A  necessary  and  sufficient  condition  for  a  Fourier  series 
2Ane***W  of  an  a.  p.  function  to  belong  to  an  L  p.  function  is  that  in  any 
relation  which  expresses  one  of  the  linear  forms  Mn(X)  as  a  linear  combination 
of  a  finite  number  of  linearly  independent  forms  of  the  sequence  M^X),  MZ(X),..., 
the  occurring  constant  coefficients  (uniquely  determined)  shall  all  be  rational. 

That  the  condition  is  necessary  can  immediately  be  seen.  In  fact,  as 
a  linear  substitution  does  not  change  linear  relations,  or  linear  independance, 
among  the  linear  forms  in  the  exponents,  it  suffices  to  prove  that  the  con- 
dition is  fulfilled  for  a  function  1.  p.  with  respect  to  the  axis,  for  instance 
of  the  special  class  Cin,int.  ..  But  in  this  case  all  the  occurring  coefficients 
AH>in  are  rational  numbers  and  hence  the  condition  is  evidently  fulfilled  since 
a  finite  number  of  ordinary  linear  equations  with  rational  coefficients  and 
only  one  solution  can  only  have  a  solution  in  rational  numbers. 

In  order  to  see  that  the  condition  is  sufficient  we  proceed  in  the 
following  manner.  From  the  sequence  M^X),  M^(X), ...  we  first  select 
(successively)  a  subsequence  of  which  any  finite  number  of  its  terms  is 
linearly  independent  and  such  that  any  Mn(X)  may  be  expressed  as  a  linear 


!)  The  problem  exists  also  for  1.  p.  functions  of  a  finite  number  of  variables 
*i,  x2,..., *„  (n  >  1)  and  the  solution  given  below  is  also  valid  in  this  case.  However, 
in  the  finite-dimensional  case  the  problem  may  easily  be  solved  without  applying  the 
theory  of  Fourier  series. 


C52.    Acta  Sci.  M nth.  Szeged  12  B  (I960). 


Limit  periodic  functions.  149 

combination  of  a  finite  number  of  forms  of  this  subsequence.  To  the  linear 
forms  of  this  subsequence  we  may,  as  remarked  before,  add  new  linear  forms 
such  that  the  enlarged  (enumerable)  set  of  linear  forms  may  be  used  as 
right-hand  sides  of  a  linear  substitution.  By  performing  this  substitution  —  or 
rather  the  inverse  one  —  on  our  Fourier  series  2AneiMnW  we  evidently 
obtain,  from  the  assumption  that  the  condition  be  fulfilled,  a  new  Fourier 
series  with  mere  rational  coefficients  in  the  exponents.  Thus  the  correspon- 
ding function  and  hence  also  the  function  F(X)  before  the  transformation  is 
a  l.p.  function. 

9.  We  can  now  easily  prove  our  theorem,  viz.  that  the  set  r  of  all 
1.  p.  functions  G(X)  is  closed.  We  have  to  prove  that  if  F(X)cv2An&**w 
is  an  a.  p.,  but  not  a  l.p.  function,  then  F(X)  cannot  be  approximated 
uniformly  by  1.  p  functions.  According  to  our  lemma  there  exists  among  the 
linear  forms  Mn(X)  in  the  exponent  of  the  Fourier  series  of  F(X)  a  linear 
relation 

M*  (X)  =  b.M^X)  +  MM*)  +  • .  •  +  b>Mn,(X) 

with  linearly  independent  Mni(X),  M^(X)y . . .,  Mn.(X)  and  not  all  &'s  rational, 
Now,  as  well-known,  uniform  convergence  of  a  sequence  of  a.  p.  functions 
towards  an  (a.  p.)  function  F(X)  implies  formal  convergence  of  the  Fourier 
series  of  the  functions  of  the  sequence  towards  the  Fourier  series  2An&**w 
of  F(X).  Hence  in  the  Fourier  series  of  any  a.  p.  function  H(X)  which 
approximates  F(X)  sufficiently  close  each  of  the  finite  number  of  linear  forms 
Mll(X)9Mnl(X)9...9Mnf(X)  must  necessarily  occur  as  exponents,  simply 
because  they  occur  in  the  Fourier  series  of  F(X).  Consequently,  using  the 
lemma  once  more,  we  see  that  the  a.  p.  function  H(X)  cannot  be  1.  p.  This 
proves  the  theorem. 

References. 

I.  S.  BOCHNER,  Beitrgge  zur  Theorie  der  fastperiodischen  Funktionen.  II.  Teil,  Math. 
Annalen,  96  (1926),  pp.  383-409. 

II.  H.  BOHR,  Zur  Theorie  der  fastperiodischen  Funktionen.  II.  Teil,  Ada  Math.,  46  (1925), 
pp.  101-214. 

HI.  H.  BOHR,  Unendlich  viele  lineare  Kongruenzen  mit  unendlich  vielen  Unbekannten, 
Kongelige  Danske  Videnskabernes  Selskab,  Math.-fys.  Meddelelser,  7  (1926),  No.  1. 

IV.  H.  BOHR  and  E.  F6LNER,  Infinite  systems  of  linear  congruences  with  infinitely  many 

variables,  Ibidem,  24  (1948),  No.  12. 

V.  H.  BOHR  and  E.  F6LNER,  On  a  structure  theorem  for  closed  modules  in  an  infinite- 
dimensional  space,  Studies  and  Essays  presented  to  R.  Courant  (New  York, 
1948),  pp.  45-62. 

(Received  September  21,  1949.) 


C52.   Ada  Sci.  Math.  Szeged  12  B  (1950). 


A  SURVEY  OF  THE  DIFFERENT  PROOFS  OF  THE  MAIN 

THEOREMS  IN  THE  THEORY  OF  ALMOST 

PERIODIC  FUNCTIONS 

HARALD  BOHR 

1.  The  theory  of  almost  periodic  functions,  like  any  other  mathematical 
theory  of  a  somewhat  general  character,  has  several  connections  with  different 
mathematical  disciplines.  Thus  it  has  important  applications  to  the  functions 
occurring  in  the  analytic  theory  of  numbers,  as  the  Riemann  zeta  function, 
the  study  of  which  was  the  very  origin  of  the  development  of  the  theory  of 
almost  periodicity;  and  through  the  work  of  Weyl,  von  Neumann,  and  others 
it  has  given  rise  to  a  new  chapter  in  the  general  theory  of  groups.  In  my  lecture 
today,  in  which  I  shall  try  to  give  you  a  short  survey  of  the  different  ways  in 
which  some  of  the  main  theorems  of  the  theory  can  be  established,  several 
such  connections  with  other  mathematical  fields  will  appear  indirectly.  In 
the  following  I  shall  limit  myself  to  considering  functions  of  a  real  variable  £, 
f(x)  —  u(x)  +  iv(x),  and  moreover  only  functions  continuous  for  all  x\  hence, 
naturally,  the  notion  of  uniform  convergence,  which  preserves  continuity,  will 
play  an  essential  role.  Besides  uniform  convergence,  another  predominant  notion 
will  be  convergence  in  the  mean. 

2.  It  may  be  convenient  first  to  say  a  few  words  about  continuous  pure 
periodic  functions  w  =  f(x).  Among  the  periodic  movements  described  by  such 
functions  the  simplest  one  is  certainly  a  uniform  movement  on  a  circle,  as  given 
by  a  so-called  pure  oscillation  w  =  aelX*  where  X  is  a  real  and  a  a  complex  number. 
In  the  theory  of  periodic  functions  one  considers  only  pure  oscillations  with  a 
given  period  p,  say  p  =  2ir,  i.e.,  the  oscillations  anetn*  (n  =  0,  dbl,  ±2,  •  •  •)• 
By  superposition  of  a  finite  number  of  such  oscillations  we  get  the  exponential 
polynomials 

s(x)  =  00  +  aie*  +  a-*-'*  +  •  •  •  +  aneinx  +  a-ne~in*. 


Rounding  off  the  set  of  all  such  polynomials  s(x)  with  the  help  of  uniform  con- 
vergence, we  get  the  closure  Cl{s(x)},  the  elements  of  which,  evidently,  are 
again  continuous  periodic  functions  with  period  2ir.  The  famous  theorem  of 
Weierstrass  states  that  this  set  Cl{s(a:)  J  contains  all  continuous  periodic  functions 
P(x)  with  period  2*.  Among  the  different  proofs  of  this  theorem,  those  based 
on  the  theory  of  Fourier  series  are  of  main  interest  for  our  purpose.  Starting 
from  the  fact  that  the  pure  oscillations  etnar,  considered  in  an  interval  of  length  2ir, 
form  a  normal  orthogonal  set,  i.e., 


*  r  ,<•»•. 

2ir  JL, 


1  for  HI 
339 


III  12  C  53.   Proc.  Internal.  Congr.  Matli.  Cambridge  Maw.  11)30,  1. 


340  HARALD  BOHR 

one  is  led  to  associate  with  every  one  of  our  functions  P(x)  an  infinite  series 

P(x)  ~  Z  A«ein* 

—  ao 

as  its  Fourier  series,  namely  the  series  with  the  coefficients  An  =  M\P(x)e~  nx}. 
Further,  one  sees,  with  the  help  of  BesseFs  inequality,  that  the  series  ]£  |  An  |2 
is  convergent  to  a  sum  g  M{\  P(x)  |2|.  A  fundamental  theorem,  the  Parseval 
theorem,  states  that  we  always  have  the  sign  of  equality,  i.e.,  that 


which,  on  account  of  BessePs  formula,  is  equivalent  with  the  mean  convergence 
of  the  Fourier  series  towards  P(z),  i.e., 


>0    as        -»cc. 

The  usual  way  of  proving  this  mean  convergence,  or  the  Parseval  equation, 
is  first  to  prove  the  much  stronger  Weierstrass  theorem  concerning  uniform 
approximation,  and  this  may  be  done  by  one  or  another  suitable  summation 
method  applied  to  the  —  generally  divergent  —  Fourier  series  of  P(x).  In  particular, 
as  shown  by  Fej4r,  the  application  of  the  simple  kernel 

Kn(f)  =    £   ll  -  LLl)  e'" 
,-  -n  \          n  / 

will  lead  to  exponential  polynomials 

sn(x)  =  M{P(x  +  t)Kn(t)\  -   Z   (l  -  W)  aj* 
t  v—n  \  n  / 

which  converge  uniformly  to  P(x). 

3.  We  now  pass  to  the  main  subject,  the  a.p.  functions.  As  above  we  start 
from  the  pure  oscillations  ae^,  but  now  we  consider  all  of  them,  and  not  only  a 
denumerable  subset  having  a  given  number  as  a  common  period.  Again  we 
consider  superpositions,  i.e.,  exponential  polynomials 


but  this  time  with  arbitrary  real  exponents  —  so  that  the  functions  are  no  longer 
periodic  —  ,  and  again  we  form  the  closure  Cl{s(a?)j  of  the  set  of  all  these  expo- 
nential polynomials  with  respect  to  uniform  convergence  for  all  x.  A  main 
problem  then  presents  itself  :  to  characterize  the  functions  of  this  closure  Cl{$(;r)  } 
by  means  of  structural  properties,  in  analogy  with  and  as  a  generalization  of 
the  classical  Weierstrass  theorem  for  functions  with  a  given  period.  Let  me  at 
once  remind  you  of  the  answer,  which  is  that  the  function  shall  be  what  I  have 
called  "almost  periodic",  the  exact  definition  being  the  following:  A  continuous 
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function  f(x)  is  called  an  a.p.  function  if  for  every  given  e  >  0  there  exists  an 
infinity  of  translation  numbers  or  almost  periods  belonging  to  c,  i.e.,  numbers 
T  =  r(c)  such  that 

|  f(x  +  T)  -  f(x)  I  £  e        for  -  oo  <  x  <  oo, 

and,  moreover,  if  for  any  fixed  €  the  set  of  these  translation  numbers  (r(e)}  is 
relatively  dense  in  the  sense  that  each  sufficiently  large  interval  on  the  real 
axis  contains  at  least  one  of  these  numbers. 

That  every  function  in  the  closure  Cl{s(z)}  is  an  a.p.  function  is  fairly  easy  to 
prove.  The  difficulty  lies  in  proving  the  converse,  namely  that  every  a.p.  function 
can  really  be  approximated  uniformly  by  exponential  polynomials  s(x).  Here — in 
contrast  to  the  pure  periodic  case  where  the  exponents  are  given  beforehand — the 
problem  arises  how  to  force  the  given  a.p.  function  to  deliver  its  characteristic 
exponents,  i.e.,  the  exponents  to  be  used  in  the  approximating  polynomials. 
This  is  done  by  attaching  to  every  a.p.  function  a  certain  infinite  series  as  its 
Fourier  series.  In  this  general  case  also,  the  starting  point  is  that  the  set  of  our 
pure  oscillations,  i.e.,  here  thenon  denumerable  set  {e**}  form  a  normal  orthogo- 
nal set,  but  now  of  course  with  the  mean  value  taken  over  the  whole  infinite 
interval,  i.e., 


lim^  ,     *     -o        *-,  -  ^forXi=3 

For  a  given  a.p.  function  f(x),  and  an  arbitrary  real  X,  we  then  naturally  ask 
whether  the  pure  oscillation  e**  is  resonant  with  /(#),  i.e.,  we  form  the  mean 
value 

a(X)  =  M  {f(x)e~**\ 

which  may  be  shown  to  exist  for  every  real  X.  And  rather  easily  we  find  the 
important  result  that  this  mean  value  differs  from  0  for  at  most  a  denumerable 
set  of  values  X  =  AI  ,  A2 ,  •  •  •  ,  An  ,  •  •  •  (which  may  very  well  be  everywhere 
dense  on  the  real  axis).  With  these  numbers  An  as  exponents  and  the  correspond- 
ing values  o(An)  =  An  as  coefficients  we  form  the  infinite  series,  the  Fourier 
series  < 


4.  Now,  in  analogy  with  the  pure  periodic  case,  we  naturally  ask  whether 
the  Fourier  series  of  an  a.p.  function  f(x)  also  converges  in  mean  to  the  function 
f(x),  i.e.,  whether 

and  here  again  this  question  is  equivalent  to  asking  whether  the  infinite  series 
£  |  An  |2,  which  is  easily  seen  to  converge  to  a  sum  ^  M{  \  f(x)  |2},  is  always 
equal  to  M [\  f(x)  |2},  i.e.,  whether  the  Parseval  equation 
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holds  true  for  every  a.p.  function.  That  this  is  really  the  case  is  the  clue  to  the 
whole  theory,  and  constitutes  the  so-called  fundamental  theorem.  Briefly  I 
shall  try  to  indicate  the  several  proofs  of  this  theorem  given  by  various  authors. 
Let  me  add  that  the  Parseval  equation  immediately  implies  another  fundamental 
result,  the  unicity  theorem,  stating  that  two  different  a.p.  functions  always  have 
two  different  Fourier  series,  or,  that  the  only  a.p.  function  whose  Fourier  series  is 
empty  is  the  function  f(x)  identically  0.  In  fact,  in  case  of  an  empty  Fourier 
series,  the  Parseval  equation  states  that  M{  \  f(x)  |2  }  =  0  and,  luckily,  on  account 
of  the  almost  periodicity,  this  implies  that  f(x)  must  be  identically  0. 

6.  In  the  original  proof  of  the  Parseval  equation  for  an  a.p.  function  the  under- 
lying idea  was  a  very  simple  one,  whereas  the  details  were  rather  complicated.  It 
consisted  in  reducing  the  general  case  to  the  special  pure  periodic  case  by  con- 
sidering the  periodic  function  /r(x)  with  the  period  T,  which  coincides  with  the 
given  a.p.  function  f(x)  in  the  period  interval  0  <  x  <  Tt  next  applying  the 
Parseval  equation  to  this  periodic  function  /r(z),  and  finally  —  what  was  of 
course  the  difficult  part  of  the  proof  —  carrying  out  the  limit  process  T  —  >  <x>  . 
An  essentially  simplified  proof  along  these  lines  (i.e.,  to  start  by  approximating 
the  given  function  /(x)  by  the  periodic  f  unction  fT(x))  was  given  later  on  by  dela 
Vall6e  Poussin.  Both  my  original  proof  and  the  proof  of  de  la  Valise  Poussin 
have  lately  been  further  simplified  by  Jessen  who,  instead  of  working  with  the 
periodic  function  /T(Z),  uses  the  function  gT(x)  which  like  fT(x)  is  equal  to/(x) 
in  the  interval  0  <  x  <  T  but  vanishes  outside  this  interval.  To  this  function 
QT(X)  he  applies  the  theory  of  Fourier  integrals,  which  turns  out  to  be  better 
adapted  for  the  purpose  than  the  Fourier  series  of  the  periodic  f  unction  fr(x). 

6.  The  greater  simplicity  of  de  la  Valise  Poussin  's  proof,  as  compared  with  my 
own,  was  due  mainly  to  his  application  of  the  important  process  of  convolution 
of  two  a.p.  functions,  a  notion  implicitly  applied  by  Norbert  Wiener  in  his  proof 
of  the  Parseval  equation,  to  which  I  shall  return  later  on.  This  notion  also  is  the 
basis  of  the  proof  of  Weyl,  of  which  I  shall  speak  in  a  moment.  In  the  special  but 
particularly  important  case  of  the  con  volution  of  an  a.p.  f  unction  /(x)  ~  ]TJ  AnetA** 
with  the  a.p.  function  /(  —  x)  ~  £  A*elAnf  we  form  the  mean  value 

F(x)-M[f(x  +  ttf(t)}, 

to  be  denoted  briefly  as  the  "convolution  of  f(x)"t  which  is  easily  seen  again 
to  be  a.p.  and  to  have  the  absolutely  convergent  Fourier  series  with  positive 
coefficients 


By  means  of  this  convolution  process  it  is  easily  seen  that  the  unicity  theorem 
is  not  only  a  consequence  of,  but  in  fact  equivalent  with,  the  Parseval  equation. 
Further,  we  find  that  the  proof  of  either  of  these  two  theorems  is  again  equivalent 
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to  proving  that  in  the  above  relation  the  sign  ~  may  simply  be  replaced  by  the 
sign  =»,  i.e.,  that  the  (absolutely  convergent)  Fourier  series  of  F(x)  has  the 
function  F(x)  itself  as  its  sum. 

7.  Now  we  turn  to  WeyPs  proof  of  the  fundamental  theorem,  say  of  the 
unicity  theorem.  The  basis  of  this  proof  is  an  important  connection  between  the 
classical  theory  of  ordinary  Fourier  series  for  pure  periodic  functions  on  the  one 
hand  and  the  theory  of  integral  equations  on  the  other.  This  connection  could 
easily  be  extended  to  the  general  case  of  a.p.  functions,  the  integral  equations  in 
question  being  simply  replaced  by  mean  value  equations  of  a  quite  similar 
type.  His  starting  point  was  the  following:  If  in  the  equation 

a(X)  =  Af  {/We-*"} 

serving  to  determine  the  terms  of  the  Fourier  series  of  the  a.p.  function  f(x), 
we  replace  x  by  x  —  2/,  taking  y  as  the  variable  and  x  as  a  constant,  we  get 
immediately,  on  account  of  the  functional  equation  e~*(x~~v)  =  e~~lXVXv,  the 
mean  value  equation 

a(X)«*-  =  M[J(x  -  y)e**} 

V 

or,  if  we  replace  o(X)  by  y  and  e^  by  <p(x),  the  mean  value  equation 
7*to  -  M  [f(x  - 


V 


Hence  we  see  that  it  is  the  same  thing  to  say  that  Ane*An*  is  a  term  of  the  Fourier 
series  of  f(x)  as  to  say  that  the  mean  value  equation  with  the  kernel  K(x,  y)  = 
f(x  —  y)  has  7  =  An  as  a  characteristic  value  andtf>(;r)  =  e*An*  as  a  corresponding 
characteristic  function.  Thus  the  content  of  the  unicity  theorem  is  equivalent 
with  saying  that  our  mean  value  equation,  4n  case  of  an  a.p.  function  f(x)  not 
identically  0,  has  a  characteristic  value  7*  0,  and  a  pure  oscillation  as  a  cor- 
responding characteristic  function.  As  could  be  expected,  rather  than  working 
with  f(x)  itself,  it  is  more  convenient  to  work  with  its  convolution  F(x),  since  in 
case  of  a  non-empty  Fourier  series,  the  Fourier  coefficients  |  An  |2  of  F(x)  are 
all  real  and  positive.  Thus  we  consider  the  equation 

y<p(x)  •*  M{F(x  —  y)<p(y)}' 

On  account  of  the  almost  periodicity  of  the  kernel,  this  mean  value  equation 
may  be  treated  practically  as  if  it  were  an  ordinary  integral  equation  (where 
the  mean  value  is  to  be  taken  over  a  finite  interval).  In  fact  the  classical  method 
of  Erhard  Schmidt  could  be  applied  almost  unchanged  to  the  mean  value  equation 
in  question  and  led  to  the  result  that  if  f(x)  (and  hence  F(x))  is  not  identically  0, 
there  always  exists  a  positive  characteristic  value  7  =  70  and  a  corresponding 
characteristic  a.p.  function  <p(x)  =  ^(x)  not  identically  0.  However,  this  result 
is  not  yet  the  unicity  theorem,  as  it  would  have  been  if  the  characteristic  function 
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<PO(X)  were  known  to  be  a  pure  oscillation  and  not  merely  an  a.p.  function.  In 
order  to  complete  the  proof  we  naturally  have  to  use  the  fact  that  the  kernel 
#(#>  y)  =  F(x  ~  y)  depends  only  on  the  difference  x  —  y\  this  immediately 
gives  that  together  with  <PQ(X)  every  translated  function  <PQ(X  +  ft),  where  h  is  an 
arbitrary  real  number,  is  again  a  characteristic  function  belonging  to  the  char- 
acteristic value  70 .  If  now  the  space  of  all  the  characteristic  functions  belonging 
to  70  has  the  dimension  1,  everything  is  easy;  we  then  have  the  simple  relation 
Vo(x  +  h)  =  c(h)<po(x)  for  all  h,  from  which  it  follows  that  <po(x)  must  be  a  pure 
oscillation.  If,  however,  the  space  of  our  characteristic  functions  belonging  to  70 
has  a  dimension  m  which,  though  certainly  finite,  is  >  1  (this  will  really  happen 
if  in  the  Fourier  series  of  F(x)  there  is  more  than  one  term  for  which  the  coeffi- 
cients |  An  |2  is  equal  to  70),  a  certain  difficulty  appears.  This  is  due  to  the  fact 
that  if  *pi(x),  -  •  •  ,  <pm(x)  is  a  normal  orthogonal  basis  for  the  functional  space  in 
question,  we  cannot  conclude  that,  for  each  v,  <f>,(x  +  h)  =  cf(h)<f>,(x) ,  but  only 
that  <f>,(x  +  ft)  is  a  linear  combination  <p,(x  +  ft)  =  cv\(f>\(x)  +  •  •  •  +  c,m<f>m(x) 
of  the  m  functions  <f>\(x),  •  -  •  ,  <pm(x).  This  difficulty  was  overcome  by  Weyl 
by  the  following  simple  group-theoretical  consideration.  Since,  together  with 
v>i(z)>  •  •  •  ,  <f>m(x),  the  translated  system  <f>i(x  +  ft),  •  •  •  ,  <pm(x  +  ft)  is,  evidently, 
again  a  normal  orthogonal  basis  for  our  functional  space,  the  corresponding 
matrix  M  =  {c^}  is,  for  each  ft,  a  unitary  matrix,  and  further  as  these  matrices 
M  «  M(h)  (—00   <  ft<  oo)  form  a  commutative  group  (commutative  simply 
because  fti  +  ft2  =  ft2  +  fti)  they  may,  by  a  classical  theorem  of  Frobenius,  be 
transformed,  simultaneously  for  all  ft,  into  matrices  of  the  diagonal  form  with 
mere  zeros  outside  the  main  diagonal.  This  means,  however,  that  we  may  choose 
the  coordinate  system  in  our  m-dimensional  space,  i.e.,  the  basic  orthogonal 
system  (p\(x)y  •  •  •  ,  <pm(x),  in  such  a  way  that  for  each  v  —  1,  •  •  •  ,  m  we  have, 
just  as  in  the  one-dimensional  case,  a  simple  relation  of  the  form  <pf(x  +  h)  — 
cr(h)(f>f(x)  and  thus  may  conclude  that  the  functions  <p,(x)  are  really  pure  oscilla- 
tions. It  may  be  added  that  an  interesting  variant  of  WeyPs  proof  was  given  by 
Hammerstein  who,  in  analogy  with  classical  methods  in  the  theory  of  ordinary 
integral  equations,  treated  the  mean  value  equation  in  question  by  means  of 
the  direct  methods  from  the  calculus  of  variations.  Further,  it  may  be  mentioned 
that  several  interesting  artifices  have  been  indicated,  from  various  sides,  to 
avoid  the  explicit  use  of  group-theoretical  considerations  in  the  last  step  of 
the  proof. 

8*  We  now  proceed  to  the  interesting  proof  of  the  Parseval  equation  due  to 
Norbert  Wiener — the  first  proof  of  the  fundamental  theorem  to  follow  the 
original  one — as  a  part  of  his  important  general  theory  of  harmonic  analysis.  I 
shall  give  a  short  account  of  this  proof  in  the  simplified  and  very  beautiful  form 
given  by  Bochner.  As  in  Weyl's  proof  it  is  essential  to  treat  not  the  a.p.  function 
f(x)  itself,  but  its  convolution 
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As  emphasized  above,  the  task  is  to  prove  that  the  convergent  Fourier  series 
£  |  An  |2  e'An*  of  F(x),  with  positive  coefficients,  has  the  function  F(x)  as  its 
sum,  and  this  is  easily  seen  to  be  equivalent  with  showing  that  the  function 
F(x)  may  be  expressed  by  a  Stieltjes  integral 

F(x)  =  [**  e<a*dD(a) 


where  D(a)  is  a  bounded  monotonically  increasing  function  which  is  completely 
discontinuous,  i.e.,  increases  only  through  a  denumerable  number  of  jumps 
(namely  the  jumps  |  An  |2  in  the  points  An).  Now,  more  generally,  we  consider 
functions  G(x)  which  do  not  possess  (as  we  shall  prove  about  F(x))  only  a 
discontinuous  spectrum,  but  the  spectrum  of  which  may  partly  be  discontinuous 
and  partly  continuous,  i.e.,  functions  G(x)  which  may  be  represented  as  a 
Stieltjes  integral 

OW- 

where  V(a)  is  a  quite  arbitrary  bounded  increasing  function  of  a.  Splitting  F(a), 
in  the  usual  way,  into  two  monotonic  components,  F(a)  =  D(a)  +  C(a)  where 
D(a)  is  completely  discontinuous  and  C(a)  continuous  for  all  a,  we  get  the 
function  G(x)  split  into  two  functions 

G(x)  =    ^  eia*  dD(a)  +  f^  eia*  d€(a)  =  GD(x)  +  Gc(x). 

J— 00  «£-00 

Here  GD(x]  has  a  pure  discontinuous  spectrum  and  hence  has  a  strong  structural 
property,  namely  that  of  almost  periodicity,  whereas  Gc(x)  has  a  pure  continuous 
spectrum  and  hence  behaves  in  quite  another  way,  namely  has  a  tendency  to 
tend  to  0  for  x  tending  to  db  » ,  or,  more  precisely,  satisfies  the  mean  value 
equation 

M{\  Gc(x)  |2)  =  0. 

For  an  arbitrary  function  G(x)  of  the  above  type  it  is  immediately  shown  (simply 
with  the  help  of  the  functional  equation  of  the  exponential  function)  that  it  is  a 
so-called  positive  definite  function,  a  notion  first  introduced  by  Mathias.  By  this 
is  meant  that  G(x)  is  a  continuous  bounded  function,  of  Hermitian  character, 
G(— x)  =  G(x),  which  satisfies  the  condition  that  the  quadratic  form 

m       m 
/  ,  /  ,  G(XH  —   XfJpiJ), 

is  ^0  for  arbitrary  real  numbers  x\ ,  •  •  •  ,  xm  and  complex  numbers  pi ,  •  •  •  ,  pm . 
Now  Bochner  shows,  by  means  of  the  theory  of  Fourier  transforms,  that  the 
property  just  mentioned  is  characteristic  of  the  functions  G(x)  in  question, 
i.e.,  that  conversely,  every  positive  definite  function  may  be  expressed  by  a 
Stieltjes  integral  of  the  form  in  question.  The  proof  then  proceeds  in  the  following 
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manner.  For  a  rather  large  class  of  functions  g(x),  including  the  a.p.  functions  f(x) 
as  a  special  case,  it  is  easily  shown  by  direct  considerations  that  their  convolutions 

Ode)  -  M\g(x  +  00(0} 

I 

possess  all  the  properties  demanded  by  the  definition  of  a  positive  definite 
function.  Hence  each  of  these  convolutions  G(x)  is  a  function  of  the  kind  con- 
sidered above  and  therefore  may  be  written  as  a  sum  of  two  functions 

G(x)  -  GD(x)  +  Gc(x) 

where  GD(x)  is  almost  periodic  while  Gc(x)  has  a  purely  continuous  spectrum. 
The  remainder  of  the  proof  follows  automatically.  In  fact,  if  the  function  g(x) 
from  which  we  started  is  just  an  a.p.  function  /(z),  we  get  for  its  convolution 
F(x)  the  expression 

F(x)  =  FD(x)  +  Fc(x), 

where  the  first  term  FD(x)  is  the  almost  periodic  part  of  F(x).  Our  task  is  to  show 
that  the  second  term  Fc(x)  is  identically  0,  i.e.,  that  the  spectrum  of  F(x) 
contains  no  continuous  part.  But  this  is  evident,  as  on  the  one  hand,  as  men- 
tioned above,  M\\  Fc(x)  |2}  is  =  0  while  on  the  other  hand  Fc(x),  as  the  differ- 
ence between  the  two  a.p.  functions  F(x)  and  FD(x),  is  itself  an  a.p.  function, 
and  an  a.p.  function  for  which  the  mean  value  of  its  numerical  square  is  0  must 
necessarily,  as  emphasized  above,  be  identically  0. 

9.  Although  the  fundamental  theorem  dealing  with  the  mean  convergence  of 
the  Fourier  series  may  be  said  to  be  the  clue  to  the  whole  theory,  it  is  not  really 
the  main  theorem — at  any  rate  not  as  long  as  we  consider  only  the  ordinary 
continuous  a.p.  functions.  A£  the  main  theorem  must  naturally  be  considered  the 
approximation  theorem  dealing  with  uniform  convergence  since  it  gives  the 
exact  characterization  of  our  class  of  functions.  Before  finishing  my  lecture 
with  a  short  review  of  one  more  interesting  proof  of  the  fundamental  theorem, 
due  to  Bogoliouboff,  I  should  like  to  say  some  few  words  concerning  the  various 
proofs  of  the  approximation  theorem.  The  starting  point  of  my  original  proof 
was  a  consideration  of  the  Fourier  exponents  of  the  function  from  an  arithmetical 
point  of  view,  namely,  their  representation  by  means  of  a  so-called  basis,  i.e., 
as  linear  combinations  of  rationally  independent  numbers,  generally  infinitely 
many,  and  generally  with  rational  (and  not  just  integral)  coefficients.  Led  by  the 
Kronecker  theorem  on  Diophantine  approximation,  and  in  generalization  of 
ideas  already  used  by  Bohl  in  the  special  case  of  a  finite  integral  basis,  and 
by  the  lecturer  in  his  studies  of  the  value-distribution  of  Dirichlet  series,  a 
function  of  more  variables  was  introduced,  the  "spatial  extension"  of  f(x), 
which  is  generally  a  so-called  limit  periodic  function  L(XI  ,x2,  •  -  - )  of  infinitely 
many  variables  Xi ,  xz ,  •  •  •  ,  and  from  which  the  given  function  f(x)  itself  could 
again  be  obtained  by  considering  the  function  L(x\ ,  z2 ,  •  •  • )  on  the  main  diagonal 
x\  =•  z2  =  •  •  •  ~  x  of  the  infinite-dimensional  space.  For  these  limit  periodic 
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functions  L(x\ ,  x2 ,  •  •  •)  a  theory  of  Fourier  series  was  then  established,  and  in 
particular  an  approximation  theorem,  based  on  Fej6r  kernels  in  several  variables, 
was  established,  leading  to  exponential  polynomials  s(xi ,  x* ,  •  •  • )  of  more  and 
more  variables  which  tended  uniformly  to  the  function  L(XI  ,  x* ,  •  •  • ) ;  finally, 
exponential  polynomials  s(x)  in  one  variable  approximating  the  given  a.p. 
function  f(x)  were  then  obtained  by  considering  the  approximating  polynomials 
s(xi ,  x2 ,  -  -  - )  on  the  main  diagonal  of  the  space.  A  very  interesting  turn  and  a 
substantial  simplification  of  this  proof  of  the  approximation  theorem  on  arith- 
metic lines  was  given  by  Bochner  who  realized  that  one  could  arrive  at  the 
approximating  polynomials  $(x)  in  question  without  the  spatial  extension  of 
the  function  /(#),  and  thus  completely  avoiding  the  use  of  functions  of  infinitely 
many  variables  which  are,  however,  indispensable  for  the  treatment  of  other 
problems  in  the  theory  of  almost  periodic  functions.  Bochner  constructed 
composed  kernels  simply  through  multiplication  of  suitably  chosen  Feje'r  kernels, 
and  then  in  the  usual  way  formed  the  convolution  s(x)  -  M{f(x  +  t)K(t)}. 
Another  proof  of  the  approximation  theorem,  on  quite  other  lines,  was  given 
by  Weyl  who  constructed  kernels  not,  as  Bochner,  with  the  help  of  the  exponents 
of  the  Fourier  series,  but  by  means  of  the  translation  numbers  of  the  function. 
Another  very  beautiful  proof  on  these  lines  was  later  given  by  Wiener  who,  by 
the  construction  of  his  kernels,  made  use  of  the  so-called  translation  function 
of  the  given  a.p.  function,  a  function  implicitly  introduced  already  in  the  original 
proof  of  the  fundamental  theorem  and  studied  in  detail  by  Bochner.  As  to  the 
two  purest  proofs  of  the  approximation  theorem,  the  Bochner  proof  and  the 
Wiener  proof,  they  may  be  considered  as  being  of  rather  opposite  character — and 
each  of  them  having  its  particular  interest — so  far  as  the  first  is  a  general  sum- 
mation method,  the  same  for  all  a.p.  functions  with  the  same  set  of  Fourier 
exponents,  while  the  latter  is  of  a  more  individual  character,  especially  adjusted 
to  every  single  a.p.  function. 

10.  And  now,  finally,  some  few  words  about  Bogoliotiboff s  proof  of  the 
fundamental  theorem,  the  latest  one  to  appear  and  in  some  respect  perhaps  the 
most  elementary  one.  It  consists  in  directly  showing  that  the  translation  numbers 
of  an  a.p.  function  possess  some  kind  of  arithmetical  properties  (connected 
with  the  Fourier  exponents  of  the  function)  which  hitherto  could  be  deduced 
only  by  use  of  the  fundamental  theorem  but  of  which  it  was  early  recognized 
that  their  establishment  would  be  sufficient  for  the  proof  of  the  latter  theorem. 
In  Bogoliotiboff's  proof  of  these  properties  of  the  translation  numbers  the  follow- 
ing very  interesting  and  rather  surprising  general  lemma,  belonging  to  the 
additive  theory  of  numbers,  is  the  main  tool.  Let  E  be  a  quite  arbitrary  relatively 
dense  set  of  integers  and  let  E*  be  the  set  of  all  integers  of  the  form  HI  +  n2  — 
n3  —  n4  where  the  n's  belong  to  E\  then  E*  will  always  contain  a  "Diophantine 
set",  i.e.,  a  set  consisting  of  all  integral  solutions  of  a  finite  number  of  Diophantine 
inequalities  of  the  form 

|  X^  |  <  5  (mod  1)  (K  -  1,  •  •  •  ,  N). 
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It  may  be  interesting  to  observe  that  BogolioubofPs  proof  of  this  beautiful 
lemma — which  has  such  an  important  application  to  the  theory  of  a.p.  functions 
and  their  Fourier  series — is  itself  based  on  the  theory  of  Fourier  series,  but  in 
its  most  elementary,  so  to  say  embryonic,  state  where  the  variable  runs  only 
over  a  finite  number  of  values  and  everything,  including  the  Parse val  equation, 
the  unicity  theorem,  the  process  of  convolution,  etc.,  is  quite  elementary  since 
no  limit  process  whatsoever  is  involved. 

11.  I  am  now  at  the  end  of  my  lecture.  I  am  quite  aware  that  I  have  not 
given  you  any  deeper  insight  into  the  different  proofs  in  question  since,  for 
instance,  all  the  more  difficult  parts  of  the  proofs  have  had  to  be  omitted.  The 
task  I  have  set  myself  is  a  more  modest  one,  only  to  try  to  give  you  some  general 
ideas  about  the  essentially  different  ways  in  which  the  theory  in  question  may  be 
established. 
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ON  THE  DEFINITION  OF  ALMOST  PERIODICITY 

By 

Harald  Bohr 
in  Copenhagen,  Denmark. 

Introduction 

By  a  function  we  shall,  in  the  following,  always  mean  a  real  function 
of  the  real  variable  #,  defined  in  the  whole  interval  —  oo<#<oo  and  contin- 
uous for  all  x. 

For  a  given  function  /<#)  and  a  given  number  6  >  0,  the  number 
T  =  t(e)  =  t/(e)  is  said  to  be  a  translation  number  of  /<*)  belonging  to 
e  if 


sup          <*+T)  —    <*)    ^  e  . 
—  oo<x<oo 

By  E  (e)  =  £"/(£)  we  shall  denote  the  set  {T/(E)}  of  all  translation  numbers  of 
/<#)  belonging  to  e.  Evidently,  E(ty  contains  the  number  T  =  0,  and  together 
with  T  also  contains  —  T  ;  further,  E&j  g  Efcj  if  e,  <  e2  . 

A  function  /(*)  is  called  almost  periodic  if,  for  every  fixed  e  >  0, 
the  set  E  (E)  is  relatively  dense,  i.  e.  if  there  exists  a  length  L  (=£(e)) 
such  that  every  interval  of  the  length  L  contains  a  number  of  the  set  £(£). 

Already  in  the  first  paper  on  almost  periodic  functions,  "Zur  Theorie 
der  fastperiodischen  Funktionen,  I",  A  eta  Mathematica  45,  1924,  the  author 
discussed,  in  an  appendix,  a  much  more  comprehensive  class  of  so-called 
periodiclike  ("periodenartige")  functions,  characterized  by  the  simple  claim 
that,  for  each  e  >  0,  the  set  £(E)  should  contain  some  arbitrarily  large 
numbers  T.  A  certain  general  type  of  functions  was  constructed  which  was 
periodiclike  without  being  almost  periodic,  and  by  means  of  these  functions 
it  could  be  shown  —  in  contrast  to  what  is  the  case  for  the  well-rounded  class 
of  the  almost  periodic  functions  —  that  the  class  of  the  periodiclike  functions 
is  not  invariant,  say  to  the  simple  operation  of  addition,  i.e.  the  sum  of 
two  periodiclike  functions  need  not  again  be  periodiclike, 

u 
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Now,  as  pointed  out  by  J  e  $  s  e  n,  it  may  be  followed,  as  a  byresult, 
f{pm  a  very  interesting  general  investigation  of  Bogoliouboff,  "5w 
quelques  propricUs  arithm&iques  des  presqueptriodes" ,  Ann.  Phys.  Math. 
Kiew  4,  1939,  that  in  the  definition  of  an  almost  periodic  function  /<#)  the 
claim  that  each  set  ZT(e)  shall  be  relatively  dense  may  be  replaced  by  an 
apparently  much  weaker  claim,  namely  that  E(e),  for  every  e,  shall  have 
"positive  upper  density"  (in  a  very  weak  sense,  to  be  defined  below,  which, 
roughly  speaking,  only  demands  the  existence  of  some  arbitrarily  large 
intervals  containing  rather  many  translation  numbers  T(E)).  Later  on,  F  6 1  n  e  r, 
in  a  paper  in  Danish,  "Bemaerkning  cm  Naestenperiodicitetens  Definition", 
Mat.  Tidsskrift  B,  1944,  has  given  a  simple  direct  proof  of  this  interesting 
result,  his  proof  being  based  on  a  general  Lemma  on  point  sets.  In  §1 
of  the  present  paper,  we  shall  give  the  exact  definition  of  the  notion  of 
a  set  with  "positive  upper  density"  and  a  reproduction  —  in  a  slightly 
simplified  form — of  the  proof  of  F61ner's  Lemma  and  of  its  application 
to  the  sets  £/(£). 

The  question  now  naturally  arises  whether  the  result,  mentioned 
above,  may  be  improved,  i.e.  whether  in  the  definition  of  an  almost 
periodic  function  the  claim  on  the  sets  £(6)  as  to  their  density  may  be 
given  a  still  weaker  form.  The  purpose  of  this  paper  is  to  show  that,  in 
a  certain  well-defined  sense,  this  is  not  the  case,  so  that  the  above  result 
may  be  said  to  be  a  "best-possible"  one.  The  exact  formulation  of  a  theorem 
to  this  effect  is  given  in  §2 ;  it  is  based  on  the  notion  of  certain  subclasses 
C9  of  the  general  class  of  periodiclike  functions.  Furthermore,  §2  contains 
the  formulation  of  a  theorem  concerning  addition  of  two  functions  belonging 
to  one  and  the  same  class  C9,  a  theorem  analogous  to,  and  generalizing, 
the  above  mentioned  result  concerning  the  addition  of  two  periodiclike 
functions. 

§3  describes  a  certain  method  of  constructing  types  of  periodiclike 
functions  which  are  especially  suited  to  serve  as  "counter-examples".  The 
leading  idea  of  this  construction  has  already  been  applied  in  the  appendix 
to  my  paper  in  Ada  Mathematica  cited  above ;  for  the  present  applications, 
however,  the  method  had  to  be  essentially  generalized. 
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Finally,  in  §4,  we  give  the  proofs  of  the  theorems  formulated 
in  §2. 

§1.  The  notion  of  upper  density.  Fdlner's  Lemma  and  its 
application. 

In  the  following,  we  shall  be  concerned  with  sequences  of  real  numbers 
M  (7=1,  2,  ...)  which  satisfy  the  condition 

(l)  inf  |/r-/s|  >  0, 


i.e.  |<r— 1|  >  a  >  0  for  r^s  (where  the  positive  constant  a  may  depend 
on  the  sequence).  A  sequence  {tr\  satisfying  (l)  we  shall  denote  as  a  "discrete 
sequence".  With  an  arbitrary  discrete  sequence  {tf}  we  associate  a  function 
MI  (0  <  /  <  oo)  determined  in  the  following  manner.  We  start  with  an  arbit- 
rary interval  XQ  <;  x  <  XQ  -f  /  of  length  /  and  denote  by  m  =  nt(x^ ,  /)  the 
number  of  points  tf  situated  in  the  interval ;  then,  for  a  fixed  /  >  0,  the 
number  MI  is  simply  defined  by 

MI    =     max     m<#0,/). 

— oo<x0<oo 

Next  we  build  the  fraction 

1  ,1 


ML  UlLtL  +  H--L  +  M 

/     V<  /  la+1)~  a+  //' 


From  the  two  obvious  inequalities, 

MI  <;  MI>  for  I'  >  I     and     M*  <;  nMt  (n  =  l,  2,  ...) , 
we  may  conclude,  in  a  well-known  manner,  the  existence  of  the  limit 

r     Mt 

Q  =   lim-y- 

(where,  evidently,  p  is  ^  0,  but  <  ^o,   indeed  ^  ^) ;  in  fact,  for  fixed  />0, 
/'  >  0,    putting   /'  =  nl  —  d  (0<id<l),    we  get 

\t    s-   M     ^      **          -  M*'   ^    M*      nl 

My  <:  Mnt  ^  nMi ,     i.e.     -  f-    ^  -j p; 

letting,  for  fixed  /,  /'  tend  to  oo  in  a  suitable  manner,  we  get 

F       Mr    ,  Mi 

hm      ;/    ^  -  .  -  , 

*  * 
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and  from  this  last  inequality  we  get,  now  letting  /  tend  to  oo  in  a  suitable 
manner, 

to     *L<    li«*i 

11  III  .,       ^        ,       , 

F+OO      *  l+oo     * 

which    just   shows   the    existence  of  the  limit    Q  =  lim  -y-.    This  number 
Q  (0  <i  Q  <  oo)  we  call  the  upper  density  of  the  discrete  sequence  {t,}. 

In  the  following,  we  are  mainly  interested  in  the  discrete  sequences 
{t,}  with  positive  upper  density  (i.e.  Q  >  0). 

Let  now  £  be  an  arbitrary  set  of  real  numbers.  We  shall  say  that 
E  has  a  positive  upper  density  if  E  contains  a  discrete  sequence  {t,}  with 
positive  upper  density. 

Evidently,  a  set  E  which  is  relatively  dense  has  positive  upper  density, 
while  a  set  with  positive  upper  density  (even  if  it  is  symmetric  with 
respect  to  the  point  0,  as  are  the  sets  £(e))  need  not  be  relatively  dense. 
The  rather  surprising  fact  which  could  be  deduced  from  Bogoliouboff's 
investigation  is,  as  mentioned  in  the  introduction,  that  if  we  start  from  a 
function  /(#),  and  not  from  a  set  E,  and  consider  all  the  sets  £(£)  arising 
from  this  function,  then  the  claim  put  to  all  these  sets  £(e)  that  they  shall 
have  positive  upper  density  involves  that  they  must  necessarily  all  be  relatively 
dense.  Following  F  6  1  n  e  r,  we  shall  here  give  a  simple  direct  proof  of 
this  interesting  fact.  As  the  set  £(E)  certainly  contains  all  the  differences 
between  two  arbitrary  numbers  belonging  to  ^(~j>  our  assertion  that  the 
positive  upper  density  of  each  of  the  sets  E(t)  implies  that  they  are  all 
relatively  dense  is  an  immediate  corollary  of  the  following  general  Lemma 
(when  it  is  applied  to  a  discrete  sequence  {t,}  with  positive  density  taken 
from  £(y)  and  not  from  J?<e)  itself). 

F  6 1  n  e  r'  s  Lemma.  Let  {/,}  be  an  arbitrary  discrete  sequence  with 
positive  upper  density.  Then  the  set  {t, — ts}  consisting  of  all  differences 
between  two  numbers  of  the  sequence  {t,}  will  be  relatively  dense. 

Proof.  Indirectly,  we  have  to  show  that  a  discrete  sequence  {/,} 
for  which  the  "difference-set"  {tf — tt}  is  not  relatively  dense  must  have  the 
upper  density  p  =  0, 
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For  an  arbitrary  fixed  positive  integer   ft,    we  divide  the  real  axis  in 
consecutive  intervals  flm)  each  of  the  length  2m, 

JJT*:    n.2m£x<(n+l).2m     ,     («=0,±1,  ±2,  ...) 

and  denote  by  M%m   the  largest  number  of  points   tr   contained  in  any  of 
these  intervals.  In  the  definition  of  the  upper  density  p  of  the  sequence  (tf}9 

..       Ml 
Q  =  hm  ~~  , 

/•^oo      * 

we  let  /  tend  to  oo  through  the  sequence  2m   (w==  l,  2,  ...);  thus,  putting 


2*i 


we  have  to  show  that  &»,->•  0  for  w->oo.    Here,  obviously,  instead  of  the 
sequence  Qm ,  we  may  equally  well  consider  the  (non-increasing)  sequence 


r»*      —  >** 

»-  =  -yT-. 


in  fact,  as  Af%*»  ^  M2M  ^  2M%m  ,  the  two  sequences  QM  and  0%,  will  simul- 
taneously tend  to  zero.  We  prove  that  (>*«•->•  0  by  showing  that  to  each 
positive  integer  m  we  may  find  a  positive  integer  q>m  such  that 


(where  instead  of  —  we  could  have  chosen  any  other  number  between  — 
and  l).  The  proof  is  based  on  the  simple  fact  that  if  x'  is  a  point  in 
/i?)  and  x*  a  point  in  /£?,  and  if  we  build  the  differences  x*  —  x*=x0,  and 
n'  —  «*  =  tt0,  then  the  point  #0  wiir  certainly  lie,  if  not  in  l£  itself,  then 
at  any  rate  in  one  of  the  three  intervals  /»7—i  ,  !*!>  ,  ^ST-K1  •  AS»  P61  assump- 
tion, the  set  {tf  —  tg}  is  not  relatively  dense,  we  may  find  an  interval  J  of 
length  3  .  2m  consisting  of  three  consecutive  intervals  J»£--i  ,  -^J  »  ^«C-H 
such  that  no  point  of  {tf  —  /,}  belongs  to  /  Hence,  if  ts  is  an  arbitrary 
point  of  our  sequence  (tr}  situated,  say,  in  the  interval  /w  ,  we  may  be 
sure  that  no  point  in  the  interval  **+*„  may  belong  to  {tr}  (as,  otherwise, 
if  there  were  a  point  tr  in  ^w^-*^  ,  we  would  have  a  difference  tr  —  /,  belon- 
ging to  J).  This  fact,  i.e.  the  fact  that  every  interval  /»  containing  a 
point  of  \tf}  by  a  translation  of  the  fixed  length  nm  .  2m  goes  over  in  an 
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interval  containing  no  point  of  W,  evidently  involves  that,  roughly  speaking, 
in  any  sufficiently  large  interval  there  must  be  (at  least)  "nearly"  so  many 
intervals  /(m)  which  do  not  contain  points  of  {i,}  as  intervals  /(<w)  which  do 
contain  such  points  ;  exactly  speaking,  we  may  certainly  choose  an  integer 
q>  m  so  large  that  in  any  of  the  intervals  I**  (n  =  0,  ±1,  ...)  of  length  2*, 
consisting  each  of  2*""*"  intervals  Hm)  ,  the  number  of  those  of  these 


intervals  /(m)  which  contain  points  of  {tr}  is  less  than,  say,  —  2*"""1.  Now 
the  proof  is  immediately  finished.  Indeed,  as  an  interval  I(m)  which  contains 
points  of  {tr}  can  contain  at  most  p%,  .  2m  such  points,  and  as  in  any  of 
the  intervals  I(q)  there  are  less  than  —  2<h~m  intervals  /(m)  containing  points 
of  {*r},  the  total  number  of  points  of  {tr}  in  an  arbitrary  interval  /„* 

must  be  less  than  -—2*~<"  .  Q*m2m  =  —Q*m2q  ,    so  that  Q%  is  really  <  —(>%,  . 
44  4 


§  2.  Definition  of  the  classes  C?  and  formulation  of  the 
theorems  A  and  B. 

In  §  1,  we  have  seen  that  if  for  a  (periodiclike)  function  /(*)  each 
£(e)  has  positive  upper  density  -~  i.e.  contains  a  discrete  sequence  {tr\ 
with  positive  upper  density  —  then  these  sets  £"(6)  must  necessarily  be 
relatively  dense,  i.e.  the  functiop  /<#)  is  almost  periodic. 

As  mentioned  in  the  introduction,  the  problem  we  shall  treat  in  the 
present  paper  is  to  investigate  whether  the  result  stated  above  is  a  "best 
possible"  one,  i.e.  whether  we  may  still  conclude  that  a  (periodiclike) 
function  /(#)  is  almost  periodic  when  the  sets  £(?)  of  its  translation 
numbers  are  submitted  to  conditions  like  those  above  (Q  >  0)  but  of  a 
weaker  kind.  When  trying  to  weaken  the  condition  that  each  set  £(£) 
shall  contain  a  discrete  sequence  \tf]  satisfying  the  inequality 

(2)  lim  >0, 


we,  naturally,  replace  the  denominator  /  in  the  fraction  —j-  by  some  other 
positive  function  q?(/).    As    the    new    fraction    thus    obtained,    —  .-  ,   needs 


I 
not  —  as  -.—  —  to  tend  to  a  (finite  or  infinite)  limit  for  /  •>  oo  ,  we  further 

replace  "lim"  by  "lim",  and  thus  get  the  condition 
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(3)  Km"    —~  >  0. 


Before  proceeding,  it  will  be  convenient  to  introduce   the  following  notion. 

Definition  of  the  class  C9  .  Let  <p(/)  be  an  arbitrary  given  positive 
function  of  the  positive  variable  1.  Then  we  shall  say  about  an  (eo  ipso 
periodiclike)  function  f(X)  that  it  belongs  to  the  class  C9  if,  for  every  £  >  0, 
the  set  £/(£)  contains  a  discrete  sequence  {tf}  satisfying  the  inequality  (3) 
where  Af/  ,  as  above,  denotes  the  maximal  number  of  points  tr  contained  in 
any  interval  #0  <I  x  <  #0  -f  I  of  length  I. 

Before  giving  the  exact  formulation  of  our  problem,  we  shall  make 
some  simple  introductory  remarks. 

Remark  l.  As,  for  any  discrete  sequence  {tr},  it  holds  that  —  -j- 
tends  to  a  finite  limit  (I>  0),  it  is  obvious  that  it  has  no  sense  to  consider 
functions  <p(/)  for  which  —  y-  •>  oo  for  /->-oo;  in  fact,  for  such  a  function 
9(7),  and  a  quite  arbitrary  discrete  sequence  {t,},  it  will  hold  that  —  -  •>  0, 


so  that  the  condition  (3)  cannot  be  fulfilled  for  any  discrete  sequence  at 
all,  and  hence  the  class  Cq>  is  empty.  In  other  words,  it  makes  only  sense 
to  consider  functions  q>(/)  for  which 

(4)  lim    ^L  <  oo  . 

l+oo       I 

Remark  2.  For  every  function  <p(/)  which  satisfies  this  condition  (4), 
it  is  evident  that  the  class  C9  is  not  empty,  indeed  that  it  contains  the 
whole  class  of  the  almost  periodic  functions.  In  fact,  if  <p</)  satisfies  (4), 
it  is  clear  that  each  relatively  dense  set  E  contains  a  discrete  sequence  {tr} 
satisfying  (3).  The  following  other  way  of  argumentation  —  based  on  the 
"new"  (apparently  weaker)  definition  of  almost  periodicity  *—  may,  however, 
be  useful  with  regard  to  the  next  remark:  For  an  arbitrary  discrete 
sequence  {t,\  it  follows  from  the  identity 


(where  the  left-hand  side  tends  to  a  limit  for  /  •>•  oo),  that 

,  ^  MI        —  MI  <p</) 

(5)  Q  =  hm  --  -  lim         •  hm  — 
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(which  last  equation,  by  the  way,  tells  nothing  about  Q  in  case  one  of  the 
two  factors  to  the  right  is  0,  the  other  +  oo).  Hence,  as  the  second  factor 
to  the  right  is,  per  assumption,  <oo,  it  follows  that  if  Q  >  0,  then  also  the 
first  factor  to  the  right  must  be  >  0,  i.  e.  if  the  condition  (2)  is  fulfilled, 
then  also  (3)  is  fulfilled. 

Remark  3.  Among  the  non-empty  classes  C9,  i.e.  the  classes 
associated  with  a  function  <?(/)  satisfying  (4),  there  are  some  for  which  it  is 
quite  trivial  that  they  are  identical  with  the  class  associated  with  (p(/)=/, 
i.e.  with  the  class  of  the  almost  periodic  functions,  namely  the  classes  C9 
for  which  qp(/)  satisfies  the  inequality 

(6)  li 

In  fact,  for  a  function  <p(/>  satisfying  (4)  and  (6),  the  above  equation  (5) 
immediately  shows  that  it  comes  to  the  same  thing  to  say  of  a  discrete 

sequence    {t,}    that    it    satisfies    Q  =  lim  —  .—  >  0    as  to    say  that    it  satisfies 


On  account  of  the  remarks  above,  it  is  clear  that  the  problem  with 
which  we  are  concerned  —  i.e.  whether  in  the  definition  of  almost 
periodicity  we  can  weaken  the  condition  (2)  in  the  indicated  manner  —  has 
only  a  real  sense  in  case  of  functions  (p(/>  which  satisfy  (4)  but  do  not 
satisfy  (6),  i.  e.  for  which 

(7)  lim^  =  0. 

And  now,  finally,    we  may  give  an  exact  formulation  of  our  problem. 

Problem.  Does  there  exist  any  positive  function  <pc/),  satisfying  (7), 
for  which  the  class  C9  is  not  wider  than  the  class  of  the  almost  periodic 
functions  ? 

The  answer  is,  as  already  stated  in  the  introduction,  a  negative 
one,  and  is  given  in  the  following  main  theorem. 

Theorem  f\.  For  any  positive  function  <p(/)  satisfying  (7),  the  class 
C9  contains  functions  which  are  not  almost  periodic. 

Furthermore,  we  shall  prove  the  following  theorem  which  generalizes 
an  old  result  on  periodiclike  functions  mentioned  in  the  introduction. 
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Theorem  B.  None  of  the  classes  mentioned  in  Theorem  A  is 
invariant  with  respect  to  addition,  i.e.  in  each  class  Cv  for  which  q>(/) 
satisfies  (7)  may  be  found  two  functions  g(x)  and  h(x)  such  that  their  sum 
g(x)  -f  h(x)  does  not  belong  to  C9,  indeed  so  that  g(X)  -f  h(X)  is  not  even  a 
periodiclike  function. 

Obviously,  as  the  sum  of  two  almost  periodic  functions  is  again  almost 
periodic,  Theorem  B  contains  Theorem  A.  The  proof  of  Theorem  B  may, 
however,  be  performed  on  the  same  lines  as  that  of  Theorem  A. 

§3.  Construction  of  a  general  type  of  periodiclike  functions. 

In  this  section,  we  shall  describe  the  construction  of  a  certain  general 
type  of  periodiclike  functions  on  which,  in  the  next  section,  the  proofs  of 
our  Theorems  A  and  B  shall  be  based. 

We  begin  with  some  preliminary  remarks :  Naturally,  we  need  not 
consider  translation  numbers  belonging  to  an  arbitrary  F,  >  0 ;  it  will  suffice 
to  consider  some  sequence  of  e  -  values  tending  to  zero  ;  we  choose  the  values 

^  "-=  V  '    (v  ^  2>  3>  "B)  ' 

Moreover,  the  translation  numbers  T  to  be  considered  will  always  be 
positive  integers,  so  that  any  sequence  of  translation  numbers  to  be  applied 
will  eo  ipso  be  a  discrete  one. 

As  the  starting  point  of  our  construction,  we  may  take  some  or  other 
simple  figure;  we  choose  a  "top",  i.e.  an  isosceles  triangle  standing 
with  its  base  on  the  #-axis.  We  have  to  use  infinitely  many  such  tops,  all 
with  the  same  length  of  their  bases,  say  the  length  2,  but  of  different 
heights.  A  top  with  the  height  h  will  be  called  a  A-top ;  it  will  be  con- 
venient also  to  speak  of  a  0-top,  meaning  simply  an  interval  (of  the  length 
2)  lying  on  the  x-axis.  If  a  top  has  its  midpoint  at  XQ  we  shall  say  that 
the  top  is  placed  on  the  point  #0.  By  the  construction  of  our  function  f(x) 
we  shall  form,  successively,  a  sequence  of  more  and  more  complicated 
(continuous)  functions  /i(#),  /z(#),  ...,  each  being  zero  outside  a  finite  interval, 
and  finally  we  shall  carry  out  the  limit  process 

/(*)  =*  lim  fv(X)  , 


III  13*  C54.    J.  Anal.  Math.  1  (1951). 


20  HARALD  BOHR 

This  limit  process  will  involve  no  difficulty  —  and  the  limit  function  /(*) 
will  again  be  continuous  —  as  in  any  finite  interval  all  the  functions  fv(x) 
will  be  identical  from  a  certain  step  onwards. 

And  now  to  the  explicit  construction. 

1st  step.  We  start  from  the  simple  function 

.  —  |*|     for  |*|  ^  1 
0          for  ;*|  >  1  , 

i.e.  from  a  single  1-top  placed  at  the  point  0.  As  the  "length"  of  this 
first  step  we  shall  mean  the  length  Xj  =  2  of  the  base  of  the  top. 

2nd  step.  (See  the  figure).  We  choose  an  arbitrary  integer  T2  >  Xt  =  2 
(i.e.  larger  than  the  base  of  a  top)  and  an  arbitrary  odd  integer  N2  =  2n2  +  l 
(in  the  figure,  we  have  taken  N2  =  3,  and  for  the  sake  of  convenience  used 


AAA 


AT, 


A  A  A  /A  7\  /A  A  A  A 


different  units  on  the  two  axis).  On  each  of  the  N2  points,  with  equal 
distance  T2, 

nr2      (n  =  —n2  ,  —  n2-f  1,  ...,  «2—  1,  n2)  , 

we  place  a  I  -top.  Next  on  each  of  the  Wt  points  to  the  right  and  on 
each  of  the  N?  points  to  the  left, 

(AT2+n)T2  and  (—  #2+W2     (n  =  —  n2,  ...,  0,  ...,  »2), 

we  place  an  Yt'toP*  And  finally  on  each  of  the  N2  points  to  the  right 
and  on  each  of  the  N2  points  to  the  left, 

<2N2+  fl)T2    and   (—  2N2+n)T2     («  =  —  n2  ,  ...,  0,  ...,  «2)  , 

we  place  a  0-top.  Thus  we  have  got  a  chain  of  altogether  $N2  tops  placed 
on  the  points  m2  where  n  runs  from  —  2W2—  n2  to  2N2+n2  .  Expressed 
by  a  formula,  we  have 


0  .  F2(*+  2#2T2)  4-  —  F2(*H-N2T2)  -|-  F2<*)  -f  ~-F2(*-Ar2T2)  -f  0.  F2  (*_ 
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where 


Evidently  (see  the  figure)  the  function  /2(#)  has  as  a  translation  number 
belonging  to  e2  =  —  each  of  the  N2  numbers 

T2,  2t2,  3T2,  ...,  N2i2. 

As  the  length  of  this  second  step,  we  shall  mean  the  total  length  X2  of 
the  interval  [—  (2N2  -f  n2)r2  —  1,  (2N2  +  n2)T2  -f-  l]  on  which  the  whole  chain 
of  our  5N2  tops  is  standing,  i.  e. 

12  =  2((2N2  +  »2)  T2  +  1)  =  (5^2  —  1)  T2  -f  2  . 

3rd  step.  To  the  function  f2(X)  we  now  apply  a  similar  procedure 
as  that  carried  out  in  step  2  on  the  function  f\  (x).  We  start  from  the  whole 
chain  of  $N2  tops  arrived  at  in  step  2.  By  repeating  this  chain,  unaltered, 
a  certain  number  of  times,  we  form  a  new,  longer  chain  ;  and  next  we 
translate  this  new  chain  both  to  the  right  and  to  the  left  after  having 

diminished    its  ordinates,    not  as  above  by  the  factors  —   and  0,    but  now 

21  2 

by  the  factors   —  ,  —  ,  0.    Exactly  speaking,  we  choose  an  arbitrary  integer 

T3  >  ^2  and  a  quite  arbitrary  odd  integer  N3=2n3  +  1,  and  then,  firstly, 
build  the  function 


and  next  the  function 


Thus  the  function  /?(#)  is  built  up  of  altogether  lN3  .  $N2  individual  tops 
and  is  composed  of  7  consecutive  groups,  each  consisting  of  N3.}N2 
tops,  of  which  the  group  in  the  middle  consists  of  N3  exemplars  of  the 
chain  of  tops  from  step  2,  while  the  groups  to  the  right  and  to  the  left  are 
gradually  diminished. 

Evidently,  the  function  /3<x>  has  as  a  translation  number  belonging  to 
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e3  =  —  each  of  the  N3  numbers 

T3 ,  2T3 ,  ...,  2V3T3  . 

Moreover,  the  function  /3(#)  has  obviously  maintained  the  property  of  the 
function  fax)  of  having  each  of  the  numbers  T2 ,  2i2 ,  ...,  W2T2  as  a  trans- 
lation number  belonging  to  e2  =  —  • 

As  the  length  of  this  3rd  step  we  mean  the  total  length  X3  of  the 
interval  on  which  the  whole  chain  of  tops  (altogether  lN3 .  5N2  tops)  is 
standing,  i.e. 

X3  =  2(3^3  4-  n3)T3  -f  X2  =  (lN3  —  l)T3  +  ($N2  —  l)T2  +  2  . 


vth  step.  Having  obtained  by  the  (v-l)th  step  a  function  /v— 1(*) 
consisting  of  a  chain  of  altogether  5N2.7N3  ...  (2v—  nA/V-i  individual  tops 
(with  heights  varying  from  0  to  l)  standing  on  an  interval  with  midpoint 
at  x  =  0  and  of  total  length 

*v_i  =  ((2v—  l)Wv_i  —  1)  TV_,  4- ...  +  <7#3  —  1)  T3  +  (5#2  —  1)  T2  -h  2 


and  possessing  as  translation  numbers  belonging  to 

each  of  the  Np  numbers 

we  now  pass  to  the  construction  of  the  function  fv  (#).  We  choose  an  arbitrary 
integer  tv  >  AV_ i  and  a  quite  arbitrary  odd  integer  Nv  =  2nv  +  l  and  build, 
first,  by  repeating  the  chain  of  tops  from  the  (v—  l)th  step  nv  times  to  the 
right  and  nv  times  to  the  left,  the  function 

nv 


and     next,     by     translating     the     new,      longer     chain     (of     altogether 
Nv  .  5N2  .  7^V3...(2v—  l)Nv—i    tops),    successively    diminishing    its    ordinates 


v—  1       v—  2  1      0        .      f 

by  —  —  ,  —  ^—  ,...,—,  —  ,  the  function 
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This  function  /U#)    thus  consists    of  altogether   5N2  .  ?N3  ...(2v+l)Nv    indi- 
vidual tops  and  stands  on  an  interval  with  midpoint  0    and  of  total  length 


—  l)tv  +  (<2v—  !)#„_!  —  i)t_,  +  ...  -f  (5^2-1)  la-f  2. 


Evidently,  the  function  /U*)  possesses  as  translation  numbers  belonging  to 
Cv  =  —  each  of  the  Nv  numbers 

TV,    2TV,    ...,    NVTV, 

and  furthermore,  it  has  preserved  the  property  of  fv-i(x)  of  .having,  for 
each  ji  =  2,  ...,  v—  1,  each  of  the  numbers  T^,  2t^,  ...,  WMT^  as  a  translation 
number  belonging  to  fy  =  —  . 

The  limit  process.  Finally,  we  arrive  at  the  desired  function  f(x) 
by  carrying  out  the  limit  process 

f(X)  =  lim  fv(X)  . 

v->oo 

This  last  process  involves,  as  mentioned  above,  no  difficulty  whatsoever,  as, 
for  each  fixed  v,  all  the  functions  /v(#),  /v-fi(*),  ...  are  equal  in  the  interval 
(  --  -  ,  —  )  where  \v  +-  oc  as  v  •>  oo  .  The  limit  function  /(#)  is  continuous, 
and  for  every  v  =  2,  3,  ...,  possesses  each  of  the  numbers  WTV  (n  =  1,2,...,  Nv) 
as  a  translation  number  belonging  to  BV  =  —  ,  i.  e.  we  have 

—  ; 
this  follows  immediately  from  the  inequality 

\fn(x  -f  mv)  —  fp  (%)\  £  —       (|i  ^  v  ,  i  <:  n  ^  Nv) 

by  letting  fi->c»  while  v,  x  and  n  are  kept  fixed. 

Summarizing,  we  have  constructed  a  periodiclike  function,  depending 
on  an  enumerable  pair  of  parameters  T2,A^2;  T3,N3;  T*,^;...  and 
possessing  as  a  translation  number  belonging  to  EV  =  —  (v  =  2,  3,  ...) 
each  of  the  Nv  numbers  TV  ,  2tv  ,  ...,  Nviv  and  hence  also  (as  eM  <  8v  for  |i  >  v) 
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each  of  the  infinitely  many  numbers 

T/t,  21ft,  ...,  N^p     (|i=v,  vf  l,  ...). 

In  the  choice  of  these  parameters,  we  have  a  great  freedom ;  in  fact  we 
may  choose  the  odd  positive  numbers  NI  ,  N3 ,  ...  completely  arbitrary,  while 
for  the  T'S  we  have  only  to  take  care  that  each  tv  satisfies  the  inequality 
TV  >  Ay_i  where  AV_I  depends  solely  on  T2 ,  N2 ,  T3 ,  N3 , ... ,  TV_I  ,  Wv—  i . 

We  add  that  in  each  of  the  intervals  Iv  :  —  Av_i  <  x  <  TV — —  AV_I  of 
the  length  TV  —  A»_i  the  function  /(#),  obviously,  has  no  tops.  In  the 
following  applications  it  will  be  of  importance  to  secure  the  existence  of 
arbitrarily  large  intervals  in  which  f(x)  is  equal  to  zero.  This  we  may  simply 
obtain  by  claiming  that  TV  shall  be  chosen  >  Av_i  =  Xv_i  -f  v  instead 
of  only  >  AV«I  ;  in  fact,  then  the  length  of  the  interval  Iv  will  be  >  v  and 
hence  •>•  oo  as  v  ->•  oo . 

§4.    The  proofs  of  the  theorems  A  and  B. 

In  this  final  section  we  shall,  by  means  of  periodiclike  "counter- 
examples" of  the  type  constructed  in  §  3,  give  the  proofs  of  the  two 
theorems  A  and  B  stated  in  §  2.  Due  to  the  great  freedom  in  the  choice 
of  the  parameters  entering  in  our  construction  of  /(#)  (the  Nv's  completely 
arbitrary  positive  odd  numbers,  the  Vs  arbitrary  integers  subjected  only 
to  the  condition  TV  >  Av_i  where  Av_i  depends  solely  on  TI  ,  NI  ,  ... , 
TV_J  ,  NV_I)  these  proofs  may  now  easily  be  established. 

Proof  of  Theorem  ft.  Our  task  is  to  construct  a  function  /(#)  which 
belongs  to  the  class  C<p  but  is  not  almost  periodic.  Here  the  given  positive 
function  q></),  determining  the  class  Cv,  is  only  subjected  to  the  one 
condition 

(7) 

i.e.  the  only  thing  we  know  about  <p(/)  is  that  to  an  arbitrarily  given 
positive  constant  &  we  may  find  an  arbitrarily  large  positive  I  such  that 

(8)  <p(/)  <  8J. 

We  consider   a   function  /<#)    of  the   type  constructed  in    §  3    where 
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the  parameters  T2,AT2,  T3,N3,  ...  are  determined,  successively,  in  the  fol- 
lowing manner.  For  T2  we  choose  an  arbitrary  integer  >  At  (=4).  In  order 
to  determine  N2  we  proceed  in  the  following  way  ;  we  take  an  /2  >  t2 
such  that 

q></2)  <—  /2 

T2 

(this  is  possible  according  to  (8),  taking  8  =  —  ),  and  then  we  simply 
determine  the  odd  integer  JV2  so  large  that  /2  <  N2T2  .  Generally  we  choose 
the  integer  TV  >  Av_i  ,  and  an  lv  >  iv  such  that 

(9)  <p(lv)<  —  lv, 

TV 

and  then  take  the  odd  integer  Nv  so  large  that  lv  <  Nvrv  . 

Thus,  besides  the  parameters  T2  ,  N2  ,  T3  ,  N3  ,  ...  determining  the 
function  f(x)  we  have  introduced  the  auxiliary  numbers  /2  ,  /3  .....  Here 
^v  O  TV)  tends  to  oo  for  v  ->.  oo  .  For  each  v  ;>  2  we  denote  by  *WVTV  the 
least  multiple  of  rv  which  is  ^>  lv  ,  i.  e. 

(Wv  —  I)TV  <  lv  ^  WvTv  ; 

as  TV  <  /v  <  WvTv  we  have  1  <  mv  ^  Nv  . 

We  shall  show  that  the  function  /(#)  thus  obtained  fulfills  the 
conditions  of  theorem  A. 

1.   The  function  /(#)  belongs  to  the  class  Cv.  As  translation  numbers 

onging  to  a  fixed  —  (v0  ^  2)   it 

vo 
increasing  sequence  of  positive  integers 


T  belonging  to  a  fixed  —  (v0  ^  2)   it    has  certainly  all  the  numbers  of  the 
vo 


TV  ,  2TV  ,  ...,  iVyTv  ;    ... 

In  order  to  show  that  this  sequence  {t,}  sausfies  the  condition 

—      Mi 

lim  -  f-  >  0 


we  consider  the  fraction  -  y—  where  /  runs  through  the  sequence  of  positive 
numbers  lv  (v  =  ve,  v0+i  ,  ...)  which  tends  to  oo  for  v->oo.  We  shall  see 
that  for  these  values  of  /  the  fraction  remains  greater  than  a  positive 
constant,  indeed  that 
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This,  however,  is  an  immediate  consequence  of  the  inequality  (9),  holding 
for  all  v  I>  2.  Indeed,  since,  for  every  v  ^  v0  ,  the  interval  TV  ^  x  <  TV  -f  A> 
O  WvTv)  of  length  /v  contains  the  m?  <<£  #v)  numbers  TV  ,  2rv  ,  ...,  WVTV  of 
our  sequence  {/f  }  we  have  —  according  to  the  very  definition  of  the  function 
MI  -*  the  inequality  Mjv  ^>  mv  ,  and  thus  we  get,  for  every  v  ;>  v0  the  desired 
inequality 

-  *• 


__ 

cp(/v>        ~    -   /„ 

^          " 

2.  The  function  /(#)  is  notf  an  almost  periodic  function.  In  fact,  for 
no  E  <  1  the  set  £  (e)  of  translation  numbers  T  (£)  is  relatively  dense  since, 
on  account  of  /(0)=  1,  every  translation  number  X  =  t(e)  must  satisfy  the 
inequality 

/(T)  ^  1  -  8  >  0 

while,  by  choosing  TV  >  Av—  i  ,  we  have  —  see  the  last  remark  in  §3  —  secured 
the  existence  of  arbitrary  long  intervals  in  which  /(#)  is  identically  zero. 

Proof  of  Theorem  B.  Here  we  shall  make  use  of  the  following 
simple  remark.  When  in  the  course  of  the  construction,  in  the  proof  above, 
of  a  function  f(X)  belonging  to  the  class  C<p  we  have  already  determined 
the  parameters  T2  ,  NI  ,  TJ  ,  N3  ,  ...  ,  TV_I  ,  Nv_i  we  may  certainly  choose 
the  next  pair  of  parameters  TV  ,  Nv  so  that  all  the  new  tops  occurring  in  the 
vth  step  of  the  construction  (i.e.,  the  tops  which  belong  to  fv(X)  but  not  to 
/*—  1<*))  are  lying  outside  an  arbitrarily  given  interval;  in  fact,  we  need 
only  take  TV  sufficiently  large. 

Obviously,  the  Theorem  B  will  be  proved  if,  by  means  of  our  process 
/(#)  ==  lim  /U*)>  we  can  construct  two  functions  in  the  class  C^  —  let  us 

V->-00 

denote  them  by  g(x)  =  lim  gv(X)  and  h(X)  =  lim  h^x)  and  their  parameters 
by  T'2,N'2,...,  and  T%,JV%,...  respectively  —  such  that  no  top  of  the 
one  function  collides  with  any  top  of  the  other  (by  which  we  mean  that 
the  bases  of  the  two  tops  have  no  point  in  common),  except  of  course 
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as  regards  their  common  1-top  placed  at  the  point  0.  In  fact,  if  this  is 
the  case,  their  sum  g  (x)  4-  h  (X)  will  certainly  not  be  a  periodiclike  function, 
since  it  has  the  value  2  at  the  point  x  —  0  and  is  ^  1  outside  the  interval 
—  1  <  x  <  1  so  that  no  number  T  C>  1  can  possibly  be  a  translation  number 
of  g(X)  -f  h(x)  belonging  to  an  e  <  1 .  To  ascertain,  however,  that  no  top 
of  g(x)  collides  with  any  top  of  h(x)  (except  as  regards  the  common  top 
at  x  =  0)  causes  no  difficulty  whatsoever  on  account  of  the  great  freedom 
we  sail  have  in  the  choice  of  the  entering  parameters ;  in  fact,  the  only 
conditions  put  to  the  parameters  are  that  they  shall  be  chosen  "sufficiently 
large".  We  need  only  choose  the  pairs  of  parameters  (i ,  N)  of  the  functions 
g(x)  and  h(x)  alternately.  We  begin  by  choosing  t'2 ,  N'2  arbitrarily  (satisfying, 
of  course,  the  conditions  given  in  the  proof  of  Theorem  A).  Next  we 
choose  t"2 ,  N*2  so  that  all  the  tops  of  hi(x\  except  the  1-top  of  /M*), 
are  lying  outside  the  interval  on  which  the  tops  of  gi(X)  are  standing.  Then 
we  turn  again  to  the  construction  of  g(X)  and  choose  the  parameters 
*3 ,  N'3  such  that  all  the  tops  occurring  in  ga(*)  but  not  in  g^(X)  lie  outside 
the  interval  on  which  the  tops  of  the  function  h2(x)  are  standing.  And  next 
we  turn  again  to  h(x)  and  determine  T*3 ,  N"3  such  that  all  the  tops  in 
h3(x)  but  not  in  h2(x)  lie  outside  the  interval  on  which  the  tops  of  g3<*)  are 
standing.  Proceeding  in  this  manner  (and,  of  course,  taking  care  that  the 
conditions  on  the  N's  and  the  T'S,  imposed  on  them  in  the  proof  of 
Theorem  A  are  satisfied),  we  obviously  arrive  at  two  functions  g(x)  and  h(x) 
of  the  class  C9  with  no  "top-collision"  and  hence  with  a  sum  g(x)  -f  h(X) 
which  is  not  a  periodiclike  function. 


(Received  October  13.  1950.) 


C54.    J.  Anal.  Math.   1  (1951). 


LINEAR  CONGRUENCES 
DIOPHANTINE  APPROXIMATIONS 


ANOTHER  PROOF  OF  KRONECKBR'S  THEOREM.  815 


ANOTHER   PROOF    OF    KRONECKER'S    THEOREM 
By  H.  BOHR. 

[Received  March  31st,  1922— Read  April  20th,  1922.] 

MANY  different  proofs  of  Kronecker's  Theorem  have  been  given,  among 
which  the  proof  of  Dr.  Lettenmeyer,  based  on  simple  geometrical  considera- 
tions, is  a  particularly  beautiful  one.  In  this  note  I  give  one  more.  This, 
like  Weyl's  proof  of  his  extension  of  Kronecker's  Theorem*,  is  based  on 
the  use  of  the  function  e^ix,  the  "invariant  of  the  numbers  to  modulus  1"; 
and  has  a  simple  connection  with  the  applications  I  have  made  of 
Kronecker's  Theorem  to  the  theory  of  Dirichlet's  series,  t 

Kronecker's  Theorem  may  be  stated  as  follows.  Suppose  that  \  ...  \N 
are  N  linearly  independent  real  numbers,  fa  ...  <f>N  are  N  arbitrary  real 
numbers,  and  €  is  positive.  Then  there  exist  N  integers  hl  ...  h^  and  a 
real  number  t  such  that 

I  AB-^-/fn  |  <  e     (n  =  1,  2,  ...,  JV), 
i.e.  such  that  the  N  complex  numbers 

e2"«V-U     (W=if  2,  ...,  N) 

all  differ  by  less  than  €i  from  e°  =  1.     In  other  words,  the  upper  limit  LF 
of  the  numerical  value  of  the  function 

F(t)  =  l+eM^-M+eM<*>-U>+.mm+#**(*A-+li>9 

for  all  real  values  of  t,  is  equal  to  the  upper  limit  Lc,  =  N+l  of  the 
numerical  value  of  the  function 

G(xl9  sgf  ...,  XN)  =  l  +  e™" 


*  H.  Weyl,  "  Ober  die  Gleichverteiluug  von  Zahlen  mod.  Bins  ",  Math  Ann,,  Vol.  77 
(1916),  pp.  313-352. 

t  Seo,  for  example,  H.  Bohr,  "  Ober  die  Bedeutang  der  Potenzreihen  unendlich  vielcc 
Variabeln  in  der  Theorie  der  Diriohletschen  Reiheii  2a,,n~« ",   Gottinger  Nachrichttn  (1913) 
pp.  441-488. 
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where  xlt  x^  . . . ,  XN  vary  independently  through  the  interval  0  <  x  ^  1 . 
Evidently  it  is  enough  to  prove  that  Lp^  LQ  = 
We  consider  the  power 

(1)  \F(t)\*  = 

where  p  is  an  arbitrary  positive  integer.  In  the  polynomial  development 
of  (1)  no  two  terms  fall  together,  since — on  account  of  the  linear  indepen- 
dence of  the  A's — no  two  terms  contains  the  same  exponential  e**iat.  In 
other  words,  the  development  (1)  contains  the  same  number  of  terms  as 
the  polynomial  development  of 

(2)  {Gfe,  ...,  **)}'  =  |l+^+...+e'2'rf**K 

and  these  terms  have  the  same  numerical  coefficients.  Therefore,  by  a 
classical  argument,  the  two  mean  values 


and 


=  f  f  -  f 
Jo  Jo        Jo 


are  equal  [their  common   value    being   the  sum  of  the  squares  of  the 
numerical  coefficients  in  the  development  of  (1)  and  (2)]. 
Now  evidently  (for  reasons  of  continuity) 

Gj'*->Lo  (=#+!), 

when  p-»oo,  since  the  function  \G(xl9  #a,  ...,  XN)\  really  assumes  its 
upper  limit  LG  in  the  point  (0,  0,  ...,  0)  of  the  JV-dimensional  unit-cube 
0  <  xl  <  1,  ...,  0  <  XN  <  1  ;  and  since  Fp  =  Gp,  we  have 


But  it  is  evident  that  F^  <  LF  for  all  p  ;  and  therefore 

Lp  >  LG, 

which  proves  the  theorem, 

It  would  of  course  be  possible  to  prove  that  ^2p->^+l  more  directly, 
by  a  calculation  based  on  the  actual  values  of  the  coefficients  ;  but  the 
argument  above  avoids  all  calculation  and  brings  out  the  real  point  more 
clearly. 
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Einleitung. 


Dafur,   dass   die  N  diophantischen   Ungleichungen  1 
I    l«n*i  +  «i2f2+  •  •  •  +  «iM/Af—  #il  <  f      (mod.  1) 

I      l«21/l  +  «22/2+-   ••  +  «2M/M—  ^2!    <    *        (mod.    1) 

.    1), 

wo  die  «nm  und  /£n  reelle  Grosseii  bedeuten,  bei  jedem 
beliebig  kleinen  e  >  0  eine  Losung  in  den  M  reellen  Varia- 
blen  /t,  /2,  ....  /M  besitzen,  ist  die  folgende  Bedingung 
offeiibar  notwendig: 

Bei  jedem  System  von   N  ganzen  Zahlen  gl  ,   .  .  .  ,  gN,  fnr 
welches   der  Ausdruck 


identisch    in    den  M   Variablen    t^,  .  .  .,  ^M    uerschivindet,    d.  h. 
welches  die  M  Gleichungen 

(2)  flrl«lm  +  ^2«2m  +  ---+^«^/m   ^    °  (/H   =   1,    .  .  .,    M) 

befriedigt,    muss  die  Zahl 

(3)  g^fii  +  9202  +  .  .  .  +  flr^^ 
eine  ganze  Zahl  sein. 

In  der  Tat  folgt  ja  fu^  beliebige  (nicht  samtlich  ver- 
schwiiidende)  ganze  Zahlen  gl  ,  .  .  .,  gN  aus  deni  Bestehen 

1  Unter  der  Schreibweise  |a|  <  fc  (mod.  1),  wo  a  und  5  >  0  reelle 
Zahlen  sind,  verstehen  wir,  dass  eine  ganze  Zahl  </  derart  existiert, 
dass  |  a  —  ^|  -<  ^  ist. 
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der  Ungleichungen  (1)  die  neue  diophantische  Ungleichung 


+  ...  +  l0J)         (mod.  1), 
also,   falls   die   gn   den   Gleichungen   (2)   genugen,   die    Un- 
gleichung 

10!  ^  +  ...  +  0,^1  <  «(l01l  +  ...  +  |0N|)         (mod.  1), 
und    hieraus    ergibt   sich   sofort,  da  ja    €   beliebig  klein  ge- 
wahlt   werden   kann,    dass   die   (von    €   unabhangige)   Zahl 

#1^1  +  *  •  •  +  9N&N   e*ne  8anze  Zahl  sein  muss. 

Ein  bekannter  allgemeiner  Satz  von  KRONECKER  besagt, 
dass  die  obige  notwendige  Bedingung  auch  eine  hinreichende 
Bedingung  dafur  darstellt,  dass  die  N  diophantischen  Unglei- 
chungen  (1)  bei  beliebig  kleinem  c  eine  Losung  in  tl9  .  .  .,  tM 
besitzen,  oder  anders  ausgedruckt,  dass  es  fur  die  Ldsbarkeit 
der  N  diophantischen  Ungleichungen  (1)  hinreichend  ist, 
dass  sie  keinen  »offenkundigen«  Widerspruch  aufweisen. 

In  dem  speziellen  Falle,  wo  alle  anm  mil  m  >  1  gleich  0 
sind,  und  ausserdem  noch  die  Grossen  «11,  .  .  .,  am  linear 
unabhangig  sind  d.  h.  keine  Relation  der  Form 

flfian  +  .-.+^ajv!  ==  0 

in  ganzen  (nicht  samtlich  verschwindenden)  Zahlen 
0i  9  •  -  •  9  SW  befriedigen,  geht  dieser  Satz  in  den  so- 
genannten  »kleinen«  Kronecker'schen  Satz  uber, 
welcher  besagt,  dass  N  diophantische  Ungleichungen  der 

Form      |«n/- A,|  <  *       (mod.  1)  (11  =  1, ....  N), 

wo  die  Koeffizienten  «t,  .  .  .,  CCN  linear  unabhangig  sind, 
bei  beiiebiger  Wahl  der  Zahlen  0l9...tflN  und  beliebig 
kleinem  e  stets  eine  Losung  in  /  besitzen.  Fur  diesen  letzten 
Satz,  welcher  in  verschiedenen  neueren  Untersuchungen 
eine  fundamentale  Rolle  spielt,  habe  ich  vor  einigen  Jahren 
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einen  neuen  einfachen  Beweis  gegeben. *  Das  Ziel  dieser 
Note  1st  zu  zeigen,  dass  meine  damalige  Methode  auch  iin 
Stande  1st,  den  oben  genannten  allgemeinen  Kronecker'- 
schen  Satz  mit  einem  Schlage  zu  beweisen. 


Beweis  des  Satzes. 

Es  seien  also  NM  reelle  Grossen  «nm  beliebig  gegeben, 
und  es  seien  ftl ,  .  .  . ,  fiN  reelle  Grossen  derart,  dass  fur 
jedes  System  von  ganzeii  Zahlen  gl9  .  .  .,  gN,  welches  die 
M  Gleichungen  (2)  befriedigt,  die  Zahl  (3)  ganz  ausfallt. 
Wir  setzen  zur  Abkiirzung 

"nl'l  +  «n2>2  +  •  •  •  +  «nA/  1M   =    J/n    ^    •«/„  (^i  •   ^   '  '  "   1M> 

uiid  haben  alsdann  zu  beweisen,  dass  es  moglich  ist,  solche 
Werte  der  M  Variablen  /t ,  /2 ,  .  .  . ,  1M  zu  bestimmen,  dass 
die  A^  reellen  Zahlen  yn  —  ftn,  modulo  1  betrachtet,  alle  be- 
liebig klein  werden,  d.  h.  dass  die  N  komplexen  Zahlen 


alle  um  beliebig  wenig  von  e°  — -  1  abweichen.  Die  Behaup- 
tung  lautet  mit  anderen  Worten,  dass  die  obere  Grenze  LF 
des  absoluten  Wertes  der  Funktion 

N 

j 

t^it         *  *      \     _       t      l_       X       ^27tt(l/n — 3n) 

^  1  »     2 '   *  *  '  »   *  Af'     — ^     1   ~T~   ^      "  9 

n=  1 

wo  der  Punkt  (tlt  ...,  tM)  den  ganzen  M-dimensionalen  Raum 
durchlduft,  gleich  der  oberen  Grenze  />G  =  Ar+/  des  absoluten 
Wertes  der  Funktion 

1    H.  BOHR,    Another  Proof  of    Kronecker's -Theorem  [Proceedings  of 
the   London  Mathematical   Society,  Ser.  II,   Bd.  XXI  (1923),   S.  315—316]. 


D  2.    Dan.  Math.  Fys.  Medd.   6,  no.  8   (1024). 


Nr.  8.    HARALD  BOHR: 

N 


n  =  1 

ist,  wo  die  N  Variablen  xl  ,  .  .  .,  XN  unabhangig  von   ein- 
ander  das  Intervall  0  <  x  <  /   durchlaufen.   Hierbei  genugt 

es  otYenbar 

^  >  LG 

zu   be\veisen. 

Wir  betrachten,    bei  einern  beliebigen    positiven    ganzen 
/?,  die  Polenzen 

N 

(4)  {  F(/x  .....  /M)  }R  -    {  1  +^ 

n  =  1 

und 

N 


(5) 

n  =  1 

und  vergleichen  die  beiden  Polynoinialentwickelungen  von 
(4)  und  (5).  Da  die  xn  von  einander  unabhangige  Variable 
bedeuten,  konnen  naturlich  in  der  Polynomialentwickelung 
von  (5)  keiiie  zwei  Glieder  zusammengezogen  \verden  ; 
dies  kann  aber  sehr  wohl  in  der  Polynomialentwickelung 
von  (4)  passieren  —  weil  ja  mehrere  Glieder  deiiselben 
Exponentialfaktor  eI(Al'1  +  *  ••  +  AJI<*I)  enthalten  konnen  —  und 
zwar  \verden  offenbar  zwei  Glieder  mil  den  Faktoren 


dann  und  nur  dann  zu  einem  Gliede  zusammengefasst 
werden  konnen,  wenn  die  ganzen  Zahlen 

9i  ^Pi  —  Vi*  -•-  9N  =  PN  —  V* 

den  M  Gleichungen  (2)  genugen.  In  diesem  Falle  unter- 
scheiden  sich  aber,  weii  (3)  nach  Voraussetzung  eine  ganze 
Zahl  wird,  die  beiden  Grossen 

und 
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urn  eine  ganze  Zahl,  d.  h.  es  sind  die  Amplitude  n  der 
Koeffizienten  der  beiden  betreffenden  Glieder  in  der  Poly- 
nomialentwickelung  von  (4)  gleich  gross.  Hieraus  folgt 
aber,  dass  die  Summe  der  Quadrate  der  absoluten  Werte  der 
Koeffizienten  in  der  (durch  Zusammenfassung  von  Gliedern 
mit  demselben  Exponentialfaktor  zusammengezogenen)  Ent- 
wickelung von  (4)  gewiss  >  der  Summe  dei'  Quadrate  der 
absoluten  Werte  der  Koeffizienten  in  der  Entwickelung  mm 
(5)  1st;  denn  fur  komplexe  Zahlen  cl9  c2,  . .  .,  cl  mit  der- 
selben  Amplitude  gilt  ja  die  Ungleichung 

Nun  ist  aber,  nach  einem  klassischen  Verfahren 1,  die 
Summe  der  Quadrate  der  absoluten  Werte  der  Koeffizienten 
in  der  Entwickelung  (4)  bezw.  (5)  gleich  dem  Mittel- 
w  e  r  t  e 


2 

dt 


M 


bezw. 

GR  =  (rf*A«fe,.. .(  \{G(xvxv....xN)}*  *dxN, 

•/()  t/Q  */Q 

und  es  gilt  daher,  bei  jedem  positiven   ganzen  /?,   die  Un- 
gleichung 

also  auch  die  Ungleichung 

(A)  2K 2fl 

]/F    >     I/G    • 
Wir  fuhren  nunmehr  den  Grenzubergang  7?«^oo  aus.  Hier- 

1  Man  hat  nur  das  Quadrat  |F|8  =  F-F  bezw.  |G|2=  G-G  auszu- 
rechuen  und  von  jedem  der  (endlich  vielen)  Glieder  den  Mittelwert  zu 
nehmen,  wodurch  alle  Glieder  ausser  dem  konstanten  Gliede  wegfallen. 
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durch  erhalten  wir  sofort  (aus  Stetigkeitsgrunden)  die 
Lirnesgleichung 

OR 

lim      ]/GR  =  LG   (=  JV+1), 

R  •»— *-oo 

well  die  Funktion  \G(xl9  . .  .,  &N)\  tatsachlich  ihre  obere 
Grenze  in  eineni  Punkte  des  JV-dimensionalen  Einbeits- 
kubus,  namlich  detii  Punkte  (0,  . . .,  0),  annimmt.  Also  gilt, 
wegen  (6),  die  Limesungleichung 

2jpj 

(7)  lim  sup      ]/FR    >  Lg.1 

R  «»-»  oo 

Nun    ist    aber    offenbar    bei    jedem    R    der    Mittelwert 

2Jj 

yFR    <  der  oberen  Grenze  L:ff9  und  wir  konnen  daber 
aus  (7)  sofort  die  gewunschte  Ungleicbung 

LF  ^  LG 
folgern,  womit  der  Satz  bewiesen  ist. 

1   Obrigens  auch  lim  inf    \/FR  ^  LG, 

R  *-*  oo 


Forelagt  p*»  M0det  den  12.  December  1924. 
Fcerdin  tr*  Trykkerlet  den  16.  December  1824. 


D2.    Dan.  Math.  Fya.  Medd.   6,  no.  8  (1924). 


Det  Kgl.  Danske  Videnskabernes  Selskab. 
Mathematisk-fysiske  Meddelelser.  VII,  1. 

UNENDLICH  VIELE  LINEARE 

KONGRUENZEN  MIT  UNENDLICH 

VIELEN  UNBEKANNTEN 


VON 


HARALD  BOHR 


K0BENHAVN 

HOVEDKOMMISSIONJBR:  ANDR.  FRED.  H0ST  &  S0N,  KGL.  HOF-BOOHANDEL 

BIANCO  LUNOS  BOGTRYKKERI 

1925 


D3.    Dan.  Math.  Fy*.  Afedd.  7,  no.  1  (1926). 


Einleitung. 

Bei  der  Untersuchung   der  Klasseneinteilung  fastperiodi- 
scher  Funktionen1  bin  ich  auf  das  folgende  Problem 
gestossen  : 

Es  sei  ein   System   von  unendlich2  vieleii  Linearformen 
in  unendlich  vielen  Variablen 

(O  rnila?l  +  rn,aa:»+   ----  *-rn.gaXqn  &   =    *»  2>  '  '  '  > 

vorgelegt,  wo  jede  einzelne  Linearform  nur  endlich  viele 
der  Variablen  aclt  x29'  m  •  enthalt,  und  wo  die  Koeffizienten 
r  alle  rationale  Zahlen  sind  (rn  dp  O).3  Es  bezeichne 
/7X  die  Menge  aller  Punkte  (0t,  0a»""0  des  unendlich-di- 
mensionalen  Raumes,  fur  \velche  die  unendlich  vielen  linearen 
Kongruenzen  in  den  unendlich  vieleri  Unbekannten  x^9  #2>*  '  ' 

(2)   rn>lXl+rn^+--  .  +  rn>a      «  #n  (mod.l)  (n=l,2,-  •  •) 


eine  sim  ultane  Losung  (a?lf  a-2,'  •  •)  =  (&\  *  ^2»"  "  ") 
zen,  und  es  bezeichne  IJ2  die  Menge  aller  Pnnkte  (0X,  ^2,»  •  •) 
des  unendlich-dimensionalen  Raumes,  fur  welche  bei  jedem 
festen  positiven  ganzen  N  die  N  ersten  der  Kon- 

1  H.  BOHR:  Zur  Theorie  der  fastperiodischen  Funktionen  II   (Anhang 
1,  §  3),   Acta  Mathematica   1925. 

2  Wir  gebrauchen  das  Wort  »unendlich«  iiberall  im  Sinne  »abzahlbar 
imendlich«. 

3  Es  enthalt  also  jede    der  unendlich    vielen   Linearformen    minde- 
stens  eine   der  Variablen  £CX*  &*,•••.   Dagegen   brauchen  nicht  alle  un- 
endlich vielen  Variablen   tatsiichlich  vorzukommeii. 
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gruenzen    (2)    eine    Losung1  (o:lf  a^-'"') 
haben.2 

Es  1st  klar,  dass  sowohl  /II  wie  7/2  den  Anfangspunkt 
(0,  0,  •••)  des  unendlich-diinensionalen  Raunies  enthalten, 
und  ferner  dass 

n  \<  a* 


;  denn  eine  simultane  Losung  (ajj,  o^**  •  •)  der  samtlichen 
unendlich  vielen  Kongruenzen  (2)  wird  ja  zugleich  jede 
endliche  Anzahl  der  Kongruenzen  befriedigen. 

Unser  Problem  lautet  nun  :  Wann  sind  die  beiden  Mengen 
n±  und  772  mi7  einander  identisch,  d.  h.  wie  soil  das  System 
(1)  von  Linearformen  beschaffen  sein,  damit  es,  bei  beliebig 
gegebenen  Werten  0lf  0a»'"*»  ^ur  die  Existenz  einer  simul- 
tanen  Losung  der  unendlich  vielen  Kongruenzen  (2)  nicht 
nur  notwendig,  sondern  aucb  hinreichend  sei,  dass  die  N 
ersten  dieser  Kongruenzen  bei  jedem  N  eine  Losung  be- 
sitzen? 

Es  gibt  einen  einfacben  Fall,  wo  man  sofort  sieht,  dass 
//t  =  //a  1st.  In  der  Tat  gilt 

Satz  1.  Falls  die  rationalen  Koeffizienten  r  der  unendlich 
vielen  Linearformen  (1)  sdmtlich  ganze  Zahlen  sind.  fallen 
die  beiden  Mengen  77t  und  II2  zusammen. 

Beweis.    Es    sei    (0lf    02'"*0    e*n   beliebiger    Punkt    der 


1  Es  ist  fur  unsere  Zwecke  bequem  unter  eincr  »L6sung«  der  N 
ersten  Kongruenzen  (2)  einen  Punkt  Ot  ,  xt  ,  •  •  •  )  des  unendlich-di- 
mensionalen  Raumes  zu  verstehen,  obwohl  in  diesen  N  Kongruenzen 
nur  endlich  viele  der  Variablen  x  vorkommen,  und  es  somit  ganz 
belanglos  ist,  welche  Werte  die  Koordinaten  xm  von  einer  gewissen 
Stelle  an  haben. 

*  In    der    Definition    der  Menge  77t    hatten    wir    naturlich    statt  »bei 
jedem  N   die  N   ersten    der    Kongruenzen«    ebensogut    »jede    beliebige 
endliche  Anzahl  der  Kongruenzen«  schreiben  konnen. 

*  Unter  A<  B   (oder  B  >  A),    wo  A  und  B   zwei  Punktmengen  des- 
selben  Raunies  sind,  verstehen  wir,  dass  die  Punktmenge  A  in  der  Punkt- 
menge  B  enthalten  ist. 
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Menge  772,  d,  h.  es  haben  bei  jedem  festen  N  die  N  er- 
sten  der  Kongruenzen  (2)  eine  Losung  (x^\  #2NV**). 
Hierbei  konnen  wir  uns  diese  Losung  so  gewahlt  denken, 
dass  jede  Koordinate  xm  zwischen  0  (inch)  und  1 
(excl.)  gelegen  1st;  denn  da  die  Koeffizienten  der  N 
Kongruenzen  alle  ganz  sind,  darf  ja  in  einer  Losung  jede 
Koordinate  xm  um  eine  beliebige  ganze  Zahl  geandert  wer- 
den.  Die  aus  diesen  Losungen 

x^),..-)  (AT  =  1,   2,.-.) 


gebildete  Punktrnenge  des  unendlich-dimensionalen  Raurnes 
hat  daher  gewiss  mindestens  einen  Haufungspunkt 
(xj,  x2,'-  •)»  m  dem  Sinne,  dass  es  eine  Folge  von  wach- 
sendeii  positiven  ganzen  Zableh  Nl9  N2,---,  Np,--*  gibt, 
so  dass  bei  jedem  festen  m  =  1,  2,-  •  •  die  Limesgleichung 


besteht,  Dieser  Haufungspunkt  (xj,  xj,---)  wird  alsdann 
eine  simultane  Losung  der  samtlichen  unendlich  vielen 
Kongruenzen  (2)  sein.  In  der  Tat,  falls  n0  eine  beliebige 
positive  ganze  Zahl  ist,  wird  (xj,  a?a»''-)'  aus  Stetigkeits- 
grunden  die  /?0*e  Kongruenz  befriedigen,  weil  in  dieser  Kon- 
gruenz  nur  endlich  viele  der  Variabien  x  vorkominen, 
und  der  Punkt  (x(1Np),  x(2JVp),  •  •  •)  bei  jedem  Np>n0  eine 
Losung  der  /?0len  Kongruenz  darstellt.  Es  gehort  somit  der 
Punkt  (0lP  ^a,'-0  auch  zur  Menge  I7l9  d.  h.  es  fallen  die 
beiden  Mengen  n±  und  772  zusammen. 

Das  Ziel  der  vorliegeiiden  Abhandlung  ist  zu  zeigen, 
dass  der  im  Satze  1  betrachtete  Fall  »wesentlich«  der 
einzige  ist,  wo  17  1  =  7/a  ist.  Wir  werden  namlich  bewei- 
sen,  dass  es  fur  das  Zusammenfallen  der  beiden  Mengen  U^ 
und  7/2  nicht  nur  hfnreichend,  sondern  auch  notwendig  is/, 
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dass  das  gegebene  System  (1)  durch  erne  »lineare  Substitu- 
tions in  ein  neues  System  von  Linearformen  mit  lauter  ganzeii 
Koeffizienten  ubergefuhrt  werden  kann. 


Wir  teilen  die  Untersuchung  in  funf  Paragraphen  ein. 

§  1  enthalt  einige  Bemerkungen  uber  Systeme  von  line- 
aren  Gleichungen  mit  unendlich  vielen  Unbekannten, 
wo  (wie  bei  den  obigen  Kongruenzen)  in  jeder  einzelnen 
Gleichung  nur  endlich  viele  Unbekannte  auftreten.  Fur  ein 
derartiges  Gleichungsystem  wurde  bekanntlich  von  TOEPLITZ 
in  einer  interessanten  Abhandlung  *  eine  erschopfende  Theorie 
gegeben,  in  welcher  gezeigt  wurde,  dass  die  Verhaltnisse 
bei  einem  solchen  System  fast  ebenso  einfach  liegen,  wie 
bei  einem  System  von  nur  endlich  vielen  Gleichungen. 
Wir  brauchen  aus  dieser  Theorie  nur  ein  einzelnes  Resul- 
tat,  fur  welches  wir  einen  direkten  ausserst  einfachen  Be- 
weis  geben. 

In  §  2  wird,  mit  Hulfe  des  Satzes  von  §  1,  der  Begriff 
einer  linearen  Substitution  in  unendlich  vielen  Vari- 
abeln  erortert. 

§  3  bringt  eine  einfache  Reduktion  der  gestellten  Auf- 
gabe,  indem  gezeigt  wird,  dass  man  sich  ohne  Beschraii- 
kung  der  Allgemeinheit  auf  die  Betrachtung  solcher  Systeme 
(1)  beschranken  kann,  wo  jede  einzelne  der  Variablen  jcl9 
ara ,  •  •  •  durch  lineare  Kombination  endlich  vieler  der  Linear- 
formen isoliert  werden  kann.2 

1  O.  TOEPLITZ  :   Uber  die  Autlosung  unendlichvieler  linearer  Gleichun- 
gen mit  unendlichvielen  Unbekannten,  Palermo  Rendiconti  Bd.  28  (1909), 
S.  88—96. 

2  Durch    diese  Reduktion    sichern    wir    uns  einerseits,   dass  jede  der 
Variablen  xm  tatsachlich  vorkommt,  und  andererseits,  dass    nicht  gewisse 
Variable,  z.  B.  x*  und  x6,  uberall  in  einer  festen  Kombination,  etwa 
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In  §  4  leiten  wir  einige  einfache,  auch  an  sich  ganz 
interessante  Kriterien  dafur  her,  dass  ein  (reduziertes) 
System  (1)  durch  eine  lineare  Substitution  in  ein  neues 
System  mit  lauter  ganzen  Koeffizienten  ubergefuhrt  wer- 
den  kann. 

Schliesslich  wird  im  §  5  der  oben  genannte  Hauptsatz 
uber  die  notwendige  und  hinreichende  Bedingung  fur  das 
Zusammenfallen  der  beiden  Mengeii  11^  und  772  bewiesen. 

§  1. 

Unendlich  viele  lineare  Gleichungen  mit  unendllch 
vlelen  Unbekannten. 

Fur  unsere  spateren   Oberlegungen  brauchen  wir  den 
Satz  2.   Damit  ein  System    von    unendlich    vielen    linearen 
Gleichungen   der  Form 

—  +  (>n*      =  &n       (n  =  1,   2,---X 


wo  die  Koeffizienten  Q  und  die  Konstanten  &n  beliebige  reelle 
Zahlen  sind,  eine  simultane  Losung  (xj,  o:J,---)  besitze,  ist 
nicht  nur  notivendig,  sondern  auch  hinreichend,  dass  die 
Gleichungen  keinen  »offenkundigen  Widerspruch«  aufweisen, 
d.  h.  dass  es  kein  solches  System  von  endlich  vielen  reelleii 
Zahlen  <rlf  <r2,*  -  •,  <*N  gibt,  dass  durch  lineare  Kombination 
der  W  ersten  Gleichungen  mit  den  respektiven  Multiplika- 
toren  al9  0*2,  ---o^  eine  Gleichung  der  Form 

0a:2+-  •  •  +  Ox     =  k 


mit  k  4=  0  erhalten  wird. 

Beweis.  Es  handelt  sich  darum,  aus  der  Annahme,  dass 

1  2 

-  rca  +  -   x&  auftreten   (in  welchem    Fallc  cs  ja  naturlicher  ist,  diese  zwei 

*  *  12 
Variableii  ,r2    und    .ce    durch  eine  einzigc  neue  Variable  z  =   -  x*  -f-  —  o?» 

zu  ersetzen). 
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kein  offenkundiger  Widerspruch  zwischen  den  Gleichungen 
vorliegt,  die  Existenz  mindestens  einer  (simultanen)  Losung 
zu  beweisen.  Hierzu  betrachten  wir  zunachst  die  Variable 
xl  und  unterscheiden  zwischen  den  beiden  folgenden  M6g- 
lichkeiten : 

1°  Entweder  ist  a?!  »isolierbar« ;  d.  h.  es  lasst  sich  durch 
lineare  Kombination  endlich  vieler  der  Gleichungen  (3)  eine 
Gleichung  der  Form  x±  =  ct  (ct  konstant)  ableiten.  Vielleicht 
lasst  sich  x±  in  mehreren  verschiedenen  Weisen  isolieren; 
das  Resultat  (d.  h.  der  Wert  der  Konstanten  ct)  muss  aber 
immer  dasselbe  sein,  weil  sonst  die  Gleichungen  (3)  ini 
offenkundigen  Widerspruch  mil  einander  w&ren. 

2°  Oder  xt  ist  nicht  isolierbar. 

Im  Falle  1°  setzen  wir  xt  =  x{,  wo  xl  die  bei  der 
Isolation  von  x±  auflretende  Konstante  ct  bedeutet,  und  im 
Falle  2°  geben  wir  xt  einen  gaiiz  beliebig  gewahlten,  von 
nun  an  festzuhaltenden  Wert  a:*. 

Wir  setzen  nun  fur  die  Variable  xl  ihren  somit  be- 
stimmten  Wert  xl  in  das  Gleichungsystem  (3)  ein  (und 
ziehen  die  entsprechenden  Glieder  auf  die  rechten  Seiten 
der  Gleichungen  uber).  Das  hierdurch  entstandene  neue 
Gleichungsystem  in  den  Variablen  x2J  x3,- •  •  weist  offen- 
bar,  wie  das  ursprungliche  Gleichungsystem  in  den  Variablen 
a?i,  a?2»"""»  kein  en  offenkundigen  Widerspruch  auf, 
d.  h.  falls  €*!,••-,  <rv  solche  reelle  Zahlen  sind,  dass  durch 
lineare  Kombination  der  N  ersten  der  neuen  Gleichungen 
mit  den  Multiplikatoren  &19*  •  •,  aN  eine  Gleichung  der  Form 

Ox2  +  0a:3  H +OxL  =  K 

entsteht,  die  Zahl  K  auf  der  rechten  Seite  iiotwendiger- 
weise  gleich  0  sein  muss.  In  der  Tat  entsteht  durch  Kom- 
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bination  der  N  ersten  Gleichungen  des  ursprunglichen   Sy- 
stems rnit  denselben  Multiplikatoren  a±9>  •  •,  crN  eine  Gleichung 
der  Form 
(4)  aa^  +  Oxa  +  OargH  -----  h  OxL  =  ft, 


wo  die  Zahlen  K,  cc,  ft  durch  die  Relation  K  =  ft  —  a  x\ 
verbunden  sind  (weil  das  neue  System  aus  dem  alten  Sy- 
stem durch  Einsetzung  von  xl  =  x\  hervorgegangen  ist), 
und  aus  der  Gleichung  K  =  ft  —  ax\  erhellt  sofort,  dass 
K  =  0  ist;  denn  im  Falle  a  =  0  muss  auch  ft  =  0  sein  (da 
das  ursprungliche  Gleichungsystem  (3)  sonst  einen  offen- 
kundigen  Widerspruch  aufweisen  wurde),  und  im  Falle 
a  =}=  0  bedeutet  die  Gleichung  (4)  ja  eine  »Isolation«  von 

xl  aus  dem  ursprunglichen  Gleichungsystem,  und  es  ist  als- 

& 

dann  der  Wert  x\  gerade  gleich  der  Konstanten  —  gewahlt* 

Wir  konnen  daher  das  Verfahren  fortsetzen  und  bestim- 

men  nunmehr  x^  aus  dem  neuen  Gleichungsystem  in  genau 

derselben   Weise  wie  wir  rct  aus  dem  ursprunglichen  System 

bestimmt  haben,  d.  h.  falls    x2  isoliert   werden    kann,    etwa 

o:2  ==  c2,  setzen  wir  or2  ==  #2  ===  C2»  und  falls  or2  nicht  isoliert 

werden  kann,  geben  wir  or2  einen  beliebig  gewahlten  WertrcJ. 

Danach    setzen    wir    or2  ==  x2    in    das    Gleichungsystem 

ein,   bestimmen  x3  ==  x\t  u.  s.  w. 

Durch  abzahlbar  viele  Schritte  erhalten  wir  in  dieser 
Weise  ein  Wertsystem  (x\  ,  xj,---)t  welches  offenbar  eine 
simultane  Losung  der  unendlich  vielen  Gleichun- 
gen (3)  darstellt;  in  der  Tat  kommen  in  jeder  dieser 
Gleichungen,  etwa  der  Wten,  nur  endlich  viele  Unbekannte 
vor,  etwa  o^,---,  XM,  und  aus  der  Bestimmungsweise  der 
Zahlen  x*  folgt,  dass  diese  Gleichung  nach  Einsetzung  von 
x^  =  xl  ,  •  •  -  ,  XM  =  x*M  keinen  ofTenkundigen  Widerspruch 
aufweisen  darf,  also  sich  auf  0  =  0  reduzieren  muss. 
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Aus  dem  Satze  2  folgt,  dass  die  Verhaltnisse  in  bezug 
auf  die  in  der  Einleitungen  angegebene  Fragestellung  ganz 
anders  bei  den  Gleicbungen  als  bei  den  Kongruenzen 
liegen.  In  der  Tat  ergibt  sich  fur  die  Gleichungen  der  Satz  : 

Es  sei  ein  System  von  unendlich  vielen  Linear  for  men  der 
Form  .  ,  x 

?n,l  *!  +  <?„,  2*2  H  -----  V  ********  ("   =    *'    2»'"> 

gegeben,  und  es  bezeichne  Mt  die  Menge  der  Punkte  (#lf  #2,-  •  •) 
des  unendlich-  dimensionalen  Raumes,  fur  wel^he  die  Gleichungen 


eine  simultane  Losung  (x^  ,  x  g  ,  •  •  •  )  haben,  und  M2  die  Menge 
der  Punkte  (&±  ,  ^2  >'•')»  f&r  welche  bei  jedem  festen  N  die  N 
ersten  dieser  Gleichungen  eine  Losung  (o?^,  x^^9-  •  •)  besitzen. 
Dann  1st  immer  Mt  =  M2.  Fur  die  simultane  Losbarkeit 
samtlicher  Gleichungen  ist  also  nicht  nur  notwendig, 
sondern  auch  hinreichend,  dass  jede  endliche  Anzahl  der 
Gleichungen  eine  Losung  besitzen. 

In  der  Tat,  falls  bei  jedem  N  die  N  ersten  Gleichungen 
eine  Losung  haben,  kann  das  Gleichungsystem  gewiss 
keinen  offenkundigen  Widerspruch  aufweisen,  und  nach 
dem  Satze  2  genugt  dies  um  schliessen  zu  konnen,  dass 
eine  simultane  Losung  der  samtlichen  Gleichungen  vor- 
handen  ist.1 

1  Der  Grund,  weshalb  die  Verhaltnisse  bei  den  Gleichungen  so 
ganz  anders  —  und  zwar  viel  einfacher  —  als  bei  den  Kongruenzen 
liegen,  kann  darin  gesucht  werden,  dass  es  bei  einem  System  von  Glei- 
chungen ohneweiteres  erlaubt  ist  (wie  wir  es  oben  bei  der  successiven 
Isolierungen  der  Variablen  getan  haben)  durch  beliebige  lineare  Kom- 
binationen  der  gegebenen  Gleichungen  neue  Gleichungen  zu  bilden, 
wahreiid  die  Bildung  solcher  iinearer  Kombinationen  bei  den  Kongruenzen 
nur  dann  erlaubt  ist,  falls  die  verwendeten  Multiplikatoren  samtlich 
ganze  Zahlen  sind. 
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§   2. 
Lineare  Substitutionen  in  unendlich  vielen  Varlablen. 

Es    sei    ein    System   von    unendlich    vielen   Gleichungen 
der  Form 


gegeben,  wo  die  Koeffizienten  a  beliebige'reelle  Zahlen  be- 
deuten.  Durch  dieses  Gleichungsystem  wird  jedem  gegebenen 
Punkte  Orlt  x2,%  •  •)  des  unendlich-dimensionalen  ;r-Raumes 
ein  eindeutig  bestimmter  Puiikt  (y±,  j/2,«  *  ")  des  unendlich- 
dimensionalen  */-Raumes  zugeordnet.  Wir  nennen  das  Sy- 
stem (5)  eine  lineare  Substitution,  falls  es  eine  ein-ein- 
deutige  Abbildung  des  or-Raumes  auf  den  y-Raum  be- 
werkstelligt,  falls  also  die  Gleichungen  (5)  bei  jedem  ge- 
gebeneii  Wertesystem  von  yt,  */2,---  eine  und  nur  eine 
Losung  in  den  Variablen  o^,  x2,.-«  besitzen. 

Satz  3.  Damit  das  System  (5)  eine  lineare  Substitution 
bilde,  ist  notwendig  und  hinreichend: 

1.  dass    keine    Dependenzen    zwischen    den    Linear  formen 
LL,  L2  ,  •  •  •    auf  den    rechten    Seiten    der    Gleichungen    (5)    be- 
stehen    (d.   h.   es    clarf    keine    lineare    Kombination    endlich 
vieler   dieser  Linearformen    mit    nicht    samtlich    verschwin- 
denden   Multiplikatoren    geben,    welche    identisch    in   den  a: 
verschwindet),   und 

2.  dass  jede  der  Variablen  xm  durch   lineare  Kombination 
endlich  vieler  der  Linearformen  Lt  ,  L2  ,  •  •  •  isoliert  iverden  kann.1 

1  Diese  zwei  Bedingungen  kdnnen  offenbar  auch  als  nur  eine  Be- 
dingung  formuliert  \verden,  namlich  :  es  soil  jede  der  Variablen  acm  in 
einer  und  nur  einer  Weise  aus  den  Linear  formen  LI  ,  £.!,•••  isoliert 
werden  konnen,  d.  h.  zu  jeder  Variablen  xni  soil  es  ein  und  nur  ein 
System  von  endlich  vielen,  N  ==  N  (ni),  reellen  Zahlen  <r4t  <r«,  •  •  *,  o-^ 
mit  <r^r  "^  0  so  geben,  dass  in  tr^Li  +  crsLs  +•  •  •+  cf^L^  die  Variable  a*n| 
den  Koeffizienten  1  und  alle  iibrigen  Variablen  x  die  Koeffizienten  0  besitzen. 
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Beweis.  1.  Wir  zeigen  zunachst,  dass  die  angegebenen 
Bedingungen  notwendig  sind,  dass  sie  also  gewiss  erf  Gilt 
sind,  falls  (5)  eine  Substitution  bildet.  Zunachst  ist  klar, 
dass  keine  Dependenz,  etwa  /^1Z/1  +  -  •  *  +  pNLN  =  0,  vor- 
handen  sein  kann;  denn  hieraus  wurde  folgen,  dass  das 
Gleichungsystem  (5)  fur  einen  Punkt  (|/lf  i/a»'*')»  welcher 
nicht  die  entsprechende  Bedingung  f*lyl+*  •  '  +  f*NyN  =  0 
erfullte,  gewiss  keine  Losung  in  den  x  haben  konnte.  Und 
aus  dem  Beweise  des  Satzes  2  in  §  1  geht  ferner  hervor, 
das  jede  der  Variablen  xm  isoliert  werden  kann.  In  der 
Tat,  da  die  Gleichungen  (5)  bei  gegebenen  Werten  von  den 
y  nach  Voraussetzung  eine  Losung  besitzen  (und  also  keinen 
offenkundigen  Widerspruch  aufweisen),  konnen  wir  durcb 
das  dort  angegebene  Verfahren  eine  Losung  bestimmen; 
ware  nun  eine  der  Variablen  nicht  isolierbar,  konnten  wir 
ohne  Beschrankung  der  Allgemeinheit  annehmen,  dass  gerade 
die  »erste«  Unbekannte  x±  nicht  isolierbar  ware  (indem  wir 
sonst  die  Unbekannten  einfach  umnummerierten),  und  wir 
konnten  alsdann  bei  unserem  Losungsverfahren  dieser  Un- 
bekannten &i  einen  ganz  beliebigen  Wert  xj  geben,  im 
Widerspruch  zu  der  Voraussetzung,  dass  nur  eine  Losung 
existiert. 

2.  Danach  zeigen  wir,  dass  die  beiden  Bedingungen  bin- 
reichend  sind.  Hierzu  schliessen  wir  zunachst  aus  der 
Annahme,  dass  keine  Dependenzen  vorhanden  sind,  dass 
die  Gleichungen  (5),  wie  auch  die  Werte  der  y  gewahlt 
werden,  niemals  einen  offenkundigen  Widerspruch  aufweisen 
konnen,  und  daher  (nach  dem  Satze  2)  bei  beliebig  gege- 
benen fft,  (/2»-*-  mindestens  eine  Losung  haben.  Und 
dass  die  Gleichungen  nicht  mehr  als  eine  Losung  haben 
konnen,  folgt  naturlich  sofort  daraus,  dass  jede  Variable  oc 
isoliert  werden  kann. 
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Indem  wir  an  die  letzte  Bemerkung  des  obigen  Beweises 
anknupfen,  fugen  wir  hinzu,  dass  —  falls  (6)  eine  Sub- 
stitution bildet  —  die  Werte  der  Variablen  a:,  bei  gegebenen 
Werten  der  y,  durch  Isolierung  der  x  bestimmt  werden 
konnen.  Diese  Isolation  (die,  wie  wir  wissen,  in  einer  und 
nur  einer  Weise  moglich  ist)  verlauft  aber  unabhangig  da- 
von,  welche  Werte  den  Variablen  y  auf  den  linken  Seiten 
von  (5)  zugeteilt  sind,  und  wir  erhalten  daher  die  Losung 
in  der  Form 

VnUVn       Gi  =  1,  2,.-.), 

wo  die  ft  Konstanten  sind,  die  nur  von  den  Konstanten  a 
in  (5)  abhangen.  Dieses  neue  System  (6)  bestimmt  offenbar 
dieselbe  ein-eindeutige  Abbildung  des  x-Raumes  auf 
den  y-Raum  wie  (5),  und  bildet  daher  ebenfalls  eine  Sub- 
stitution, die  wir  als  die  zu  (5)  inverse  Substitution 
bezeichnen.  Naturlich  ist  umgekehrt  (5)  die  inverse  Sub- 
stitution zu  (6). 

Beispiel.  Als  einfachstes  Beispiel  einer  linearen  Sub- 
stitution nennen  wir  ein  System  von  Gleichungen  der  Form 


(an  n  =J=  0  fur  alle  n). 

"/i  /i.  1      1  n.  2      2  n.  it      n 


Dass  dieses  System  (7)  eine  Substitution  bildet,  sieht 
man  sofort  sowohl  daraus,  dass  die  in  der  Definition  ge- 
forderte  Ein-eindeutigkeit  der  Abbildung  vorhanden 
ist,  als  aucb  daraus,  dass  die  im  Satze  3  angegebenen  Be- 
dingungen  des  Nicht-Vorhandenseins  von  Depen- 
denzen  und  der  Isolierbarkeit  der  x  erfiillt  sind.  Wir 
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fin  den  hier  sofort  durch  successive  Bestimmung  von  xl , 
die  inverse  Substitution,  welche  dieselbe  Form 


(8) 


erhalt. 

Wir  schliessen  diesen  Paragraphen  mit  einigen  fur 
Folgende  nutzlichen  Bemerkungen: 

Bemerkung  I,  (»Verlangerung«  eines  Systems).  Es  sei 
Li9  -La»**'  eine  Folge  von  unendlich  (oder  vielleicht  nur 
endlich)  vielen  Linearformen  in  den  unendlich  vielen  Va- 
riablen x±*  a?a,-*',  wo  Jec*e  der  Linearformen  wie  immer 
nur  endlich  viele  der  Variablen  x  enthalt,  und  es  sei  vor- 
ausgesetzt,  dass  keine  Dependenzen  zwischen  den  Linearformen 
bestehen.  Daraus  folgt  naturlich  nicht,  dass  das  Gleichung- 
system 

welches  jeden  Punkt  des  or-Raumes  auf  einen  Punkt  des 
y-Raumes  abbildet,  eine  Substitution  bildet;  wir  konnen 
wohl  aus  dem  Satze  2  des  §  1  folgern,  dass  die  Gleichun- 
gen  (9)  bei  beliebig  gegebenen  y  mindestens  eine  Lo- 
sung  in  den  oc  besitzen,  aber  im  Allgemeinen  wird  es 
m  eh  re  re  (unendlich  viele)  solche  Losungen  geben,  weil 
wir  nicht  vorausgesetzt  haben,  dass  jede  der  Variablen  ar 
aus  den  Linearformen  L  isoliert  werden  kann. 

Wir  werden  aber  zeigen,  dass  das  System  (9)  (falls  es 
nicht  zufallig  schon  eine  Substitution  bildet)  immer  in  ein- 
fachster  Weise  zu  einer  Substitution  »verlangert«  werden  kann, 
indem  der  Raum  r/1,  y2,'-*  durch  Hinzufuguiig  neuer  Va- 
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riabeln  ^  ,  ^2  »  '  *  '  erweitert  wird,  und  dass  diese  »  Verlange- 
rung«  einfach  so  vorgenommen  werden  kann,  dass  dem  Sy- 
stem (9)  eine  (endliche  oder  unendliche)  Folge  von  Gleichungen 

der  Form  ,  «     «*         \ 

V*  =  ^  O  =  1,  2,---) 

hinzugefugt  wird.1  Hierzu  gehen  wir  folgendermassen  vor: 
Es  sei  xni  die  erste  Variable  x  (d.  h.  die  mit  dem  kleinsten 
Index),  welche  aus  den  gegebenen  Linearformen  L  nicht 
isoliert  werden  kann.  Wir  fugen  dann  dem  Gleichungsystem 
(9)  die  neue  Gleichung  t^l  =  a?ni  zu,  und  behaupten,  dass 
in  dem  so  erweiterten  System  von  Linearformen  (welches 
also  aus  den  L  und  der  neuen  Form  L\  =  acni  besteht) 
ebenfalls  keine  Dependenzeii  vorkommen.  Denn,  falls 
die  lineare  Kombination 


identisch  in  den  oc  verschwindet,  muss  erstens  ^7  =  0  sein 
(w^eil  xn^  sonst  aus  den  L  isolierbar  ware),  und  danach  folgt 
weiter,  dass  auch  iai9  f*,29*  •  •,  pN  gleich  0  sein  mussen  (weil 
das  L-System  nach  Voraussetzung  keine  Dependenzen  ent> 
halt).  Wir  haben  nun  einfach  in  dieser  Weise  fortzusetzen, 
d.  h.  wir  fugen  nun  unserem  neuen  Gleichungsystem 


die  Gleichung  jy2  =  ocn  hinzu,  wobei  ocn  (n2  >  HI)  die  erste  der 
Variableii  oc  bezeichnet,  welche  aus  den  rechten  Seiten  der 
Gleichungen  nicht  isoliert  werden  kann;  bei  dieser  Hinzu- 
fugung  koiineii,  nach  dem  obigen,  gewiss  keine  Dependenzen 
auftauchen.  Durch  uneiidlich  (oder  vielleicht  nur  endlich) 

1  Hierbei  denken  wir  uns  naturlich,  dass  die  neuen  Gleichungen 
r\y  ==  scn  dem  ursprunglichen  Gleichungs^^stem  (9)  so  eingefiigt  werden^ 
dass  das  Gesamtsystem  in  der  Form  einer  (durch  die  Zahlen  1,  2,  3,--- 
numerierten)  Folge  von  Gleichungen  erscheint. 
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viele  Schritte  gelangen  wir  dann  zu  einem  Gleichungsystem, 
das  offenbar  eine  Substitution  zwischen  dem  a>Raum 
und  dem  y-^-Raum  bildet;  denn  einerseits  besteht  keine 
Dependenz  zwischen  den  Linearformen  Ll%  L2 , •  •  • ,  xn^ , 
.-#„,»•••»  und  andererseits  kann  jede  der  Variablen  x  aus 
diesen  Linearformen  isoliert  werden. 

Bemerkung  II.  (»Verkurzung«  eines  Systems).  Es  sei 
<5)      yn  =  «nU*i  +  «n.2*2  +  --'  +  «n,UnXUn      0*  =  1*  2'-") 

eine  Substitution,  welche  den  unendlich-dimensionalen 
4?-Raum  auf  den  unendlich-dimensionalen  y-Raum  abbildet, 
und  es  sei  n^ ,  /ia ,  •  •  •  eine  beliebig  gegebene  Folge  von  (end- 
lich  oder  unendlich  vielen)  positiven  ganzen  Zahlen,  welche 
nur  nicht  gerade  die  gesamte  Zahlenreihe  1,2,-  •  •  ausmachen. 
'Wir  wollen  in  (5)  die  Variablen  ym,  £/„.»'••  fortlassen  Und 
doch  immer  eine  Substitution  zuruck  behalten9  und  zwar  werden 
wir  versuchen,  dies  einfach  dadurch  zu  erreichen,  dass  eine 
gewisse  Folge  xm^9  #,„,»•  •  •  von  den  Variablen  x  eben falls  aus 
(5)  gestrichen  wird. 

Hierzu  streichen  wir  zunachst  aus  dem  Gleichungsystem 
<^5)  die  Gleichungen  mit  den  Nummern  nl9  na,-**,  so  dass 
die  erwahnten  Variablen  yn^  ynt,'  •  •  nicht  mehr  vorkommen. 
In  den  zuruck  gebliebenen  Gleichungen  sind  die  Linear- 
formen 7lf  /2»"  *  *  au^  ^en  rechten  Seiten  gewiss  dependenz- 
frei  (weil  ja  sogar  das  Gesamtsystem  Lt ,  L2 ,  •  •  •  dependenz- 
frei  ist).  Dagegen  wird  nicht  mehr  jede  der  Variablen  x 
isolierbar  sein.1  Es  sei  nun  xmi  die  erste  der  Variablen  x, 

1  In  der  Tat  muss  fur  mindestens  eine  der  Variablen  x,  welche  in  der 
Linearform  Lni  vorkommt,  gelten,  dass  bei  ihrer  (nur  in  einer  Weise  mdg- 
lichen)  Isolierung  aus  den  Linearformen  LI,  Lt ,  •  •  • ,  diese  Linear  form 
Lni  tatsficblich  verwendet  wird,  weil  sonst  Lni  durch  eine  lineare 
Kombination  von  anderen  der  Linearformen  L  ausgedruckt  werden  kdnnte 
<und  das  L-System  also  nicht  dependenzfrei  ware). 
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welche  nicht  aus  den  zuruckgebliebenen  Linearformen 
/i »  /2>''*  isoliert  warden  kann.  Wir  streichen  dann  einfach 
icm  aus  alien  diesen  Linearfornien  Il9  /2,«  •  •  und  bezeichnen 
die  hierdurch  entstandenen  Linearfornien  in  den  ubrigen 
Variablen  x  mit  /i ,  f2 ,  •  •  • .  Es  ist  klar,  einerseits,  dass  jedes 
x9  welcbes  aus  den  Linearfornien  l± ,  /2  isoliert  werden  kann, 
ebenfalls  aus  den  neuen  Linearfornien  /i ,  /2-'""  isoliert 
werden  kann,  und  zwar  durch  dieselbe  Kombination, 
d.  h.  unter  Benutzung  der  entsprechenden  Linearfornien  und 
derselbeii  Multiplikatoren  (weil  die  Formen  /'  aus  den  For- 
men  /  einfach  durch  Weglassung  der  Glieder  mit  xmi  ent- 
standen  sind),  und  andererseits,  dass  das  neue  System  /i, 
/'2>**'  ebenfalls  keine  Dependenzen  enthalt;  in  der  Tat 
fuhrt  die  Annahme  der  Existenz  einer  solchen  Dependenz, 
etwa  ^!/i  +•  •  "i~  f*fft}f  =  0,  sofort  zu  einem  Widerspruch, 
weil  alsdann  ^^  +  •  •  •  +  t*NlN  =  c&mv  sein  musste,  und 
dies  offenbar  unmdglich  ist  (denn  c  —  0  wurde  bedeuten, 
dass  eine  Dependenz  zwischen  den  /  stattfande,  und  c  =t  0, 
dass  xini  aus  den  /  isolierbar  ware).  Wir  setzen  nun  in 
dieser  Weise  fort,  d.  h.  streichen  aus  den  Linearformen  f 
die  erste  Variable  xmt  (/n2>m1),  welche  nicht  aus  den  /' 
isolierbar  ist,  u.  s.  w.  Durch  unendlich  (oder  vieileicht  nur 
endlich)  viele  Schritte  gelangen  wir  offenbar  zu  einer  Sub- 
stitution zwischen  den  zuruckgeblieben  x  und  den  zuruck- 
gebliebenen y;  denn  zwischen  den  endgultig  erhaltenen 
Linearformen  auf  den  rechten  Seiten  bestehen  keine  De- 
pendenzen, und  jede  der  zuruckgebliebenen  x  ist  aus  diesen 
Linearformen  isolierbar. 

Wir  fugen  noch  hinzu,  dass  falls  die  gegebene  Folge 
"i»  tt2»**'  aus  samtlichen  positiven  ganzen  Zahlen  bis  auf 
endlich  viele  besteht,  also  nur  endlich  viele  y  zuruck- 
gelassen  werden,  auch  nur  endlich  viele  x  (und  zwar 
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genau  ebensoviele)  zuruckbleiben  konnen;  wir  erhalten  also- 
eine  »gewohnliche«  Substitution  zwischen  zwei  Systemen 
von  endlich  vielen  Variablen. 

Bemerkung  III.  Falls  in  einer  Substitution  (5)  die  Ko- 
effizienten  a  alle  rationale  Zahlen  sind,  werden  die  Ko- 
effizienten  ft  der  inversen  Substitution  ebenfalls  samtlich 
rational  sein.  In  der  Tat  folgt  aus  einem  Satz  der  elemen- 
taren  Algebra1,  dass  eine  Variable  xm,  welche  aus  einem 
System  von  Linearformen  mit  rationalen  Koeffizienten  iso- 
liert  werden  kann,  gewiss  auch  mit  Hulfe  lauter  rationaler 
Multiplikatoren  isoliert  werden  kann,  und  bei  den  Linear- 
formen einer  Substitution,  wo  die  Isolierung  der  Variablen 
nur  in  einer  Weise  moglich  ist,  mussen  also  gewiss  die  zu 
verwendenden  Multiplikatoren,  d.  h.  gerade  die  Koeffizienten 
ft  der  inversen  Substitution,  alle  rational  ausfallen. 

Ferner  bemerken  wir,  dass  bei  der  in  Bemerkung  I  bezw. 
II  betrachteten  »Verlangerung«  bezw.  »Verkurzung«  eines 
Systems  von  Linearformen,  die  Koeffizienten  des  neuen  Sy- 
stems alle  rational  werden,  falls  die  Koeffizienten  des  ur- 
sprunglichen  Systems  rational  waren. 

Im  Folgenden  werden  wir  uberall,  wo  von  einer  linearen 
Substitution  oder  einem  System  von  Linearformen  die  Rede 
ist,  stillschweigend  voraussetzen,  dass  die  Koeffizienten 
samtlich  rationale  Zablen  sind. 

1  Namlich  aus  dem  Satze,  dass,  wenn  ein  System  von  enrflich  vielen 
linearen  Gleichungen  mit  endlich  vielen  Unbekannten,  in  ^velchem  alle 
auftretenden  Konstanten  rationale  Werte  haben,  uberhaupt  Idsbar  ist, 
cs  gewiss  auch  eine  Ldsung  in  lauter  rationalen  Zahlen  hat. 
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§   3. 

Eine  einfache  Reduktion  des  gegebenen  Systems  von 

Linearlormen. 

Wir  nennen  zwei  Systeme  von  Linearformen 

(1)  r 

und 

(10)  .  ,  n,i 

unter  einander  aequiualent,  wenn  das  erste  System  aus  dem 
zweiten  durch  eine  lineare  Substitution  (5)  (und  darnit 
das  zweite  aus  dem  ersten  durch  die  inverse  Substitution 
(6))  hervorgeht.  Es  ist  klar,  dass  die  Anwendung  einer 
linearen  Substitution  die  beiden  in  der  Einleitung  definierten 
Punktmeiigen  Ul  und  772  unberuhrt  lasst,  d.  h.  dass  zu.  zwei 
aequivalenten  Systemen  sowohl  dieselbe  Menge  U^  als  auch 
dieselbe  Menge  11%  gehoren.  In  der  Tat,  falls  (xl9  x2,-  •  •)  eine 
Losung  der  samtlichen  (bezw.  der  JV  ersten)  der  Kongruenzen 

rn,i*i  +  rn,***+---  +  r«.gii*gn3S**n  (mod.  1)   (n  =  l,2.---) 

ist,  wird  der  (durch  die  Substitution  bestimmte)  Bildpunkt 
O/i  >  I/a » "  "  " )  eine  Losung  der  samtlichen  (bezw.  der  Ar  ersten) 
Kongruenzen 

sn,i#i+5n,22/2H h  s^p/j  yp/i  =  #n  (mod.  1)  (n  =  l,  2,  -  •  • ) 

sein. 

Wir  werden  ein  System  (1)  »ganzartig«  nennen,  falls  es 
mit  einem  System  (10)  mit  lauter  ganzen  Koefflzienten  s  aequi- 
valent  ist.  Da  die  Zusammensetzung  zweier  Substitutionen 
\vieder  eine  Substitution  ergibt,  wird,  falls  von  zwei  aequi- 
valenten Systemen  das  eine  ganzartig  ist,  das  andere  eben- 
falls  ganzartig  sein.  Wie  in  der  Einleitung  angegeben,  ist 
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das  Ziel  der  vorliegenden  Abhandiung  zu  beweisen,  dass 
es  fur  das  Zusammenfailen  der  beiden  zu  einern  System  (1) 
gehdrigen  Mengen  77t  und  II2  notwendig  und  binreicbend 
1st,  dass  das  System  ganzartig  1st.  Aus  dem  Obigen  folgt 
unmittelbar,  dass  es  beim  Beweise  dieses  Satz  obne  weiteres 
erlaubt  1st,  statt  des  gegebenen  Systems  (1),  ein  beliebiges 
anderes  mit  (1)  aequiva  lentes  System  zu  betrachten; 
denn  der  Dbergang  zu  ein  em  aequivalenten  System  andert  ja 
weder  die  Mengen  /7j  und  772  nocb  die  Ganzartigkeit  oder 
Nicht-Ganzartigkeit  des  Systems.  Mit  Hilfe  dieser  Bemer- 
kung  werden  wir  in  diesem  Paragrapben  zeigen,  dass  wir 
uns  im  folgenden  auf  die  Betrachtung  solcher  Systeme  be- 
schranken  konnen,  in  ivelchen  jede  der  Variablen  (in  mindestens 
einer  Weise)  isoliert  werden  kann.  Wir  geben  hierbei  schritt- 
weise  vor,  indem  wir  zunachst  von  dem  gegebenen  System 
(1)  zu  einem  mit  (1)  aquivalenten  System  ubergehen,  in 
welcbem  jede  der  Variablen  welche  tatsacblich  vor- 
kommt  (d.  h.  nicht  uberall  den  Koefficienten  0  bat)  isoliert 
werden  kann,  und  dann  nachber  das  so  gewonnene  System 
in  ein  System  der  gewunschten  Art  liberfuhren,  in  welchem 
uberhaupt  jede  der  Variablen  isoliert  werden  kann. 

1°.  Wir  bezeicbnen  zur  Abkurzung  die  /wte  Linearform  in 
(1)  mit  Lm,  und  setzen  Lm  =  yl9  wo  mt  ==  1  ist.  Danacb 
ersetzen  wir  jede  der  Linearformen  Ln^  + 1 ,  Lmi  +  2 ,  •  •  • ,  welche 
in  der  Form  R^Lmi  mit  einem  konstanten  (rationalen)  Faktor 
/?!  gescbrieben  werden  kann,  durch  R^g^.  Wir  setzen  ais- 
dann  Lm^  ==  yz,  wo  Lmt  die  erste  der  Linearformen  £nll  +  1, 
Z/frJi  +  a,-  -  •  bezeichnet,  welcbe  nicht  diese  Form  JRLLnti  bat, 
und  ersetzen  jede  dieser  Linearformen,  welcbe  in  der  Form 
RiLmi  +  R*Lm9  mit  konstanten  (rationalen)  Rl9  /?8  (/?a  ^  0) 
gescbrieben  werden  kann ,  durch  Rl  yl  +  /?2  y% .  Danach 
setzen  wir  Lm  ==  ^3,  wo  L^  die  erste  der  Linearformen 
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^m»+2»""*  bedeutet,  welche  nicht  diese  Form 
J?t  Lmi  +  R2  Lm§  hat,  und  ersetzen  jede  dieser  Linearformen, 
welche  in  der  Form  J?1LJIIi  +  HBLIJit  +  J?,^  (mit  Jf?84^0)  ge- 
schrieben  werden  kann,  durch  ^?i  y  i  +  /?2  £/a  +  ^a  1/8  »  **•  s-  w- 
Nach  unendlich  (oder  vielleicht  nur  endlich)  vielen  Schritten, 


erhalten  wir  somit  aus  dem  System  (1)  ein  neues  System 
von  Linearformen  in  den  Variablen  yt  ,  y2  ,  •  •  •  ,  welches 
wir  mit 

(12)  >n.i  0i  +  '«.**>«  +  -"  +  'n.Pn0pn  (n-1.2...-) 

bezeichnen.  In  diesem  System  (12)  kann  offenbar  jede  der 
Variablen  y  isoliert  werden;  es  kommen  sogar  unter  den 
Linearformen  (12)  die  einzelnen  Variablen  i/lf  j/2»'*'  ^s°- 
liert  vor. 

Wir  konnen  aber  nicht  unmittelbaf'  behaupten,  dass 
dieses  System  (12)  mit  dem  Ausgangsystem  (1)  a  equi- 
valent ist;  denn  es  brauchen  ja  die  Gleichungen  (11) 
keine  Substitution  zu  bilden;  in  der  Tat  folgt  aus  der 
Wahl  der  Linearformen  Lm^,  £m§>'  •  •  nur,  dass  sie  keine 
Dependenzen  aufweisen,  aber  nicht,  dass  jede  der  Vari- 
ablen x  aus  ihnen  isoliert  werden  kann.  Cber  diese  an- 
scheinende  Schwierigkeit  konnen  wir  aber  sofort  mit  Hulfe 
der  Bemerkung  I  in  §  2  hinwegkommen;  in  der  Tat  konnen 
wir  nach  dieser  Bemerkung  das  Gleichungsystem  (11) 
durch  Hinzufugung  neuer  Gleichungen  der  Form 


zu  einer  Substitution  »verlangern«,  welche  den  Raum 
der  Variablen  x  auf  den  durch  die  Variablen  yt,  y2>'*' 
und  ylt  ^2>"'*  gebildeten  Raum  abbildet,  und  durch  An- 
wendung  dieser  Substitution  auf  das  System  (1)  ergibt  sich 
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ja  gerade  das  obige  System  (12),  indem  die  iieuen  Variablen 
*tt9  ^a**"'    8ar  nicht  ztim  Vorschein  kommen. 

2°.  Man  konnte  versucht  sein  zu  glauben,  dass  wir  jetzt 
am  Ziele  waren.  In  der  Tat,  falls  das  neue  System  (12) 
mit  dem  gegebenen  System  (1)  aequivalent  ist,  konnen 
wir  ja  ebensogut  das  System  (12)  wie  das  System  (1)  bei 
der  Bebandlung  unserer  Aufgabe  zu  Grunde  legen.  Man 
muss  aber  bedenken,  dass  das  System  (12)  nur  dann  mit 
dem  System  (1)  aequivalent  ist,  wenn  (12)  als  ein  Sy- 
stem in  den  Variablen  ylf  y2,--«  und  ^1,  iy2»"*'  be- 
trachtet  wird,  und  dass  es  ja  nur  die  y  sind,  welche 
aus  dem  System  isoliert  werden  konnen,  und  nicht  auch 
die  <y  (welche  uberhaupt  nicht  in  den  Linearformen  auf- 
treten).  Es  muss  daher  noch  bewiesen  werden,  dass  es 
fur  unsere  Aufgabe  gleichgultig  ist,  ob  wir  das  System 
(12)  als  ein  System  in  den  Variablen  y  und  *q9  oder 
als  ein  System  in  den  Variablen  y  allein  betrachten. 
Es  ist  unmittelbar  klar,  das  die  beiden  Mengen  J7t 
und  772  da  von  unabhangig  sind,  welchen  von  diesen 
beiden  Gesichtspunkten  \vir  anlegen,  und  es  handelt  sich 
daher  nur  darum  zu  zeigen,  dass  auch  die  eventuelle  Ganz- 
artigkeit  des  Systems  (12)  nicht  davon  abhangt,  ob  wir 
die  y  allein,  oder  die  y  und  ^  als  die  Variablen  betrachten. 
Hierzu  bemerken  wir  zundchst,  dass,  falls  das  System  als 
Funktion  der  y  allein  betrachtet  ganzartig  ist  —  also 
durch  eine  Substitution  (yl9  y2,-*-) — >"(*i»  z2»'-O  *n  e*n 
System  in  zt9  z2,---  mit  ganzen  Koeffizienten  ubergefuhrt 
werden  kann  —  es  eo  ipso  auch  als  Funktion  von  y  und 
^  betrachtet  ganzartig  ist;  wir  haben  ja  nur  der  benutzten 
Substitution  (#t ,  y% ,  •  •  • )  — >•  (zt ,  z2 ,  •  •  • )  die  Gleichungen 
yt  =  £it  ^2  =  ?2,-  •  •,  wo  die  5  neue  Variablen  bedeuten, 
hinzuzufugen,  um  eine  Substitution  (yi,  ya»* "  *»  ^?i»  ^?2>"  "  *)  — ^ 
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(rt,  r2,-*';  £t,  £2,'-*)  zu  erhalten,  welche  unser  System 
(12)  in  ein  System  mit  lauter  ganzen  Koeffizienten  in  den 
Variablen  zt ,  z2 » '  '  '  '>  £1 »  £2 » '  ' '  uberfuhrt.  Wir  haben  da- 
nach  zu  beweisen,  dass,  falls  das  System  (12)  als  Funk- 
tion  der  y  und  y  betrachtet  ganzartig  ist  —  also  durch 
eine  Substitution,  welche  den  y-^-Raum  auf  einen  z-Raum 
abbildet,  in  ein  System  in  z1,za>--«  mit  ganzen  Koeffizien- 
ten ubergefuhrt  werden  kann  — ,  das  System  (12)  auch  als 
Funktion  von  den  y  allein  betrachtet  ganzartig  ist.  Dies 
folgt  aber  sofort  aus  der  Bemerkung  II  in  §  2  fiber  die 
»Verkurzung«  einer  Substitution.  In  der  Tat  konnen  wir 
nach  dieser  Bemerkung  aus  der  benutzten  Substitution 
(?/i»  [/2»*  •  '  5  *7i»  ^2>'  *  ')— >"(^i»  ^2»'  *  0  durch  einfache  Strei- 
chung  der  Variablen  yl9  ^2>*  "  "  und  gewisser  Variablen 
znx»  z/i»'*""  eine  neue  Substitution  erhalten,  welche  den  y- 
Raum  auf  einen  »Unterraum«  des  z-Raumes  abbildet,  und 
durch  diese  Substitution  geht  gewiss  das  System  (12)  in 
ein  System  mit  lauter  ganzen  Koeffizienten  uber,  namlich 
in  dasjenige  System,  welches  aus  dem  obigen  System  in 
den  Variabeln  z1,z2,---  dadurch  hervorgeht,  dass  die  Va- 
riabeln  zn^  znj,  •  •  •  uberall  gestrichen  werden. 

3°.  Wir  konnen  somit  statt  des    gegebenen  Systems  (1) 
ebensogut  das  neue  System 

02)  'n,iyi+'n,2y*+---+'n.PnyPn       (n  =  i,  2-..) 

(als  Funktion  der  Variablen  yl9  f/a»*  *  '  aliein  betrachtet)  zu 
Grunde  legen,  aus  welchem  jede  der  Variablen  gl9  ya,«  •  • 
isoliert  werden  kann.  Hierbei  ist  aber  noch  zu  bedenken, 
dass  wir  jetzt  nach  dieser  Reduktion  zwei  verschiedene 
Falle  unterscheiden  mussen,  namlich  denjenigen,  wo  die 
Variablen  ylt  t/2» *  *  *  cine  unendliche  Folge  bilden,  und 
denjenigen,  wo  es  nur  endlich  viele  Variabeln,  etwa 
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Wiederholungen  zu  vermeiden,  ziehen 

wir  aber  vor,  statt  den  letzteren  (wesentlich  einfacheren) 
Fall  fur  sich  zu  behandeln,  lieber  gleich  zu  zeigen,  dass 
dieser  Fall  auf  den  von  unendlich  vielen  Variabeln  direkt 
zuruckgefuhrt  werden  kann.  In  der  Tat  brauchen  wir  nur 
dem  System  (12)  in  den  Variabeln  ylf-  •  •,  yM  die  (unendlich 
vielen)  neuen  Linearformen 

L/  =*  #»    L"  = 


hinzuzufftgen,  urn  ein  System  in  den  unendlich  vielen  Va- 
riabeln yl9  j/2  ,  •  •  •  zu  erbalten,  welches  fur  unsere  Aufgabe 
mit  (12)  ganz  gleich  wertig  1st.  Denn  falls  die  Gleichung 
llt  =  77a  fur  das  System  (12)  besteht,  wird  sie  offenbar 
auch  fur  das  erweiterte  System  gelten  (und  umgekehrt)* 
Und  ferner  werdeii  die  beiden  Systeme  auch  gleichzeitig 
ganzartig  sein;  in  der  Tat,  falls  das  System  (12)  in  den 
Variabeln  ylf'-',  yM  ganzartig  ist,  wird  das  erweiterte  Sy- 
stem eo  ipso  auch  ganzartig  sein  (wie  durch  Erweiterung 
der  benutzten  Substitution  (#!,-••,  yM)  —  >-(zlf»--t  zv)  mit 
den  Gleichungen  yM+l  =  ^M-M»  UM+Z  ~  ZM+*>'  "  "  unmittelbar 
hervorgeht),  und  urngekehrt,  falls  das  erweiterte  System 
ganzartig  1st,  wird  auch  das  System  (12)  ganzartig  sein  (wie 
durch  »Verkftrzung«  der  benutzten  Substitution  (f/lf  t/2»  *  "  ")  —  *~ 
(zi>  Z2*'  '  0  durch  Streichung  der  Variableii  yM+i,  i/Af4-2»"  "  * 
und  entsprechender  der  Variablen  z  sofort  zu  sehen  ist). 


Wir  konnen  also  im  folgenden  ohne  Beschrankung  der 
Allgemeinheit  annebmen,  dass  das  gegebene  System  (1)  tat- 
sdchlich  alle  die  unendlich  vielen  Variabeln  xl9  ara»*  • "  ent- 
halt,  und  dass  jede  dieser  Variablen  aus  dem  System  isoliert 
werden  kann.  Ein  solches  System  werden  wir  als  ein  »redu- 
ziertes«  System  in  den  unendlich  vielen  Variabeln  &19  x%,'  •  • 
bezeichnen. 
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§  4. 

Notwendlge  and  hinreichende  Bedlngungen  ffir  die 

yyGanzartigkeit"    eines    (reduzierten)    Systems    von 

Linearformen. 

Die  gesuchten  Kriterien  der  Ganzartigkeit  eines  redu- 
zierten Systems  in  unendlich  vielen  Variablen 


(1)  Vi^i  +  ^^H  -----  t-rnx         (n  =  1,  2,---> 


beruhen   auf  die   Betrachtung   der   unendlich   vielen  »Null- 
kongruenzen  « 

(13)  rnlo:1  +  rn2x2  +  -  •  •+/*„      x          0  (mod.l)  (n  =  1,2,.  •  •), 


welche  aus  den  unendlich  vielen  Linearformen  (1)  entstehen, 
wenn  jede  dieser  Formen  =  0  (mod.  1)  gesetzt  wird.  Es 
bezeichne  F  die  Punktmenge  des  unendlich-dimensionalen 
Raumes,  welche  aus  den  samtlichen  simultanenLosun- 
gen  (a?lf  a;2>*--)  dieser  unendlich  vielen  Nullkongruenzen 
besteht;  diese  Punktmenge  7^  ist  gewiss  nicht  leer,  da  sie 
jedenfalls  den  Anfangspunkt  des  Raumes  (0,  0,  0,*  •  •)  ent- 
halt.  Ferner  bezeichne  Fm  bei  jedem  festen  m  =  1,  2,  •  •  • 
die  Projektion  der  Punktmenge  F  auf  den  m-dimensio- 
nalen  Unterraum  xlt-*-,  xm,  d.  h.  es  gehore  zu  Fm  jeder 
Punkt  (a?!,---,  o?m),  welcher  durch  Hinzufugung  passend 
gewahlter  unendlich  vieler  Koordinaten  o?m+1,  ^,+2'  *  "  " 
zu  einem  Puiikte  der  Menge  F  »erganzt«  ^verden  kann.  Es 
ist  klar,  dass  /'m  auch  die  Projektion  jeder  der  Punkt- 
niengen  Fm+^9  rjn+2,  •  •  •  auf  den  /n-dimensionalen  Unter- 
raum darstellt. 

Wir  beweisen  zunachst  den 

Satz  4.  Es  ist  die  Menge  F  emdeutig  bestimmt,  wenn  man 
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ihre  sdmtlichen  Projektionen  7\,  Jr2>'  •  •  kennt1,  and  zwar  1st 
r  die  »grosste«  Menge>  welche  die  Mengen  Fm  (m  =  1,  2,  •  •  •) 
als  Projektionen  besitzt;  d.  h.  damit  ein  Punkt  (xi9  x%,*  •  •)  zu 
F  gehore,  ist  nicht  nur  notwendig,  sondern  auch  hinreichend, 
dass  bei  jedem  m  der  »abgeschnittene«  Punkt  (x± ,  •  •  • ,  xm)  in 
rm  liegt. 

Beweis.  In  der  Tat,  es  sei  (xl9  a?2»*'*)  e*n  beliebiger 
solcher  Punkt,  dass  bei  jedem  m  der  abgeschnittene  Punkt 
{.T!,-  -  •,  xm)  in  rm  liegt.  Wir  haben  zu  beweisen,  dass  dieser 
Punkt  (xls  #a,'*-)  zu  JT  gehort,  also  dass  er  eine  (simul- 
tane)  Losung  der  Kongruenzen  (13)  darstellt,  d.  h.  bei  be- 
liebig  gewahltem  N  die  Nte  Kongruenz  befriedigt.  Es  bezeichne 
hierzu  M  den  grossten  Index  eines  x,  welches  in  dieser  Nten 
Kongruenz  vorkommt.  Nach  Voraussetzung  gehort  der  ab- 
geschnittene Punkt  (Xi,---,  x^)  zu  rM,  d.  h.  er  kann  zu 
einem  Punkte  (xlt---,  XM,  X*M+\>  XM+%>°  '  ")  ergaiizt  wer- 
den,  welcher  zu  JT  gehort  und  somit  die  samtlichen  Kon- 
gruenzen (13),  also  auch  die  Nie  Kongruenz  erfullt.  Hieraus 
folgt  aber,  dass  auch  der  ursprungliche  Punkt  (xt,  x2,---, 
XM,  ^M-^it*--)  die  Nte  Kongruenz  erfullt,  weil  ja  bei  einer 
Losung  dieser  Kongruenz  ganz  gleichgultig  ist,  welche  Werte 
die  Koordinaten  nach  der  M*011  Stelle  besitzen. 

Wir  werden  nunmehr  die  Struktur  der  Puiiktmengen 
rm  naher  untersuchen.  Hierzu  beweisen  wir  zunachst  den 

Satz  5.  Es  bildet  bei  jedem  m  =  1,  2,  •  •  •  die  Punktmenge 

1  Im  Allgemeinen  ist  eine  Punktmenge  42  des  unendlich-dimensio- 
nalen  Raumes  nicht  eindeutig  bestimmt,  weiin  man  bei  jedem  m 
=  1,  2,  •  •  •  ihre  Projektion  Qm  auf  den  m-dimensionalen  Unterraum 
^i*****  xm  kennt.  So  haben  z.  B.  die  beiden  Punktmengen  42'  und  42", 
wo  42'  aus  den  samtlichen  Punkten  des  unendlich-dimensionalen  Haumes 
besteht,  und  42"  aus  alien  solchen  Punkten,  unter  deren  Koordinaten 
unendlich  viele  Nullen  vorkommen,  bei  jedem  m  dieselbe  Projektion 
42^n  =  42^},  namlich  beide  Mai  den  ganzen  m-dimensionalen  Raum. 
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Fm  em  »Giiter«9  d.  h.  es  gibt  eine  game  Zahl  p  (0  <  p  <  m) 
and  p  linear  unabhdngige  Punkte 


derart,  dass  die  Punktmenge  JTm  gerade  aus  den  ganzzahligen 
Kombinationen  dieser  Punkte  besteht,  d.  h.  aus  alien  Punkten 
der  Form 


u>o  nt,  /72,  •  •  •,  n  unabhdngig  von  einander  alle  ganzen  Zahlen 
durchlaufen3-.  Hierbei  heisst  p  die  Dimension  des  Gitters. 

Bowels.  Damit  eine  gegebene  Punktmenge  des  /n-dimen- 
sionalen  Raumes  ein  Gitter  bilde,  ist  bekanntlich  nicht 
nur  notwendig,  sondern  auch  hinreichend,  1)  dass,  falls 
(a?i,  •  •  -,  oc'm)  und  (a^',  •  •  •,  o?^t)  zwei  beliebige  (verschiedene 
oder  gleiche)  Punkte  der  Menge  bedeuten,  der  »Differenz- 
punkt«  (x\  —  x'{,  ••-,  oc'm  —  x^)  ebenfalls  zur  Menge  gehort, 
und  2)  dass  der  Anfangspunkt  (0,  0,  •  •  •  ,  0)  kein  Haufungs- 
punkt  der  Menge  ist.  Diese  beiden  Forderungen  sind  aber 
gewiss  fur  unsere  Menge  I'm  erfullt.  In  der  Tat: 

1.  Falls  (a?!,  •  •  •,  ac'7|1)  und  (^,*  •  •,  x'^)  zwei  Punkte  der 
Menge  rm  sind,  konnen  sie  durch  Hinzufugung  passcnd 
gewahlter  Werle  der  Koordinaten  a?111+1,  •  •  •,  zu  z\vei  Punkten 

(^,  •  •  •,  x',  xf  •  •  •)      und     (af  •  •  -,        , 


der  Menge  T  erganzt  werdeii.  Aus  der  Definition  der  Menge 
r  (als  der  Menge  der  Losungen  der  Nullkongruenzeii  (13)) 
folgt  aber,  dass  der  Differenzpunkt 

(«Y»'     _  '>*"       ...  »*'        r          ***"  <>»'  _  '*•"  •    •    .  ^ 

xt       a;lf          ,    *im       xm,   ocm+i       ^m+i*          ) 

1   Fur    p  ==  0    besteht    die    Punktmenge     nur    aus    dem    einzigeii 
Punkte  (;rlt--«,  .T3fl|)  =  (0,  •  •  -,  0). 
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dann  ebenfalls  zu  F  gehort;  die  Projektion  dieses  Punktes 
auf  den  /n-dimensionalen  Unterraum,  d.  h.  der  Punkt 
(x\ — rri',  ••-,  x'ni  —  a?^),  ist  also  ein  Punkt  von  Fm. 

2.  Dass  der  Anfangspunkt  (0,  0,  •  •  •,  0)  kein  Haufuiigs- 
punkt  von  Fm  ist,  ergibt  sich  sofort  daraus,  dass  das  Sy- 
stem (1)  reduziert  ist,  und  also  jede  der  Variablen  2ct 
aus  den  gegebeiien  Linearformen  (1)  isoliert  werden  kanii. 
In  der  Tat,  falls  Gl  den  Hauptnenner  der  (endlich  vieien) 
rationalen  Multiplikatoren  bezeiichnet,  \velche  bei  einer  Iso- 
lierung  von  ocl  verwendet  werden,  konnen  wir  durch  lineare 
Kombination  endlich  vieler  der  Nullkongruenzen  (13) 
mit  ganzzahligen  Multiplikatoren  die  neue  Nullkongruenz 

Glocl  ==  0     (mod.  1) 

ableiten,  so  dass  in  jeder  Losung  (xlf  or2,  •  •  • )  des  Kon- 
gruenzensystems  (13),  d.  h.  in  jedem  Punkte  Crt,  x2t-  •  •)  der 

Menge    F,    auf  der    7ten   Stelle    eine    rationale    Zahl    der 

n 
Form  ^=^"(71  ganz)  stehen   muss,  womit  iiaturlich  ge- 

zeigt  ist,  dass  der  Anfangspunkt  des  m-dimensionalen 
Raumes  kein  Haufungspunkt  von  JTm  ist. 

Wir  sagen  von  einem  Gitter  des  /7i-dimensionalen  Rau- 
mes, dass  es  ein  echtes  Gitter  bildet,  falls  die  Dimension 
p  des  Gitters  mit  der  Dimension  m  des  Raumes  ubereiii- 
stimmt.  Damit  ein  Gitter  (wie  unser  /"„,),  welches  aus 
lauter  Punkten  mit  rationalen  Koordinaten  besteht,  ein 
echtes  Gitter  sei,  ist  bekaiintlich  nicht  nur  hinreichend, 
sondern  auch  notwendig,  dass  jede  der  m  Koordinatenachsen 
mindesteiis  eineii  vom  Aiifangspunkte  verschiedeiien  Punkt 
des  Gitters  enthalte,  also  dass  es  ;n  von  0  verschiedene 
Zahlen  yl9  ?%*••*,  ym  derart  gibt,  dass  die  m  Punkte 
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(ri,  o,  o,  •  •  -,  o),  (o,  y^  o,  •  •  -,  o),  •  •  -,  (o,  o,  •  •  •,  o,  /m) 

alle  zum  Gitter  gehoren. 

Wir  gelangen  nunmehr  zu  dem  wichtigen 
Satz  6.  Damit  das  System  (1)  ganzartig  sei,  ist  notwendig 
und  hinreichend,  dass  bei  jedem  m  =  19  2,  •  •  •  die  Projeklion 
JTm  der  (aus  den  simultanen  Losungen  der  Nullkongruenzen 
(13)  bestehenderi)  Menge  F  ein  echtes  Gitter  des  m-dimen- 
sionalen  Raumes  bildet. 

Beweis.   1.  Wir  zeigen  zunachst,  dass,  falls  das  System 


ganzartig  ist,  d.  h.  durch  eine  lineare  Substitution 

(6)  *n-^.i 

in  ein  iieues  System 


mit  lauter  ganzen  Koeffizienten  g  ubergefuhrt  werden  kann, 
die  Menge  Fm  bei  jedem  m  ein  echtes  Gitter  bildet,  dass 
also  auf  jeder  der  Koordinatenachsen  des  m-dimensionalen 
Raumes  ein  vom  Anfangspunkte  verschiedener  Punkt  exi- 
stiert,  \velcher  zu  JTm  gehort.  Hierzu  betrachten  \vir  gleich- 
zeitig  mit  den  Nullkongruenzen 

(13)  r^x.+  r^^+'-'  +  r^O  (mod.  1)    (n  ==  1,2,-  .  .), 


deren  simultane  Losungen    (xt,  rc2,  •••)    die  Punktmenge  F 
bilden,  das  aequivalente  System  von  Nullkongruenzen 

(15)  9ntlUi+9n,2y*+'-'+9n,V^O  (mod.l)  (fi  =  1,2,-  •  -)- 


Da  die  Linearformen  auf  den  linken  Seiten  von  (15) 
aus  den  Linearformen  auf  den  linken  Seiten  von  (13) 
durch  die  lineare  Substitution  (6)  hervorgegangen  sind,  ist 
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unmittelbar  klar,  dass  die  aus  den  simultanen  Losungen 
(l/i»  J^2»""")  dieses  neuen  Kongruenzensystems  (15)  be- 
stehende  Menge  r*  gerade  die  mil  Hulfe  der  Substitution 
(6)  gebildete  Bildmenge  der  Menge  ,T  ist.  Zu  dieser  Menge 
JT*  des  uiiendlich-dimensionalen  y-Raumes  gehort  aber  ge- 
wiss  —  weil  die  Koeffizienten  g  der  Kongruenzen  (15)  alle 
ganz  sind  —  jeder  Punkt  (i/lf  y%,  •  •  •)»  dessen  Koordinaten 
samtlich  ganze  Zahlen  sind.  Somit  gehort  gewiss  zur  Menge 
r  jeder  Punkt  des  unendlich-dimensionalen  or-Raumes, 
welcher  (durch  unsere  Substitution)  Bildpunkt  eines  Punktes 
des  {/-Raumes  mil  lauter  ganzzahligen  Koordinaten  ist.  Es 
bezeichne  nun  /  den  grossten  Index  eines  y,  welches  in 
den  m  ersten  Gleichungen  der  Substitution  (6)  vorkommt, 
und  G  den  Hauptnenner  aller  Koeffizienten  «,  welche  in 
den  /  ersten  Gleichungen  der  inversen  Substitution 

(5)          yn  =  «n,1*i+«n,2xa  +  -  •  •  +  «„,„„*„„       (n  =  1,2,-  •  -) 


auftreten.  Wir  werden  zeigen,  das  bei  jedem  v  =  1,  •  -  •  m 
der  Punkt  des  m-dimensionalen  Raumes  (jx^\  ^2  »  "  *  *  xm  ) 
mit  den  Koordinaten 

x<S>  =  G,     XM  =  0  fur  ^  ^  v  (I  <  ^  <  m) 

zur  Menge  Fm  gehort.  Hierzu  setzen  wir  in  den  oben  ge- 
nannten  /  ersten  Gleichungen  der  Substitution  (5)  ocv  =  G, 
ocn  =  0  fur  alle  n  4^  v*  und  bezeichnen  die  dabei  heraus- 
komrnenden,  nach  der  Bestimmung  von  G  gewiss  ganz- 
zahligen Werte  von  yl9  •••,!//  mit  Yl9  •  •  •  ,  Yr  Der  Punkt 
(ylf  Y2,  •  •  •,  Y19  0,  0,  •  •  •)  des  unendlich-dimensionalen  y- 
Raumes  gehort  wegen  der  Ganzzahligkeit  aller  seiner  Koor- 
dinaten zur  Menge  jT*,  und  sein  Bildpunkt  (Xlf  Xz,  •  •  •) 
des  x-Raumes  muss  daher  ein  Punkt  von  r  sein.  In  diesem 
letzten  Punkte  (JTlf  X2,  •  -  •)  mussen  aber  auf  den  m  ersten 
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Stellen  gerade  die  Zahlen  x^9  x^\  •  •  •,  x^  stehen  —  wo- 
mit  also  gezeigt  1st,  dass  der  Punkt  (.x^,  x*gf> •  •  • ,  x^y 
tatsachlich  zur  Projektion  fm  gehort  — ;  denn  es  sind 
(nach  der  Bestimmungsweise  von  /)  die  m  ersten  Koordi- 
naten  #!,•••,  xm  eines  or-Punktes  eindeutig  bestimmt, 
wenn  man  die  /  ersten  Koordinaten  */!,•••,  yl  des  ent- 
sprechenden  [/-Punktes  kennt,  und  wir  wissen  ja  (nach  der 
Bestimmung  von  Y±,  •  •  •,  Y^)  dass  es  einen  Punkt  des  x- 
Raumes  mit  den  m  ersten  Koordinaten  x^\  •  •  •,  xffl  gibt 
(namlich  den  Punkt  (&{*>,  •  •  •,  arj£>.  0,  0,  -  -  •)),  fur  welchen 
der  entsprechende  y-Punkt  gerade  mit  den  /  Koordinaten 
Yt ,  •  •  - ,  Yl  anfangt. 

2.  Wir  zeigen  danach,  dass,  falls  bei  jedem  m  die  Menge 
Fm  ein  echtes  Gitter  bildet,  das  System  (1)  ganzartig 
1st.  Hierzu  bestimmen  wir  das  aus  rationalen  Zahlen  be- 
stehende'  Zahlenschema 

^lfl,0f  0,  0,  •••(),  0,  0,--- 
^2,1^2,2-°'  °»  •••<>.  °>  0,--- 
^3,  i'  A,  2'  A.  3,  0,  -  -  -  0,  0,  0,  -  -  •  G*n  n  4=  0  fur  alle  n) 


durch  das  folgende  Verfahren:  Die  Zahl  ftl  1  ist  ein  (be- 
liebig  gewahlter)  Punkt  4=  0  in  dem  echten  Gitter  7\.  Da 
l\  die  Projektion  von  r%  ist  und  sowohl  xl  =  ^t  t  wie 
xt  =  0  Punkte  in  ^  sind,  konnen  wir  /?2  t  und  /£2  2  so 
wahlen,  dass  ^  r  ^2  t)  und  (0,  ytf2  2)  Punkte  in  r2  dar- 
stellen,  und  da  JT2  ein  echtes  Gitter  ist,  konnen  wir  hier- 
bei  ft^  2  4=  0  wahlen.  Danach  bestimmen  wir  die  drei  Zahlen 
>#3  p  >^3  2,  ft9  3  folgendermassen :  da 

0*1.1*  *s.i>»    (o.  ^2.2)'    (o,  o) 
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Punkte  in  JTa  sind  und  7"2  die  Projektion  von  JT3  ist,  kon- 
nen  wir  sie  durch   Hinzufugung  passend  gewahlter  Zahlen 
'  ^>  £       zu  drei  Punkten 


erganzen,  welche  zu  7^3  gehoren,  und  hierbei  konnen  wir 
>£3>8  =fc  0  wahlen,  da  F9  ein  echtes  Gitter  bildet  (und  also 
Punkte  mit  ara  ^  0  auf  der  x3-Achse  enthalt).  In  dieser 
Weise  setzen  wir  fort,  bis  das  ganze  Zahlenschema  nach 
unendlich  vielen  Schritten  bestimrnt  ist.  Es  ist  hierbei  klar, 
dass  jeder  Punkt  des  uiiendlich-dimensionalen  Raumes, 
dessen  Koordinaten  durch  die  in  einer  senkrechten  Spalte 
des  gewonnenen  Schemas  stehenden  Zahlen  bestimmt  sind, 
zur  Menge  F  gehort;  denn  nach  der  Bestimmungsweise  des 
Schemas,  gehort  ja,  fur  jedes  mt  der  bei  der  mten  Koordi- 
nate  »abgeschnittene«  Punkt  zur  Menge  Fm,  und  nach  dem 
Satze  4  genugt  dies  um  schliessen  zu  konnen,  dass  der 
Punkt  selbst  zu  F  gehort. 

Wir   bilden    nun,    mit    Hulfe   des    obigen    Schemas,    die 
lineare  Substitution 


(j8n  n  *  0  fur  alien) 
<16)< V :" 


und  bezeichnen  mit  F*  die  Punktmenge  des  unendlich-di- 
mensionalen  ly-Raumes,  welche  die  Bildmenge  von  F  bei 
dieser  Substitution  bildet.  Zu  dieser  Menge  JT*  gehoren  ge- 
wiss  die  samtlichen  Punkte  der  Form  (0,  •  •  •,  0,  1,  0,  0,  •  •  •) 
{d.  h.  samtliche  Punkte  deren  Koordinaten  alle  0  sind,  ab- 
gesehen  von  einer  Koordinate,  die  gleich  1  ist);  denn  diese 


D3.     Dan.  Math.  Fy*.  Medd.   7,  no.  1   (1925). 


Unendllch  viele  Kongruenzen.  33 

Punkte  entsprechen,  nach  (16),  gerade  den  Punkten  des 
x-Raurnes,  deren  Koordinaten  durch  die  Spalten  des  obigen 
Zahlenschemas  gegeben  sind.  Wir  werden  zeigen,  dass  unser 
System  (1)  durch  diese  Substitution  (16)  in  ein  neues  System 

*/  0»  =   1,  2,  •••) 


mit  lauter  ganzen  Koeffizienten  ubergeht.  Hierzu  haben 
wir  nur  zu  benutzen,  dass  F*  (als  Bildmenge  von  F)  die 
Menge  der  simultanen  Losungen  der  neuen  Nullkongruenzen 


darstellt,  so  dass  diese  letzten  Kongruenzen  gewiss  die 
obigen  Punkte  (0,  0,  •  •  •,  1,  0,  0,  •  •  •)  als  Losungen  besitzen. 
In  der  Tat  folgt  bieraus  sofort,  dass  alle  g  ganze  Zablen 
sein  mussen;  denn  daraus,  dass  ym  =  1,  yn  =  0  (fur  n  it  m) 
em  Losung  der  Kongruenzen  1st,  folgt  ja,  dass  die  samt- 
lichen  Koeffizienten  der  Variablen  ym  ganze  Zahlen  sein 
mussen. 

In  dem  vorhergehenden  Satze  war  nur  von  den  simul- 
tanen Losungen  der  unendlich  vielen  Nullkongruenzen 
(13)  die  Rede.  Fur  den  Beweis  des  Hauptsatzes  in  §  5  wird 
es  aber  notig  sein,  das  in  diesem  Satze  6  gefundene  Kri- 
terium  der  »Ganzartigkeit«  eines  Systems  (1)  etwas  umzu- 
formen  ,  und  zwar  so,  dass  die  Losungen  einer  beliebig 
grossen  end  lichen  Anzahl  dieser  Nullkongruenzen  in  den 
Mittelpunkt  der  Betrachtungen  hineingezogen  werden,  Wir 
bezeichnen  hierzu  mit  ^N)  die  Menge  samtlicher  Losungen 
(xlf  xa,  •  •  •)  der  N  ersten  der  Nullkongruenzen  l,  und  mit  ^fj^ 
die  Projektion  dieser  Menge  auf  den  m-dimensionalen  Unter- 

1  Obwohl  in  diesen  N  Kongruenzen  nur  endlich  viele  x,  vorkom- 
men,  werden  wir  jedoch  (vgl.  Note  1,  S.  4)  unter  einer  Ldsung  der  N  Kon- 
gruenzen elnen  Punkt  des  u  n  e  11  d  1  ich-dimcnsionalen  Raumes  verstehen, 
so  dass  A^N)  also  eine  Punktmenge  dieses  letzten  Raumes  bedeutet. 
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raum  a^,  •••,#,„.  Hierbei  1st  klar,  dass  bei  jedem  N  die 
Relation  ^f<N)  >  ^<^+l>  >  r,  und  also  auch  die  Relation 
^n°  >^+1>  >  r/ii  besteht,  und  ferner,  dass  sS™  die  Pro- 
jektion  von  ^^  ist.  Nach  Voraussetzung  kann  jede  der 
Variablen  x  aus  den  Linearformen  des  Systems  (1)  isoliert 
werden;  wir  bezeichnen  mit  /n*  =  m*  (/n)  die  kleinste 
Zahl,  fur  welche  jede  der  m  ersten  Variablen  xl9  •••,  xm 
aus  den  m  *  ersten  Linearformen  isoliert  werden  kann. 

Man  sieht  sofort,  c/ass  bei  jedem  festen  m  =  /,  2,  •  •  •  and 
N  >  m*  die  Punktmenge  ^^  ein  echtes  Gitter  des  m-dimen- 
sionalen  Raumes  bildet.  In  der  Tat: 

1.  Falls    Or't,  •  •  •,  a^m)    und    (xi',  •  •  •,  x"n)   zwei    beliebige 
Punkte  der  Menge  ^ffl  s*n(^»    wird    auch    der  Differenz- 
punkt   (jx\ — x'l,  •  •  • ,  x'm  —  xJJ,)    zu   <dffl   gehoren.    Denn    es 
konnen  ja  die  beiden   Punkte    durch   Hinzufugung  weiterer 
Koordinaten    zu    zwei  Punkten  (x't,  •  •  •,  o^H,  ^I|-H1>  •  •  •)    und 
(a?i%  •  •  •,  x^t,  a?^l+1,  •  •  •)  der  Menge  ^/<N)  erganzt  werden,  und 
aus  der  Definition  von  ^N)  folgt  sofort,  dass  der  Differenz- 
punkt  (x'i  —  a^V  -  •,  x'm  —  ^.  <l+l  —  a?;/l+1,-  •  •)   ebenfalls  zu 
^N),  also  der  »abgeschnittene«  Punkt  (x\ — x'{,  •  -  •,  x'm  —  x^) 
zu  jjW  gehoren  wird. 

2.  Ferner  ist  klar,    dass  der  Anfangspunkt  (0,  0,  •  -  • ,  0) 
des  m-dimensionalen   Raumes  kein  H  aufungspunkt  der 
Menge  ^^  sein  kann,  weil  ja  JV  so  gross  gewahlt  ist,  dass 
jede  der  m  Variablen  xlt  •  •  •,  xm  aus  den  N  ersten   Linear- 
formen  isoliert  werden  kanii. 

3.  Und  schliesslich  ist  klar,  dass  *dffi  e^n  echtes  Gitter 
bildet.    In  der  Tat,    falls  H  den   Hauptnenner    der  (endlich 
vielen)  rationalen  Koeffizienten  r  der  N  ersten  Kongruenzen 
bezeichnet,  wird  offenbar  jeder  Punkt  (xlt  o:2,  •  •  •)  mit  eiiier 
Koordinate  gleich  H  und  alien  ubrigen  Koordinaten  gleich 
0  zur  Menge  A^  gehoren,  so  dass  die  Projektionsmenge 
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gewiss  auf  jeder  der  m  Koordinatenachsen  einen  vom  An- 
fangspunkte  verschiedenen  Punkt  enthalten  wird  (namlich 
einen  Punkt  im  Abstande  H  vom  Anfangspunkte). 

Es  sei  nunmehr  m  eine  beliebig  gewahlte  feste  posi- 
tive ganze  Zahl;  wir  werden  untersuchen,  wie  das  Gitter 
^m^  (^  >  /n  *)  sich  andert,  wenn  N  ins  Unendliche  wachst. 
Aus  der  Relation  ^*p  >  -<^+1)  ersieht  man  sofort,  dass 
nur  die  beiden  folgenden  Moglichkeiten  bestehen: 

I.  Entweder  andert  sich  das  Gitter  -//^  von  einer  ge- 
wissen  Stelle  an  uberhaupt.nicht,  d.  h.  es  bleibt  jtf£>  konstant 
fur  alle  N  >  N0  =  N0  (/n).  Wir  bezeichnen  in  diesem  Falle 
das  konstante   Endgitter  -xf^>  (AT  >  N0)  mit  Jni  und  nennen 
dm  das  mte  »Grenzgitter«l. 

II.  Oder  es  wachst  das  Volumen  eines  Grundparallelopi- 
peds  des  Gitters  ^f^   mit  N — >  oo    uber    alle  Grenzen.    Wir 
sagen    in    diesem   Falle,    dass    (fur  das  betrachtete  m)  kein 
Grenzgltter  x/ni   existiert. 

Satz  7.  Fur  die  Ganzartigkeit  des  (reduzierten)  Systems  (1) 
ist  notwendig  and  hinreichend,  dass  beijedem  festen  m  =  1,2,  •  •  • 
das  Grenzgitter  *1  m  existiert. 

Bcweis.  Nach  dem  Satze  6  handelt  es  sich  darum  zu 
zeigen,  dass  die  beiden  Bedingungen  »es  soil  bei  jedem  m 
die  Meiige  rm  ein  e elites  m-dimensionales  Gitter  sein« 
und  »es  soil  bei  jedem  m  ein  Grenzgitter  <4m  existieren« 
inhaltlich  gleichbedeutend  sind. 

1.  Es  ist  unmittelbar  ersichtlich,  dass,  falls  die  Mengen 
rm  alle  echte  Gitter  sind,  alle  Grenzgitter  Jm  existieren 
mussen.  In  der  Tat  ist  ja  bei  festem  m  und  jedem  N  das 

1  Wir  bemerken,  dass  falls  die  Grenzgitter  dm  und  ^/m+i  beide 
existieren,  d 'm  die  Projektion  von  <dm+\  sein  wird.  In  der  Tat  kann 
ein  AT  so  gross  gcwahlt  \verden,  dass  4 'm  =  Ajn  '  und  ^//n  +  i  =  -d.J^^.j 
sind,  und  bei  einem  festen  N  wissen  wir  ja  schon,  dass  -4^,^  die  Pro- 
jektion von  A^^  ist. 
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Gitter  JTm  in  dem  Gitter  -/*<*>  enthalten,  und  es  kann  somit 
fur  N—  >  oo  das  Volumen  des  Grundparallelopipeds  von  ^^) 
nicht  liber  alle  Grenzen  wachsen. 

2.  Etwas  tiefer  liegt  dcr  Nachweis,  dass  umgekehrt  aus 
der  Existenz  s&mtlicher  Grenzgitter  <r/m  geschlossen  wer- 
den  kann,  dass  jedes  Fm  ein  echtes  Gitter  ist.  Wir  fuhren 
diesen  Nachweis  dadurch,  dass  wir  zeigen,  dass  Jm  in  Fm 
enthalten  ist,  Es  sei  also  (a?lf  •  •  •  ,  xm)  ein  beliebiger  Punkt 
von  <<Jm;  wir  haben  zu  beweisen,  dass  dieser  Punkt  eben- 
falls  zu  Fm  gehort,  also  dass  er  zu  einem  Punkte  (o^.  •  •  •  , 
xm»  xm+i»  "  *  ")  ergSnzt  werden  kann,  welcher  zu  r  gehort, 
d.  h.  welcher  eine  simultane  Losung  der  samtlichen  Null? 
kongruenien  (13)  darstellt.  Hierzu  mussen  wir  benutzen, 
dass  nicht  nur  das  Grenzgitter  <r/m,  sondern  auch  die 
»hoheren«  Grenzgitter  ^m4.1>  ^m+a»  *  "  "  a^e  existieren.  Wir 
bilden  (durch  successive  Wahl)  die  Folge  der  neuen  Koor- 
dinaten  xm+v  xm+v  '  '  '  so»  dass  jeder  »Abschnitt«  (xt,  •  •  •, 
xm>  xm+i>  •  '  •»  xm+P)  zur  Menge  ^m+p  gehort  (was  mdglich 
ist,  weil,  nach  Note  S.  35,  Jn  die  Projektion  von  ^/n+1  ist), 
und  behaupten,  dass  der  durch  diese  Koordinaten  erganzte 
Punkt  (xlt  •  •  •,  xln,  &m+v  •  •  •)  von  der  gewunschten  Art  ist, 
also  eine  simultane  Losung  samtlicher  Nullkongruenzen 
darstellt,  d.  h.  bei  jedem  festen  N  die  N  ersten  der  Kon- 
gruenzen  befriedigt.  In  der  Tat,  es  sei  L  der  grosste  Index 
eines  a?,  welches  in  diesen  N  ersten  Kongruenzen  vorkomint; 
es  genugt  dann  offenbar  zu  zeigen,  dass  der  Punkt,  welcher 
durch  Projektion  des  Punktes  (xt,  a?2»  •  •  •»  xm»  ^m+i*  *  "  *) 
auf  den  L-dimensionalen  Unterraum  entsteht,  also  der 
Punkt  (xt,  •  •  -,  xl)9  in  ^/^  ^e8*5  un^  ^es  ^st  gewiss  der 
Fall,  weil  ja  nach  unserem  Erganzungsverfahren  der  Punkt 
(a?Jt  •  -  •  9  XL)  zu  */L  gehort,  und  ^/L  in  ^/^  enthalten  ist. 
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§  5, 
Beweis  des  Hauptsatzes. 

Hauptsatz.  Fur  das  Zusammenfallen  der  beiden  zu  einem 
System  (1)  gehorigen  Punktmengen  77t  and  IT2  ist  notwendig 
and  hinreichend,  dass  das  System  ganzartig  ist  (also  durch 
eine  lineare  Substitution  in  ein  neues  System  mit  lauter 
gaiizen  Koeffizienten  Gbergefuhrt  werden  kann). 

Beweis.  Dass  die  Bedingung  hinreichend  ist,  liegt 
auf  der  Hand.  In  der  Tat  wisseii  wir  ja  einerseits,  dass 
der  Obergang  von  einem  System  zu  einem  anderen  mit 
Hilfe  einer  linearen  Substitution  sowoh!  die  Menge  H^  wie 
auch  die  Menge  J72  ungeandert  lasst,  und  andererseits 
(nach  Satz  1),  dass  fur  ein  System  mit  lauter  ganzen 
Koeffizienten  die  Gleichung  H1  =  17%  besteht. 

Die  ganze  Schwierigkeit  liegt  darin  zu  beweisen,  dass 
die  Bedingung  der  Ganzartigkeit  fur  das  Zusammenfallen 
der  Mengen  Hl  und  772  auch  notwendig  ist.  Hierbei 
konnen  wir  uns  (nach  §  3)  ohiie  Beschrankung  der  All- 
gemeinheit  auf  die  Betrachtung  eines  reduzierten  Systems 

(1)  beschranken. 

Wir  nehmen  an,  dass  das  System  nicht  ganzartig 
ist,  und  haben  zu  beweisen,  dass  /Tj.  eine  echte  Teilmenge 
von  /72  ist,  also  dass  ein  Punkt  (0lf  0a>  '  '  ')  derart  existiert, 
dass  bei  jedem  festen  N  die  N  ersten  der  Kongruenzen 

(2)  rntlxH-'n.a*sH  ----  +  rn     x     =  6n  (mod.  1)    (n  =  l,2,---) 


eine  Losung  haben,  aber  keine  simultane  Losung  der 
samtlichen  Kongruenzen  vorhanden  ist.  Das  wesentlichste 
Hilfsmittel  bei  diesem  Beweise  ist  der  Satz  7,  welcher  ein 
Kriterium  fur  die  Ganzartigkeit  (und  also  auch  ein  Kri- 
terium  fur  die  Nicht-  Ganzartigkeit)  eines  reduzierten  Sy- 
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stems  (1)  gibt.  Nach  diesem  Hilfsatz  giht  es  zu  unserem 
(nicht  ganzartigen)  System  (1)  eine  feste  positive  ganze 
Zahl  /n0,  so  dass  kein  Grenzgitter  */wlo  existiert,  d.  h.  so 
class  das  Volumen  VN  eines  Grundparallelopipeds  des  Gitters 
-'^m^  (N  >  m*Q)  fur  AT— >-  oo  ins  Unendliche  wachst. 

Wir  bestimmen  zunachst  eine  unendliche  Folge  von 
wachsenden  positiven  ganzen  Zahlen  Nl9  N2,  •  •  • ,  N^  •  •  • 
und  zugehorigen  positiven  Zahlen  0±,  £2»  *  '  *»  Qv>  '  "  '  durch 
das  folgende  Verfahren1. 

1°.  Es  sei  Nl  >  m*Q  so  gewahlt,  dass  das  Grundvolumen 
VN  des  Gitters  ^^  grosser  als  das  Kugelvolamen  /f(l) 
ist,  und  somit  in  der  Anfangskugel  K  (1)  gewiss  keiii  voll- 
staiidiges  Reprasentaiitensystem  in  bezug  auf  ^/^l)  enthalten 
ist.  Zu  diesem  Nt  bestimmen  wir  die  positive  Zahl  (>t  so 
gross,  dass  jede  Kugel  rait  dem  Radius  Q{  (wo  auch  ibr 
Zentrum  liegt)  ein  vollstandiges  Reprasentantensystem  in 
bezug  auf  ^/^^  enthalt. 

2°.  Danach  bestimmen  wir  Nz  >>  Art  derart,  dass  das 
Grundvolumen  VK^  grosser  als  das  Kugelvolumeii  K  ((>t  +  2) 
ist,  und  daher  die  Anfangskugel  K  (^t  +  2)  keiii  yollstan- 
diges  Reprasentantensystem  in  bezug  af  ^^  enthalt.  Und 
zu  diesem  Ara  bestimmen  wir  die  positive  Zahl  £2  derart, 

1  Hiccbei  ^verden  \vir,  um  uns  bci  den  folgenden  Ubcrlegungeii  uber 
die  Verhaltnisse  im  ni0-  d  i  ni  e  iisioii  ale  11  Haume  xi9  •  •  •  &inn  ubersicht- 
lich  ausdriickeii  zu  konnen,  fur  einige  immer  wicder  vorkonimenden  Be- 
griffe  abgekiirzte  Bezeiclinungen  einfiiliren:  Stiitt  » Volumen  eines  Grund- 
parallelopipcds  des  Gitters  A^J«  \vollcn  wir  »G  r  un  d  volu  me  11  des 
Gitters  A^J«.  sagen,  statt  »/n0-dimcnsionale  Kugel«  einfach  »Kugel«, 
statt  » Volumen  einer  Kugel  mit  dem  Radius  (>«  einTach  »Kugelvolu- 
men  K(Q)«  und  statt  »Kugel  mit  dem  Anfangspunkt  als  Zentrum  und 
dem  Radius  £«  einfach  »A  nfangskugel  K  (^>)«  oder  nur  »K  ((>>«.  Ferner 
vverdeii  \vir  mit  »einem  volls  tand  i  gen  Reprascn  tan  tensys  tc  in 
in  bezug  auf  A^*«  eine  solche  Puiiktmenge  bezeichnen,  welche  aus 
jedem  System  von  Punktcn  (^j,---,  ic;||  ),  \velche  in  bezug  auf  das 
(jitter  ^tj,,0  equivalent  liegen,  genau  cinen  Reprasentanten  enthalt. 
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dass  jede  Kugel   mil   dem  Radius  £2   ein  vollsttindiges  Re- 
prasentantensystem  in  bezug  auf  ^^  enthftlt. 

y°.  Nachdem  Nt,_l  und  ^_x  bestimmt  sind,  wahlen  wir 
Ny  >  #„__!  derart,  dass  das  Grundvolumen  VN  grosser  als 
das  Kugelvolumen  K^if_l  +  v)  ist,  also  die  Anfangskugel 
K  (£„__!  +  r)  kein  vollstandiges  Reprasentanten  system  in  be- 
zug auf  st^^  enthalt,  und  danacb  wahlen  wir  die  positive 
Zabl  Qy  so,  dass  jede  Kugel  mit  dem  Radius  QV  ein  voll- 
standiges Reprasentantensystem  in  bezug  auf  ^^  enth&lt. 

Nach  dieser  Bestimmung  von  Ny  und  QU  (v  =  1,  2>-  •  •) 
schreiten  wir  iiunmehr  zu  direktem  Aufsuchen  eines  Punktes 
(^lt  ^2»  *  *  "  )  »  w^elcher  der  Menge  772  aber  nicht  der  Menge 
n±  angehort.  Die  Idee  der  (successiven)  Bestimmung  von 
^i»  ^a»  •  *  •  ist  die,  dass  wir  versuchen  dafur  zu  sorgen,  dass 
im  m0-dimensionalen  Raume  der  Abstand  des  Anfangs- 
punktes  von  der  Projektion  (xlf  •  •  •  ,  &m^)  derjenigen  Losung 
(xt>  x2,  •  •  •)  der  ^V  ersten  Kongruenzen  (2),  fur  welche  dieser 
Abstand  am  kleinsten  ist,  mit  AT  uber  alle  Grenzen 
wachst. 

lterSchritt.  Wir  wahlen  zunachst  einen  beliebigen  Punkt 
Pf  :  (a?'t,  rc'2,  •  •  •)  des  unendlich-dimensionalen  Raumes,  wel- 
cher  nur  der  Bedingung  unterworfen  sein  soil,  dass  sein 
m0ter  »Abschnitt«  P^lo:  (x\,  •  •  •,  x^)  ein  derartiger  Punkt  des 
J7i0-dimensionalen  Raumes  ist,  dass  kein  mit  ihm  in  bezug 
auf  das  Gitter  ^^  aquivalenter  Punkt  in  der  Anfangs- 
kugel K  (1)  gelegen  ist.  (Ein  solcher  Punkt  existiert  nach 
1°).  Wir  setzen  (orlt  x2,  •••)==  (x't,  x'2,  •  •  •)  in  die  JVj  ersten 
Linearformen  von  (1)  ein.  Die  dadurch  entstehenden  Zahlen 
sollen  unsere  Zahlen  Bl9  •  •  •  ,  0Ni  sein.  Wir  bemerken,  dass 
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die  samtlichen  Losungen  (o^,  xa, •  •  •)  der  Nl  ersten  (mit 
den  eben  gewahlten  0  gebildeten)  Kongruenzen  (2)  durcb 
die  Menge  P'  +  ^Nl>  gegeben  sind1,  weil  ^N*>  ja  die  Ge- 
samtmenge  der  Losungen  der  N±  ersten  Nullkongruen- 
zen  angibt.  Aus  der  Bestimmung  von  P'  folgt,  dass  in  der 
Projektion  dieser  Menge  Pf  +  ^N^  auf  den  /n0-dimensionalen 
Unterraum  —  d.  h.  in  der  Menge  ^no  +  ^l^l),  welche  aus 
alien  mit  PJ^  in  bezug  auf  ^^  aquivalenten  Punkten  be- 
steht  —  kein  Punkt  enthalten  ist,  welcher  in  der  Anfangs- 
kugel  K(l)  liegt. 

2ter  Schritt.  Wir  wahlen  danach  einen  Punkt  P"  :  (x'{, 
ac%, •••)  des  unendlich-dimensionalen  x-Raumes,  welcher 
der  obigen  Menge  f/+^Nl}  angehort,  und  ausserdem  der 
Bedingung  geniigt,  dass  seine  Projektion  /^;ip :  (o^,  •  •  • ,  x;;to) 
auf  den  m0-dimensionalen  tlnterraurn  in  einer  Kugel  mit 
dem  Radius  QI  gelegen  ist,  deren  Zentrum  C" :  (c\',  •  •  • ,  c^fo) 
so  gewahlt  ist,  dass  es  keinen  mit  C"  in  bezug  auf 
^m**  aquivalenten  Punkt  in  der  Anfangskugel  K  (^  +  2) 
gibt  (was  alles  iiach  der  Bestimmung  von  £t  und  N2  mog- 
lich  ist).  Wir  setzen  nun  (ojt,  x2,  •  •  * )  =  (x'{,  x'g,  •  •  • )  in  die 
Nz  ersten  Linearformen  von  (1)  ein,  und  bezeichnen  die 
berauskommenden  Werte  mit  04 ,  •  •  • ,  8N  ,  \vobei  die  Nt 
ersten  Zahlen  0lt  •  •  • ,  6N^  mit  den  obigen  Zablen  0t,  •  •  • ,  6N^ 
ubereinstimmen,  weil  Pft  zur  Menge  Pf  +  ^N*>  gehort.  Wir 
betrachten  die  Menge  samtlicher  Losungen  (xlf  a:2»  •  •  •) 
der  NI  ersten  (mit  den  gewahlten  B  gebildeten)  Kon- 
gruenzen (2),  d.  h.  die  Menge  P"  +  v/W'),  und  bebaupten, 

1  Unter  P  +  A9  wo  P  einen  Punkt  und  A  eiiie  Punktmenge  des- 
selben  Raumes  bedeuten,  verstehen  wir  die  (mit  A  kongruente)  Punkt- 
menge, welche  aus  der  Menge  A  entsteht,  wenn  zu  jedem  ihrer  Punkte 
der  Punkt  P'  >addiert«  wird;  hierbei  bedeutet  »Addition«  zweier  Punkte 
(*i,  a*,  •••)  und  Cz/i, yt,  *••)  einfach  die  Biidung  des  Punktes  (xi  +  PI, 
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dass  in  der  Projeklion  dieser  Menge  auf  den  m0u'n  Unter- 
raurn ,  d.  h.  in  der  Menge  JP^lo  +  ^^  aller  init  P"no  in  be- 
zug  auf  ^^  aquivaleiiten  Punkle,  kein  Punkt  gelegeii  ist, 
welcher  der  Anfangskugel  K  (2)  angehort.  In  der  Tat  gibt 
es  in  dieser  Menge  ^lo  +  ^^s)  eineii  Punkt,  iiamlich  P^ 
selbst,  welcher  von  dem  obigeii  Zentrum  C"  um  weniger 
als  Qt  abweicht,  und  \veil  K  (<jt  +  2)  keinen.mit  C"  in  be- 
zug  auf  ^£*}  aquivalenten  Punkt  enthalt,  kann  daher  in 
K  (2)  kein  mit  P"n  aquivalenter  Punkt  (d.  h.  kein  zu 
gehoriger  Punkt)  gelegen  sein. 


vter  Schritt.  Wir  wahlen  einen  Punkt  P("> :  O^,  x^9 -  -  •) 
des  uiieiidlich-dimensionalen  x-Raumes,  welcher  der 
Menge  P*?— 1)+  ^/(^V— 1>  angehort,  uiid  ausserdem  der  Be- 
dinguiig  geniigt,  dass  sein  m0ter  Abschiiitt  P^i  (oc^,~  •  •>  ^l^0)) 
in  einer  Kugel  mil  dem  Radius  £„_,_  Hegt,  deren  Zentrum 
CW:(c^>f  -  •  -,  c£>)  so  gewahlt  ist,  dass  kein  mit  &">  in  be- 
zug  auf  ^£f*  aquivalenter  Punkt  der  Anfangskugel  K  (^_14-  r) 
angehort.  Dies  ist  alles  moglich;  denn  nach  der  liestim- 
muiig  von  Ny  gibt  es  gewiss  einen  Punkt  C(//>  der  ver- 
langten  Art,  und  in  die  Kugel  um  C(l/>  mit  dem  Radius 
^_!  fallt  gewiss  (nach  der  Bestimmung  von  ^^_t)  die  Pro- 
jektion  eines  Punktes  der  Menge  /*"— 1>  +  ^/<^V-i>,  \veil  ja 
die  Projektion  /^~l)  +  ^,^l/~~l)  dieser  letzten  Menge  ein 
gauzes  System  von  untereiiiander  aquivaleiiten  Punkten  in 
bezug  auf  ^,^~l)  ausmacht.  Wir  setzeii  nun  (0:1,  x2,  •  •  • ) 
=  (x^\  x^,  •  •  •)  in  die  N^  ersteii  Linearformen  von  (1) 
ein,  und  bezeichnen  die  herauskommenden  Zahlen  mit 
#it  '  '  '>  &N  »  wobei  die  Nt/_l  ersten  dieser  Zahlen  mit  den 
bei  dem  O — l)ton  Schritte  bestimmten  Zahlen  fl^---,  ^N^_t 
ubereinstimmen  (weil  /*l/)  der  Menge  p(»'-1>-|-^/(N^-i>  an- 
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gehort).  Die  samtlichen  Ldsungen  Grt,  ora,  •  •  •)  der  N^ 
ersten  (mil  diesen  6  gebildeten)  Kongruenzen  sind  dann 
durch  JF*"*  4- -^^  gegeben,  also  ihre  Projektionen  auf  den 
/n0len  Unterraum  durch  pM  +  ^J^.  In  dieser  letzten  Menge 
gibt  es  keinen  Punkt,  welcher  der  Anfangskugel  K  (v)  an- 
gehort,  weil  JF*JJ  in  einem  Abstand  <  Qy_t  vom  &">  gelegen 
ist,  und  in  K(^_t  +  ^)  kein  Punkt  liegt,  welcher  mit  C**^ 
in  bezug  auf  Jf^f**  Equivalent  ist. 

Hiermit  sind  wir  am  Ende.  In  der  Tat  erfullt  der  so- 
mit  bestimmte  Punkt  (0i,0a,-*O  die  angegebenen  Be- 
dingungen.  Denn  einerseits  haben  bei  jedem  N  die  N 
ersten  der  Kongruenzen  (2)  eine  Losung  —  weil  bei 
jedem  v  die  Nv  ersten  Kongruenzen  eine  Losung,  namlich 
/**'>:  (a^^,  zf£>9  •  •  •)  besitzen,  und  Ny  mit  v  fiber  alle  Grenzen 
wachst  —  und  andererseits  gibt  es  gewiss  keine  si- 
multane  Losung  der  samtlichen  Kongruenzen  (2),  weil 
jede  Losung  der  Nv  ersten  Kongruenzen  eine  Projektion 
auf  den  m0-dimensionalen  Unterraum  besitzt,  deren  Abstand 
vom  Anfangspunkte  >  v  ist,  also  fur  v  —  >  «o  beliebig  gross 
wird. 


Forelaf{t  paa  Medet  den  21.  Februar  1925. 
Paerdlg  tern  Trykkerlet  den  4.  Maj  1925. 
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To  nye  simple  Beviser  for  Kroneckers  Saetning. 

Af  Harald  Bohr  og  B0rge  Jessen. 

I  et  Seminar  afholdt  -for  de  Universitetsstuderende  i  dette 
Foraar  diskuterede  man  bl.  a.  et  analytisk  Bevis  for  Kroneckers 
Saetning  givet  af  H.  Bohr*);  ved  denne  Lejlighed  efterlyste  Prof. 
J.  Nielsen  et  simpelt  og  instruktivt  geometrisk  Bevis  og  gav  selv 
kort  Tid  efter  et  saadant  baseret  paa  almindelige  Betragtninger 
over  Vektormoduler  i  et  /z-dimensionalt  Rum**).  Dette  Bevis 
vakte  paany  Interessen  for  et  endnu  simplere  analytisk  Bevis. 
I  det  f01gende  skal  nu  meddeles  to  saadanne  Beviser;  det  f0r- 
ste  (paa  hvilket  vi  blev  opmaerksomme  under  Udarbejdelsen 
af  et  Arbejde  om  naestenperiodiske  Funktioner)  benytter  Ideer  af 
Bochner,  Szidon  og  Fekete;  det  andet  (maaske  nok  det  simpleste) 
benytter  tillige  en  Ide  af  Besicovitch,  og  minder  forovrig  om  et 
tidligere  Bevis  af  Landau***). 

Kroneckers  Saetning  kan  formuleres  saaledes  Lad  os  antage, 
at  At,  ^2,-  -  -,  A/v  er  N  lineaert  uafhaengige  reelle  Tal  (d.  v.  s.  der 
bestaar  ingen  Relation  af  Formen  gt  JLt  +  g%  ^  +•  •  •+£/*%&  =  0 
i  hele  Tal  glt  ^2,-  -  -,  gNt  som  ikke  alle  er  0)  og  lad  endvidere 
<Pn  <P2>-  •  'f  <PN  betegne  N  vilkaarlige  reelle  Tal  og  e  et  vilkaar- 
ligt  positivt  Tal.  Da  eksisterer  der  N  hele  Tal  hlt  /ta,---,  hN 
og  et  reelt  Tal  t,  saaledes  at 

|  Ivt—yv—hv  [<€,        (v  =  1,  2,-..,  AO- 

Anderledes  udtrykt:  Betragter  man  alle  Punkter  i  det  /V-dimen- 
sionale  Rum  af  Formen 

(%i  t      h± ,  X^t      h% ,  -  •  • ,  AN  t      HN)  , 

hvor  t  er  et  vilkaarligt  reeit  Tal  og  hl9  A2,-.-,  hN  er  vilkaar- 
lige hele  Tal,  saa  ligger  disse  Punkter  overalt  taet  i  det  Af-dimen- 
sionale  Rum. 


•)  H.  Bohr,  Another  proof  of   Kronecker's  Theorem.     Proc.   of  the   London   Math.  Soc., 

Ser.  2,  Vol.  21.  (1922),  S.  315-316. 
**)  J    Nielsen,  Om  Strukturen  af  en  Vektormodul  med  endelig  Basis.     Med  Anvendelse  paa 

Diofantiske  Approksimationer.     Matematisk  Tidsskrift  B,  1932,  S.  29—42. 
•••)  E.  Landau,  Ober  diophantische  Approximationen.     Scr.  Univ.   Bibl.    Hierosolymitana- 
rum,  1923,  S.  1-4. 
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Ligesom  det  ovenfor  naevnte  Bevis  af  H.  Bohr  beror  det  forste 
af  dc  nye  Beviser  paa  f01gende  ret  indlysende  Omskrivning  af 
Saetningen  (se  Fig.  1,  hvor  N  =  3):  Danner  man  Funktionen 


saa  er 


0vre  Oraense    | /(/)  \  =  I  +N. 

Saetter  vi 
0vre  Graense )/(/)  |  =  Pt 


saa  er,  som  man  umid- 
delbart  ser, 


Vi  forer  Beviset  for 
Kroneckers  Saetning,  idet 
vi  viser,  at  ogsaa  om- 
vendt 

^  JT. 


Fig.  i. 


I  Beviset  opererer  vi  uafbrudt  med  trigonometriske  Polyno- 
mier,  d.  v.  s.  endelige  Summer  af  Formen  F(f)  =  ^jan  etv-n*9  hvor 
Eksponenterne  f*n  er  vilkaarlige  indbyrdes  forskellige  reelle  Tal, 
medens  Koefficienterne  an  er  vilkaarlige  komplekse  Tal.  For  et- 
hvert  saadant  Polynomium  eksisterer  Middelvaerdien 

T 
—  T 

og  er  lig  med  Polynomiets  konstante  Led,  saafremt  et  saadant 
findes,  d.  v.  s.  saafremt  ikke  alle  /*n  4=  0,  i  hvilket  Tilfaelde  Mid- 
delvaerdien er  lig  med  0.  Dette  fremgaar  umiddelbart  af,  at 

for  p  4=  0 
for  fji  =  0. 

Funktionen  /(/)  er  selv  et  trigonometrisk  Polynomium  med  det 
konstante  Led  M  {/(/)}  =  1  . 

Beviset   beror   vaesentlig    paa    den    saakaldte    Fej£rske    Kaerne 
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/G.CQ.     Saaledes   betegner  man,   idet  n  er  et  belt  Tal  >  1,  den 
fra  Fourierraekkernes  Teori  velkendte  Funktion 


ci  n  _ 

.-_!* 


Sin  - 

Overensstemmelsen  mellem  de  to  angivne  Udtryk  for  Kn  (t)  vises  som 
velkendt  ved  simple  trigonometriske  Regninger,  simplest  vel  gennem  fol- 
gende  Omskrivninger: 

=jj>^ 

—  n  v=*  —  n 


hvor  Dm(t)  betegner  den  Dirichletske  Kaerne 

m 

Dm(t)   =J~" 
t*= 

Nu  er  som  man  let  ser 


_  cos  mt  ~—  cos  (m  +  1)  t  . 
~~  2  sin9  ± 

altsaa  faas 


sin 


De  afg0rende  Egenskaber  ved  Kn(f)>  som  fremgaar  af  de  to 
angivne  Udtryk,  er  f01gende  to: 


=  0     for  —  oo</<oo. 
Vi  danner  nu  den   ,,sammensatte  Kaerne" 


Denne  Kaerne  Kn(/)  er  aabenbart  paany  et  trigonometrisk 
Polynomium,  som  bestemmes  ved  Udmultiplikation  af  det  op- 
skrevne  Produkt  Da  de  herved  optraedende,  heltallige  Kombi- 
nationer  af  Tallene  Alt  Ag,-  •  •,  AN,  som  F01ge  af  disse  Tals  for- 
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udsatte  lineaere  Uafhaengighed,  alle  maa  blive  forskellige,  faas,  idet 
man  bemaerker  at 


n 

for  Kn(f)  folgende  Fremstilling: 


hvor  /?(/)  betegner  et  trigonometrisk  Polynomium  2Zame#*m*,  hvis 
Eksponenter  ju,m  alle  er  forskellige  fra  Tallene  0,  —  2^^,  —  2nA2, 
•  •  •,  —2nJiM.  Af  de  to  angivne  Udtrykt  for  K^(/)  fremgaar,  at 
denne  Kaerne  ligesom  den  Fejerske  Kaerne  bar  de  to  afg0rende 
Egenskaber 

Af{Kn(f)}=l      og     Kn(t)  S  0     for—  oo</<oo. 

Vi  betragter  nu  Funktionen/(/)Krt(/);  ogsaa  denne  Funktion  er 
et  trigonometrisk  Polynomium,  hvis  konstante  Led  Af  {/(/)  K,,  (/)  } 

umiddelbart  beregnes  til   1H  --  N.      Af  den   saaledes   fundne 

n 

Formel 


faas  nu  umiddelbart  ved  Brug  af  de  fremhaevede  Egenskaber  ved 
K«(/)  Uligheden 


Dette  gaelder  for  ethvert  belt  Tal  n>  1;  vi  udf0rer  nu  Graense- 
overgangen  n  -*•  oo  og  faar  derved  Relationen 

i+;v^  r, 

hvormed  Beviset  er  fuldfort 

For  at  lette  Forstaaelsen  af  den  egentlige  Grundtanke  i  det 
ovenfor  givne  Bevis  tilf0jer  vi  folgende  Bemaerkning:  Det  som 
skal  vises  er,  at  Funktionen  f(t)  kommer  i  Naerheden  af  Vaerdien 
1  +  Nt  som  vides  at  vaere  ^  0vre  Graense  P  af  Funktionens 
numeriske  Vaerdi.  Hertil  bar  vi  multipliceret  /(/)  med  en  Kaerne 
Krt(/),  som  er  reel  og  ^  0  og  som  netop  fremhaever  de  even- 
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tuelle  Vaerdier  af   /,    for   hvilke  f(t)  overhovedet  kan  komme    i 

Naerheden  af   1  +  A/,  d.  v.  s.  for  hvilke  Tallene  At  /  —  <pt ,  ^  *—  <pa, 

•  •  -,   k^t —  <pN  samtidig    er    i 

Naerheden  af  hele  Tal.     Denne 

Egenskab    ved    den    sammen- 

satte    Kaerne    !£/,(/)    fremgaar 

umiddelbart     af     den     tilsva- 

rende      Egenskab      ved      den 

Fejerske  Kaerne  Kn(t\  hvilken 

Kaerne,    som   det    ses  af    Ud- 

trykket 

.    nt\ 

sin  — 


sin- 


-JC 


\|/Vs 1 


0 

Fig.  2. 


netop   fremhaever   de   Vaerdier 

af  /,  som  er    heltallige  Multi- 

pla  af  2jr   (se   Fig.  2,  hvor  n  =  8).     Ved  Beregning   af    Middel- 

vaerdien    yW{/(OKn(/)}  viser  det   sig  nu,   at   denne  Middelvaerdi 

bliver  saa  stor,    som    det   kun  er   muligt,  naar  /(/)  virkelig  kom- 

mer   i  Naerheden  af   l+N. 

Den  sidste  Bemaerkning  danner  Udgangspunktet  for  det  andet 
Bevis  for  Kroneckers  Saetning,  som  vi  skal  meddele.  Vi  gaar 
her  ud  fra  Saetningen  i  dens  oprindelige  Formulering  og  vaelger 
forst  svarende  til  det  givne  positive  Tal  e  (som  vi  kan  antage 
et  Tal  n  saa  stort,  at 

1 


saa  snart  t  afviger  mindst  2ne  fra  ethvert  helt  Multiplum  af  2jr. 
Herved  er  k  <:  —  et  vilkaarligt,  men  fast  valgt  positivt  Tal.  Et 

saadant  Valg  af  n  er  sikkert  muiigt;  thi  for  enhver  Vaerdi  af  /, 
som  afviger  mindst  2jie  fra  ethvert  helt  Multiplum  af  2nt  har 
man 

nt 


1 


1 
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den  angivne  Betingelse  er  altsaa  for  den  valgte  Vaerdi  af  k  op- 
fyldt,  saasnart 

I         1 

n  >  ~k  (sin  ne)*  ' 

Herefter  fores  Beviset  for  Kroneckers  Saetning  indirekte  saa- 
ledes:  Antaget  at  Saetningen  var  forkert,  at  det  altsaa  for  enhver 
Vaerdi  af  /  var  umuligt  at  vaeige  de  N  hele  Tal  klt  Aa>-  •  -,  A/y, 
saaledes  at 

|  lvt—<pv  —  hv  \<e     (v  =  1,  2,-.-,  N). 

saa  maatte  for  enhvef  Vaerdi  af  /  mindst  et  af  Tallene  fa  t  —  •  <p±> 
^2*  —  <?&•  •  m9  %r*t~-<PN  afvige  mindst  e  fra  ethvert  belt  Tal,  og 
altsaa  mindst  et  af  Tallene  2n(fat—<pi),  2ji  (fa  t  —  ^»)F**'» 
27i(JLjwt  —  <pti)  afvige  mindst  2yte  fra  ethvert  belt  Multiplum  af 
2n.  F01gelig  maatte  for  enhver  Vaerdi  af  /  mindst  en  af  Fakto- 
rerne  Kn(2n(fa  t-  ^)),  /G^^  *-<p2)),-  -  -,  /<*  (27^  /-<?„)) 
\  Produktet  K«(/)  vaere  ^  k\  da  nu  disse  Faktorer  alle  er  ^  0 
for  ~oo</<oo,  saa  gjaldt  altsaa  for  enhver  Vaerdi  af  /  Ulig- 
heden 


Nu  er  hver  af  de  ^V  Summander  paa  h0jre  Side  af  Ulig- 
hedstegnet  en  Kaerne  af  samme  Type  som  !£„(*),  blot  med  N—l 
Faktorer  i  Stedet  for  N  Faktorer.  Hver  af  disse  Kaerner  har 
altsaa  ligesom  !£„(/)  Middelvaerdien  1.  Tager  vi  altsaa  i  den 
fundne  Ulighed  paa  begge  Sider  Middelvaerdien  efter  t,  saa  faar  vi 


men  dette  er  en  Modstrid,  idet  vi  netop  har  valgt  k  <  —  .   Her- 

med  er  Beviset  fuldf0rt 

Det  sidste  Bevis  er  paa  en  Maade  mere  direkte  end  det  forste, 
for  saa  vidt  som  det  ikke  benytter  Funktionen  /(/).  Dets  Ide 
er  den,  at  vise,  at  saafremt  Kroneckers  Saetning  var  forkert,  d.  v.  s. 
saafremt  Tallene  fa  t  —  <plt  fat  —  <?&•  -  -,  A///  —  cpN  aid  rig  samti- 
dig  kom  i  Naerheden  af  hele  Tal,  saa  kunde  Kaernen  Kn  (/),  naar 
n  er  valgt  tilstraekkelig  stor,  ikke  blive  stor  nok  til  at  faa  Mid- 
delvaerdien 1. 
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ONE  MORE  PROOF  OF  KRONECKER'S  THEOREM 
H.  BOHR  and  B.  JESSEN*. 

Kronecker's  theorem  may  be  stated  as  follows.  Suppose  that 
A!,  ...,  A#  are  N  linearly  independent  real  numbers,  ^  ...,  </>N  are  N 
arbitrary  real  numbers,  and  c  is  positive.  Then  there  exist  N  integers 
hl9  ...,  hy  and  a  real  number  t  such  that 


i.e.  such  that  the  N  complex  numbers 


all  differ  by  less  than  et  from  e°  =  1.  In  other  words,  the  upper  limit  F 
of  the  numerical  value  of  the  function 

F(t)  =  i+e^^'-^+.-.+e2*^1-**) 

for  real  values  of  t  is  equal  to  1+JV.  Evidently  it  is  enough  to  prove 
that  l+N^T. 

A  simple  proof  of  this  latter  assertion  was  given  some  years  ago  by 
Bohrf  ;  in  this  note  we  shall  give  a  further  and  perhaps  still  simpler  proof. 

We  consider  Fejer's  kernel 


n 

n         „—  n      n  n 

and  form  the  composite  kernel 


Multiplying  out,  and  remembering  that  the  A's  are  linearly  independent, 
we  obtain 


where  R(t)  is  a  trigonometrical  polynomial  whose  exponents,  divided  by 
27T,  are  all  different  from  the  numbers  0,  —  Alf  ...,  —  A#.    Hence 


•  Received  5  October,  1932  ;  read  10  November,  1932. 

|  H.  Bohr,  "Another  proof  of  Kroneoker's  theorem",  Proc.  London  Math.  Soc.  (2), 
21  (1922),  315-316. 
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where  S(t)  is  a  polynomial  whose  exponents  are  all  different  from  zero ; 
and  so 


'  -M  <VF 

»*  y_^.oo  &•*•    J  ~3 

Now  Kn(<)  >  0  for  all  <  and 

lim  JLT  K,(0«B=1. 

T->oo  ^-*    J-T 

It  therefore  follows  that 


n 


and  finally  1 +N  =  lim  (l  +  — i  jff)  <  F. 

n->oo  \  n          J 


At  the  suggestion  of  Prof.  Hardy  we  add  the  following  remark. 

Kronecker's  theorem  is  often  stated  in  a  slightly  different  form, 
namely  as  follows.  Suppose  that  the  numbers  1,  Ax,  ...,  \$  are  linearly 
independent,  <f>v  ...,  <f>N  are  arbitrary  numbers,  and  e  is  positive.  Then 
there  exist  N  integers  hlt  ...,  hN  and  an  integer  t  such  that 


This  theorem  and  the  theorem  above  are  easily  deduced  from  each  other. 
It  may,  however,  be  of  interest  to  observe  that  the  proof  given  above  is 
also  directly  applicable  in  this  case. 

In  fact,  denoting  now  by  F  the  upper  limit  of  the  numerical  value  of 
F(t)  for  all  integral  values  of  t,  we  have  again  to  prove  that  l+N  ^  F. 
We  define  Kn(£),  E(t),  and  S(t)  as  before;  and  we  now  conclude  that  the 
exponents  of  R(t),  divided  by  27r,  are  all  incongruent  to  the  numbers 
0,  —A!,  ...,  —Ay  (mod  1).  Hence  the  exponents  of  S(t),  divided  by  2ir, 

\p  .       I    (T 

are  not  integers.     Substituting  lim  - — —    S    ...  for    lim  ^  1      ...dt, 

P-+OO  £p~r*-  t—p  r->«>  ^-*  J-T 

and  using  the  equations 

i         p  f  1  for  A  an  integer, 

lim      l        ^    --"'      '  6 


i: 


2p+l  t^_p  ^  Q  £or  ^  no^.  an  integer, 

instead  of 

i    (T  fl    for    A  =  0, 

lim^       e^^  = 

T^oo  ^1   J_T  |^0      for 

the  proof  runs  exactly  as  before. 


D5.     J.London  Math.  Soc.  7  (1932). 


ZUM  KRONECKERSCHEN  SATZ. 
Von  Harald  Bohr  und  Bdrge  Jessen  (Kopenhagen). 


Adurunz*  del  i)  novetnbre  19)1. 


I.  Dcr  KRONECKERsche  Satz  iiber  diophantische  Approximarionen  kann  zum  Bei- 
spiel  folgendermassen  formuliert  werden: 

Es  scicn  die  N  reellen  Zahkn  A,  ,  . . , ,  \N  von  einander  linear  unabhangig,  d.  b. 
es  bestehe  keine  Relation  v^  -j-  •  •  •  -|-  v^>N  =  o  in  gan%enf  nicht  samtlicb  verscbwin- 
denden  Zahlen  vj?  ...,  VN;  ferner  seien  yt,  .,.,  yN  beliebige  reelle  Grossen  und 

e  ( ^=  — )  e*nf  geSe^ene  positive  Zabl.  Dann  gibt  es  tin  reelles  t,  so  dass  die  N  Un- 

gleicbungen 

(0  IV-?. -*.!<«  (»-!,.. .,W) 

bei  passender  Wdhl  von  gan^en  Zahlen  gt,  . . . ,  gN  alle  erfullt  sind. 

Ftir  diesen  Satz  gibt  es  bekanntlich  cine  Reihe  verschiedenartiger  Beweise.  In 
dieser  Note  soil  noch  ein  Beweis  gebracht  werden,  der  uns  besonders  einfach  erscheint. 
Wie  mehrere  der  friiheren  Beweise  ist  auch  dieser  Beweis  von  analytischem  Charakter. 
Es  mag  vielleicht  gestattet  sein,  bevor  wir  zu  der  Darstellung  des  neuen  Beweises  iiber- 
gehen,  in  aller  Kurze  an  einige  ebenfalls  sehr  einfache  dieser  Beweise  zu  erinnern;  dies 
geschieht  nicht  nur  zur  Orientierung  des  Lesers,  sondern  ist  auch  deshalb  angebracht, 
weil  die  Idee  des  neuen  Beweises  mit  fruher  verwendeten  Beweismethoden  eng  zu- 
sammenhangt. 

Gemeinsam  fur  alle  die  zu  erdrternden  Beweise  ist  die  Heranziehung  der  Expo- 
nentialfunktion  t™*1  als  « Invariante  mod.  Eins »,  welche  auf  WEYL  zuriickgeht £).  Die 
lineare  Unabhangigkeit  der  Zahlen  \  wird  iiberall  dazu  ausgenutzt  urn  zu  sichern, 


')  H.  WEYL,  Ofcr  die  Gleicbverteilung  von  Zahlen  mod.  Eins  [Mathematische  Annalen,  Bd,  LXXVII 
(1916),$  jij-3S»]. 


1)6.    Rend.  Circ.  Mai.  Palermo  57  (1033). 
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dass  cine  Exponentialfunktion  der  Form 


sich  nur  dann  auf  die  Konstante  e°=i  reduziert,  wenn  die  ganzen  Zahlen  v|?  .,.,  VN 
alle  gleich  Null  sind  (oder  was  auf  dasselbe  hinauskommt,  dass  zwei  Exponentialfunk- 
tionen  dieser  Form,  etwa  e'*^"""^1  und  e™(9"l*+"  +*N*N}i  nur  dann  dieselbe 
Funktion  sind,  wenn  sie  formal  ubereinstimmen,  d.  h,  wenn  v|=v",  ...,  v^  =  v^). 
Ferner  wird  in  alien  Beweisen  von  der  elementaren  Tatsache  Gebrauch  gemacht,  dass 
bei  einem  reellen  /. 


i    fur    (A  =  o, 
wobei  M\f(f)\  wie  uberall  im  folgenden  den  Mittelwert 

JW{/(/)}=   lim  - 


bezeichnet  (speziell  existiert  also  fiir  jedes  Exponentialpolynom  /(/)  =  ^&mt^mi  der 
Mittelwert  M  \f(t)\  und  ist  gleich  dem  konstanten  Glied  des  Polynoms). 

2.  Ein  kurzer  und  in   seinem  Ansatz  sehr  primitiver  Beweis  ruhrt  von  LANDAU 
her  a).  LANDAU  betrachtet  diejenige  stetige,  periodische  Funktion  F(/)  der  Periode  i, 

welche  im  Periodenintervall  I  --  ,  —  J  gleich  Null  ist,  ausser  fiir  —  e  <  t  <  e, 

wo  sie  durch  F(f)  =  s  —  |/|  definiert  wird,  und  entwickelt  sie  in   ihre  (absolut  und 
gleichmassig  konvergente)  FouRiERreihe 

F(0=  f  V". 

V—  09 

Sodann  bildet  er  das  Produkt 


und  schliesst  nun  wie  folgt:  Gabe  es  kein  /,  fiir  welches  bei  passender  Wahl  der 
Zahlen  gt,  .  ..,fw  die  obigen  Ungleichungen  (i)  alle  erfullt  waren,  so  ware  die 
Funktion  <&(f)  identisch  Null.  Andererseits  aber  ergibt  sich  durch  Multiplikation  der 
N  FouRiERreihen  der  einzelnen  Faktoren  F(lnt  —  <pj  fiir  die  Funktion  4>(f)  eine 
(wiederum  absolut  und  gleichmassig  konvergente)  Reihenentwicklung  der  Form 

*(o=  2  ".A', 


a)  E.  LANDAU,  Ober  DiopbaniiscJje  Approximationeii  [Scripta  universitatis  atque  bibliothecac  Hiero- 
solymitanarum.  I,  i  (1923),  S.  1-4], 


T)6.    Rend.  Circ.  M  at.  Palermo  57  (1933). 
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aus  der  man  unmittelbar  ersieht,  dass  der  Mittelwcrt  M\Q  (*)}  existiert  und  gleich  dem 
konstanten  Glied  dieser  Entwicklung  1st  [ubrigens  ist  die  erwahnte  Rcihe  £0m0lh"' 
einfach  die  FouRiERreihe  der  fastperiodischen  Funktion  <&(/)].  Dieses  konstante  Glied 
ist  aber  von  Null  verschieden,  weil  es  —  wegen  der  linearen  Unabhangigkeit  der 
Zahlen  \  —  gleich  der  AT-  ten  Potenz  des  konstanten  Gliedes  A0  =  e*  der  FOURIER- 
reihe  von  F(t)  ist.  Aus  dem  Nichtverschwinden  des  Mittelwertes  M{4>(f)[  folgt  aber 
a  fortiori,  dass  <J>(f)  nicht  identisch  verschwindet. 

3.  Ein  anderer  einfacher,  obwohl  nicht  so  primithrer  Beweis  wurde  von  BOHR 
gegeben  3).  Die  Behauptung  des  KRONECKERschen  Satzen  wird  hier  zun&rhst  auf  die 
folgende  (von  e  frcie)  Form  gebracht,  dass  die  obere  Grenze  T  des  absoluten  Betragcs 
des  Exponentialpolynoms 


welche  offenbar  hochstens  gleich  i  -f-  JV  ist,  tatsiichlich  den  grosstmoglichen  Wert 
i  -+•  N  erreicht.  Zu  diescm  Zwecke  wird  die  Funktion  der  JV  «  freien  »  Veranderli- 
chen  x.  ,  .  .  .  ,  xw 


herangezogen,  welche  in  jedcr  Veranderlichen  periodisch  mit  der  Periode  i  ist,  und 
fur  welche  die  obere  Grenze  des  absoluten  Betrages  offenbar  gleich  i  -f-  N  ist.  Diese 
obere  Grenze  wird  nun  in  der  Form 


dargestellt,  wo  der  Mittelwert  hier  in  bezug  auf  die  Variablen  xl  ,...,%  zu  nchmen 
ist.  Vergleicht  man  nun  die  Entwicklungen  von  |G(0|ap  und  \G*(xlt  ...,  x#)|a>  (die 
beide  in  der  iibiichen  Weise  mit  Hilfe  von  \A\*  =  -4^gewonnen  werden),  so  ergibt 
sich  unmittelbar,  da  wegen  der  linearen  Unabhangigkeit  der  Zahlen  \  die  Rechnungen 
parallel  verlaufen,  dass 


so  dass  auch 

lim 


ist.  Diese  Relation  zeigt  aber,  dass  die  obere  Grenze   T  des  absoluten  Betrages  von 
G(f)  nicht  kleiner  als  i  +  N  sein  kann. 


3)  H.  BOHR,  Anoihsr  Proof  of  KRONECKER';  Theorem  [Proceedings  of  the  London  Mathematical 
Society,  Series  III,  vol.  XXI  (1923),  S.  31^-316]. 


D6.   Rend.  Circ.  Mat,  Pakrtno  57  (1033). 
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4.  Neuerdings  wurdc  von  den  Verfasscrn  ein  weiterer  sehr  kurzer  Bcwcis  mit- 
geteilt,  welcher  mit  noch  elementareren  Hilfsmitteln  als  die  beiden  vorangehenden  ope- 
riert  4).  Hierbei  wurde  wieder  die  obige  Formulierung  des  Satzes 

r  =  obere  Grenze  |G(f)|  =  I  +  N 
zugrnndegelegt.  Der  Beweis  basierte  nun  auf  die  Heranziehung  des  FfijfeRschen  Kernes 

«>«=£('  -7)''*'"' 

__  i  /sm-KptV 
"~7\  smtct  ) 

und  die  Bildung  des  «  zusammengesetzcen  Kernes  » 


Dieser  Kern  K  (f)  ist,  wie  der  FejiRsche  Kern,  ein  nichtnegatives  Exponentialpolynom, 

dessen  konstante  Glied,  wegen  der  linearen  Unabhangigkeit  der  Zahlen  >n,  gleich  i  ist. 

Es  wurden  nun  die  beiden  Exponentialpolynome  G(J)  und  Kp(t)  mit  einander 

multipliziert;  dann  ergibt  sich  ein  Exponentialpolynom,  dessen  konstante  Glied,  wie- 

derum  wegen  der  linearen  Unabhangigkeit  der  Zahlen  \  ,  gleich  i  +  N  1  1  —  —  J 
ist.  Aus  den  so  gewonnenen  Relationen 


und 


folgt  nun  sofort,  dass  r  ^  i  +  AM  i  —  -~\  und  also  (da  p  beliebig  ist),  dass  F 

mindestens  gleich  i  -f  N  sein  muss. 

5.  Nunmehr  gehen  wir  zu  dem  neuen  Beweis  iiber.  Der  Grundgedanke  dieses 
Beweises  ist  derselbe  wie  der  des  oben  skizzierten  Beweises  von  LANDAU.  Indem  wir 
aber  wie  in  dem  vorangehenden  Beweis  den  FEjfeRschen  Kern  ®p(f),  an  Stelle  der 
LANDAUschen  Funktion  F(/),  heranziehen,  welcher  ebenfalls,  obwohl  nicht  in  so  pri- 
mitiver  Weise,  die  ganzzahligen  Werte  von  t  hervorhebt,  vermeiden  wir  jede  Ver- 
wendung  von  Satzen  aus  der  FouRiERreihentheorie;  in  der  Tat  wird  in  diesem  Beweis 


*)  H.  BOHR  and  B.  JBSSBN,  One  more  Proof  of  KRONECEBR'J  Theorem  [Journal  of  the  London 
Mathematical  Society,  vol.  VII  (1932),  S.  274-275], 


D6.   Rend.  Circ.  Mat,  Palermo  67  (1933). 
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wie  in  den  bciden  vorangehenden  nur  mit  endlichcn  Summen  und  nicht  mit  unend- 
lichen  Reihen  gerechnet. 

Wir  gehen  hier  wieder  von  dcr  anfangs  gegebencn  Fassung  dcs  KRONEcmschcn 

Satzes  aus,  und  bestimmen,  nachdcm  zunachst  cine  positive  Zahl  k  <  -«•  festgelegt 
1st,  zu  dem  gegebenen  e  ein  p  so  gross,  dass 


sobald  t  von  jeder  ganzen  Zahl  um  mindestens  c  abweicht  (d.  h.  also  uberall,  wo  die 
LANDAUsche  Funktion  F(f)  =  o  ist). 

Wir  bilden  nunmehr  wieder  den  zusammengcsetzten  Kern 


sowie  die  entsprechenden,  aus  je  N  —  i  Faktoren  bestehenden  Kerne 


Diese  Kerne  sind  alle  nichtnegativ  und  haben  das  konstante  Glied  I  und  also  auch 
den  Mittelwert  i. 

Gabe  es  nun  kein  f,  fur  welches  die  N  Ungleichungen  (i)  gleichzeitig  erfiillt 
wiren,,  so  ware  also  in  dem  Produkt  (2)  fur  jeden  Wert  von  t  zumindest  einer  dcr 
Faktoren  ftf  (X.f  —  9.)  hochstens  gleich  i,  und  es  bestunde  somit  fur  jeden  Wert  von 
t  die  Ungleichung 


Somit  ware  auch 


d.  h.  i  £kNj  was  der  Wahl  von  k  wiederspricht. 

6.  Der  besprochene  KRONECKERsche  Satz  ist  bekanntlich  der  wichtigste  und  prag- 
nanteste  Fall  des  folgenden  allgemeinen  KRONECKERschcn  Satzes  iiber  lineare  diophan- 
tische  Approximationen  : 

Ein  System  von  Unghichungcn  der  Form 

(3)  l\u  ',+  ••'  +\j£*j|-?.-^l<«  (»-!,..  .,N) 

ist  dann  und  nur  dann  bei  jedem  positiven  c  in  reellen  Zdhlen  tl  ,  .  .  .  ,  tM  und  ganzen 
Zakhn  g^  .  ..  ,  gN  losbar,  wcnn  bei  jedem  System  von  N  ganyn  Zablen  vt,  ...,  v^, 


III  18  D6.   Rend.  Circ.  M at.  Palermo  57  (1933). 
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fur  welches  der  Ausdruck 

(4)          «,(*„',+  *••  +  \*'if)  +  •"  +  V(V,',+  "•  +  W*) 
identisch  in  den  M  Pariablen  tt  ,  .  .  .  ,  f^  verschwindet,  die  entsprechende  Zabl 

v,9,  H  ----  4 


ausfallt. 

Die  Notwendigkeit  dieser  Bedingung  leuchtet  ein,  wenn  man  bemerkt,  dass  sonst 
fur  hinreichend  kleine  e  die  Ungleichungen  (3)  einen  offenkundigen  Wiederspruch 
aufweisen  wurden,  Es  handelt  sich  also  nur  darum,  zu  zeigen,  dass  die  Bedingung  auch 
hinreichend  ist. 

Ohne  auf  Einzelheiten  einzugeben,  bemerken  wir  nur,  dass  jede  der  oben  zum 
Beweis  des  spczielleren  Satzes  verwendeten  Methoden  nach  geringfiigiger  Modifikation 
im  Stande  ist  auch  diesen  allgemeineren  Satz  zu  liefern,  Fur  den  in  3.  besprochenen 
Beweis  ist  die  Obertragung  auf  den  allgemeineren  Fall  schon  fruher  in  einer  Note  von 
BOHR  cxplizite  durchgefuhrt  5).  Auch  in  dem  allgemeinen  Fall  durfte  aber  die  in  5. 
dargesteilte  Beweismethode  die  einfachste  sein.  Der  Beweis  verlauft  hier  wie  folgt. 

Wiederum  von  dem  Fejiaschen  Kern  ®p(t)  ausgehend  wird  nun  an  Stelie  der 
obigen  Kerne  K.(f)  und  K(*}(f)  die  entsprechendcn  Kerne 


und 


gebildet.  Diese  Kerne  sind  nichtnegative  Exponentialpolynome  in  den  M  Veranderlichen 
ttj  . . . ,  tM .  Ihre  konstanten  Glieder  —  also  ihre  Mittelwerte  in  bezug  auf  die  Varia- 
blen  tl9  . . . ,  tu  —  brauchen  aber  nicht  mehr  gleich  i  zu  sein,  sondern  konnen  unter 
Umsta'nden  grdsser  als  i  ausfallen.  Das  konstante  Glied  A0  von  Kp(tt,  ...,  tM)  wird 
namlich  durch  den  Ausdruck 

^  =  '  +  I*  (!  - 

gegeben,  wo  die'Summe  ^*  u^er  diejenigen  von  o,  ... ,  o  verschiedenen  Kombina- 
tionen  vf,  ...,  VN  mit  |vw|^p  zu  erstrecken  ist,  fur  welche  die  Linearform  (4)  iden- 
tisch  verschwindet;  fur  jede  solche  Kombination  vt,  ... ,  vw  ist  aber  der  Faktor 


*)  H.  BOHH,  Neuer  Beweis  tines  ailgemeinen  KRONECKERM/W  Approximationssattes  [D.  K.  D.  Vi- 
densk.  Sclsk,  Math.-fys.  Mcddeldser  VI,  8  (1924),  S.  J-8J. 


D6.    Rend.Circ.  Mat.  Pnkrmo  57  (1033). 
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nach  Annahme  gleich  i,  und  es  ist  sorait 


Entsprechcnderweise  ergibt  sich  fur  das  konstante  died  A(*]  von  K(^(tl}  ...,  tM)  ein 
Ausdruck  der  Form 

4-=.  +ir('-  7)  •••(-")• 

wo  jetzt  die  Summe  ^  nur  iiber  diejenigen  der  obigen  Kombinationen  vt,  .  .  .  ,  VN 
zu  erstrecken  ist,  fur  welche  VM  —  o  ist.  Entscheidend  fur  das  folgende  ist  nur,  dass 
fur  jedes  n  dieses  Glied  A^  jedenfalls  nicht  grosser  als  das  Glied  A0  ist. 

Waren  nun  die  Ungleichungen  (3)  nicht  losbar,  so  ware  also  fur  jedes  Wertesy- 
stem  tl9  .  .  ,  ,  tM  zumindest  eine  der  N  Faktoren  9p(\ltl  +  •  •  •  +  \M*M  ~~  ?«)  ^n 
^Oi)  •••>  *Af)  hochstens  gleich  k,  und  es  galte  somit  fur  alle  Werte  von  f§,  ...,  tM 
die  UngleichuQg 


Hieraus  ergibt  sich  aber  durch  Mittelwertbildung  in  bezug  auf  die  Variablen  tt  ,  .  .  .  ,  tM  , 
dass 


und  also  a  fortiori  dass  AQ^.kNAoJ  womit  wir  wieder  zu  dem  obigen  Wiederspruch 
i  Z.  k  N  gelangt  sind. 

Kopenhagen,  October  1932. 

HARALD  BOHR  und  BORGE  JESSEN. 
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Endnu  engang  Kroneckers  Saetning. 

Af  Harald  Bohr. 

I  forrige  Aargang  af  Matematisk  Tidsskrift  var  der  flere  Oange 
Tale  om  Kroneckers  Approksimationssaetning  om  diofantiske  Ulig- 
heder, idet  dels  Prof.  Nielsen  (S.  29-42)  dels  Dr.  Jessen  og 
jeg  (S.  53  -  58)  diskuterede  denne  Saetning  og  gav  nye  Beviser 
for  den,  henholdsvis  af  geometrisk  og  af  analytisk  Art.  Naar  jeg 
alligevel  nu  igen  tillader  mig  at  komme  tilbage  til  Saetningen,  er 
det,  fordi  jeg  senere  bar  fundet  et  nyt  analytisk  Bevis  for  den, 
som  jeg  tror  naeppe  kan  vaere  simplere  —  selvom  jeg  er  klar 
over,  hvor  farlige  den  Slags  «Forhaabninger"  i  Reglen  er  —  og 
som  jeg  derfor  taenkte  mig,  det  maaske  kunde  vaere  naturligt  at 
fremstille  her  i  Tidsskriftet,  hvor  de  naevnte  andre  Beviser  er 
fremkommet. 

Nedenfor  beviser  jeg  f0rst  den  wlille"  Kroneckerske  Saetning, 
d.  v.  s.  den  beromte  Approksimationssaetning  om  Hneaere  diofan- 
tiske Uligheder  med  een  Variabel  og  lineaert  uafhaengige 
Koefficienter.  Dernaest  viser  jeg,  hvorledes  den  anvendte  Bevis- 
metode  —  det  samme  gaelder  for  0vrigt,  som  Dr.  Jessen  og  jeg 
har  fremhaevet,  om  forskellige  af  de  tidligere  anvendte  Metoder 
—  umiddelbart  kan  almindeligg0res  saaledes,  at  den  ogsaa  kan 
benyttes  til  Bevis  for  den  saakaldte  »  store"  Kroneckerske  Saetning, 
som  omhandler  vilkaarlige  Hneaere  diofantiske  Uligheder  med 
vilkaarlig  mange  Ubekendte.  Min  Fremstilling  har  jeg  med 
Forsaet  gjort  lidt  bred,  for  at  den  let  skal  kunne  laeses,  ogsaa  af 
Laesere,  der  ikke  er  fortrolige  med  Emnet  eller  kender  de  oven- 
naevnte  tidligere  Afhandiinger.  Det  eneste  Hjaelpemiddel,  der 
benyttes  i  Beviset  (ligesom  for0vrigt  i  Dr.  Jessens  og  mit  tid- 
ligere Bevis),  er  den  klassiske  elementaere  Relation 


, 
»  2TJ-T  I  1       for  a  —  0.  v  ' 

Den  ,,lille"  Kroneckerske  Scefnin*. 

Lad  Jli,  A2,---,  AA,  vaere   N  givne   (reelle)    Tal.     Skal   de   N 
diofantiske  Uligheder*) 


•)  Ved  |  a  |  <:  b  (mod  1),   hvor  a  og  b  >  0  er  reelle  Tal,  forstaas,  at  der  findes  et  belt 
Tal  g  saaledes,  at  |  a—  g  \  <C  b. 
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~<P\  |<e      (mod 


(mod   1) 

for  vilkaarligt  valgte  Tal  <plt  <p2,---,  <?>/  og  et  vilkaarligt 
lille  €>0  have  en  L0sning  /  =  /0,  kraeves  0jensynlig,  at  Tallene 
AI,  ^21-  •  *i  AAT  er  Hneaert  uafhaengige,  d.  v.  s.  at  St0rrelsen 


hvor  ^lr  £a>**';  £>/  er  nele  Tal,  kun  bliver  0  i  det  Tilfaelde, 
hvor  alle  £crne  er  0;  thi  fandtes  der  en  Relation  af  Formen 

G!  JljL  +  G2  AS  H  ----  +  Ojv  A//  =  0  , 

hvori  ikke  alle  Oer  var  0,  og  multiplicerede  vi  de  N  Uligheder 
(1)  med  henholdsvis  Gt,  O2,-  •  •,  OA^  og  lagde  dem  derefter 
sammen,  vilde  vi  jo  faa 


(mod    1) 
altsaa,  da  e  kan  vaelges  vilkaarlig  lille, 

Gi  9^1  +  Gz<pz  +  -  •  -+GN<PN  =  0          (mod    1) 

i  aabenbar  Strid  med,  at  ^erne  skulde  kunne  vaelges  fuldkommen 
vilkaarligt 

Den  (lille)  Kroneckerske  Saetning  udsiger  nu,  at  den  fundne 
nodvendige  Betingelse,  nemlig  at  Tallene  JLlf  A2,---,  hN  skal 
vcere  lineart  uafhcengige,  ogsaa  er  tilstraekkelig  for,  at  Ulig- 
hederne  (I)  kan  fases  for  vilkaarlig  valgte  <per  og  vilkaarlig  valgt  e. 

Idet  vi  indf0rer  Eksponentialfunktionen  e****  (,/lnvarianten 
mod  1")  kan  vi  ogsaa  udtrykke  Kroneckers  Saetning  saaledes: 
Er  A1;  Aa,-—,  AJV  Hneaert  uafhaengige,  og  ^1§  ^a,---,  <PN  vil- 
kaarlige  Tal,  kan  /  vaelges  saaledes,  at  de  N  komplekse  Tal 


alle  afviger  vilkaarlig  lidt  fra  e°  —  1,  altsaa  at  de  N  tilsvarende 
»Vektorer«  (af  Laengden  1)  alle,  med  vilkaarlig  foreskreven  N0j- 
agtighed,  er  rettet  i  Retning  af  den  positive  reelle  Akse. 

Saetningen    siger    med    andre    Ord,   at   0vre   Qraense    af   den 
numeriske  Vaerdi  af  Funktionen 
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(—  00  <  /  <  O)  ) 

er  lig  med  N+  I,  d.  v.  s.  lig   med    den  Vaerdi,  som  Funktionen 


i   de  Af  uafhaengige  komplekse    Variable  jclf  J^,-**,   XN  antager 
for  Xt  =  xa  =  -  •  •  =  XN  =  1  . 

Be  vis:  Vi  betragter  (for  et  vilkaarligt  positivt  belt  Tal  p)  de 
pte  Potenser 

=Zl«r^''  (2) 


X  =2L<**i**...*N*f  *****•••******.    (3) 


Da  >lcrnc  er  Hneaert  uafhaengige,  kan  to  forskellige  Led  i  Poly- 
nomialudviklingen  af  /  f(f)  V  aldrig  traekkes  sammen,  d.  v.  s.  de 
kan  ikke  indeholde  den  samme-  Eksponentialfaktor  JP,  og  Koeffi- 
cienterne  av  i  (2)  maa  derfor  have  de  samme  numeriske  Vaerdier 
som  de  wtilsvarende«  positive  Koefficienter  artl«2.../lAr  i  (3). 
F01gelig  er 


Vi    drejer    nu    Beviset   indirekte    og   antager   altsaa,    at   der 
findes  en   Konstant  k<N+\,  saaledes  at 


I  ^  k         for  —  oo  <c  t  <  oo  . 

I  F01ge  (0)  vilde  da  enhver  af  Koefficienterne  av  i  (2)  til- 
fredsstille  Uligheden 

l«r|    = 

Nu  er  imidlertid  Antallet  af  Led  i  Polynomial udviklingen  (2) 
eller  (3)  0jensynlig  S  (p+  \y  [for0vrigt,  som  velkendt,  lig  med 
fN+p' 


L  °g  v*  vilde  f0Igelig  faa 


Denne    Ulighed    strider    imidlertid    for    tilstraekkelig    store   p 
mod   den   ovenfor  udledte   Ligning  £\a¥\  =  (A^+  \Y,   idet  jo 
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Den  ,,slore"  Mroneckerske  Saetalng. 

Her   betragtes   TV   Hneaere    diofantiske    Uligheder    i    M    Ube- 
kendte  ^,  4,-  •  •,  /M 

-7>i  I  <«       (mod   1) 

<?2    \  <«          (mod     1)  [ 


og  der  sporges  omf  hvorledes  Aerne  og  9?erne  skal  vaere  beskafne, 
for  at  disse  Uligheder  (1)  for  ethvert  Valg  af  e>0  skal  have  en 
L0sning  tl9  t2t-  -  -,  tM- 

En  n0dvendig  Betingelse  herfor  er  0jensynlig,  at  det  for 
ethvert  System  af  N  hele  Tal  gl9  g%f-  •  -,  g^,  for  hvilket  Ud- 
trykket 


+•••  4-  INM  tAt 
forsvinder  identisk  i  terne,  gcelder,  at  Tallet 


er  et  he  It  Tal. 

Dette  indses,  ganske  som  ovenfor,  ved  blot  at  multiplicere 
Ligningerne  (I)  med  henholdsvis  glt  g%t-*-,  gu  og  laegge  dem 
sammen,  hvorved  faas,  at 


(mod    1), 
altsaa  —  da  det  skal  gaelde  for  ethvert  e  —  at 

£ri<Pi+#s<P2  +  ----  ±-£N<PN  ~  0          (mod    1). 

Kroneckers  »  store"  Saetning  udsiger  nu,  at  den  angivne  nod- 
vendige  Betingelse  ogsaa  er  en  tilstrcekkelig  Betingelse  for,  at 
de  N  diofantiske  Uligheder  (I)  kan  leses  for  et  vilkaarligt  lille  E. 
Med  andre  Ord:  De  naevnte  N  diofantiske  Uligheder  kan  altid 
loses,  medmindre  de  ei  i  ,,aabenbar"  Modstrid  med  hinanden. 
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Be  vis:  Til  Afkortning  saetter  vi 

Ln        \n  =  1,  2,--.,  TV). 


Det   drejer   sig   om   at   vise,   at   der  findes   saadanne  Vaerdier 
/i,  *ai---,  *>w,  at  de  N  Vektorer  af  Laengden    1 


alle  med  vilkaarlig  foreskreven  Nojagtighed  er  rettet  efter  den 
positive  reelle  Akse,  altsaa  at  0vre  Graense  af  den  numeriske 
Vaerdi  af  Funktionen 


er  lig  med  W+  1,  d.  v.  s.  lig   med  den  Vaerdi,  som   Funktionen 


\   de   N  uafhaengige   komplekse    Variable   x±t  x^,**-,  XN  antager 
for  xl  —  x%  —  -  •  •  —  XN  —  1  . 

Ligesom  f0r  betragter  vi  de  pic  Potenser 


i+-+'Af)  (II) 

og 


Her  kan  det  imidlertid  ved  Polynomialudviklingen  af  venstre 
Side  af  (II)  meget  vel  ske,  at  to  (eller  flere)  Led  kommer  til  at 
indeholde  den  samme  Eksponentialfaktor  &(&'**+•••+&*****&  og 
derfor  skal  sammendrages  til  eet  Led  ved  Dannelsen  af  Resulta- 
tet  paa  h0jre  Side  af  (II).  Dette  vil  dog  kun  da  ske  for  to  Led 
med  Eksponentialfaktorerne 


naar  de  hele  Tal 


er  saaledes  beskafne,  at   Udtrykket 


forsvinder   identisk   i   /crnc.      Men    i   dette   Tilfaelde   vil    efter   For- 
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udsaetning  Tallet  g\<pi+*  •  '+£N<PN  vaere  et  belt  Tal,  d.  v.  s.  de 
to  Storrelser 


afviger  indbyrdes  med  et  belt  Tal,  og  det  (komplekse)  *Fortegn« 
for  de  to  Koefficienter  til  de  to  omhandlede  Led  vil  derfor  vaere 
det  samme.  F01gelig  gaelder  det  ogsaa  her  -  ligesom  i  Beviset 
for  den  lille  Kroneckerske  Saetning  -  at 


Nu  10ber  Beviset  til  Ende  ganske  som  f0r.    Var  Saetningen 
forkert,  altsaa 


for  alle  tlt  /2r--i  fa,  maatte  i   F01ge  (0)  alle  Koefficienter  av 
tilfredsstille  Uligheden 


- TT~  \  '  '  '    \  \J(?1  I  "  *  *  fM }  f  ^    '  V*'1 ?V          '""Uh"  '  '  MM       =  k? 

!•  •  •  iMJ—Ti  *—TM 


og  da  Antallet  af  Led  i  (III)  og  f01gelig  yderligere  i  (II)  er 
^  (p+\y*,  maatte 


i  Modstrid  med  Ligningen  £\a,\  = 
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Anwendung  einer  Landauschen  Beweismethode 
auf  den  Kroneckerschen  Approximationssatz. 

(Auszug  aus  einem  Brief e  an  Professor  Landau.) 

Von 
Harald  Bohr  in  Kopenhagen. 


ID  Ihrem  auBerst  geistreichen  neuen  Beweis  (Gottinger  Nachr.  1933) 
des  alten  Satzes  von  mir,  daB  die  Riemannsche  Zetaf  unktion  f  (a  +  i  t) 
in  der  Halbebene  a  >  I  jeden  Wert  c  4=  0  annimmt,  ist  es  Ihnen  unter 
anderem  gelungen,  die  Verwendung  des  Kroneckerschen  Approximations- 
satzes  zu  vermeiden  —  und  trotzdem  Funktionen  von  mehreren  freien 
Veranderlichen  heranzuziehen.  Beim  Studium  Ihres  Beweises  habe  ich 
nun  bemerkt,  daB  eine  der  diesem  Beweis  zugrunde  liegenden  Ideen 
unmittelbar  zu  einem  neuen  Beweis  des  Kroneckerschen  Satzes 
verwendet  werden  kann.  Obwohl  es  einfachere  Beweise  dieses  letzteren  Satzes 
gibt,  scheint  der  so  entstehende  neue  Beweis,  den  ich  in  den  folgenden  Zeilen 
darstellen  werde,  mir  trotzdem  von  einem  gewissen  Interesse  zu  sein,  vor 
allem,  weil  er  die  erwahnte  schone  Beweisidee  von  Ihnen  besonders  klar 
hervortreten  laBt. 

AuBer  ganz  gelaufigen  Hilfsmitteln  werden  bei  diesem  neuen  Beweis 
des  Kroneckerschen  Satzes  nur  die  beiden  folgenden  Bemerkungen  benutzt 
(die  iibrigens  triviale  Spezialfalle  von  allgemeinen  Satzen  liber  fast- 
periodische  Funktionen  sind)  :  Falls  eine  Funktion  ^  (t)  (  —  oo  <  t  <  oo  ) 
in  eine  (endliche  oder  unendliche)  Reihe  der  Form  J£a,e</?''  mit  reellen, 
unter  einander  verschiedenen  fiv  und  konvergenter  Majorantenreihe  l^a,,! 
entwickelbar  ist,  so  gilt: 

1.  Die  Entwicklung  ist  eindeutig  bestimmt. 

2.  Jeder  Koeffizient  OLV  ist  numerisch  <;  Obere  Grenze 


Beides  folgt  sofort  aus  der,  unter  der  gemachten  Annahme  der  Konvergenz 
von  Z\cLv\  trivialen  Koeffizientendarstellungsfonnel 


=    lim   ^ 

r  ->  *  * 

—  5T 


Ich  spreche  den  Kroneckerschen  Satz  in  der  folgenden  analytischen 
Fassung  aus: 
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Es  seien  Alf  ...,  A#  linear  unabhttngige  und  <plt  .  .  .,  <pN  beliebige 
redle  Graft  en.  Ferner  seien  N  +  1  positive  Or  6  ft  en  a0,  .  .  .,  aN  mit  der 

Summe  1  festgew&hlt  (  z.  B.  a0  =  .  .  .  =  aN  =  ^     .  \.     Dann  ist  die  obere 
Grenze  des  absoluten  Betrages  der  Summe 

f(t)  =  a0  +  a^2*'^-^  +  •  •  •  +  aNe^l(^t'^)    (-  oo  <*  <  oo) 
gleich  1. 

Der  Beweis  ist  indirekt  zu  fiihren.  Es  sei  also  die  Existenz  einer 
positiven  Konstanten  k  <  1  derart  angenommen,  dafl  die  Ungleichung 
\f(t)\<Z,kiui  alle  t  besteht. 

Es  wird  nun  die  Funktion 

-    =l+/W+.-.  +  (/(0)"+...  (-    00<«<oo) 


betrachtet.      Hierbei    sind    —   wegen    der    linearen    Unabhangigkeit    der 
Zahlen  Ar  —  in  der  Polynomialentwicklung 

(/(<))»-  £      •     fit...  ,,  ^«"<'.*i  +  -  +  '*^> 

/j  ^  0,  /t  4-  .  .    +  l^f  ^  » 

keine    zwei  Glieder   zusammenzufassen;   daher    ist   nach    der   obigen   Be- 
merkung  2.  jeder  der  Koeffizienten  0r(w)  numerisch  ^  A;n,  und  es  gilt  also 

—  da  die  Anzahl  der  Glieder  f      '     J  betragt  —  die  Abschatzung 


Somit  konvergiert  die  unendliche  Majorantenreihe 


namlich  mit  einer  Summe 


Folglich  gilt  fiir  g  (t)  eine  absolut  konvergente  Entwicklung  der  Form 


Nun  ist  aber  (1  —  f(t))-g(t)  =  1  (fur  alle  t),  also 
(*)     (l-a0-  f  a^2^^-^)^^..,^^"1"1"'^^^  =1' 

r  =  l 

und  nach  der  obigen  Bemerkung  1.  kann  daher  die  durch  gliedweises 
Ausmultiplizieren  der  beiden  Faktoren  auf  der  linken  Seite  und  nach- 
folgende  Zusammenfassung  von  Gliedern  mit  demselben  Exponential- 
faktor  el/?v/  entstehende,  wiederum  absolut  konvergente  Reihe  nur  aus  dem 
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einzigen  konstanten  Gliede  1  bestehen,  d.  h.  die  Relation  (*)  gilt  auch  im 
Sinne  ,,formaler"  Reihenmultiplikation. 

Nunmehr  ersetzen  wir  in  der  Relation  (*)  uberall  die  Grofien  £nii** 
{v  =  1,  . . .,  N)  durch  freie  Veranderliche  xv.  Hierbei  geht  (*)  —  da  das 
Ausrechnen  der  linken  Seite  nach  dieser  Ersetzung  dem  Ausrechnen  vor 
•der  Ersetzung  (wiederum  wegen  der  linearen  Unabhangigkeit  der  Av) 
vollig  parallel  verlauft  —  in  die  jedenfalls  ,, formal"  gultige  Reihenrelation 

(!-«„-  f  atx,e-*ni<F<)  •  Z9ll ljf^  . . .  af«  =  1 

V  =  l 

iiber,  welche  aber  jedenfalls  fur  \xl  \  —  . . .  =  \XN\  =  1  (wo  die  unendliche 
Reihe  links  absolut  konvergiert)  als  ,,reale"  Funktionenrelation  giiltig 
ist,  etwa 


Dies  letzte  Resultat  ist  aber  offenbar  unsinnig,  da  der  erste  Faktor 
links  fur  xv  =  e*ni*v(v  =  1,  . . .,  N)  verschwindet.  Hiennit  ist  der  Wider- 
spruch  erreicht  und  der  Beweis  vollendet. 

(Eingegangen  am  16.  Juli  1933.) 
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AGAIN  THE  KRONECKER  THEOREM. 
HARALD  BOHR*. 

There  are  perhaps  rather  too  many  different  analytical  proofs  of  the 
famous  approximation  theorem  of  Kronecker,  a  fact  for  which  the  present 
author  is  partly  responsible.  Nevertheless,  I  shall  allow  myself  to  give 
one  more  which  seems  to  me  especially  simple  and  elementary. 

As  in  an  earlier  proof  of  minef,  I  state  the  theorem  in  the  following 
form  : 

Let  Xl9  ...,  AAy  be  linearly  independent  and  <f>lt  ...,  <f>N  arbitrary  given  (real) 
numbers.  Then  the  upper  limit  of  the  absolute  value  of  the  function 


f(t)  =  l+e^(MH>l>4_...+e2tri<A^-*Y)        (_  00  <  J  <  00) 

is  equal  to  N+l,  i.e.  is  equal  to  the  value  of  the  function  of  N  independent 
complex  variables 


at  the  point  (xv  ...,  Xy)=  (1,  ...,  1). 

As  in  the  earlier  proof,  I  start  by  comparing  (for  an  arbitrary  positive 
integer  p)  the  ^-th  powers 

(1) 
and 

(2)  [f(xl9  . 


Since  the  An  are  linearly  independent,  no  two  terms  in  {f(t)}p  can  have 
the  same  exponential  factor,  and  so  the  coefficients  a,  in  (1)  have  the  same 
absolute  values  as  the  "corresponding"  positive  coefficients  an,  .....  KN  in 
(2).  Hence 

(3)  £N  =  Sani  .....  „,  =  {**(!,  .-,  l)}»=(N+l)*>. 

Now  I  turn  the  proof  indirectly,  assuming  the  existence  of  a  constant 
k<N+l  such  that  |/(«)|<fc  for  —  co<«oo.  Then  each  coeffi- 
cient av  in  (1)  would  satisfy  the  inequality 


Kh 


lim 

*    J-T 


*  Received  28  September,  1933;  read  16  November,  1933. 

f  H.  Bohr,  Proc.  London  Math.  Soc.  (2),  21  (1922),  315-316.  Other  proofs  of 
Kronecker's  theorem  have  been  given  recently  in  the  Journal  by  H.  Bohr  and  B.  Jessen 
[7  (1932),  274-275]  and  by  T.  Estermann  [8  (1933),  18-20.] 
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6  AGAIN  THE  KRONECKER  THEOREM. 

and,  since  the  number  of  terms  in  the  polynomial  development  (1)  or  (2)  is 
less  than  (p+l)N,  we  should  get 


But,  for  sufficiently  large  p,  this  is  an  obvious  contradiction  of  (3),  since 

:(P+1)» 
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§  1.  Introduction. 

In  the  present  paper  we  shall  investigate  a  general  problem  con- 
cerning an  arbitrary  enumerable  system  of  linear  congruences 
with  an  enumerable  number  of  variables 


{  [       ,    .    ,       i       _  — —  -   /I       /^t-n/^rl     1  \ 

(1)  02^!+  022*2+     '      '      *   +  «2n,*n,  =  #2   (mod    1) 

where  every  congruence  only  contains  a  finite  number  of  variables 
and  the  a's  and  the  0's  are  arbitrary  (real)  numbers. 

By  the  consideration  of  certain  classifications  of  the  almost 
periodic  functions  one  of  the  authors1*  met  with  a  problem  con- 
cerning a  system  of  congruences  of  the  above  form  but  in  the 
special  case  where  all  the  a's  were  rational  numbers.  The  pro-, 
blem  was  to  give  a  convenient  necessary  and  sufficient  condition 
on  the  system  of  linear  forms 


-  •  +  fli 

(2)  a2lxt  +  a22x2  +    •    •   •  -f 


in  order  that  it  possesses  the  following  property :  For  every  choice 
of  the  numbers  0l9  02»  *  '  *  for  which  any  finite  subsystem  of  the 
system  of  congruences  (1)  has  a  solution2) — or,  what  amounts 
to  the  same,  for  which  for  any  N  the  system  of  the  N  first  of 

1)  H.  BOHR:  Unendlich  viele  lineare  Kongruenzen  mit  unendlich  vielen  Un- 
bekannten.  Kgl.  Danske  Videnskabernes  Selskab.  Math.-fys.  Meddelelser,  Bind  VII, 
1925.  In  the  following  this  paper  is  cited  by  (I).  We  do  not,  however,  assume  the 
reader  to  be  acquainted  with  (I). 

2)  It  will  be  convenient  to  interpret,  not  only  a  solution  of  the  whole  system 
(1),  but  also  a  solution  of  a  finite  subsystem  of  (1)  as  a  point  (xt,  xt,  •  •  •)  in  the 
infinite-dimensional  space,  although  for  a  subsystem  only  a  finite  number  of  the 
variables  really  enters  in  the  congruences  in  question  (and  the  rest  of  the  variables 
therefore  can  be  chosen  quite  arbitrarily). 
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the  congruences  (1)  has  a  solution — there  shall  exist  a  solution 
of  the  whole  system  (1). 

If  instead  of  the  congruences  (1)  we  consider  the  corresponding 
system  of  equations  (now  without  limitation  to  rational  coef- 
ficients) there  exists  no  analogous  problem.  In  fact,  it  follows 
from  a  general  investigation  of  Toeplitz  on  such  systems  of 
equations  that  for  an  arbitrary  given  system  the  existence  of  a 
solution  of  any  finite  subsystem  always  will  involve  the  existence 
of  a  solution  of  the  whole  system  of  equations.  A  direct  proof 
of  this  special  theorem  can  be  found  in  the  paper  (I). 

That  the  analogous  theorem  really  is  not  true  for  congruences 
(not  even  if  we  restrict  ourselves  to  rational  coefficients)  can  be 
seen  from  the  following  simple  example  where,  moreover,  only  a 
single  variable  rrx  explicitly  enters  (all  the  other  variables 
x2,  x3t  •  •  •  having  the  coefficients  0). 

Example  1.    We  consider  the  system  of  congruences 
-i-*!  =  0!  (mod  1) 
—  *!  =  02  (mod  1) 


~x:  =  6n  (mod  1) 
*> 

for  Ol  =  02  =  -  •  -   =  —  .    The   solutions   of  the  nth  congruence  are  all 

points  (xl9  x2,  •  -  •)  where  x2,  rc3,  •  •  •  are  arbitrary  numbers  and  a?1  is  a 

on 
number  from  the  "lattice"  xt  =  —  -  (mod  3n).   These  solutions  are  also 

3n 
solutions  of  the  (n  —  l)th  congruence,  for  if  x1  =  —  (mod  3n)  then  also 


on  ^  on  —  1  ,         ~      on        on  — 

*!  =  ~  (mod  S"""1),  i-  e.  xl  =  2__  (mod  a""1),  since  ^  =  2_  —  [-  31-1. 

Hence  for  every  N  the  N  first  congruences  have  solutions,  viz.  all  the 

oN 

solutions  x,  =  -~-  (mod  3N)  of  the  N     congruence.   But  nevertheless, 
& 

there  is  no  solution  of  the  whole  system  of  congruences,  for  if  (x19  o?s,  •  •  •) 

th  3^ 

is   a   solution   of   the   N      congruence   then    |  x±  \  >  -^-  which  ->•  «> 
for  N  ->  oo. 

For  a  given  system  of  linear  forms  (2)  we  shall  denote  by  n\ 
the  set  of  points  (0lf  0lf  •  •  •)  for  which  the  corresponding  infinite 
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system  (1)  has  a  solution,  and  by  rc2  the  set  of  points  (Ol9  02,  •  •  •) 
for  which  any  finite  subsystem  of  (1)  has  a  solution.  It  is  plain 
that  n±  S  7i2  and  that  both  sets  contain  the  point  (0,  0,  •  •  •). 

The  previous,  in  (I)  treated,  problem  was  to  indicate  a  neces- 
sary and  sufficient  condition  that  a  given  system  of  linear  forms 

(2)  with  rational  coefficients  have  n^  =  n%.    Before    stating  the 
result  we  shall  have  to  mention  the  notion  of  a  substitution  in 
an  enumerable  number  of  variables.  A  substitution  is  a  linear 
transformation  of  the  form 

J/i  = 

(3)  i/a  = 


which  establishes  a  one-to-one  mapping  of  the  whole  infinite- 
dimensional  space  on  the  whole  infinite-dimensional  space.  As 
shown  in  (I)  (cp.  also  §  4  of  the  present  paper)  a  necessary  and 
sufficient  condition  that  the  transformation  (3)  be  a  substitution 
is  that  no  linear  dependance  exists  amongst  (any  finite  number 
of)  the  linear  forms  on  the  right-hand  side  of  (3)  and  that  each 
of  the  variables  xm  can  be  "isolated",  i.  e.  written  as  a  linear 
combination  of  a  finite  number  of  the  linear  forms.  In  particular, 
any  substitution  has  an  *  'inverse  substitution" 


If  a  substitution  is  applied  to  a  linear  form  we  get  a  new 
linear  form.  The  importance  of  substitutions  in  our  problem  is 
plain  because  a  substitution  applied  to  a  system  of  linear  forms 
wjll  not  change  any  of  the  sets  n±  and  n%  simply  because  two 
linear  forms  which  correspond  by  the  substitution  will  take  the 
same  value  for  corresponding  values  of  the  variables. 

The  solution  of  the  former  problem  can  now  be  stated  as 
follows.  A  necessary  and  sufficient  condition  that  a  system  of  linear 
forms  with  rational  coefficients  have  n^  =  7t2  &  that  the  system 
by  a  substitution  can  be  trans fered  into  an  integral  system,  i.  e. 
a  system  with  mere  integral  coefficients. 
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We  remark,  for  orientation,  that  the  sufficiency  of  the  con- 
dition is  easy  to  prove.  In  fact,  on  account  of  the  invariance  of 
the  sets  n±  and  rc8  *>y  a  substitution  (applied  to  the  linear  forms) 
we  need  only  show  that  every  integral  system  (2)  has  n±  =  n%. 
Denoting  by  (0^  0a,  •  •  •)  an  arbitrary  point  from  n2  we  shall 
show  that  it  also  lies  in  n^  Let  PN  =  (^N),  f<2N),  •  •  •)  be  a  solu- 
tion of  the  N  first  congruences  (1),  N  =  1,  2,  •  •  •.  Since  all  a's 
are  integral  we  can  assume  all  f's  reduced  modulo  1  to  lie  in 
the  interval  0  ^  f  <  1.  Hence  we  can  choose  a  subsequence 
<PNP»  p  =  1,  2,  •  •  •,  of  the  sequence  PN,  such  that  every  coor- 
dinate sequence  $Np)  (i  fixed)  converges  towards  a  number  £,- 
for  p  — >•  oo.  The  "limit- point"  (f x,  fa,  •  •  •)  will  then  be  a  solution 
of  all  the  congruences  (1),  for  if  AT0  is  an  arbitrary  positive  integral 
number  then  (£x,  f  2,  •  •  •)  from  continuity  reasons  will  satisfy 
the  N$h  congruence  because  this  congruence  only  contains  a 
finite  number  of  variables  and  the  point  (£iNp),  £2Np),  •  •  •)  for 
every  p  >  N0  is  a  solution  of  the  congruence. — The  real  problem 
in  (I)  was  to  show  the  necessity  of  the  condition,  i.  e.  that 
amongst  the  rational  systems  there  are  no  other  systems  than 
those  mentioned  above  which  have  n-i  =  n^ 

In  the  present  paper  we  shall  treat  the  corresponding  problem 
for  congruences  with  arbitrary  coefficients.  Also  in  this  general 
case  the  systems  with  n\  —  n*  can  be  characterized  as  systems 
which  by  substitutions  can  be  transfered  into  systems  of  a  certain 
simple  type,  denoted  by  S,  which  obviously  has  n\  =  n^  and 
whose  algebraic  structure  can  be  accounted  for. 

By  a  system  of  linear  forms  of  the  type  S  we  shall  understand 
a  system  where  certain  of  the  variables  (finite  or  infinite  in 
number)  have  mere  integral  coefficients  while  each  of  the  other 
variables  (finite  or  infinite  in  number)  necessarily  becomes  0  if 
for  a  sufficiently  large  N  (i.  e.  for  AT  >  N0  where  AT0  depends  on 
the  variable)  one  solves  the  N  first  "zero-congruences"  cor- 
responding to  the  linear  forms,  i.  e.  the  congruences  (1)  with 
01  =  02  =  .  •  •  =  o. 

Our  purpose  is  to  prove  the  following 

Main  Theorem1^   A  necessary  and  sufficient  condition  that   a 

1)  Incidentally,  our  proof  of  the  main  theorem  in  reality  yields  a  stronger 
form  of  this  theorem  than  the  one  indicated  here.  For  the  formulation  of  the 
theorem  in  the  stronger  form  we  refer  to  §  5. 
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system  of  linear  forms  have  n\  =  n*  is  that  the  system  by  a  sub- 
stitution can  be  transfered  into  a  system  of  the  type  S. 

Also  in  this  case  it  is  easy  to  prove  that  the  condition  is 
sufficient.  We  only  have  to  show  that  every  system  of  the  type 
S  has  n±  =  n^.  Denoting  by  (0lf  02»  •  *  •)  an  arbitrary  point  from 
nz  we  shall  show  that  it  also  belongs  to  n^.  Let  PJV  =  (fi^  S^\  "  "  ") 
be  a  solution  of  the  N  first  congruences  (1).  We  may  assume 
those  coordinates  which  in  all  congruences  have  integral  coef- 
ficients reduced  modulo  1  to  lie  in  the  interval  0  fj  f  <  1 .  Every- 
one of  the  remaining  coordinates  £\N)  will  possess  a  constant 
value  f|  for  N^N0  where  AT0  =  AT0(z)  is  determined  such  that 
every  solution  (a?i,  <r2,  •  •  •)  of  the  Ne  first  zero-congruences  will 
have  x{  =  0;  for  as  the  two  points  (#*•>,  $?*\  •  •  •)  and  (#*>, 
g£*\  •  •  •)  are  both  solutions  of  the  N0  first  congruences  (1)  then* 
difference  (#*>  —  #*•>,  £<2N)  —  $?'\  •  •  •)  will  be  a  solution  of  the 
NQ  first  zero-congruences  and  hence  $N) —  $**•*  =  0,  i.  e. 
f(N>=  f<.No)  =  f£  for  N<?iNo.  We  now  extract  a  subsequence  from 
our  sequence  of  points  PN  =  (£iN),  £^>  '  •  *)  such  that  any  coor- 
dinate sequence  fj^  (i  fixed)  which  does  not  end  in  being  a 
constant  will  converge  towards  a  number  ff;  this  can  be  done 
since  they  are  all  lying  in  the  interval  0  ^  f  <  1.  The  limit  point 
(fi»  £2*  "  *  ')  wiH  obviously  (for  continuity  reasons)  be  a  solution 
of  all  the  congruences  (1)  and  hence  the  point  (&v,  02,  •  •  •)  will 
lie  in  n^ 

That  the  main  theorem  above  contains  the  main  theorem  in 

(1)  can  be  seen  in  the  following  way.  Since  every  integral  system 
is   also   a  system  of  the  type  S  the   "trivial"   part  of  the  main 
theorem  in  (I)  (concerning  the  sufficiency  of  the  condition)  is 
contained  in  the  trivial  part  of  the  general  main  theorem.   To 
show  that  the  non-trivial  part  of  the  general  main  theorem  in- 
volves the  non-trivial  part  of  the  main  theorem  in  (I)  requires 
a  little  consideration.  We  are  to  show  that  any  rational  system 

(2)  with  7*1  =  ni  can  be  transfered  into  an  integral  system.   The 
general  main  theorem  only  states  that  it  can  be  transfered  into 
a  system  of  the  type  5.  By  using,  however,  that  the  system  is 
rational  we  can  easily  prove  that  the  resulting  system  of  the  type 
S  always  must  be  integral.  Otherwise,  in  fact,  there  would  exist 
in  this  system  a  variable  ym  which  for  N  sufficiently  large  neces- 
sarily becomes  0  by  solution  of  the  N  first  zero-congruences.  The 
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solutions  of  the  N  first  zero-congruences  in  the  original  system 
would  therefore  satisfy  an  equation  amiXi  +  •  •  •  +  ampm  xpm  =  0 
whose  left-hand  side  is  that  linear  form  which  in  the  substitution 
used  is  put  equal  to  ym.  Denoting,  however,  by  G  a  common 
denominator  of  all  the  coefficients  in  the  N  first  linear  forms  in 
the  original  system,  obviously  all  points  (AiG,  h^G,  •  •  •)  where 
^i»  f*2»  *  *  *  are  arbitrary  integers  will  be  solutions  of  the  corre- 
sponding zero-congruences,  and  these  points  cannot  possibly 
all  satisfy  the  equation  amlx±  +  •  •  •  +  ampmxpm  =  0  (whose 
coefficients  are  not  all  0).  Hence  our  assumption  has  led  to  a 
contradiction. 

That  the  proof  of  the  general  main  theorem  cannot  follow 
quite  the  same  line  as  the  proof  in  the  rational  case  given  in  (I) 
is  due  to  the  fact  that  certain  finite-dimensional  sets  which  enter 
in  the  investigation  (see  §2),  and  which  in  (I)  without  real 
limitation  could  be  supposed  to  be  lattices,  in  the  present  case 
are  modules  of  a  more  general  kind.  If,  however,  closures  are 
taken  of  the  sets  in  question  these  closures  will  get  properties 
analogous  to  the  sets  in  (I).  But  in  order  to  obtain  the  substitution 
which  transfers  a  given  system  of  linear  forms  with  n±  =  n%  into 
a  system  of  the  special  type  S  we  should  still  as  in  (I)  have  to 
consider  the  mentioned  sets  themselves  and  not  their  closures. 
Now,  however,  from  the  properties  of  the  closures  it  would  be 
possible  to  get  at  analogous  properties  for  the  sets  themselves 
which  would  allow  the  seeking  out  of  the  substitution  wanted. 
This  would  be  a  similar,  though  more  complicated  line  to  that 
followed  in  (I)  and  until  recently  our  intension  had  been  to  use 
this  arrangement.  Then,  however,  B.  Jessen  asked  us  whether 
in  the  infinite-dimensional  space  in  question  a  structural  theorem 
existed  for  closed  modules  analogous  to  that  holding  for  such 
modules  in  a  finite-dimensional  space.  That  this  is  really  the 
case  we  could  answer  affirmatively  by  help  of  our  main  theorem. 
Later  on  we  found  a  more  direct  proof  of  this  structural  theorem 
for  closed  modules  in  the  infinite- dimensional  space  by  using  the 
dual  connection  between  our  space  and  another  infinite-dimen- 
sional space,  a  connection  which  in  case  of  the  finite-dimensional 
space  was  introduced  by  M.  Riesz.  Now,  conversely,  it  turned 
out  that  a  more  perspicious  proof  of  the  main  theorem  could 
be  obtained  by  first  establishing  the  structural  theorem  for  closed 
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modules  and  then  applying  it  to  our  problem.  In  fact,  by  applying 
this  structural  theorem  to  the  closed  module  F  formed  by  the 
set  of  all  solutions  of  the  zero-congruences  corresponding  to  the 
given  system  of  linear  forms  we  could  directly  obtain  the  desired 
substitution,  i.  e.  the  substitution  which  takes  our  system  (1)  into 
a  system  of  the  type  S  and  thus  avoiding  all  difficulties  arising 
from  the  consideration  of  the  above  mentioned  non-closed 
modules. 

In  the  present  paper  we  have  prefered  to  give  the  proof  in 
this  latter  arrangement. 


§  2.  Some  important  sets. 

Already  by  the  definition  of  a  system  of  linear  forms  of  the 
type  5  we  had  to  consider  the  corresponding  zero-congruences. 
In  our  treatment  of  the  arbitrary  system  of  congruences  (1)  the 
corresponding  system  of  zero-congruences 


+  012*2  +  '  '  '  +  aim^n,  —  0  (mod  1) 
(4)  a21xl  +  a22*2  +   '  '  '  +  <*2n,*n,  =  0  (mod  1) 


will  play  an  important  role.  In  connection  with  the  zero-con- 
gruences (4)  we  introduce  the  following  notations. 


(5) 


F      :  The  set  of  solutions  of  the  zero-congruences  (4). 

Fm    :  The  projection  of  F  on  the  &i  •  •  •  xm-space. 

Hm  :  The  closure  of  Fm. 

:  The  set  of  solutions  of  the  N  first  zero-congruences  in  (4). 

:  The  projection  of  A*-N*  on  the  Xi  •  •  •  xm-space. 

:  The  closure  of 


Here  F  and  A^  are  point  sets  in  the  infinite-dimensional 
space  while  the  four  other  sets  (with  lower  index  m)  are  point 
sets  in  the  /n-dimensional  a?j  •  •  •  xm-space.  Fm  and  A^  are 
obviously  (vector-)  modules  and  hence  Hm  and  H^  are  closed 
modules.  Further,  for  mv  <  m,  the  module  Fmi  is  the  projection 
of  -Tm  on  the  xl  •  •  •  #mi-space,  and  similarly  A(^  is  the  pro- 
jection of 
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As  well-known  the  closed  modules  in  the  Xi  •  •  •  rcm-space 
have  an  especially  simple  structure.  Let  H  be  an  arbitrary  closed 
module  in  the  /n-dimensional  space.  Then  it  is  possible  to  find 
a  system  of  linearly  independent  vectors  Fit  •  •  •,  Fp,  Vi9  •  •  •,  Vq 
(/>  +  q  <  m)  such  that  H  consists  of  all  vectors  (points)  of  the  form 

P  -  £1^1  +  f«F,  +  •  •  •  +  £PFP  +  h^  +  •  •  •  +  hqVq 

where  the  f's  are  arbitrary  numbers  and  the  TTs  are  arbitrary 
integers.  Conversely,  each  such  point  set  is  a  closed  module.  We 
shall  say  that  the  vectors  Flt  •  •  •,  Fp  and  Vi,  •  •  •,  Vq  (together) 
generate  H  with  respectively  arbitrary  and  integral  coefficients. 

If  H  does  not  contain  any  vector  space  (with  exception  of  the 
space  0  consisting  only  of  the  origin)  there  can  be  no  F-vectors 
and  H  is  a  lattice.  The  parallelotope  determined  by  the  vectors 
Vi,  °  '  '•  Vq  is  then  called  a  fundamental  parallelotope  of  the  lattice. 

The  general  closed  module  H  can  be  called  a  lattice  cylinder 
erected  on  the  lattice  generated  by  the  vectors  Vlf  •  •  •,  Vq  (inte- 
gral coefficients)  with  the  space  determined  by  the  vectors 
FI,  •  •  •,  Fp  as  space  of  generatrix  directions.  Concerning  the 
freedom  by  which  one  can  choose  a  generating  system  of  linearly 
independent  vectors  for  a  closed  module  in  the  jn-dimensional 
space  we  state  the  following  well-known 

Theorem.  If  H  is  a  closed  module  and  T  an  arbitrary  (vector-) 
space  both  lying  in  the  m- dimensional  space  we  can  determine  a 
system  of  linearly  independent  vectors  which  generates  H  (with 
arbitrary,  respectively  integral  coefficients)  by  determining  first  in  an 
arbitrary  manner  such  a  generating  system  of  the  closed  sub  module 
H^Tl\  and  next  supplementing  these  vectors  with  certain  other 
vectors  (if  necessary). 

Let  us  consider  the  sets  (5)  for  a  numerically  given  system 
of  zero-congruences. 

Example  2.  Let  the  system  of  zero-congruences  be 

x1  —  x2  ==  0  (mod  1) 
[/~2o:2  =  0  (mod  1) 

4-<*i— *t>   s  °  <mod  V 
yj/2!x2  =  0  (mod  1) 

1)  Hr\T  denotes  the  common  part  of  H  and  T. 
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-y(*i  —  x2)  =  0  (mod  1) 
^-[/2!*a  ==  0  (mod  1) 

Only  the  two  variables  x±  and  x2  occur  in  these  congruences.  Hence 
for  m  ^  2  the  set  AW  consists  of  all  points  (xl9  •  •  •,  xm)  whose  pro- 
jections on  the  XjXg-plane  lie  in  A^\  just  as  A(N)  consists  of  all  points 
(xl9  x2,  •  •  •)  whose  projections  on  the  x^-plane  lie  in  A^.  The  set 
A^  is  the  closed  module  in  the  x1x2-plane  de/termined  by  xt — x2  =  0 
(mod  1)  (it  may  for  instance  be  generated  by  Fl  =  (1, 1)  and  Vx  =  (1,0)). 
The  sets  A^^A^n  •  •  •  form  a  strictly  decreasing  sequence  of  lattices 
in  the  x^-plane;  for  instance  A^  is  the  lattice  generated  by  the  vectors 

Vl  =  (1,  0)  and  V2  =  (-L,  4A  and  more  generally  A&n)  is  the  lattice 

\V2     V2/  /971— *      9n~~1\ 

generated  by  the  vectors  Vx  =  (2n     ,  0)  and  V2  =  (^-,  •—=-)•    As 

\    K  2>         r  2    / 

to  the  projections  on  the  o^-axis  we  see  that  A<f>  is  the  whole  o^-axis 
while  A<f)  ID  /I*3)  z>  •  •  •  is  a  strictly  decreasing  sequence  of  non-closed 
modules  which  are  all  lying  everywhere  dense  on  the  a^-axis.  All  these 
modules  can  be  generated  by  a  finite  number  of  vectors,  though  of 
course  not  by  linearly  independent  vectors;  for  instance  A&)  is  gener- 
ated by  the  vectors  Vx  =  1  and  V2  =  -7=  and  more  generally  A&n) 

V  2  2n~~1 

is  generated  by  the  vectors   Vx  =  2         and   V2  =  — ==--1^    Since    the 

sets  A^  are  everywhere  dense  on  the  o^-axis  it  follows  that  their 
closures  #<">  are  all  equal  to  the  whole  a^-axis.  Finally  we  see  that 
P  =  {  (0,  0,  x3,  x4,  •  •  •)  }  where  x3,  x4,  -  -  •  are  arbitrary  numbers  so 
that  the  sets  7\  and  jT2  consist  only  of  the  origin. 

In  the  rational  case  the  knowledge  of  F  is  sufficient  to  decide 
whether  n^  =  n2  or  not.  In  fact,  by  help  of  the  main  theorem 
in  the  rational  case  we  can  easily  show  that  a  necessary  and 
sufficient  condition  that  n±  =  n2  is  that  F  by  a  substitution  can 
be  transfered  into  a  set  which  contains  the  "unit  lattice"  in  the 
infinite-dimensional  space,  i.  e.  the  set  {(/ii,  ^2*  '  "  ')}  where  the 
TTs  are  arbitrary  integers.  This  can  be  seen  in  the  following  way. 

1)  It  can  easily  be  seen  that  for  any  m  and  JV  the  set  A(m}  also  in  the  case 
of  an  arbitrary  system  of  linear  forms  may  be  generated  by  a  finite  number  of 
(generally  non-independent)  vectors  with  arbitrary,  respectively  integral  coef- 
ficients. In  fact  if  M  >  m  denotes  a  positive  integer  so  large  that  no  variable 
with  larger  index  than  M  really  occurs  (i.  e.  has  a  coefficient  different  from  0) 
in  any  of  the  N  first  linear  forms  we  see  that  A&  is  a  closed  module  in  the 
#1  •  •  •  xjtf-space  and  that  A(m}  is  its  projection  on  the  xl  •  •  •  xm-space.  The  pro- 
jection of  a  system  of  (linearly  independent)  generators  of  the  closed  module 
A(t\ty  will  therefore  be  a  system  of  (in  general  linearly  dependent)  generators  of  A(m )- 
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(i).  If  F  by  a  substitution  can  be  transferee!  into  a  set  which 
contains  the  unit  lattice,  then  the  linear  forms  by  the  substitution 
must  be  transferee!  into  linear  forms  whose  corresponding  zero- 
congruences  amongst  their  solutions  have  all  points  (Alf  7i8»  '  *  ')• 
If  this  is  used  for  the  points  (1,  0,  0,  •  •  •)>  (0,  1,  0,  0,  •  •  •)> 
it  follows  that  the  coefficients  of  xl9  the  coefficients  of  &2> 
are  all  integral.  Henc«,  on  account  of  the  main  theorem,  n^  =  M*. 

(ii).  If  HI  =  7*2,  the  linear  forms  can,  on  account  of  the  main 
theorem,  be  transfered  into  an  integral  system.  The  corresponding 
system  of  zero-congruences  of  this  integral  system  is  obviously 
satisfied  by  all  points  from  the  unit  lattice.  Hence,  by  the  sub- 
stitution, F  is  transfered  into  a  set  which  contains  the  unit  lattice. 

In  the  general  case  where  the  coefficients  are  arbitrary  numbers 
the  knowledge  of  F  is  not  sufficient  to  decide  whether  nl  =  n%.  In 
fact  we  can  easily  indicate  two  systems  of  linear  forms  which 
have  the  same  F  but  such  that  n±  ^p  7t2  for  the  one  system  and 
Jij  =  7*2  ^r  the  other.  This  we  do  in  the  following  example. 

Example  3.    We    consider   the  two  systems  of  linear  forms 


27 


where  the  first  system  is  the  same  as  that  used  in  example  1,  §  1.  In 
both  systems  only  the  one  variable  x±  really  occurs.  It  is  clear  that 
the  two  systems  have  the  same  F,  namely  the  set  {(0,  x2,  x3>  •  •  •)}  where 
x29  x3, . . .  are  arbitrary  numbers.  The  first  system,  however,  has  n^^n^ — 

in  fact  we  proved  in  example  1  that  the  point  (w>  ^"»  *  '  *)  was  ty*n&  m  wa 
but  not  in  n^ — while  the  second  system  obviously  has  yit  =  n2  since 
in  reality  it  only  contains  a  finite  number  (namely  2)  of  linear  forms. 

While,  thus,  a  consideration  of  J"  alone  cannot  decide  whether 
MI  =  ^2  we  shall  see  in  the  following  paragraph  that  the  know- 
ledge of  the  sets  H^  is  sufficient  for  that  purpose. 
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§  3.  The  sets  //£°,  7/m  and  the  condition  ^  =  nz. 

In  this  paragraph  we  shall  indicate  as  a  statement  on  the  sets 
a  necessary  and  sufficient  condition  for  the  validity  of 
yi^  —  jj2.  Moreover,  in  the  case  n±  =  ni  we  shall  find  a  con- 
nection between  the  sets  H^  and  Hm. 

Theorem.  A  necessary  and  sufficient  condition   that  n±  =  n2  *s 
that  for  every  m  =  1,  2,  •  •  •  the  sequence  of  m-  dimensional  sets 


15  constant  from  a  certain  step   (depending  on  m). 

Additional  Theorem.  //  //£>  2  H(£>  2  Hg>  2  •  •  •  for  every  m 
is  constant  from  a  certain  step  (and  hence  n±  =  n2)  this  constant 
set  is  just  the  set  Hm. 

We  remark  that  if  for  a  given  m  the  sequence 


is  constant  (=  0m)  from  a  certain  step  N0  then  for  every  mt  <  /n 
the  sequence 


2 


will  also  —  at  the  latest  from  the  same  step  —  be  constant  (= 
the  closure  of  the  projection  of  <Z>m  on  the  xx  •  •  •  o;mi-space);  for 
two  sets  (viz.  0m  and  A^  for  N  >  N0)  in  the  x^  •  •  •  xm-space 
with  identical  closures  (viz.  tf>m)  are  projected  into  two  sets  in  the 
xi  '  '  "  ^mi-space  with  identical  closures,  because  the  condition 
that  two  sets  have  identical  closures  is  that  every  point  in  each 
of  the  sets  can  be  approximated  by  points  in  the  other  and  this 
property  obviously  is  preserved  by  projection. 

We  divide  the  theorem  above,  together  with  its  addition,  in 
a  theorem  A  for  the  sufficiency  and  the  addition  and  a  theorem  B 
for  the  necessity. 

Theorem  A.    If  for  every  m  the  sequence 


15  constant  from  a  certain  step,  then  n±  —  n2  and  the  constant  set 
is  equal  to  Hm. 
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Proof.  We  first  show  that  n^  =  n*  Denoting  by  (0lt  08,  •  •  •) 
an  arbitrary  point  from  n*  we  are  to  show  that  it  also  lies  in  n±9 
i.  e.  that  there  exists  a  solution  Y  =  (ylf  ya,  •  •  •)  of  all  the  con- 
gruences (1).  Let 


be  constant  for  N  >  ATm  where  the  integral  sequence  JVm  more- 
over is  chosen  to  be  strictly  increasing  (and  hence  ->  oo). 

We  take  our  starting-point  in  an  arbitrary  positive  integer 
M  *>  and  in  an  arbitrary  chosen  solution  F(M)  =  (y(M\  y^,  •  •  •) 
of  the  NM  first  congruences  (1).  Next  we  choose  a  solution 
x(M+»  =  (Xw+Df  4M+1>,  •  •  •)  of  the  ATM+1  first  congruences. 
This  solution  can  be  altered  by  an  arbitrary  point  z^M+l^  from 
A(N*+i)9  i.  e.  for  any  point  Z(M+1)  from  A(N*+i)  (and  no  other 
points)  the  point  X(M+l)  +  z(M+*}  is  again  a  solution  of  the 
NM+i  first  congruences;  this  is  true  since  A(N^+1)  is  the  set  of 
solutions  of  the  NM+i  first  zero-congruences  (4).  Hence  we  can 
alter  the  solution  X(M+1)  =  (x(M+l\  x(2M+l\  •  •  •)  such  that  the 
projected  point  (x[M+^9  •  •  •,  x^f+l))  is  altered  by  an  arbitrary 
point  from  A(£M+l)  when  only  the  other  coordinates  of  X(M+l> 
are  altered  in  a  suitable  manner.  Our  wish  is  now  that  the  altered 
point  X(M+l)  +  Z(M+1)  shall  lie  "near  to"  F(M).  Since  NM+1  >  NM 
the  point  X(M+1>  is  as  Y(M)  a  solution  of  the  ATM  first  congruences 
and  hence  their  difference  y<M)__x<M+i)  is  lying  in  A(N**).  The 
difference  of  the  projected  points  (y{M\  •  •  •,  y^)  —  (x{M+l\ 
«Sf+1))  will  therefore  lie  in  A(™**)  and  hence  a  fortiori  in 
and  hence  also  in  H^M+$.  Since,  as  mentioned  above,  the  solu- 
tion X(M  +1)  of  the  NM+i  first  congruences  can  be  altered  to  an- 
other solution  y<M+1>  =  (i/1M+1),  y^M+1),  •  •  •)  of  these  congruences 
such  that  the  difference  (jtf*^,  •  •  •,  y^+1))  —  (x(M+*\  •  •  % 
x^+1))  becomes  an  arbitrarily  chosen  point  of  A$*f+l)  and 
since  the  previous  difference  (y{M\  •  •  •,  y^)  —  (4M+1>,  •  •  % 
x^+1))  is  lying  in  the  closure  JFfg^+O  of  the  set  A<£**+^  it 
is  clear  that  to  every  eM  >  0  we  can  choose  our  solution  y^M+1> 
such  that  the  first  of  the  two  M-dimensional  point-differences 
£M-approximates  the  latter,  i.  e.  such  that 

1)  For  the  proof  of  nv  =*  n*  we  could  choose  M  ==  1.  When  M  is  chosen 
arbitrarily  it  is  in  view  of  the  proof  of  the  additional  theorem. 
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^  <  *M- 

Next,  let  X(M+2>  =  (xiM+2),  a4M+2),  •  •  •)  be  a  solution  of 
the  NM+2  first  congruences  (1).  This  solution  can  be  altered  by 
an  arbitrary  point  from  A(NM+*>  and  hence  X(M+2)  can  be 
altered  such  that  the  projected  point  (x{M+2\  •  •  •,  x(^2))  is 
altered  by  an  arbitrary  point  from  At£*t+*)  when  only  the  other 
coordinates  of  X^"1"2*  are  altered  in  a  suitable  manner.  Our 
wish  is  that  the  altered  point  shall  lie  "near  to"  y<M+1>.  Since 
HM+Z  >  #M+I  the  point  X<M+2>  is  as  F(M+1}  a  solution  of  the 
NM+l  first  congruences.  The  difference  (*AM+1),  •  •  •,  y(M+i^  — 
(x{M+2\  •  •  •,  a$n?i2))  is  therefore  lying  in  A$*+ti  and  hence 


a   fortiori   in   H^M+1^   and  hence   also   in    H^M+*\    Since,    as 

M+l 


mentioned  above,  the  solution  x(M+2)  of  the  Nj#+2  ^IT^  con- 
gruences can  be  altered  to  another  solution  y(M+2>  =  (y[M+2}, 
y^M+2),  •  •  •)  of  these  congruences  such  that  the  difference  (y{M  +2), 
'  '  '.  y(M>+i2))  -  (4M+2\  •  '  ',  xW??)  becomes  an  arbitrarily 
chosen  point  of  ^^ff1+2^  and  since  the  previous  difference 

G/iM+1),  '  •  %  ^V>)-(4M+2\'-%  ^+i2))  is  lying  in  the 
closure  #$£f1+2)  of  the  set  A<£*+*>  it  is  clear  that  to  every 
£M+I  >  0  we  can  choose  the  solution  y<M+2)  such  that  the  first 
of  the  two  (M  +  l)-dimensional  point-differences  eM+1-approx- 
imates  the  latter,  i.  e.  such  that 


In  general,  i.e.  for  an  arbitrary  n^M+1,  let  the  point 
X(n)  =  (x("}9  x(2\  •  •  •)  be  a  solution  of  the  Nn  first  congruences 
(1).  This  solution  can  be  altered  by  an  arbitrary  point  from  A(N") 
and  hence  X(n)  can  be  altered  such  that  the  projected  point 
(o^n),  •  •  •,  x(^Li)  is  altered  by  an  arbitrary  point  from  A^a\ 
when  only  the  other  coordinates  of  X(N)  are  altered  in  a  suitable 
manner.  Our  wish  is  that  the  altered  point  shall  lie  **near  to'* 
y*"-1).  Since  Nn  >  Nn^  the  point  X(n)  is  as  y'"-1)  a  solution 
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of  the  Nn_i  first  congruences.  The  difference  (yi/l~"1),  •  •  •,  yfcj1^ 
—  -(a?in\  •  •  •,  or^l,)  is  therefore  lying  in  A^^  and  hence  a 
fortiori  in  H(Nnr1^  and  hence  also  in  H(N"].  Since,  as  mentioned 

n  —  i  n—  -I 

above,  the  solution  X(n)  of  the  Nn  first  congruences  can  be  altered 
to  another  solution  y*n)  =  (i/in),  y^»  •  •  •)  of  these  congruences 
such  that  the  difference  (iAn),  -  -  •,  y^)  —  (a:in>,  •  •  •,  affij)  be- 
comes an  arbitrarily  chosen  point  of  A£^  and  since  the  previous 

difference  (y^-1*,  •  •  -.  j/^i1})  -  O(in),  •  •  •,  agLj  is  lying  in  the 
closure  H^>  of  the  set  A^\  it  is  clear  that  to  every  en^.l  >  0 
we  can  choose  the  point  F(n)  such  that  the  first  of  the  two  (n  —  1)- 
dimensional  point-differences  €„  ^-approximates  the  other,  i.  e. 
such  that 


Choosing  our  e's  such  that  ^  er  is  convergent  we   consider 
the  sequence  M 


The  Af  first  coordinate  sequences   ylM),  y(yM+1),  y(-M+2),  •••(»•  = 
1,  2,  •  •  -,  M)  satisfy 

(y^-y^l  ^  Z  er    for    /»  9  >  M 

« 

while  each  of  the  following  coordinate  sequences   y{,M),  j/nM+1), 
y(AH-2)  ,  .  .  .  („  >  Af  +  i)  satisfy 

'ly^-y^l^l1^     for    p>q>n. 

9 

Hence,    in    particular,    all    the    coordinate    sequences    converge 
towards  respective  numbers  yl9  i/2»  *  *  '  •  The  limit  point 

Y  =  O/i.  y»  '  '  0" 
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will  then  be  a  solution  of  all  the  congruences  (1).  In  fact,  to  see 
that  Y  is  a  solution  of  the  Nth  congruence  we  observe  that 
y<n>.  =  (y^n),  yJjn),  •  •  •)  from  a  certain  step  is  a  solution  of  this 
congruence.  Since  only  a  finite  number  of  variables  really  occurs 
in  the  congruence  the  statement  follows  from  continuity  reasons. 
Thus  (0lf  02,  •  •  •)  is  lying  in  n±  and  hence  n±  =  nt.  Out  of  regard 
to  the  following  we  observe  that  the  M  first  coordinates  yl9  •  •  •, 
J/M.°f  Y  satisfy  the  inequalities 


M 

(6) 


M 


Now,  to  conclude  the  proof  of  theorem  A,  we  have  to  show 
that  the  constant  final  set  H(M*I}  in  the  sequence 


for  every  M  =  1,  2,  •  -  •  is  equal  to  HM.  Since  TM  S  A$*\  it  is 
plain  that  HM  C  H(^^\  In  order  to  show  that,  conversely, 
H*M^  £  HM  fc>r  an  arbitrarily  given  M  we  use  the  proof  above 
in  the  case  6l  =  02  ==•••  =  0  with  our  present  M  as  the  M  in 
the  proof.  The  previous  point  Y<M)  =  (y{M\  y(2*\  •  •  •)  is  then  an 
arbitrary  point  from  yl(JVA/)  and  the  projected  point  (i/iM),  •  •  •, 
yffi)  is  therefore  an  arbitrary  point  from  A(MM\  We  are  to  show 
that  («/iM),  •  •  •,  yffi^)  can  be  approximated  by  points  from  FM. 
But  this  is  an  immediate  consequence  of  the  fact  that  (in  the 
present  case  6^  =  02  =  •  •  •  =  0)  the  point  Y  constructed  in  the 
proof  above  is  lying  in  JT  and  that  its  M  first  coordinates  satisfy 

the  inequalities  (6)  where  JV  er  can  be  chosen  arbitrarily  small. 

M 

Theorem  B.  If  n±  =*  n^  the  sequence 


will  for  every  m  be  constant  from  a  certain  step. 

Proof.  Indirectly,  we  assume  that  there  exists  an  mQ  for  which 
H  g>  2  '  •  •  is  not  constant  from  a  certain  step  and 
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are  to  show  that  n±  41  n*>  *•  e-  that  there  exists  a  (0lf  02,  •  •  •) 
which  belongs  to  jra  but  not  to  n±.  We  first  consider  the  geometric 
appearance  of  the  sequence  of  modules  H^  (n  =  1,  2,  •  •  •). 
This  sequence  is  an  essentially  decreasing1*  sequence  of  lattice 
cylinders  (see  §  2).  It  is  therefore  plain  that  from  a  certain  step 
n  ^  A/o  the  least  space  (vector  space)  which  contains  H*£*,  and 
the  space  of  generatrix  directions  of  the  cylinder  H*£},  will  be 
constant  spaces  Rp  and  Rpl  of  dimensions  (say)  p  and  pi.  Further- 
more from  this  step  the  lattice  base  Gn  of  //{£,*  ean  ^e  chosen  in 
such  a  way  that  the  least  space  which  contains  Gn  is  a  fixed 
space  Rq  (dimension  q  with  p  =  pl  +  q).  The  lattices  Gn  form 
from  this  step  an  essentially  decreasing  sequence  in  their  com- 
mon least  space  Rq.  Therefore  the  qr-diniensional  content  of  the 
fundamental  parallelotope  of  Gn  (*' fundamental  content  Gn")  is 
an  essentially  increasing  sequence  which  ->  oo  (since  the  funda- 
mental content  is  at  least  doubled  by  the  transition  from  one 
lattice  to  the  next  every  time  the  lattices  are  different). 

By  K(Q)  we  denote  the  open  sphere  in  Rq  with  radius  Q  and 
center  O  as  also  the  g-dimensional  content  of  this  sphere.  By 
C  (g)  we  denote  the  corresponding  sphere  cylinder  in  Rp  with 
the  sphere  K(Q)  as  base  and  the  space  of  generatrix  directions 
-Rpi.  We  also  consider  spheres  in  Rq  whose  centers  are  not  lying 
in  O  and  the  corresponding  sphere  cylinders  in  Rq.  In  the  following 
we  denote  for  abbreviation  sphere  cylinders  with  base-sphere  in 
Rq  and  space  of  generatrix  directions  Rpi  as  "sphere  cylinders" 
without  further  specification.  By  the  sphere  cylinder  arounci  the 
point  P  in  Rp  with  radius  Q  we  understand  the  sphere  cylinder 
corresponding  to  the  sphere  with  radius  Q  and  center  in  the 
projection  of  P  on  Rq  in  the  direction  of  Spi. 

We  first  determine  a  sequence  of  strictly  increasing  positive 
numbers  Nlt  N2,  •  *  •,  Ny,  •  •  •  and  the  corresponding  positive 
numbers  @lt  gz,  •  •  •,  g,/,  •  •  •  by  the  following  procedure. 

1°.  Let  N!  2j  N0  be  chosen  such  that  the  fundamental  content 
GNl  is  larger  than  the  sphere  content  /£(!).  Then  the  sphere  #(1) 
cannot  contain  a  complete  system  of  representatives  in  jR^  modulo 
GNl  and  hence  the  sphere  cylinder  C(l)  cannot  contain  a  complete 

1)  An  essentially  decreasing  sequence  of  sets  is  here  and  in  the  following  a 
sequence  where  every  element  is  contained  in  the  preceding  and  which  is  not 
constant  from  a  certain  step.  The  expression,  an  essentially  increasing  sequence 
of  numbers,  used  below,  has  an  analogous  meaning. 
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system  of  representatives  in  Rp  modulo  H$£l\  To  this  Nt  we 
choose  the  positive  number  gx  so  large  that  every  sphere  in  Rq 
with  radius  QI  contains  a  complete  system  of  representatives  in 
Rq  modulo  G^  and  hence  also  a  complete  system  of  representa- 
tives in  Rp  modulo  H  J^1*.  In  particular,  everyone  of  our  sphere 
cylinders  in  Rp  with  radius  Qt  will  contain  a  complete  system  of 
representatives  in  Rp  modulo  H^9l\ 

2°.  Next  we  determine  N2  >  Nt  such  that  the  fundamental 
content  GNt  is  larger  than  X^-f-  2).  Then  the  sphere  cylinder 
C  (@i  +  2)  cannot  contain  a  complete  system  of  representatives  in 
Rp  modulo  H^'\  To  this  Nt  we  determine  the  positive  number 
£2  so  large  that  everyone  of  our  sphere  cylinders  in  Rp  with 
radius  £2  contains  a  complete  system  of  representatives  in  Rp 
modulo  H("'\ 


v°.  After  having  determined  Nv_i  and  £,/__!  we  determine 
>  N>,_i  such  that  the  fundamental  content  GNV  is  larger  than 
_!  +  v).  Then  the  sphere  cylinder  C(^_1  +  v)  cannot  contain 
a  complete  system  of  representatives  in  Rp  modulo  H^y\  To 
this  Ny  we  determine  the  positive  number  qv  so  large  that  every- 
one of  our  sphere  cylinders  in  Rp  with  radius  Q,,  contains  a 
complete  system  of  representatives  in  Rp  modulo 


After  having  determined  Ny  and  QV  (y  =  1,  2,  •  •  •)  we  now 
pass  to  the  direct  searching  of  a  point  (0lf  02,  •  *  •)  which  belongs 
to  the  set  7t2  but  not  to  the  set  n^.  The  idea  in  this  (successive) 
determination  modulo  1  of  the  numbers  0t,  02,  •  •  *,  the  kernel  of 
which  can  be  found  in  example  1,  §  1,  is  that  we  try  to  see  that 
the  set  of  projections  (a^,  •  •  •,  xmo)  on  the  Xi  •  •  •  o:mo-space  of  all 
solutions  (xlt  xz,  •  •  •)  of  the  N  first  congruences  (1)  will  lie 
farther  and  farther  away  from  O  for  increasing  values  of  N. 
More  precisely,  we  will  see  that  the  set  of  projections  for  AT  =  Ny 
will  lie  in  Rp  and  outside  C(v). 

1st  step.  We  first  choose  an  arbitrary  point  P™  =  (x?\  x$\  '  *  0 
in  the  infinite-dimensional  space  which  only  satisfies  the  con- 
dition that  the  projected  point  P^  =  (o:^,  •  •  •,  o:^)  is  lying 
in  Rp  and  has  no  equivalent  point  modulo  H^0  lying  in  C(l). 
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Such  a  point  exists  on  account  of  1°  since  C(l)  does  not  contain 
a  complete  system  of  representatives  in  Rp  modulo  H^l).  We 
substitute  (xlt  rca,  •  •  •)  =  (xi1),  x£\  •  •  •)  in  the  JVi  first  linear 
forms  (2).  The  numbers  thus  determined  (but  only  considered 
modulo  1)  shall  be  our  numbers  Olf  02,  '  *  *»  0N»»  We  observe 
that  the  total  set  of  solutions  of  the  NI  first  congruences  (1)  (with 
the  0's  just  chosen)  is  the  set  P(1)+  A(N*y  because  A(Nl)  is  the  set 
of  solutions  of  the  Nt  first  zero-congruences.  From  the  choice 
of  P(1)  it  follows  that  the  projection  of  this  set  P(1)  +  A(NI)  on  the 
Xi  •  •  "  xm.-space — i.  e.  the  set  P££  +  A^**  which  consists  of  all 
points  equivalent  to  P^  modulo  A^l) — is  lying  in  Rp  and  out- 
side C(l). 

2nd  step.  Next  we  choose  (which  is  possible  from  the  choice 
of  NI)  a  point  L/jj®  =  (di2),  •  •  *,  dji2*)  in  Rp  which  has  no  equi- 
valent point  modulo  f/^a)  in  C^-f  2).  The  sphere  cylinder  in 
Rp  around  D^  with  radius  QI  contains  (on  account  of  the  choice 
of  00  a  point  equivalent  to  Pj£  modulo  H(£l\  Since  A(£l}  is 
lying  everywhere  dense  in  Hj£l)  this  cylinder  also  contains  a  point 
pj£>  =  (xji),  .  -  -,  x<£>)  equivalent  to  P%]  modulo  A(£l\  We  can 
therefore  choose  a  point  P(2)  =  (x^2),  x^2),  •  •  •)  whose  projection 
on  the  #!  •  •  •  ormt-space  is  Pj^  and  which  is  equivalent  to  P(1) 
modulo  -4(Nl).  In  particular  P(2)  is  a  solution  of  the  Nl  first  con- 
gruences (1).  We  now  substitute  (xl9  x2t  •••)==  (iTj2),  x^,  •  •  •) 
in  the  N2  first  linear  forms  (2)  and  denote  the  numbers  thus 
determined  (modulo  1)  by  6lt  •  •  •,  0N>.  The  N^  first  of  these 
numbers  coincide  with  the  numbers  019  •  •  %  0Nl  determined  by 
the  first  step,  since  P(2)  satisfies  the  NI  first  congruences  (formed 
with  these  0's).  We  now  consider  the  set  of  solutions  (xl9  xz,  •  •  •) 
of  the  W2  first  (with  the  above  0's  formed)  congruences  (1),  i.  e. 
the  set  P<2)+  A(Nn}.  Then  the  projection  of  this  set  on  the  xt  •  •  • 
x^-space — i.  e.  the  set  Pj2}  +  A^**  which  consists  of  all  points 
equivalent  to  P£^  modulo  A^9* — is  lying  in  Rp  and  outside 
C(2);  that  the  set  is  lying  in  Rp  is  plain,  and  the  second  state- 
ment follows  from  the  fact  that  P£f*  is  lying  in  a  sphere  cylinder 
around  D^  with  radius  gi  where  D^  has  no  equivalent  point  in 
£(0i+2)  modulo  H^^  and  hence  a  fortiori  no  equivalent 
point  modulo 
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vth  step.  We  choose  (which  is  possible  from  the  choice  of  Ny) 
a  point  D^l  =  (d^,  •  •  •,  df££)  in  Rp  which  has  no  equivalent  point 
modulo  H^"*  in  C(gr—  1+  *)•  The  sphere  cylinder  in  Rp  around 
&ml  with  radius  &,—  i  contains  (on  account  of  the  choice  of  ^_i) 
a  point  equivalent  to  Pj^"""1*  modulo  H££"—  **  and  hence  also  a 
point  P<£  -  (x?\  •  •  •,  *£>)  equivalent  to  P^^>  modulo  4£*-i>. 
We  can  therefore  choose  a  point  P<*>  =  (x^t  x%\  •  •  •)  whose 
projection  on  the  Xi  •  •  •  xmt-space  is  P{£«  and  which  is  equivalent 
to  P<"-i>  modulo  ^<N*-i>.  In  particular  P<">'is  a  solution  of  the 
Arl/_1  first  congruences  (1).  We  now  substitute  (xlf  x^  •  •  •)  = 
(o^,  x^,  •  •  •)  in  the  ATV  first  linear  forms  (2)  and  denote  the 
numbers  thus  determined  (modulo  1)  by  0lf  •  •  •,  0^.  The  A^_t 
first  of  these  numbers  coincide  with  the  numbers  6it  •  •  •,  ON^—I 
determined  by  the  (v  —  I)***  step.  We  consider  the  set  of  solutions 
(a?lf  o:2,  '  '  ')  of  the  Ny  first  (with  the  above  0's  formed)  con- 
gruences (1).  Then  the  projection  of  this  set  on  the  Xi  •  •  •  xm- 
space  —  i.  e.  the  set  P^H-  A^^  which  consists  of  all  points  equi- 
valent to  P£t}  modulo  A^"*—  lies  in  Rp  and  outside  C(v);  that  the 
set  is  lying  in  Rp  is  plain,  and  the  second  statement  follows  from 
the  fact  that  P££  is  lying  in  a  sphere  cylinder  around  D^  with 
radius  g,_i  where  D%£  has  no  equivalent  point  in  C(g,,  __!+!>) 
modulo  H$£^  and  hence  a  fortiori  no  equivalent  point 
modulo 


In  this  manner  we  have  got  a  point  (0^9  02,  •  •  •)  with  the 
desired  properties.  In  fact,  the  point  is  belonging  to  rct  since  for 
every  v  the  Ny  first  (with  these  0's  formed)  congruences  (1)  have 
a  solution  P^  =  0*^»  a^»  *  *  ')»  an(*  here  Ny  -^  oo  for  v  ->  oo. 
On  the  other  hand  the  point  (0lf  0a,  •  •  •)  does  not  belong  to  nit 
i.  e.  there  is  no  solution  of  the  whole  system  of  congruences  (1); 
for  every  solution  of  the  Ny  first  congruences  has  a  projection 
on  the  xt  •  •  •  xmt-space  which  lies  in  Rp  and  outside  C(v). 

Remark.  The  theorems  of  this  paragraph  connect  the  con- 
dition ni  =  n?a  with  the  closures  H^  and  Hm  of  the  modules 
A^  and  jTm.  We  shall  mention  that  analogous  theorems  hold 
for  the  sets  A^  and  jTm  themselves,  viz. 

Theorem*  A  necessary  and  sufficient  condition  that  n\  =  n*  is 
that  for  every  m  =  1,  2,  •  •  •  the  sequence 
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A(l)   D      .4(2)   ^      A(3)   D    .    .    . 

^m    sd  yim    =  ^Lm    s 

15  constant  from  a  certain  step  (depending  on  m). 

Additional  Theorem.  If  A™  2  ^lg>  2  4g>  2  •  •  •  /or  ei>ery  m 
is  constant  from  a  certain  step  this  constant  set  is  just  the  set  Fm. 

If  these  theorems,  as  their  analogues  for  the  closures,  are 
divided  in  a  theorem  A  for  the  sufficiency  and  the  addition  and 
a  theorem  B  for  the  necessity,  the  theorem  A  is  even  simpler 
to  prove  than  the  previous  theorem  A.  Theorem  B,  however,  lies 
deeper  than  its  analogue.  We  can  obtain  the  new  theorem  B  from 
the  old  one  by  the  following 

Theorem.  For  an  arbitrary  system  of  linear  forms  (1)  (with 
7*1  =  7r2  or  ^i  ^r  MI)  there  exists  to  every  positive  integer  m  an 
integer  M^m  and  a  positive  integer  N  such  that  the  sequence 
A™  2  A£+V  2  A<£+2)  2  '  '  '  is  the  projection  on  the  xl  •  •  • 
xm-space  of  the  sequence  H$>  2  #$+1)  2  H(M+  2)  2  •  •  • . 

We  omit,  however,  the  proofs  of  these  theorems  which  are 
unnecessary  for  the  proof  of  our  main  theorem  in  its  present 
framing  (cp.  p.  8-9). 


§  4.  The  structure  of  closed  modules  in  the 
infinite-dimensional  space. 

In  this  paragraph  we  shall  study  the  closed  modules  in  our 
infinite-dimensional  space — which  from  now  on  is  denoted  by 
R* — where  the  underlying  convergence  notion,  occasionally  used 
in  the  previous  paragraphs,  is  that  of  convergence  in  each  of 
the  coordinates.  As  we  shall  see  the  closed  modules  in  the  space 
R*  possess  quite  a  similar  structure  as  that  of  the  closed  modules 
in  the  usual  jn-dimensional  space  /?m  (see  §  2). 

In  order  to  prove  the  structure  theorem  in  /?°°  we  shall  use 
the  analogous  structure  theorem  in  Rm,  m  —  1,  2,  •  •  •.  The 
transition  from  the  finite-dimensional  case  is,  however,  not  a 
trivial  one.  We  shal  have  to  put  in  an  intermediate  space  R^ 
between  the  finite-dimensional  spaces  Rm  and  the  space  R* .  The 
space  RM  is  as  /2°°  an  infinite-dimensional  space,  but  while  a 
point  X  =  (#!,  x2,  *  '  *)  in  R*°  may  have  quite  arbitrary  coor- 


D  10.    Dan.  Mat.  Fys.  Medd.  24,  no.  12  (1948). 


Nr.  12  23 

dinates,  a  point  A  =  (al5  a2,  °  °  o)1*  in  JR^  always  has  coor- 
dinates which  from  a  certain  step  (depending  on  the  point)  are 
0,  i.  e.  an  =  0  for  n  >  N  =  N(A). 

Between  the  spaces  R^  and  R*  there  exists,  when  a  con- 
vergence notion  in  R^  is  suitably  chosen,  a  duality.  Once  esta- 
blished this  duality  permits  us  to  get  at  the  structure  theorem 
for  closed  -modules  in  R**  from  an  analogous  structure  theorem 
for  closed  modules  in  R^.  Now,  as  mentioned,  the  space  R^  is 
lying  nearer  to  the  finite-dimensional  spaces  Rm  than  does  R°°  , 
in  fact  it  can  be  exhausted  by  the  a^  •  •  •  am-space  for  m  ->  oo. 
This  is  the  reason  why,  as  we  shall  see,  the  structure  theorem 
in  R^  can  easily  be  obtained  from  the  finite-  dimensional  case. 

The  duality,  mentioned  above,  between  R^  and  R*  is  ana- 
logous to  a  duality  considered  by  M.  Riesz  between  two  m- 
dimensional  spaces  Rm  =  {(al9  •  •  •,  am)}  and  Rm  =  {(o^,  •  •  •,  xm)}. 

If  M  is  an  arbitrary  module  in  Rm  Riesz  considers  the  point 
set  in  (the  other  space)  J?^  consisting  of  all  points  A  =  (alf  •  •  •, 
am)  from  this  latter  Rm  for  which 

A  •  X  =  a1xl+  a2x2-f  -  •  •  +  amxm  =  0  (mod  1) 


for  every  point  X  =  (x^t  x2,  '  •  ",  xm)  from  M.  This  point  set  is 
a  closed  module  in  Rm  and  is  called  the  dual  module  of  M.  We 
denote  it  by  M'  .  If  we  repeat  the  operation  of  passing  to  the 
dual  module  we  get  a  closed  module  M"  =  (M')'  in  (the  original 
space)  Rm.  The  relation  between  M  and  M"  appears  from  the 
following  important  theorem. 

Riesz's  Theorem.  If  M  is  an  arbitrary  module  in  Rm  the  dual 
module  M"  of  its  dual  module  M'  is  the  closure  M  of  M,  i.  e. 

M"  =  M. 

For  a  closed  module  H  in  Rm  we  get  in  particular  H"  —  H. 

We  now  pass  to  the  establishment  of  the  duality  between 
R^  and  R°°  ,  or  rather  that  side  of  the  duality  which  will  be 
needed  in  the  following.  A  full  account  of  the  duality  can  be 
found  in  another  paper2)  where  the  topic  of  this  paragraph  is 
discussed  in  more  detail. 

1)  For  points  in  Rx  we  use  the  notation  (aly  at,  o  o  o)  in  order  to  make  apparent 
that  their  coordinates  are  all  zero  from  a  certain  step. 

2)  H,  BOHR  and  E.  FOLNER:  On  a  structure  theorem  for  closed  modules  in 
an  infinite-dimensional  space,  to  appear  elsewhere. 
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Let  r  be  an  arbitrary  linear  transformation  in 
the  fundamental  points  (1,  0,  0,  -°  °  °),  (0,  1,  0,  °  °  °), 
transformation  be  taken  into  the  points 


,    0,   0,    °  °  °)}    =    Si  =    (/n,    /21v    °  °  °) 

T{(0,  1,  0,  -o  °)>  =  S2  =  (^12,  f22,  o  °  o) 


and  let 
by  the 


from  7?^.  The  arbitrary  point  A  =  (alf  a2,  °  °  °)  from  7?^  will 
then  be  carried  into  the  point 

B   =    T(A)    =    OA+  0^2+    occ. 

Introducing  the  matrix  T  =  {frs}  the  linear  transformation  may 
be  written  B  —  TA.  In  the  following  we  denote  a  linear  trans- 
formation in  R^  and  the  corresponding  (uniquely  determined) 
matrix  by  the  same  letter  T. 

Conversely,  each  such  matrix  equation 


fcl 


/11/I2 


aa 


where  the  column  vectors   are   arbitrary  points   from  R^   is   a 
linear  transformation  in  R^. 

We  now  define  the  scalar  product  between  two  points 
A  =  (dj,  a2,  °  °  °)  and  X  =  (xlt  x^  •  •  •)  from  R^  and  R  , 
respectively.  We  put 

A  •  X  =  X  •  A  =  fli^! 


In  matrix  notation  the  scalar  product  is  expressed  by  A*X  or 
X*A1)  when  we  agree  on  considering  the  points  as  column  vec- 
tors (for  convenience  we  usually  write  them  horizontally). 

For  a  given  linear  transformation  T  in  R^  and  two  variable 
points  X  and   y  from  R*°  we  now  set  up  the  condition 

(7)  A  •  X  =  T(A)  •  Y  for  every  A  from  RM. 

1)  The  star  denotes  the  operation  of  transposing  a  matrix. 
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We  shall  show  that  this  condition  on  X  and   Y  is  equivalent  to 
a  linear  transformation  in  R*  (expressed  by  linear  expressions 
as  (3),  §  1)  of  Y  into  X  (and  thus,  in  particular,  that  to  any 
given   Y  there  exists  one  and  only  one  X  satisfying  (7)). 
In  matrix  notation  the  condition  runs  as  follows 

A*X  =  (TA)*F     or     A*X  =  A*T*F. 

Putting  successively  A*  =  (1,  0,  0,  °  °  °),  (0,  1,  0,  °  °  °),  •  •  •  in 
this  relation  we  get 

(8)  X  =  T*Y 

and  conversely  the  former  condition  follows  from  (8)  by  left- 
multiplying  it  with  A*. 

Putting  (8)  into  (7)  and  changing  Y  to  X  we  get  the  relation 

(9)  A  •  T*(X)  =  T(A)  •  X  for  every  A  from  R^  and 

every  X  from  -R°°. 

We  now  define  a  substitution  in  RM  as  a  linear,  one-to-one 
transformation  of  R^  onto  R^. 

If  T  is  a  substitution  the  condition  (7)  is  equivalent  to  the 
condition 

(10)  A  •  Y  =  T~\A)  •  X  for  every  A  from  R^ 

in  fact  we  have  only  substituted  T~~\A)  for  A  and  interchanged 
the  two  sides  of  the  equation  (7).  Here  T~~l  denotes  the  inverse 
substitution  of  T.  Since  (7)  is  equivalent  to  (8)  we  see  that  (10) 
is  equivalent  to 

(11)  y  * 


Hence  also  the  relations  (8)  and  (11)  are  equivalent  which  shows 
that  T*  is  a  one-to-one  transformation  of  7?°°  onto  R*  and  there- 
fore what  we  have  called  a  substitution  in  JR°°  (see  §  1).  Putting 
r  =  (T*)-1  and  replacing  X  by  T*(X)  in  (9)  we  obtain  the 
following 

Theorem  1.  If  T  is  a  substitution  in  R^  then  T*  is  a  sub- 
stitution in  R°°  and  there  exists  a  uniquely  determined  substitution 
T  in  #°°  such  that 
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(12)  A  •  X  =  T(A)  •  T'(X)  /or  every  A   /irojn  R^   and 


°° 


every  X  from  R 

yiz.  /Tie  substitution   T  =  (T*)-1=  (T"1)*. 

We  call   7"  the  cfaa/  substitution  of  T. 

In  order  to  speak  of  closed  modules  in  R^  and  7?°°  we  must 
know  the  underlying  convergence  notion  of  the  two  spaces.  We 
have  already  mentioned  that  in  JR°°  our  convergence  notion  is 
that  of  convergence  in  every  coordinate.  In  order  to  define  a 
suitable  convergence  notion  in  R^  we  first  observe  that  our  con- 
vergence notion  in  /?°°  may  also  be  stated  as  follows: 

A  sequence  X^  converges  towards  X  if  and  only  if 

A  •  X(n)->  A-  X  for  every  A  from  R^. 

In  fact,  since  a  point  A  from  R^  only  contains  a  finite  number 
of  non-zero  coordinates  the  former  condition  involves  the  latter, 
and  conversely,  the  former  condition  is  obtained  from  the  latter 
by  putting  successively  A  =  (1,  0,  0,  °  °  °),  (0,  1,0,  °  °  °),  •  •  •. 

In  the  new  form  the  notion  of  convergence  in  jR°°  has  a  dual 
notion  of  convergence  in  R^: 

A  sequence  A*n)  of  points  from  R^  is  said  to  converge  towards 
a  point  A  from  R^  if  and  only  if 

X  •  A(n)-*  X  -  A  for  every  X  from  fl°°. 

This  is  going  to  be  our  convergence  notion  in  R^^ 

Remark.  Our  substitutions  in  R°°  are  obviously  bicontinuous. 
In  order  to  show  that  our  substitutions  in  R^  are  also  bicon- 
tinuous we  remark  that  on  account  of  (9)  every  linear  trans- 
formation T  in  R^  is  continuous;  in  fact,  when  A(n)->  A  we  get 
from  (9) 

X  •  T(A(n))  =  T*(X)  •  A(n)->  T*(X)  -  A  =  X  -  T(A) 


for  every  X  from  R°°  which  shows  that  T(A(n))  ->  T(A).   It  can 

1)  In  the  following  we  shall  only  use  the  definition  of  convergence  in  RM  in 
the  above  form;  we  may,  however,  mention  that  this  definition,  as  easily  seen, 
is  equivalent  to  the  following  (more  direct)  one:  Convergence  of  a  sequence  in 
R^  means  convergence  in  every  coordinate  and  moreover  the  existence  of  a  p 
only  depending  on  the  sequence,  such  that  all  points  of  the  sequence  have  0  on 
the  coordinate  places  with  higher  number  than  p 
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easily  be  shown  that  our  substitutions  in  JR°°  or  R^  are  just  the 
linear,  one-to-one,  bicontinuous  transformations  of  the  space  onto 
itself  (in  the  case  of  Rw  nothing  is  left  to  prove). 

For  an  arbitrary  closed  module  H  in  RM  we  consider  the 
point  set  H'  in  R°°  which  consists  of  all  points  X  for  which 

A  •  X  5=  0  (mod  1)  for  every  A  from  H  . 

Obviously  the  set  H'  is  a  module.  Furthermore  H'  is  closed,  for 
if  X(n)->  X  in  JR°°  and  all  X(n)  are  lying  in  H',  then  for  every 
A  from  H  we  have  0  =  A  •  X(n)->-  A  •  X  so  that  A  •  X  =  0.  We 
call  the  closed  module  H'  the  dual  module  of  the  closed  module 
H.  The  following  simple  theorem  indicates  the  connection  between 
the  two  notions,  dual  module  and  dual  substitution. 

Theorem  2.  If  we  subject  a  closed  module  H  in  Rx  to  a  sub- 
stitution T  and  subject  the  dual  module  H'  in  R°°  to  the  dual  sub- 
stitution T'  then  the  resulting  module  T'(H')  in  the  latter  case  is 
the  dual  module  of  the  resulting  module  T(H  )  in  the  former  case, 
i.  e. 


This  is  an  immediate  consequence  of  the  relation  (12)  when 
we  only  observe  that  T(A)  runs  through  T(H)  and  T\X)  runs 
through  T'(H')  when  A  runs  through  H  and  X  through  H'  . 

We  have  defined  above  the  dual  module  of  a  closed  module 
from  R^.  Analogously,  we  define  the  dual  module  H'  of  a  closed 
module  H  from  JR°°  as  the  point  set  (eo  ipso  closed  module) 
consisting  of  the  points  A  from  R^  for  which 

X-A  =  0  (mod  1)  for  every  X  from  //. 

Then  we  have  the  following  important 

Theorem  3.  For  an  arbitrary  closed  module  H  in  R°°  the  dual 
module  H"  of  its  dual  module  H'  is  the  module  itself,  i.  e. 

H"  =  H  . 

Obviously  //"  5  H.  Thus  we  only  have  to  prove  that  H"  C  H. 
Let  then  Y  ==  (ylt  y2»  *  '  ')  be  an  arbitrary  point  from  H".  In 
order  to  show  that  Y  is  lying  in  Ht  let  m  be  an  arbitrary  positive 
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integer.  We  consider  the  points  (a^  a2,  •  •  -,  amt  0,  0,  °  °  °)  =  (alt 
a«,  '  •  %  am)  from  the  common  part  L  of  //'  and  the  a^g  •  •  •  am- 
space.  Then  for  every  point  in  L  we  have 

(13)          (ylf  ya,  •  •  •,  ym)  •  (alf  «2,  •  •  •,  am)  ^  0  (mod  1). 

Next,  let  M  denote  the  projection  of  H  on  the  x^x*  •  •  •  ;rm-space 
(i.  e.  the  set  of  points  (o?lf  x2,  •  •  •,  xm)  arising  from  the  points 
(#1,  #2»  *  '  ')  of  H  by  cancelling  all  coordinates  with  indices  >  m). 
M  is  again  a  module,  but  not  necessarily  a  closed  module.  Plainly, 
L  =  M'  and  thus  on  account  of  (13)  the  point  (ylf  y2,  •  •  •,  ym) 
belongs  to  M".  Now,  according  to  Riesz's  theorem 

M"  =  M 

and  hence  (ylf  y2,  •  •  •,  ym)  can  be  approximated  by  points  (xlf 
^2.  *  *  *»  #m)  from  Af.  Since  m  is  arbitrary  it  follows  that  Y  = 
(t/i>  [/2»  '  *  0  can  be  approximated  by  points  (xl9  x2t  •  -  •)  from 
H,  i.  e.  Y  must  lie  in  //  =  //,  q.  e.  d. 

We  shall  now  prove  the  following  structure  theorem  for 
closed  modules  in  R^. 

Structure  Theorem  R^.  A  closed  module  H  in  the  infinite- 
dimensional  space  R^  is  a  point  set  E  which  by  a  substitution  can 
be  transfered  into  a  point  set  of  a  special  form,  in  the  following 
denoted  by  5^,  namely  a  point  set  {(a^  a2,  °  <>  «)  }  of  the  following 
structure:  The  indices  1,  2,  •  •  •,  n,  •  •  •  can  be  divided  into  three 
fixed  classes  {nr},  { ns} ,  {  nt }  depending  only  on  the  point  setf 
such  that  the  coordinates  anr  independently  run  through  all  num- 
bers, and  the  coordinates  an,  independently  run  through  all  inte- 
gers, while  all  the  remaining  coordinates  ant  are  constantly  zero. 
Only,  of  course,  the  simultaneous  variation  of  the  anr  and  the  an« 
m  the  set  is  limited  by  the  obvious  demand  that  (alf  a2»  °  °  °) 
always  shall  lie  in  Rw,  i.  e.  have  0  from  a  certain  coordinate  place 
(depending  on  the  point).  Conversely,  each  such  point  set  E  is  a 
closed  module. 

The  latter  part  of  the  theorem  follows  immediately  from  the 
remark  on  p.  26. 

In  order  to  prove  the  first  (and  real)  part  of  the  theorem, 
let  Hm  denote  the  common  part  of  H  and  the  a^  •  •  •  xm-space. 
Then,  obviously,  Hm  is  in  the  usual  sense  a  closed  module  in 
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the  at  •  •  •  am -space.  Furthermore,  Hm  is  the  common  part  of 
Hm+i  and  the  «i  '  '  *  am-space.  Hence  it  follows  from  the  the- 
orem on  p.  10,  for  m  =  1,  2,  •  •  -,  that  we  can  generate  succes- 
sively the  closed  modules  Hl9  H2t  •  •  •  by  linearly  independent 
vectors  with  arbitrary  and  integral  coefficients  in  such  a  way  that 
the  generating  vectors  of  ffm+i  are  the  generating  vectors  of  Hm 
with  the  same  types  of  coefficients,  in  connection  with  other 
vectors  (if  necessary).  In  this  way  we  get  a  sequence  of  linearly 
independent  vectors  Gl9  G2,  •  •  •  which  provided  with  suitable 
types  of  coefficients  (integral  or  arbitrary)  will  generate  H  (gene- 
ration of  course  in  the  sense  that  for  each  vector  of  H  only  a 
finite  number  of  generators  is  used).  With  arbitrary  coefficients 
the  vectors  spann  a  subspace  /?(H)  of  R^.  Let  Rt  denote  the 
common  part  of  fl(ff)  and  the  o^-axis.  If  the  space  Rt  is  not 
the  whole  o^-axis,  but  only  the  0-vector  we  place  a  non-zero 
vector  on  the  avaxis.  Then  this  vector  together  with  R(H)  W*N 
spann  a  space  JR(1)  which  contains  the  a^-axis.  If  R(H)  itself 
contains  the  o^-axis  we  put  R^=  /?(/f).  Next,  let  R2  denote  the 
common  part  of  R^  and  the  a^ovplane.  If  the  space  R2  is  not 
the  whole  o^avplane,  but  only  the  o^-axis  we  place  a  vector  in 
the  Xjovplane  outside  the  avaxis.  Then  this  vector  together  with 
will  spann  a  space  R^  which  contains  the  a^o^-plane.  If 
itself  contains  the  a^avpiane  we  put  -R(2)  =  /?(1).  In  this  way 
we  continue.  If  the  vectors  thus  found  in  some  way  or  other 
are  put  into  a  sequence  with  the  vectors  Glf  G2,  •  •  •  we  get  a 
sequence  of  linearly  independent  vectors  Ult  U2>  '  •  •  which  pro- 
vided with  suitable  types  of  coefficients  (zero,  integral  or  arbi- 
trary) will  generate  H  and  with  mere  arbitrary  coefficients  the 
whole  space  R^.  The  linear  independence  of  Ult  U2t  •  •  •  secures 
that  each  point  in  7?^  has  only  one  representation  by  this  gener- 
ation. Hence 

B  =  ai^+aaf/a-f  °°° 

is  a  substitution  in  R^  of  A  =  (a^  a2,  °  °  °)  into  B.  It  takes  the 
fundamental  vectors  (1,  0,  0,  °  °  °),  (0,  1,  0,  °°°),  •  •  •  into  the 
vectors  UIt  U2,  •  •  • .  Therefore  the  inverse  substitution,  which 
takes  Ui,  £/«,•••  into  the  fundamental  vectors,  will  take  the 
closed  module  H  into  a  set  { (at,  a2,  °  °  °) }  determined  by 
af  =  0  for  certain  i,  at  arbitrary  integral  for  certain  i,  and 
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di     arbitrary     for     the     remaining     i.     This     proves     structure 
theorem    R^ . 

By  help  of  structure  theorem  R^  and  the  duality  between 
R^  and  /?°°  we  shall  now  obtain  the  main  result  of  this  para- 
graph, viz. 

Structure  Theorem  JR°°.  A  closed  module  in  the  infinite-dimen- 
sional space  jR°°  is  a  point  set  E  which  by  a  substitution  can  be 
transfered  into  a  point  set  of  a  special  form,  denoted  by  5°°, 
namely  a  point  set  {(x^,  x2,  •  •  •)}  of  the  following  structure:  The 
indices  1,  2,  •  •  •,  n,  •  •  •  can  be  divided  into  three  fixed  classes 
{nr}>  {ns}>  {nt}  which  depend  only  on  the  point  set,  such  that 
the  coordinates  xnr  independently  run  through  all  numbers ,  and 
the  coordinates  xng  independently  run  through  all  integers,  while 
all  the  remaining  coordinates  xnt  are  constantly  zero.  Conversely, 
each  such  point  set  E  is  a  closed  module. 

Again,  the  latter  part  of  the  theorem  follows  immediately  from 
the  remark  on  p.  26. 

In  order  to  obtain  a  proof  of  the  first  (and  real)  part  of  the 
theorem  by  help  of  the  corresponding  theorem  in  R^  let  us  first 
show  that  the  dual  module  of  a  closed  module  of  the  special 
form  S^  is  a  closed  module  of  the  special  form  S°°.  More  precisely 
we  shall  prove 

Theorem  4.  For  a  closed  module  H  in  R^  of  the  special  form 
SOD  »  explicitly  {  (ax,  a2»  °  °  °)  }  with  the  coordinates  anr  arbitrary, 
the  coordinates  ans  integral,  and  the  coordinates  ant  zero,  the  dual 
module  H'  in  R  is  of  the  special  form  S* ,  and  more  precisely 
the  dual  module  is  { (xt,  x2t  •  •  •) }  where  the  xnr  are  zero,  the 
Xn8  integral,  and  the  xnt  arbitrary. 

We  first  observe  that  obviously  all  points  X  of  the  form 
mentioned  are  lying  in  H1 .  Conversely,  we  have  to  show  that 
all  points  in  H'  have  the  form  mentioned.  Since  the  points  X 
in  H'  have  to  fulfill 

(°  °  °  fnr  °  °  °)  •  X  =  0  (mod  1)  for  all  values  fnf 

it  follows  that  the  /irth  coordinate  of  X  must  be  zero,  and  since 

(ooo  i  oo  o)  ,  x  =  0  (mod  1) 

1  2  -  •  •  n,  •  •  • 
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it  follows  that  the  nsth  coordinate  of  X  must  be   integral.   This 
proves  theorem  4. 

We  have  now  got  all  means  necessary  to  prove  structure 
theorem  R°° .  Let  first  H  be  an  arbitrary  closed  module  in  R^. 
Then  on  account  of  structure  theorem  R^  there  exists  a  sub- 
stitution T  in  jR^  such  that  T(H)  has  the  "special  form  S^.  The 
dual  module  H'  of  H  is  a  closed  module  in  R°° .  We  shall  show 
that  H'  by  a  substitution  can  be  taken  into  a  closed  module  of 
the  special  form  S°°.  In  fact,  the  dual  substitution  T'  of  T  has 
this  property,  for  it  follows  from  theorem  2  that  T'(H')  =  (T(H))' 
and  from  theorem  4  that  (T(//))',  as  the  dual  module  of  a 
closed  module  of  the  special  form  S^,  is  itself  a  closed  module 
of  the  special  form  S°°.  Hence  we  see  that  every  closed  module 
in  R™  which  is  the  dual  module  of  a  closed  module  in  jR^  by 
a  substitution  can  be  taken  into  a  set  of  the  form  Sx .  In  order 
to  complete  the  proof  of  structure  theorem  R  we  therefore  only 
have  to  show  that  every  closed  module  H  in  /?°°  can  be  wr'tten 
in  the  form  K'  where  K  is  a  closed  module  in  R^.  This,  how- 
ever, is  a  consequence  of  theorem  3  which  tells  that  H  =  H " 
so  that  for  K  we  may  use  H' . 


§  5.  Proof  of  the  main  theorem. 

Already  in  §  1  we  have  formulated  the  main  theorem  and 
proved  the  simple  "half"  of  it,  namely  that  a  sufficient  condition 
that  a  system  of  linear  forms  (2)  have  n-i  =  n2  is  that  the  system 
by  a  substitution  can  be  taken  into  a  system  of  the  type  S.  We 
shall  now  show  that  this  condition  is  also  necessary,  i.  e.  that 
every  system  of  linear  forms  which  has  nl  =  7t2  by  a  substitution 
can  be  taken  into  a  system  of  the  type  S. 

For  a  system  of  congruences  (1)  the  set  F  of  solutions  of  the 
corresponding  zero  congruences  is  obviously  always  (i.  e.  whether 
nl  =  n2  or  not)  a  closed  module  in  jR°°.  Hence  the  structure 
theorem  7?°°  from  §  4  states  that  there  exists  a  substitution  T 
which  takes  F  into  a  point  set  of  the  form  S°°,  corresponding 
(say)  to  the  classes  {  nr),  {««},  {nt}<  By  this  substitution  T  the 
system  of  linear  forms  will  be  taken  into  a  system  where  the 
coefficient  columns  corresponding  to  the  variables  xnr  are  zero 
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columns  while  the  coefficient  columns  corresponding  to  the 
variables  xns  are  integral  columns.  This  is  seen  by  putting 
(°  °  °  fnr  °  °  °)  with  arbitrary  fnr,  respectively  (°  °  °  1  °  °  °)  into  the 

12.   .  n,    . 

zero-congruences.  Conversely,  a  coefficient  column  of  zero's 
corresponds  to  a  variable  xnr  and  an  integral  coefficient  column 
which  is  not  a  zero  column  to  a  variable  xn<t. 

Now,  we  shall  show  that  if  nt  =  rca  for  the  original  system, 
and  hence  also  for  the  transformed  system,  the  latter  of  these 
systems  will  be  of  the  type  S. 

Obviously  it  makes  no  real  difference  if  all  the  coefficient 
columns  corresponding  to  the  variables  xnr  are  removed  together 
with  their  respective  variables.  For  since  all  these  columns  consist 
of  zero's  this  removal  will  neither  change  the  property  of  having 
or  not  having  n±  =  rc2»  nor  the  property  of  being  or  not  being 
a  system  of  the  type  S. 

We  shall  use  theorem  A  and  B  from  §  3  on  the  system  after 
the  removal.  Since  n±  =  n^  the  modules  H^  of  this  system  will 
for  each  m  be  constant  from  a  certain  step  N  >  NQ  =  N0  (/n)  and 
equal  to  the  modul  Hm.  Since  Fm  is  a  module  of  the  form 
{(orlf  rr2,  *  *  ">  ^m)}  where  the  indices  1,  2,  •  •  •,  m  can  be  divided 
into  two  classes  \ns}  and  {nt}  such  that  the  coordinates  xng 
are  integral  and  the  coordinates  xnt  are  zero,  Fm  is  in  particular 
a  closed  modul  so  that  Hm  =  jTm  =  {  (xlt  x2,  •  •  •,  xm)  }  =  {  (inte- 
gral, zero) } .  Hence  from  the  step  AT0  also  H^  =  { (integral, 
zero)}.  Finally,  using  that  A(£}  C  H ^  we  find  the  following 
property  of  our  new  system:  Each  of  the  variables  xnt  becomes 
zero  if  one  solve  the  N  first  zero-congruences  for  sufficiently 
large  N  (depending  on  the  variable).  Hence  the  system  is  of  the 
type  S.  This  proves  the  main  theorem.  Furthermore  we  see  that 
each  of  the  variables  xng  becomes  integral  if  one  solve  the  N 
first  zero-congruences  for  sufficiently  large  N  (depending  on  the 
variable).  The  same  of  course  is  also  true  for  the  system  before 
the  removal  of  the  variables  xnr  with  mere  zero  coefficients. — 
This  proves  the  following 

Stronger  form  of  the  main  theorem.  A  necessary  (and  suf- 
ficient) condition  that  a  system  of  linear  forms  have  n±  ==  n^  is 
that  the  linear  forms  by  a  substitution  can  be  transfered  into  a 
system  which  is  of  the  type  S  and  moreover  possesses  the  property 
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that  each  of  the  variables  belonging  to  the  integral  columns 
necessarily  becomes  integral  if  one  solve  the  N  first  zero-congruences, 
corresponding  to  the  linear  forms,  for  sufficiently  large  N  (de- 
pending on  the  variable). 

Remark.  A  (necessary  and)  sufficient  condition  that  a  system 
of  linear  forms  of  the  type  S  have  the  additional  property  men- 
tioned in  the  theorem  above  is  that  the  variables  mentioned 
necessarily  become  integral  if  one  solve  the  system  of  all  the 
zero-congruences  corresponding  to  the  linear-  forms. 

In  fact,  to  prove  this,  we  may  use  theorem  A  and  B  from 
§  3  in  a  similar  way  as  above. 


§  6.  A  remark  on  the  algebraic  structure  of  a  system 
of  the  special  type  5. 

The  notion  of  a  system  of  linear  forms  of  the  type  S  was 
defined  in  §  1  as  a  system  of  linear  forms  where  certain  variables 
had  mere  integral  coefficients  while  each  of  the  other  variables 
necessarily  became  0  by  solution  of  a  suitable  finite  selection 
of  the  zero-congruences  corresponding  to  the  linear  forms. 

The  question,  therefore,  naturally  arises  how  a  finite  system 
of  zero-congruences  (in  a  finite  number  of  variables)  can  force 
one  of  the  variables  to  be  zero.  In  this  final  paragraph  we  treat 
this  problem  by  giving  a  necessary  and  sufficient  condition  that 
a  system  of  linear  zero-congruences  in  xlt  •  •  •,  xn 


i  +  «i2#2  +  '  '  '  +  Qin^n  ^  0  (mod  1) 
xt  +  a22x2  +  •  •  •  +  CL2nxn  =  0  (mod  1) 


will  involve  x1  =  0. 

Let  in  the  corresponding  matrix 


I    aml^m2  '  *   '   Omn   J 
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the  system  of  row  vectors  Rl9  R2,  •  •  •,  Rm  have  the  maximal 
rank  Q.  Then  we  can  find  £  linearly  independent  vectors  amongst 
these  row  vectors.  Let  it  be,  for  instance,  Rl9  7?2,  •  *  *,  Ro*  Then 
numbers  a  exist  such  that 

+    '   *   "    4-  GioRy 

-f-    '   •   •    +  «2^o 


am  —  (>,l 


The  column  vectors  in  the  abridged  matrix 


are    denoted    by    S^,  •  •  •,  5n.   They   have  the   maximal  rank 
The  column  vectors  in  the  matrix 


.  am  —  1>,1    '  "  *   am  —  0,0} 


are  denoted  by  ©j,  •  •  •,  3o. 

Instead  of  the  congruences  we  can  equally  well  consider  the 
equations 

4-  '  '  '  +  «in.rfl       =  71,. 


2 


(14)  a^a-j.       + 

a'+ii*Ti  -I- 


where  the  7i's  are  new  integral  variables.  This  system  of  equa- 
tions can  be  solved  for  a  given  choice  of  7ilf  •  •  %  ho  if  and  only  if 

/!!«!  +  A2e2  + h  7ic,e(,  =  0  (mod  1)1}; 

1)  Here,  by  A   ~  0  (mod   1)  we  mean  that  A  is  an  integral  vector. 
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for  the  Q  first  equations  can  always  be  solved  and  they  involve 
the  validity  of  the  others  if  the  condition  above  is  satisfied,  while 
otherwise  at  least  one  equation  is  not  satisfied.  In  particular,  the 
condition  is  satisfied  if  h^  =  7i2  =  •  •  •  =  Tip  =  0. 

If  the  vectors  52,  •  •  *,  Sn  have  the  maximal  rank  Q  we  can 
choose  x±  arbitrarily  by  the  solution  of  the  Q  first  equations  with 
/ll  =  •  •  •  =  hy  =  0.  If  our  congruences  have  no  solutions  with 
x±  4=  0  it  follows  that  S2,  •  •  •,  Sn  must  have  the  maximal  rank 
Q  —  1.  Let  this  necessary  condition  be  satisfied.  The  integral 
solutions  (/ilf  /i2,  •  '  %  hfj)  of 


A!©!  +  7i2@2  +  •  •  •  +  h<,<3<,  —  0  (mod  1) 

form  a  lattice.  Then  obviously  a  necessary  and  sufficient  con- 
dition that  every  solution  of  the  equations  (14)  has  Xi  =  0  is 
that  the  lattice  {(/h,  /i2,  •  •  ',  h^)  }  is  contained  in  the  space  span- 
ned by  52,  •  •  •,  Sn.  Hence  we  have  the  result: 

A  necessary  and  sufficient  condition  that  the  congruences  involve 
a?!  =  0  15  that  S2,  •  •  *,  Sn  have  the  maximal  rank  Q  —  1  and 
that  the  lattice  {  (hlt  h2,  •  •  %  ^(>)}  of  integral  solutions  (hlt  7i2, 
•  '  •>  M  of 

h^!  +  h2&2  +  •  •  •  +  ho&<>  ^  0  (mod  1) 

is  contained  in  the  space  spanned  by  S2,  •  •  •,  Sn. 


Indleveret  til  Selskabet  d.  31.  Oktober  1947. 
Frerdlg  fra  Trykkeriet  d.  12.  Jull  1948. 
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ON  A  STRUCTURE  THEOREM  FOR  CLOSED 

MODULES  IN  AN  INFINITE-DIMENSIONAL  SPACE 

Harald  Bohr  and  Erling  F^lner 

^.  In  a  paper,  to  be  published  in  Det  Kgl.  Danske  Viden- 
skabemes  Selskabs  Skrifter,  we  have  studied  a  problem  concerning 
systems  of  infinitely^'  many  linear  congruences  with  infinitely 
many  variables.  The  variables  x,,  x2,  •  ..  could  here . naturally  be 
considered  as  coordinates  of  a  variable  point  (x^,  X£,  ...)  of  an 
infinite-dimensional  space  in  which  we  were  led  to  consider  the 
convergence  notion  defined  by  convergence  in  each  of  the  coordi- 
nates, i.e.,  (x^,  x2n  ,  ...) ^  Ulf  x2,  ...)  if  x^ >  x1§ 

in)  oo 

x  ^  Xp This  space  we  shall  denote  by  R  . 

In  connection  with  the  results  of  our  investigation,  Professor 
B.  Jessen  asked  us  whether  in  the  space  R°°  a  structure  theorem 
existed  for  closed  modules,  analogous  to  the  well-known  structure 
theorem  for  closed  modules  in  the  usual  finite-dimensional  space. 
By  help  of  our  results  we  could  show  that  this  is  really  the  case, 
but  later  on  we  found  an  independent  and  more  perspicuous  proof  of 
the  structure  theorem  in  question*  Now,  conversely,  it  turned  out 
that  our  main  result  about  the  congruences  could  be  proved  more 
simply  when  the  structure  theorem  in  R°°  was  used,  and  this  we 
took  advantage  of  in  the  paper  mentioned.  In  the  present  article 
we  shall  treat,  separately,  this  structure  theorem* 


1)  By  infinite  we  mean  here  and  in  the  following  enumerably 
infinite. 

45 
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2..  In  the  usual  m-dimensional  space  Rm  closed  modules  are 
characterized  by  the  following  well-known 

Structure  Theorem  Rm,  A  closed  module  in  the  m-dimensional 
space  Rjj  is  a  point  set  E  which  by  a  "substitution"  can  be  trans- 
formed into  a  point  set  of  the  form  {(  1  p •••>  $pi  ni»  •••tb  >  0§  0> 
•••i  0)|  where  p  and  q  are  fixed  indices  ^  0  with  p  +  q  4  m  which 

only  depend  on  the  point  set,  while  ^ t  independently  run 

through  all  numbers  and  hi»««.h  independently  run  through  all 
integers.  Conversely,  each  such  point  set  E  is  a  closed  module. 

A  substitution  is  here  a  transformation  of  the  form 
ft, 


(1) 


Mll 


t22  '  '  '  t2m 


il  *»£  •  •  •  S 
where  the  determinant  of  the  matrix  is  ^:  0.  The  substitutions  can 

also  be  characterized  as  the  linear,  one-to-one,  bicontinuous 
transformations  of  the  space  onto  itself. 

Our  purpose  is  to  prove  the  following  analogous  structure 
theorem  for  closed  modules  in  R°°* 

Structure  Theorem  R°°»  A  closed  module  in  the  infinite- 
dimensional  space  R*°  is  a  point  set  E  which  by  a  Substitution" 
can  be  transformed  into  a  point  set  of  a  special  form*  in  the  fol- 


x2,..., XD,...)J 


lowing  denoted  by  S°°,  namely  a  point  set 
the  following  structure;  The  indices  1,  2,  ..,,  n,  •••  can  be  di- 
vided into  three  fixed  classes  fnJ.  f  ns\ »  fntl  wn*-oh  depend  only 
on  the  point  setf  such  that  the  coordinates  xn  independently  run 

through  all  numbers*  and  the  coordinates  x_  independently  run 
through  all  integers,  while  all  the  remaining  coordinates  x«  are 
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all  constantly  zero*  Conversely,  each  such  point  set  E  is  a  closed 
module* 

Here,  a  substitution  in  R°°  is  defined  as  a  linear,  one-to- 
one,  bioontinuous  transformation  of  the  space  onto  itself.  The 
latter  part  of  the  structure  theorem  is  then  obvious* 

2^  In  order  to  prove  the  structure  theorem  in  R°°  we  shall 
use  the  analogous  structure  theorem  in  R^,  m  •  1,  2,  . ...  The 
transition  from  the  finite-dimensional  case  is,  however,  not  a 
trivial  one.  We  shall  have  to  put  in  an  intermediate  space  R^ 
between  the  finite-dimensional  spaces  Rm  and  R°°.  The  space  ^ 
is,  like  R°°,  an  infinite-dimensional  space,  but  while  a  point 
X  •  (xi,  x2,  •••)  in  R°°  may  have  quite  arbitrary  coordinates,  a 
point  AS  lalt  a2,  *»*)  in  R^  always  has  coordinates  which  from 
a  certain  step  (depending  on  the  point)  is  0,  i.e.,  an  =  0  for 
n  ^  N  s  NU).11 

Between  the  spaces  R^  and  R°*  there  exists,  when  a  conver- 
gence notion  in  1^  is  suitably  chosen,  a  duality.  Once  estab- 
lished, this  Quality  permits  us  to  get  at  the  structure  theorem  for 
closed  modules  in  R"°  from  an  analogous  structure  theorem  for 
closed  modules  in  RM  .  Now,  as  mentioned,  the  space  R^  lies 
"nearer  to"  the  finite-dimensional  spaces  1^  than  does  R°° ,  in 
fact  it  can  be  exhausted  by  the  a1...am-space  for  m~>oo  .  This  is 
the  reason  why,  as  we  shall  see,  the  structure  theorem  in  R^  can 
easily  be  obtained  from  the  finite-dimensional  case* 

/^  The  duality,  mentioned  above,  between  R^  and  R"°  is 
analogous  to  a  duality  considered  by  M.  Riesz  between  two  m-dimen- 
sional  spaces  R,^  -  [uj,,  ...,  x^}  and  Rm  -  (lap  ...,  am)j. 

1)  For  points  in  R.Q  we  use  the  notation  la^,  a2,  ***)  in 
order  to  make  it  apparent  that  their  coordinates  are  all  0  from  a 
certain  step  on. 
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Riesz  establishes  his  duality  by  help  of  the  structure  theorem  B^ 
and  uses  it  to  prove  Kroneoker'  a  general  theorem  on  diophantine  ap- 
proximation. In  order  to  establish  our  duality  we  need  only  the 
structure  theorem  in  H^  together  with  the  duality  of  Riesz,  We 
can  then  use  it  to  prove  the  structure  theorem  in  K°°  (and  also, 
following  Riesz  P  to  a  certain  generalization  of  Kroneoker*  s  theorem 
into  which,  however,  we  shall  not  enter  here)  . 

It  We  begin  by  establishing  the  duality  of  Riesz.  Denoting 

the  column  vectors  U,,  x2»  ••*»  *n)  **"*  ^l1  ^2*  '"'  ym'  *n  ^' 
by  X  and  Y  if  or  convenience  we  usually  write  them  horizontally)  and 
denoting  the  quadratic  matrix  {tpfl}  by  T  we  may  write  the  substitu- 
tion (1)  as  Y  «  TX.  We  also  denote  the  substitution  itself  by  T 
and  may  then  as  well  write  the  connection  between  I  and  Y  as 
Y  =  TIX)  . 

We  define  the  scalar  product  between  two  points  X  -  (x,,  ...,  x]Q) 
from  RJH  and  A  *  (a±,  ...,  a^)  from  ^  as 

A  •  X  •  X  •  A  •  a.x.  +  a2x2  *  ...  4  a.  x  . 


Using  matrix  multiplication  the  scalar  product  may  be  written  A*X. 

To  a  substitution  in  Rm  with  matrix  T  we  let  correspond  the 
substitution  in  Rm  with  matrix  Tf  8  (T*)"  »  These  two  substitu- 
tions are  connected  by  the  fundamental  relation 
(2)  A  •  X  •  T(A)  •  Tf(X)  for  every  A  from  1^  and  every  X  from  R^ 
In  fact, 

A  •  X  a  A*X  n  A^fT*]"1!  ,  [TA]*T«X  .  T(A)  •  T'(X). 
We  call  Tf  the  dual  substitution  of  T.  Since  (T*)"1  -  (T-1)*  it 
follows  that  the  dual  substitution  of  Tf  is  T,  i.e., 
13)  T"  s  T. 

6*.  If  M  is  an  arbitrary  module  in  Rg  we  call  the  point  set 
1)  The  star  denotes  the  operation  of  transposing  a  matrix. 


Dll.   Courant  Anniversary  Volume  1948. 


STRUCTURE  THEOREM  FOR  CLOSED  MODULES  49 

(eo  ipso  closed  module)  In  RQ  which  consists  of  all  points  X  In 
R^  for  which 

A  •!  S  0  (mod  1)  for  every  A  from  M 
the  dual  module  of  M  and  denote  It  by  M'  • 

Theorem  1.  If  we  subject  a  module  M  i&  Rm  to  a  substitution 
T  and  subject  the  dual  module  M1  i&  Rm  to  the  dual  substitution 
T1  then  the  resulting  module  Tf(MM  In  the  latter  case  Is  the 
dual  module  of  the  resulting  module  T(M)  In  the  former  case.  l.e.f 

T'(M')  -  (T(M))f. 

This  is  an  immediate  consequence  of  the  relation  (2)  when  we 
only  observe  that  T(A)  runs  through  T(M)  and  T'(X)  runs  through 
TMM1)  when  A  runs  through  M  and  X  through  M1 . 

Theorem  2.  For  an  arbitrary  module  M  i&  ti^  the  dual  module 
M"  of  its  dual  module  M*  is  the  closure  M  £f  M,  i.e., 

M"  -  M. 

Since,  from  continuity  reasons,  M1  s  (M)f,  it  is  enough  to 
show  that  for  a  closed  module  H  the  simpler  relation 
(4)  H"  -  H 

is  valid.  If  T  is  an  arbitrary  substitution,  (4)  is  equivalent  to 
T(H")  =  T(H),  and  replacing  the  first  T  by  T"  by  help  of  (3) 
and  using  theorem  1  twice  on  the  left-hand  side  of  the  equation  we 
see  that  (4)  is  equivalent  to 

(T(H))»  -  T(H). 

This  is  the  relation  (4)  for  the  module  T(H) .  Now,  on  account 
of  the  structure  theorem  Rm  we  may  choose  the  substitution  T 

such  that 

T(H)  r  {(f  ^....f  p>  4,...,  hqlO,...f  0)} 

and  thus  we  have  only  to  show  that  for  such  a  simple  closed  module 
the  dual  module  of  its  dual  module  is  the  module  itself.  This, 
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however,  is  an  immediate  consequence  of  the  following  almost  evi- 
dent 

Theorem  3«  For  a  closed  module  H  of  the  special  form 
f(  ^•••»\T)»  ni»»»*i  n  »  °»"M  °)}  (see  structure  theorem  R^ 
the  dual  module  H*  is  the  module  /(O,...,  0,  n-p...,  n«,  *ii».» 
^    )}  with  zero's  on  the  coordinate  places  which  before  had 
arbitrary  value s.P  arbitrary  values  *L,..,,  <^ffi-I)  Q  on  the  coordi- 
nate Places  which  before  had  the  value  zero,  and  arbitrary  integers 
n^,.,.,  n  on  the  places  which  also  before  had  arbitrary  integral 
values. 

In  order  to  prove  theorem  3  we  first  observe  that  obviously 
all  the  points  (0,...,  0,  n^,...,  nq,  <lt...,  ^m.p.q)  He  in  Hf . 
Conversely,  we  have  to  show  that  all  points  in  H'  have  the  form 
mentioned.  Since  the  points  A  in  Hf  have  to  fulfill 

(  ^  0*  0>"*i  0)  »ASO  (mod  1)  for  all  values   ^ 
it  follows  that  the  first  coordinate  in  A  must  be  zero,  and  ana- 
logously for  the  p  first  coordinates  in  A  (we  suppose  that  p>0). 
Since 

(0,  0,...,  0,  1,  0,...,  0)  -AHO  (mod  1) 
1  2  ...  p  p+1 

it  follows  that  the  (p  +  1)  coordinate  in  A  must  be  integral, 
and  analogously  for  the  (p  +  2)  ,  ,..,  (p+q)  coordinate  (we 
suppose  that  q^O).  This  proves  theorem  3. 

LL  Vv'e  now  pass  to  the  establishment  of  the  duality  between 
ROO  and  R°°.  Let  T  be  an  arbitrary  linear  transformation  in 
ROO.  Let  the  fundamental  points  (1,  0,  0,  ***),(0,  1,  0,  ***), 
...  by  the  transformation  be  taken  into  the  points 
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T(l,  0,  0,  ***)  =  S1  =  (tu,  ta,  ***) 
T(of  l,  o,  ***)  i  S2  r  (t12,  t22,  ***) 

from  R^.  The  arbitrary  point  A  s  (a^,  a2,  ***)  will  then  be 
carried  into  the  point 

B  s  T(A)  s  a  sl  +  a2s2  +  ***• 

Introducing  the  matrix  T  -  {trs}  the  linear  transformation  may  be 
written  B  -  TA.  In  the  following  we  denote  a  linear  transfor- 
mation and  the  corresponding  matrix  by  the  same  letter  T. 
Conversely,  each  sucn  matrix  equation 

hi  *12  *  * 
t21  t22  •  ' 


where  the  column  vectors  are  arbitrary  points  from  1^  is  a  linear 
transformation  in  R^  . 

We  now  define  the  scalar  product  between  two  points  A  - 
(a,,  a2,  ***)  and  X  -  (x,,  x2,  ...)  f  rom  R^  and  R°°  ,  respec- 
tively. We  put 

A«X«X»A=ax  4ax  4  *** 
11    22 

Evidently,  R^  consists  of  all  points  A  from  H   for  vtfiich  the 
scalar  product  A*X-ax  4  a,  x   *  ...  has  a  meaning  for  every  X 
from  R°°  .  In  matrix  notation  the  scalar  product  is  expressed  by 
A*X  or  X*A. 

For  a  given  linear  transformation  T  from  ROO  and  two  arbi- 
trary points  X  and  Y  from  R°°  we  now  set  up  the  condition 
(5)  A  «X  «  T(A)*Y  for  every  A  from  R^o  . 
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We  shall  show  that  this  condition  is  equivalent  to  a  continuous 
linear  transformation  in  R"*  of  Y  into  X  (and  thus,  in  particular, 
that  to  any  given  x  there  exists  one  and  only  one  X  satisfying  (5))< 

In  matrix  notation  the  condition  runs  as  follows 

A*X  s  ITA)*Y  or  A*X  s  A*T*Y, 

Putting  successively  A*  -  (1,  0,  0,  ***),  (0,  1,  0,  ***),  ...  in 
this  relation  we  get 
(6)  X  -  T*Y 

and  conversely  the  former  condition  follows  from  (6)  by  left  mul- 
tiplication with  A*. 

That  such  a  transformation  in  R°° ,  expressed  by  help  of  a 
matrix  T*  whose  row  vectors  are  arbitrary  points  from  R«.  ,  is 
really  a  continuous,  linear  transformation  in  R*°,  follows  at 
once. 

Putting  (6)  into  i5)  and  changing  Y  to  X  we  get  the  relation 

17)  A«T*(X)  s  T(A)  •  X  for  every  A  from  R«*  and  every  X 
from  R°°. 

gjL  We  now  define  a  substitution  in  Re*  as  a  linear,  one-to- 
one  transformation  of  R^  onto  R^  . 

If  T  is  a  substitution  in  R^  the  condition  (5)  is  equiva- 
lent to  the  condition 

18)  A»Y  •  T  (A)»X  for  every  A  from  RO«  f 

in  fact,  we  have  only  substituted  T~  (A)  for  A  and  interchanged 
the  two  sides  of  the  equation  (5)*  uere  T"  denotes  the  inverse 
substitution  of  T.  Since  (5)  was  equivalent  to  (6)  we  see  that 

(8)  is  equivalent  to 

(9)  Y  *  (?" Vx. 

Hence  also  the  relations  (6)  and  19)  are  equivalent  which  shows 
that  T*  is  a  one-to-one,  linear,  bicontinuous  transformation  of 
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R°*  onto  R"*,  i.e.,  a  substitution  in  R*"f  and  that  (T*)"  s 
IT"1)*.  Putting  T»  =  (T*)"1,  and  replacing  X  by  T'(X)  in  (7), 
we  obtain  the  following 

Theorem  4.  I£  T  is  a  substitution  in  R«  then  T*  is  a 
substitution  in.R°°  and  there  exists  a  uniquely  determined  sub- 
stitution T*  ln.R°°  such  that 
(10)  A.X  =  T(A).T'IX) 

for  every  A  from  ^  and  every  X  from  R°°,  viz.f  the  substitu- 
tion T*  r  (T*)"1  =  IT"1)*. 

We  call  T1  the  dual  substitution  of  T. 

24.   We  now  interchange  the  two  spaces  R^  and  R°°  and 
start  by  considering  an  arbitrary  continuous,  linear  transformation 
T  in  R°°.  Let  the  fundamental  points  U,  0,  0,  ...),  10,  1,  0,  ...), 
...  be  taken  by  the  transformation  into  the  points 

TflO,  1,  0,  ...)}  = 

from  R"°,  In  order  to  obtain  the  image  by  the  mapping  of  an  ar- 
bitrary point  X  -  (x  ,  x  ,  .,.)  in  R°°  we  first  consider  the  point 
(x  ,  x  ,  ,..,  x  ,  0,  0,  ...).  This  point  will  be  taken  into 

X1S1  *  X2S2  •*••••+  xnsn  ^  since  U,i  x2,  ,..,  x  ,  0,  0,  ..,) 
— >•  (x^,  x^,  ...)  for  n-*oo  it  follows  that  X..S,  t  x2S2  4  ... 
must  be  convergent  for  every  Up  X2>  •••)  from  R°°  and  that 

Y  =  T(X)  =  x^  4  x2S2  4  .... 
In  matrix  form  the  transformation  is 

1)  For  the  proof  of  our  main  result,  viz.,  the  structure 
theorem  R"°,  section  2  is  unnecessary. 
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11     12 

t       t       *** 
21     22 


where  the  row  vectors,  in  order  that  x,S,  +  *2*2  *  "*  ^e  con~ 
vergent  for  every  X,  are  points  from  I^Q  .  Conversely,  as  also 
mentioned  above,  each  such  transformation  is  a  continuous,  linear 

oo 

transformation  in  R  . 

We  now  proceed  by  setting  up  a  condition  analogous  to  (5), 
only  with  the  spaces  ROO  and  R°°  interchanged,  and  continuing  in 
this  way  we  obtain  the  analogous  form  of  theorem  4: 

Theorem  4a.  I£  T  is  a  substitution  in  R°°  then  T*  is  a 
substitution  in  R^  and  there  exists  a  uniquely  determined  sub- 
stitution T1  la.  R^  such  that 
(10a)  X.A  s  T(X).Tf(A) 

for  every  X  from  R°°  and  every  A  from  ^  ,  viz..  the  substitu- 
tion T*  :  IT*)"1  =  (T"1)*. 

We  call  T1  the  dual  substitution  of  T. 

From  the  theorems  4  and  4a  immediately  follows 

Theorem  5 •  For  an  arbitrary  substitution  T  from  R°°  or  Roo 
the  dual  substitution  TTI  of  its  dual  substitution  T1  is  the  sub- 
stitution itself.  i«e«. 

T"  =  T. 

1£.  We  have  defined  a  substitution  in  R°°  and  a  substitution 
in  1^  in  different  ways,  in  fact,  we  did  not  claim  the  bicontin- 
uity  of  a  substitution  in  Ro*  ,  such  as  we  did  in  R°°.  So  far, 
we  cannot  speak  of  continuity  in  Rao  at  all,  since  we  have  not 
yet  introduced  any  notion  of  convergence  in  R^  .  We  now  introduce 
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such  a  convergence  notion  in  R^  which  is  essential  for  us  in  the 
1'ollovting  land  which  is  not  the  one  obtained  by  considering  R^,  as 
a  subspace  of  R°*) . 

ii..  We  first  observe  that  our  notion  of  convergence  in  R"* 

~  In)     in)    in) 

on  account  of  which  a  sequence  X   =  (x,   ,  X2   ,  . ..)  is  said 

to  converge  towards  X  -  lx^,  x^,  ...)  if  x^^  >  Xp  x2  ^  x2 

. ..  may  also  be  stated  as  follows: 

A  sequence  X   converges  towards  X  if  and  only  if 

A.X  >  A.X  for  every  A  from  R«»  . 

In  fact,  since  a  point  A  from  R^  only  contains  a  finite  number 
of  non-zerc  coordinates  the  former  condition  involves  the  latter, 
and  conversely,  the  former  condition  is  obtained  from  the  latter 
by  putting  successively  A  -  U,  0,  0,  ***),  (0,  1,  0,  ***),  .... 

In  the  new  form  the  notion  of  convergence  in  R"°  has  a  dual 
notion  of  convergence  in  Ro«  : 

A  sequence  Aln^  of  points  from  1^  is  said  to  converge  to- 
wards a  point  A  from  R  ^  if  and  only  if 

X-Atn' — y  X.A  for  every  X  from  R°°  . 
This  will  be  our  convergence  notion  in  R^  .  ' 

With  this  convergence  notion  in  ROO,  let  us  first  show  that 
a  linear  transformation  T  in  ROQ  (in  contrast  to  a  linear  trans- 
formation T  in  R°°)  is  always  continuous,  i.e.,  that  T(A  ) 

— >  T(A)  for  A(nl — y  A.  In  fact,  from  (7),  and  A  >  A,  it 

follows  that  for  an  arbitrary  X  from  R°° 

1)  In  the  following  we  shall  use  only  the  definition  of  con- 
vergence in  Roo  in  the  above  form;  we  may,  however,  mention  that 
this  definition,  as  easily  seen,  is  equivalent  with  the  following 
(more  direct)  one:  Convergence  of  a  sequence  in  Roo  means  conver- 
gence in  every  coordinate  and  moreover  the  existence  of  a  number 
p  depending  only  on  the  sequence,  such  that  all  points  of  the 
sequence  have  0  on  the  coordinate  places  with  higher  number  than  p. 
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-  *T*(X).A  .  X-T(A) 
which  proves  the  statement.  Hence,  also  in  R^  the  substitutions 
are  Just  the  linear,  one-to-one,  bicontinuous  transformations  of 
RO*  onto  R^  * 

^.  If  M  is  an  arbitrary  point  set  in  R^  we  may  consider 
the  '•dual11  point  set  M1  in  R°*  which  consists  of  all  points  X 
for  which 

A»X  SO  (mod  1)  for  every  A  from  M. 

Obviously  the  set  M1  is  a  module.  Furthermore  M1  is  closed, 
for  if  Xln)  -  »X  in  R*°  and  all  X(n)  lie  in  Mf  ,  then  for  every  A 
from  M  we  have  OSA.X(n)  -  >  A«X  so  that  A.X20.  That  M1 
is  closed  may  also  be  expressed  by 

(F)  a  M'. 

Analogously,  we  may  prove  that 
(11)  (M)'  =  M', 

for  if  A^n)  -  >  A  in  Roo  and  all  A(n'  lie  in  M,  then  for  every 
X  from  M1  we  have  0=X«A*n)  —  >  X«A  so  that  X'AHO. 

Similarly,  if  M  is  a  point  set  in  R"°  we  define  its  dual 
point  set  Mf  in  Roo.  Evidently  Mr  is  also  here  a  closed  module 
and  (11)  is  valid. 

In  particular,  every  module  M  in  Roo  or  R*°  has  a  (closed) 
dual  module  in  R°°  or  Roo  respectively. 

With  the  notations  introduced,  we  see  at  once  that  theorem  1 
is  also  true  if  the  space  Rm  is  replaced  by  R«o  or  R°°. 

U..  Starting  from  an  arbitrary  point  set  K  in  Roo  or  R°°  , 
and  repeating  the  process  above  of  passing  to  the  dual  set,  we 
get  a  point  set  (closed  module)  M"  =  (Mf)f  lying  in  the  ori- 
ginal space.  It  is  plain  that  Mff£  M.  Since  moreover,  on  ac- 
count of  (11)',  we  have  M"  =  (M)"  we  see  that 
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U2)  M"  g  M  . 

We  shall  proTe  that  when  M  Is  a  module  the  sign  of  equality  holds 
in  (12).  In  fact,  analogously  to  theorem  2  in  the  finite-dimen- 
sional case  we  have  the  following  two  important  theorems  in  our 
infinite-dimensional  spaces. 

Theorem  6.  For  an  arbitrary  module  M  ifi.  R   the  dual  mo- 


dule M"  of  its  dual  module  Mf  is  the  closure  M  fi£  M,  i.e.. 

M"  -  M  . 

Theorem  6a.  For  an  arbitrary  module  M  J&  R°°  the  dual 


module  U"  of  its  dual  module  M1  is  the  closure  M  fl£  M, 

M"  -  M  . 

We  begin  by  proving  theorem  6a  which,  as  we  shall  see,  may 
easily  be  deduced  from  the  analogous  theorem  2  for  the  m-dimension- 
al  case,  m  =  1,  2,  ....  As  to  theorem  6  (which  will  not  be  needed 
for  the  establishment  of  our  main  result)  we  postpone  its  proof  to 
1,6;  it  follows  the  same  line  as  the  proof  of  theorem  2  and  will  be 
based  upon  a  structure  theorem  for  closed  modules  in  R^  .  This 
structure  theorem  R^  ,  which  will  also  be  an  important  tool  in 
the  proor  of  our  main  result,  i.e.,  the  structure  theorem  R  °°  t 
will  be  given  below  in  l/^. 

Proof  of  theorem  6a.  We  have  already  observed  that  M"  g  M. 
Thus  we  have  only  to  prove  that  M"  i  M.  Let  then  Y  *  (y1,  y2,  ...) 
be  an  arbitrary  point  in  M".  In  order  to  show  that  Y  lies  in  M, 
let  m  be  an  aroitrary  positive  integer.  We  consider  the  points 

'al*  a2f  *"'  am*  0>  0>  ***'  =  ^ai'  a2*  *"1  a  '  from  the  common 
part  L  of  M'  and  the  a-La2...am-space.  Then  for  every  point  in  L 

we  have 

H3)  ty-p  y2,   ...,  ymMalf  a2>   ...,  affl)  5  0  (mod  1). 

Next,   let M  denote  the  projection  of  M  on  the  i^...^- space 
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(i.e.,  the  set  or  points  Ulf  x2,  ...,  JL^  arising  from  the  points 
(Xp  *2,  ...)  of  M  by  cancelling  all  coordinates  with  indices  >m). 
Then  plainly  L  sj^l1*  and  thus  on  account  of  (13)  the  point 
(y^t  72f  •••*  ym)  Belongs  to/*jn.  Now,  according  to  theorem  2, 

Jf  -A 

and  hence  (ylf  y0,  ..«,  y  )  can  be  approximated  by  points 
JL   <      m 

(XT,  x2>  •  ••»  x^  fromM.  Since  m  is  arbitrary  it  follows  that 
Y  -  (ylt  y2,  ...)  can  be  approximated  by  points  ixlf  x2f  •  ••)  from 
If,  i.e.,  Y  must  lie  in  M,  q.e.d. 

14,.  We  shall  now  prove  the  following  structure  theorem  for 
closed  modules  in  R^>  which  ilike  the  structure  theorem  R°°  to 
be  proved  later  on)  is  quite  analogous  to  the  structure  theorem 

Rm- 

Structure  theorem  R«»  .  A  closed  module  in  the  infinite-di- 
mensional space  R^  .is  a  "point  set  E  which  by  a  substitution  can 
be  transformed  into  a  point  set  of  a  special  form,  denoted  by  R^ 
namely,  a  point  set  |(alf  a2,  ...,  a^  ***)}  of  the  following 
structure;  The  indices  1,  2,  ...,  n,  ...  can  be  divided  into  three 
fixed  classes  |nr},  (ns]>  (nt^ which  depend  only  on  the  point  set. 
such  that  the  coordinates  &   independently  run  through  all  num- 
bers, and  the  coordinates  a-  independently  run  through  all  in- 

nis 

tegeraf  while  all  the  remaining  coordinates  an  are  constantly 
zero.  Only,  of  course,  the  simultaneous  variation  of  the  a^  and 
the  a^  in  the  set  is  limited  by  the  obvious  demand  that  (a-*,  a2, 
***)  always  shall  lie  in  Rr*,  ,  i.e.,  have  0  from  a  certain  coordi- 
nate place  (depending  on  the  point).  Conversely,  each  such  point 
set  E  is  a  closed  module. 

Again  the  latter  part  of  the  theorem  is  obvious* 
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In  order  to  prove  the  theorem  (i.e.,  the  first  part  of  it)  we 
shall  use  the  structure  theorem  Rm  in  the  following  form: 

Structure  Theorem  Rm.  A  closed  module  H  in  the  m-dimen- 
sional  space  R  is  a  point  set  to  which  can  be  found  linearly 

-  -----  -n-T---    ^  -     .......  ~1'   -  "    -—— 

independent  vectors  Fp  ...,  F  ,  Vp  ...,  V.  IP  *  q  -5  m) 
such  that  the  point  set  consists  of  all  points  of  the  form 


where  £  ,  .  .  ,  ,  f  independently  run  through  all  numbers  >  and  h.  , 
,  ,.,  h  independently  run  through  all  integers. 

We  shall  say  that  the  vectors  Fp  ...,  F  ,  Vp  .  ..,  V  gen- 
erate H  with  arbitrary  and  integral  coefficients,  respectively. 

Moreover,  we  also  need  the  following  recursive  information 
on  the  freedom  with  which  we  can  choose  the  generating  vectors 
Fp  ...»  F  ,  Vp  ...,  V  for  a  given  closed  module  in  R  . 

Additional  Theorem  R^.  £f  H  is  a  closed  module  in  R^ 
afld  S  ia  a  subspaoe  (vector  space)  of  Rm  we  can  choose  the 
generating  vectors  of  H  by  choosing  first  in  an  arbitrary  way 
generating  vectors  of  the  closed  module  SoH   and  next  sup- 
plementing these  vectors  with  certain  other,  vectors  (if  necessary) 
The  generating  vectors  of  SnH  shall  be  taken  with  the  same 
type  of  coefficients  (arbitrary  f  or  integral  h)  used  in  the  gen- 
eration of  H. 

We  are  now  able  to  prove  the  structure  theorem  R^  .  We  de- 
note by  E^  the  common  part  of  H  and  the  x....  x  -space.  Then, 
obviously,  E^  is  in  the  usual  sense  a  closed  module  in  the 

IjSftH  denotes  the  common  part  of  S  and  H. 
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x,  ...x^space.  Furthermore,  II  is  the  common  part  of  H   , 
and  the  x^..*xm-space.  Hence  it  follows  from  the  additional  theo- 
rem Rm,  m  =  1,  2,  . ..,  that  we  can  generate  successively  the 
closed  modules  H^,  H2,  .  ••  by  linearly  independent  vectors  with 
arbitrary  and  integral  coefficients  in  such  a  way  that  the  gener- 
ating vectors  of  1^  ^  ^  are  the  generating  vectors  of  H^  with 
the  same  type  of  coefficients,  in  connection  with  other  vectors 
(if  necessary).  In  this  way  we  get  a  sequence  of  linearly  inde- 
pendent vectors  G^,  G2,  •••  which  provided  with  suitable  types 
of  coefficients  (integral  or  arbitrary)  will  generate  H  (genera- 
tion, of  course,  in  the  sense  that  for  each  vector  of  H  only  a 
finite  number  of  generators  is  used) .  With  arbitrary  coefficients 
the  vectors  span  a  subspace  ft(H)  of  R^,  .  Let  Q.  denote  the 
common  part  of  ft(H)  and  the  x^-axis.  If  the  space  Q^  is  not 
the  whole  x,-axis,  but  only  the  0-vector,  we  place  a  non-zero  vec- 
tor on  the  x^-axis.  Then  this  vector  together  with  ft(H)  will 
speui  a  space  ft'  '  which  contains  the  x^-axis.  If  ft(H)  itself 
contains  the  x^-axis  we  put  ft   s  ft(H).  Next,  let  ft2  denote 
the  common  part  of  ft'  '  and  the  x,x2-plane.  If  the  space  Q2  is 
not  the  whole  x,x2-plane,  but  only  the  x.-axis  we  place  a  vector 
in  the  x^Xg-plane  outside  the  Xj-axJs.  Then  this  vector  together 
with  ft'1'  will  span  a  space  ft   which  contains  the  x^-plane. 
If  ft'1^  itself  contains  the  x^-plane  we  put  ft'2'  s  ft   •  In 
this  way  we  continue.  If  the  vectors  thus  found  in  one  way  or  the 
other  are  put  into  a  sequence  with  the  vectors  G^f  G2,  ...  we 
get  a  sequence  of  linearly  independent  vectors  IL,  IL,  ... 
which  provided  with  suitable  types  of  coefficients  izero,  integral 
or  arbitrary)  will  generate  H  and  with  mere  arbitrary  coefficients 
the  whole  space  R^  .  The  linear  independence  of  Up  U2  >  ••• 


1)11.    Courant  Anniversary  Volume  1948. 


STRUCTURE  THEOREM  FOR  CLOSED  MODUIES  61 

secures  that  each  point  in  R   has  only  one  representation  by 
this  generation.  Hence 

B  -  a^  4-  a2U2  4  *** 

is  a  substitution  in  R^of  A  i  (a^,  a2,  ***)  into  B.  It  takes 
the  fundamental  vectors  (1,  0,  0,  ***),  (Ot  1,  0,  *** ) ,  ...  into 
the  vectors  Uj,  U2,  •  •••  Therefore  the  inverse  substitution, 
which  takes  U,,  U2,  ...  into  the  fundamental  vectors,  will 
take  the  closed  module  H  into  a  set  {(a,,  a2,  ***))  determined 
by  B^  s  0  for  certain  i,  a^  arbitrary  integral  for  certain  i,  and 
a,  arbitrary  for  the  remaining  i.  This  proves  structure  theorem 

ROO» 

15.  We  have  now  obtained  all  the  means  necessary  to  prove 
the  main  theorem  of  this  paper,  i.e.,  the  structure  theorem  R  . 
Let  first  H  be  an  arbitrary  closed  module  in  R^.  Then,  on  ac- 
count of  the  structure  theorem  R^,  there  exists  a  substitution 
T  in  R^  such  that  T(H)  has  the  special  form  S^  mentioned 
in  the  structure  theorem  R^ .  The  dual  module  Hf  of  H  is  a 
closed  module  in  R°° .  We  shall  show  that  Hf  by  a  substitution 
can  be  taken  into  a  closed  module  of  the  special  form  S   men- 

00 

tioned  in  the  structure  theorem  R  ,  In  fact,  the  dual  trans- 
formation T1  of  T  has  this  property,  for  on  account  of  theorem 
1  (for  R^)  TMH')  -  IT(H))1  and  (T(H))f  is,  as  the  dual 
module  of  a  closed  module  of  the  special  type  S^  ,  itself  of  the 
special  type  S*°as  appears  from  the  following 

Theorem  7.  The  dual  module  of  a  module  of  the  type  S^  ,  and 
more  explicitly,  of  a  point  set  f(a  ,  a  ,  ***)J  where  the  a   are 

arbitrary,  the  a   integral,  and  the  a   zero,  is  a  module  of  the 
no  n+ 

00  S  t  1 

type  s  >  namely  more  explicitly  the  point  set  jUn,  *2,  •••){ 
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where  the  xn  are  zero,  the  xn  integral >  and  the  x   arbitrary, 

r  s  t 

The  proof  is  quite  analogous  to  the  proof  of  theorem  3  and 

may  therefore  be  omitted. 

We  saw  above  that  the  dual  module  of  a  closed  module  in  R^ 
by  a  substitution  oan  be  taken  into  a  point  set  of  the  special  type 
S  .  The  structure  theorem  R°°  will  therefore  follow  if  we  can 
show  that  every  closed  module  H  in  R°°  is  the  dual  module  of  a 
closed  module  K  in  R^.  This,  however,  is  an  immediate  conse- 
quence of  theorem  ba,  on  account  of  which  H  -  (H1)'  so  that  we 
may  use  H1  for  K. 

16.  We  now  pass  to  the  proof  of  theorem  6,  Let  M  be  an 
arbitrary  module  in  R^  .  We  shall  show  that  M"  -  M.  Since 
from  111)  we  have  (M)1  -  Mf  it  is  enough  to  prove  that  HM  s  H 
for  an  arbitrary  closed  module  H  in  RQO.  If  T  is  an  arbitrary 
substitution  in  ROO  this  is  equivalent  to  TIH")  =  T(H).  Re- 
placing the  first  T  by  T"  by  help  of  theorem  5  and  using  theorem 
1  twice  on  the  left-hand  side  of  the  equation  (for  the  spaces  Jf° 
and  Roo)  we  see  that  it  can  be  written  IT(H))"  -  T(H).  This 
is  the  original  equation  for  the  transformed  module  T(H) .  Now 
by  help  of  structure  theorem  R^  we  can  choose  T  such  that  T(H) 
becomes  a  set  of  the  type  S^  .  The  equation  (T(H))rf  -  'T(H) 
is  then  an  immediate  consequence  of  theorem  7  and  its  analogous 
theorem* 

12»  We  finally  remark  that  the  duality  considered  above  in 
connection  with  the  space  R^,  and  R°°  is  the  sort  of  duality  which 
Pontrjagin  has  established  between  an  abelian  group  and  its  charac- 
ter group.  It  is,  moreover,  a  simple  example  where  Pontrjagin1 s 
assumption  of  local  compactness  is  not  fulfilled. 


Dll.    Courant  Anniversary  Volume  1948. 


FUNCTION  THEORY 


A  THEOREM  CONCERNING  POWER  SERIES 
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1.  The  theory  of  Diophantine  approximation  has,  as  I  have  shown  in  a 
series  of  previous  papers,!  important  applications  to  the  theory  of 
Dirichlet's  series.  It  becomes  clear  in  the  course  of  these  investigations 
that  the  theory  of  the  absolute  convergence  of  Dirichlet's  series  of  the 
type  2ann~*  is  very  closely  connected  with  the  theory  of  power-series  in 
an  infinite  number  of  variables.  As  an  illustration  of  this  I  may  men- 
tion the  following  theorem  :  — 

Let  Za»M"~*  be  a  Dirichlet's  series  absolutely  convergent  for 
cr  =  &(.s)  =  <TO,  and  let 


be  the  power-series  which  may  be  obtained  formally  from  the  Dirichlet's 

series  by  writing 
* 


. 
Pi    =  xi 


where  pr  denotes  the  r-th  prime  number.     Let  6  denote  the  set  of  points 

*  Extracted  from  letters  of  the  author. 

|  See,  for  example,  Ada  Math&natica,  Vol.  3C,  pp.  197  240, 
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in  the  plane  of  the  complex  variable  corresponding  to  the  values  taken  by 
the  Dirichlet's  series  when  the  variable  s  =  ar+it  describes  the  line 
a*  =  GTO,  and  6  the  set  of  points  corresponding  to  the  values  taken  by  the 
power-series  when  the  variables  xltx^t  ...  describe  independently  the  circles 

I/*»    1  —  v\~~*Q        I  r    I  •—  'M~"<r° 
X\  I  —  Pi       >       I  ^3  I  ~  F2      > 

Then  the  set  0,  which  is  obviously  part  of  0,  is  everywhere  dense  in  0. 

In  particular  the  solution  of  what  is  called  the  "  absolute  convergence 
problem  "  for  Dirichlet's  series  of  the  type  2ann~8  must  be  based  upon  a 
study  of  the  relations  between  the  absolute  value  of  a  power-series  in  an 
infinite  number  of  variables  on  the  one  hand,  and  the  sum  of  the  absolute 
values  of  the  individual  terms  of  this  series  on  the  other.  It  was  in  the 
course  of  this  investigation  that  I  was  led  to  consider  a  problem  concern- 
ing power-series  in  one  variable  only,  which  we  discussed  last  year,  and 
which  seems  to  be  of  some  interest  in  itself. 

2.  The  question  which  we  discussed  was  as  follows,  Let  xl  be  a  posi- 
tive number  between  0  and  1.  Is  it  always  possible  to  find  a  power- 
series  2anxn  such  that 

(1)  f(x)  =  2anxnis  regular  for  \x\  <  1  and  continuous  for  |#|  ^  1, 

(2) 

(8) 


It  is  obvious  that  the  question  is  to  be  answered  in  the  affirmative 
when  #!  is  sufficiently  near  to  1  :  in  fact,  the  hypotheses  (1)  and  (2)  are 
perfectly  consistent  with 


as  x1  ->  1.     I  can,  however,  now  prove  that  the  general  question  must  be 
answered  negatively.     This  is  shown  by  the  following  theorem. 

THEOREM.  —  If  the  conditions  (1)  and  (2)  are  satisfied,  then 

2  |  0,3"  |  <  1, 

for  |tc|  <i;  *X  2K|6-W  <  1. 

It  is  plain  that  we  may,  without  loss  of  generality,  suppose  a0  real  and 
positive.    Then  ac=/(0)<l. 
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Let 


R=  max  *{g(x)\, 

\x\  =  1 

m  =  max  \g(x)\. 


We  use  the  inequality  of  CarathSodory* 


max       (*)<y         j  --  max  ms, 

r|  =p  ''~rp          ?'  —  P    |*l  =  r 

in  which  -F(z)  is  supposed  regular  for  |  x  \  <  r,t  and  0  <  /o  <  r,  and 


Taking  F(x)  =  g(x),  so  that  ft  =  y  =  0,  and  r=  1,  p  =  J,  we  obtain 

m<2E. 
Now  R  >  0,  and  so 

r/0+JR  =  a0+  max  E  \g(x)  \  <  max  |a0+^(^r)  |  =  max  \f(x)  \  <  1  ; 

I  T      =  1  I  «  I   =  1  I1|-=1 

i.e.,  B<l—aQ, 

and  »  =  max  \g(x)\  <  2(1—  a^. 


But  «B 

and  so  |aw|<  27lm  <  2n+1(l~a0)- 

Accordingly,  f  or  |  JT  \  <  J,  we  have 

i  |  anxn  |  =  a0+S  I  anxn  \  <  a0+2  (1  -aj  2 

o  i  i 

.    4(1  —  «0)  I  a;  I 
=  a°+      1"~2|J[ 

Thus  the  theorem  is  proved. 

8.1  If  A;  is  any  positive  number  less  than  unity,  it  either  is  or  is  not 


*  See,  for  example,  Landau,  Handbicch,  p.  299. 

f  The  inequality  obviously  still  holds  if  F  (x)  is  regular  for  |  x  |  <  r,  and  continuous  for 
I  x  I  <  r. 

|  This  section  is  extracted  from  a  later  letter  dated  June  19th,  1913. 
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true  that  the  hypotheses  (1)  and  (2)  involve 

2  |  anx«  |  <  1 

for  |  x  |  <  k.  It  follows  from  my  theorem  that  the  numbers  k  for  which 
the  implication  holds  have  a  positive  upper  limit  K,  and  that  K  >  J. 

The  problem  remains  of  the  exact  determination  of  the  value  of  K. 
I  have  learnt  recently  that  Messrs.  M.  Riesz,  Schur,  and  Wiener,  whose 
attention  had  been  drawn  to  the  subject  by  my  theorem,  have  succeeded 
independently  in  solving  this  problem  completely.  Their  solutions  show 
that  K  =  J.  Mr.  Wiener  has  very  kindly  given  me  permission  to  re- 
produce here  his  very  simple  and  elegant  proof  of  this  result. 

Wiener  proves  first  that  if  the  hypotheses  (1)  and  (2)  are  satisfied,  and 
if,  as  above,  we  assume  that  0  <  a0  <  1,  then  the  inequality 

|ow|<2^1(l-a0) 
established  above  may  be  replaced  by 

a)  KKI-X. 

For  n  =  1  this  is  a  known  result,  which  follows  at  once  from  the  fact 

that  the  function  ~,  . 

f(x)-a0 


x\l-aj(x)\ 

is  regular  for  |#|<1,  continuous  for  |#|^1,  numerically  less  than  1 
for  |  x  |  =  1,  and  takes  for  x  =  0  the  value  »!/(!—  a*).  Now  let  n  be  any 
integer  greater  than  1,  and  let  p  be  a  primitive  n-th  root  of  1.  Then 

lx)  =  2   namnxwn 

wi=0 

is  regular  for  j  x  \  <  1   and  continuous  and  numerically  less  than  n  for 
x    <  1.    Hence  it  follows  that  the  function 


satisfies    the   conditions  originally  imposed  upon  f(x)\   and  thus  (1)  is 
proved. 

A  fortiori,  for  n  >  1, 


(2) 

and  so        2  8~tt  |a«|<  a0+2(l-a0)  I  8-*  =  a0+l-a0  =  1. 

Thus  K  >  i. 

That,  on  the  other  hand,  K  ^  £,  follows  immediately  from  the  con- 
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sideration  of  the  special  fuuctiou 


X  ~""Ct*C 

where  0  <  a  <  1.    Here 


"  I  >  max 

1 


I  —  ax 
(l-a)\X\  2 


and  . 

Hence 

for 

i.e.,  for 

As  a->  1,  the  last  expression  tends  to  the  limit  £.     Thus  K  ^  £,  and  so 
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En  funktionsteoretisk  Bemserkning. 

Af  Ha  raid    Bohr,    Kabenhavn. 


i.      Hlandt  Maengden  af  hele  transcendente   Funktioner 

f(z)  —  a0  +  a±z  -f-  a^  -\-  •  •  -  +  anztl  +  -  -  • 

findes  der  som  bekendt,  og  som  man  meget  let  kan  vise, 
saadanne,  hvis  absolute  Vaerdi  |/~Cs)j  vokser  vilkaarlig  staerkt, 
naar  den  uafhaengige  Variable  z  =  x  -f-  iy  fjerner  sig  bort  i 
det  Uendelige  langs  en  opgiven  Radius-Vector,  f.  Eks.  langs 
den  reelle  positive  Akse;  herved  forstaas  i  n0jagtig  Formule- 
ring,  at  dersom  9  (or)  er  en  vilkaarligt  opgiven,  posi- 
tiv,  kontinuert,  stedse  voksende  og  med  x  i  det 
Uendelige  voksende  Funktion  af  den  positive  Va- 
riable X)  vil  der  eksistere  en  dertil  svarende  hel 
transcendent  Fu  n  kti  on  f(z}^  som  for  alle  positive  x 
opfylder  Betingelsen 

!/(*)!>  9  (*)• 

Denne  Sa^tning  kan  man  f.  Eks.  bevise  saaledes:  Lad  a0 
vaere  et  positivt  Tal  og  /ilf  ;/2,-  •  -«p,  •  -  •  en  voksende  F01ge  af 
hele  positive  Tal.  Da  er  Potensraikken  med  positive  Koeffi- 
cienter 


aabenbart  konvergent  for  alle  z  (idet  dens  Koefficienter  an  jo 
opfylder  Betingelsen  \/an  "^°  ^or  n  "v  °°)  °g  fremstiller  f01ge- 
Hg  en  hel  Transcendent.  Jeg  vil  bevise,  at  Koefficienten  a0 
samt  Talf01gen  nly  «2,-«-wp«««  kan  vaelges  saaledes,  at  Funk- 
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tionen/"(*)  opfylder  den  stillede  Fordring:  f(x)  >  9  (x)  for  x  >  o. 
Hertil    vselger    jeg   #0  =  9  (2),    og   bestemmer    ni    saaledes,    at 

/  3  \n* 
2n»><p(3),  derefter  /*a  >  n±  saaledes,  at  (--  j   >9(4),---   i  Al- 

mindelighed  wp  >  >/P_  i  saaledes,   at 


For  dette  Valg  af  Tallene  a0,  nlt  n2,  •  •  •  vil  /"(-s)  ojensynlig  op- 
fylde  Betingelsen  f(x)  >  9  (^r)  for  Jtr  >  o.  Thi  i)  er  o  <C  ^  <.  2, 
finder  vi 


og  2)  er  ^  ^  2,  og  bestemmer  vi  det  hele  positive  Tal  q  saa- 
iedes,  at  q  -\-  i  ^  x  <  ^  +  2,  finder  vi 


Hermed  er  den  omhandlede  Saetning  bevist. 

2.  I  Tilknytning  til  den  ovenfor  naevnte  Saetning  vecl- 
rorende  en  he!  Transcendents  Vsekst  langs  en  enkelt  Ra- 
dius-Vector omtalte  Professor  Nerlund  \  en  Samtale  med 
mig  folgende  Problem,  som  ban  var  st0dt  paa  ved  en  Under- 
sogelse:  Eksisterer  der  en  hei  Transcendent  f(s),  som  ikke 
blot  langs  en  enkelt  Radius-  Vector,  men  indenfor  en  hel 
Parallelstrimmel,  f.  Eks.  indenfor  den  ved  Ulighederne 
^tr>o,  —  I  <^y  <C  I  bestemte  Stnmmel,  vokser  vilkaarlig  staerkt 
i  det  Uendelige,  d.  v.  s.  som  i  ethvert  Punkt  z  =  x  +  iy  inden- 
for den  naevnte  Strimmel  opfylder  Betingelsen 


I/W  I  =  l/(* 
hvor  9  (x)    som  ovenfor    er   en  vilkaarligt   given,    positiv»  kon- 
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tinuert,  stedse  voksende  og  i  det  Uendelige  vokscnde  Funk- 
tion  af  den  positive  Variable  .#?  Hensigten,  med  denne  lille 
A  f  handling  er  i  f0rste  Linie  at  meddele  L0sningen  af  dette 
Problem,  nemlig  at  vise,  hvorledes  man  ved  Anvendelse  af  en 
Saetning  indenfor  Laeren  om  konform  Afbildning  i  Forbindelse 
med  en  kendt  funktionsteoretisk  Saetning  af  Carath&odory  kan 
indse,  at  det  stillede  Sporgsmaal  maa  besvares  benaegtende. 

3.  Jeg  skal  imidlertid  ikke  indskraenke  '  mig  til  at  bevise 
den  i  2  opstillede  Paastand  om,  at  en  hel  Transcendent  ikke 
kan  vokse  vilkaarlig  staerkt  i  det  Uendelige  indenfor  en  Parallel- 
strimmei,  men  skal  udlede  et  vaesentligt  almindeligere  Resultat, 
hvis  Bevis  ikke  er  vanskeligere  og  benytter  ganske  den  samme 
Tankegang,  som  Beviset  for  den  oven  for  naevnte  speciellere 
Saetning.  Det  almindelige  Resultat,  jeg  vil  udlede,  lyder  saa- 
ledes: 

Lad  der  i  den  komplekse  #-Plan  vaere  givet  et 
Omraade  Q  bestemt  ved  Ulighederne 

x  >  O  ,      —  co  (x)  <_>'  <  co  (*•), 


h  v  o  r  co  (x)  er  en  for^r^o  defincret,  positiv,  konti- 
nuert  Funktion,  som  aftager  mod  o  for  x—  >-  oo.  Der 
eksisterer  da  en  til  dette  Omraade  horende  (d.  v.  s. 
alene  ved  Omraadet  Q  bestemt)  positiv,  kontinuert 
Funktion  tj>  (x)  af  den  positive  Variable  x  med  f01- 
gende  Egenskab:  Enhver  Funktion  f(z)  ~f(x  +  tK)» 
der  er  analytisk  indenfor  Omraadet  Q,  og  hvis  n  u- 
meriske  Vaerdi  |/"(-8r)|  i  hele  dette  Omraade  forbliver 
storre  end  en  positiv  Konstant£,  vil  for  alle  til- 
straekkelig  store  Vasrdier  af  den  positive  Variable 
x,  d.  v.  s.  for  x^>  x^9  opfylde  Bet  in  gel  sen 


[Denne  Saetning    udsiger  aabenbart    i   10s  Formulering,    at    hvis 
en    i    Omegnen    af    en    Radius-  Vector    analytisk    Funktion  f(z) 
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vokser  meget  sta^rkt  i  numerisk  Vaerdi,  naar  z  fjerner  sig  i 
det  Uendelige  langs  denne  Radius- Vector,  da  vil  f  (2)  n0dven- 
digvis  »svinge«  meget  staerkt  i  den  umiddelbare  Nserhed  af 
Radius-Vectoren>  og  vil  specielt  i  denne  umiddelbare  Naerhed 
antage  numerisk  vilkaarlig  smaa  Vaerdier.] 

Be  vis:  Jeg  afbilder  det  indre  af  Omraadet  ^2  i  xr  Planen 
een-eentydigt  og  konformt  paa  det  Indre  af  Enhedscirklen  |  w|<  i 
i  en  ny  kompleks  Plan,  hvis  Variable  j eg  betegner  med  w  =  //+**'; 
denne  Afbildning  vaelger  jeg  saaledes,  hvad  der  i  Folge  en 
Hovedsaetning  indenfor  Laeren  om  konform  Afbildning  er 


muhgt  paa  en  og  kun  een  Maade,  at  Punktet  z  =  I  indenfor 
Omraadet  12  afbildes  i  Centrum  tw  =  o  af  Enhedscirklen,  og 
at  de  paa  Figurerne  ved  Pile  betegnede  Reininger  udfra  hen- 
holdsvis  Punkterne  z  =  i  og  iv  =  o  svarer  til  hinanden.  Med 
andre  Ord,  jeg  afbilder  Omraadet  Q  paa  Enhedscirklen  |z#|<  i 
ved  Hjailp  af  en  analytisk  Funktion  TV  —  a  (z),  der  opfylder 
Betingelserne:  a(i)  =  o  og  a'(i)  reel  positiv  Af  Symmetn- 
grunde  vil  ved  denne  Afbildning  den  positive  Akse  o<x<co 
i  #-Planen  aabenbart  afbildes  paa  Liniestykket  —  i  <1  u  <1  i, 
d.  v.  s.  Funktionen  u  =  a  (x)  vil  vaere  en  reel,  kontinuert  og 
stedse  voksende  Funktion  af  den  positive  Variable  x^  som 
naar  x  vokser  fra  o  til  oo  vil  vokse  fra  —  i  til  -f-  i.  —  Jeg 
paastaar  nu,  at  den  (alene  ved  Omraadet  Q  bestemte)  stedse 
voksende  og  i  det  Uendelige  voksende  Funktion  af  den  posi- 
tive Variable  x 


opfylder  den  i  Saetning  opstillede  Fordring*). 

*)  Jcg  fremhaever,  at  jeg  ikke  bar  s0gt  at  angive  den  »bedst  muliget  Funk- 
tion t|>(jcX  men  kun  at  bevise  £k  sis  ten  sen  af  en  Funktion  V>(A)  med 
den  omhandlede  Egenskab. 
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Dette  indses  saaledes:  Lad  f(z]  —  f(x  +  iy}  vaere  en  Funk- 
tion  af  den  i  Saetningen  omhandlede  Art,  d.  v.  s.  en  Funktion, 
som  er  analytisk  indenfor  Omraadet  Q,  og  hvis  numeriske 
Vaerdi  \f(z)\  indenfor  hele  Q  er  >  k  >  o.  Idet  f(z]  altsaa 
specielt  er  ^=  O  indenfor  Q,  deler  den  uendeligtydige  Funktion 
log  f(z)  sig  op  indenfor  Omraadet  Q  i  uendelig  mange  een- 
tydige  regulaere  Grene ;  jeg  betegner  en  vilkaarlig  valgt  af  dem 
med  F(z).  Der  gaelder  da  indenfor  hele  Q  Uligheden*) 

91  (*»)  -  Log  |/(*)|  >  Log*; 

Funktionen  —  91  (F(z})  er  altsaa  indenfor  Omraadet  Q  mindre 
end  en  positiv  Konstant  K.  Endvidere  vil  jeg  til  Afkortning 
betegne  den  absolute  Vaerdi  af  Tallet  91  (^(i))  med  K±.  Sam- 
tidig  med  den  indenfor  Q  analytiske  Funktion  F (s)  betragter 
jeg  den  »tilsvarende«  indenfor  Enhedscirklen  \iv\  <  I  analytiske 
Funktion  G  (w),  d.  v.  s.  den  Funktion  G  (iv\  der  er  saaledes 
forbundet  med  F(z),  at  jF(z)  og  G  (w)  antager  samme  Vaerdi 
i  henholdsvis  det  ene  og  det  andet  af  to  vilkaarlige  Punk- 
ter  z  og  w^  som  svarer  til  hinanden  ved  den  oven  for  be- 
tragtede  konforme  Afbildning;  med  andre  Ord,  der  gaelder 
Ligningen  G(fw]  =  ^(aC^))  =  F  (z},  Specielt  bar  vi  da  inden- 
for hele  Enhedscirklen  \iv\  <  i  Uligheden  — 9t(6r(w))<^f> 
hgesom  vi  har  ^(^(o)))  =  K^ 

Jeg  anvender  nu  folgende  kendte  Saetning  af  Caratheodory : 
Opfylder  den  for  |w|<  I  regulaere  Funktion  G  (w )  indenfor 
hele  Enhedscirklen  Uligheden  — 91  (G  (vu))  <C  AT,  samt  er 
|9t(6T(o))|  =  Aj,  da  gaelder  der  i  ethvert  Punkt  zf  indenfor 
Enhedscirklen  Uligheden 


\W\ 


Betydningen    af  denne   Ulighed    ligger    deri,    at    den   i   det    vil- 

})   Her    og   i   det    folgende    betegner   ?R  (c)  den    reelle    Del    at     det   kotnplekse 
Tal   z,   medens  I^og  .v  angiver  den   reelle  l.oganthtne   nf  del   positive  Tal  A. 


Ill   23*  E2.    Nyt  Tid^skr.  Mat.  B  27   (1916). 
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kaariige  Punkt  w  indenfor  Enhedscirklen  giver  os  en  h0jere 
Graense  for  den  positive  reelle  Del  -f-  9t  (  G  (iv))  udfra  Kend- 
skabet  til  i)  en  hejere  Grsense  for  den  negative  reelle  Del 
—  %t(G(w))  for  |w|<  i  og  2)  den  absolute  Vaerdi  af$R(G(iv}) 
i  Centrum  w  =  o.  Anvender  vi  Carath£odory*$>  Ulighed  paa 
vor  Funktion  ^(sf),  finder  vi  specielt,  idet  vi  saetter  vu  =  «, 
hvor  a  er  et  vilkaarligt  reelt  Tal  beliggende  paa  Radien 
o  <C  u  <C  i  ,  Uligheden 


altsaa   (ved  grov   Regning)    for    alle  u  tilstra^kkelig    naer  ved    i, 
d.   v.   s    for  u0  <  u  <:  i 


Saetter  vi  her  w  =  a  (4:),  finder  vi  for  alle  tilstraekkehg  store 
Vaerdier  af  x,  d.  v.  s.  for  x~^>  x0,  hvor  xtt  er  det  Punkt  inden- 
for Q,  der  svarer  til  Punktet  u0  indenfor  Enhedscirklen,  Ulig- 
heden 


Hermed  er  Beviset  for  den  opstillede   S^etning  fuldf0rt;   thi  idet 
%  er  den  sidst  fundne  Ulighed  ensbetvdende  med 


hvilket  netop  er  den   Ulighed,   vi  skulde  bevise. 


E2.    JV?*  Tid*akr.  Mat.  B  27  (1016). 


tlber  die  Koeffizientensumme  einer  beschrankten 
Potenzreihe. 

Von 

Harald  Bohr  in  Kopenhagen. 
Vorgelegt  in  der  Sitzung  vom  11.  November  1916  durch  Herrn  Landau. 

Einleitung. 

Es  sei 

f(X)  =    2  ««*" 

w  =  0 

im  Einheitskreise  |#|<1  regular,  nnd  es  werde 


gesetzt.  Es  bezeichne  6rw,  bei  festem  w,  die  obere  Q-renze 
von  |sn|  fiir  alle  im  Einheitskreise  |#|<1  regularen 
Funktionen  f(x),  die  der  Bedingung  |/"(a;)|<:l  fiir  \x\  <  I 
genugen.  Durch  eine  sinnreiche  Methode  ist  es  bekanntlich 
Landau1)  gelungen,  fur  jedes  n  ^  1  8)  die  Zahl  Gn  zu  bestimmen, 
und  zwar  mit  dem  Ergebnis 


*V-  1  1  P 

J   ~      +U 


2.4...2n 

Hiernach  ist,  wie  mit  Hilfe  der  Stirlingschen  Formel  unmittel- 
bar  zu  beweisen  ist3), 


1)  Vergl.  z.  B.  das  schdne  Buch  von  Landau.    Darstellung   und  Be- 
griindung  einiger    neuerer   Ergebnisse   de  r  Funk  tionentheorie. 
110  S     Berlin  1916,  worauf  ich  betreffs  der  Literatur  verweise. 

2)  Fiir  n  =  0  ist  offenbar  Gn  =  1 . 
8)  Landau  I.e.  S.  22—23. 


E  3.    Nfichr.  Ge*.  Wi»*.  GMtingen.  Math.  Phys.  Kl.   1910. 
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d.  h.  es  1st 


— 


v  n 

lim    ^  —  =-- 
w==00logn 


Wir  wenden  uns  nun  zu  einer  wesentlich  andererartigen  Frage- 
stellung,  namlich  der  folgenden:  Was  lafit  sich  bei  einer  festen 
fur  \x\  <  1  regularen  und  beschrankten  Funktion  f(x)  uber  die 
jjMaximalgrofienordnung"  der  Koeffizientensutnme  sn  bei  wachsendem 
n  aussagen?  Das  erste  und  wichtigste  hierhergehorige  Problem, 
namlich  die  Frage,  ob  die  Zahl  \sn\  bei  jedem  festen  f(x)  eine  be- 
schrankte Funktion  von  n  ist  oder  nicht,  ist  bekanntlieh  von 
Feje'r1)  gelost  worden,  und  zwar  mit  dem  Resultate,  da6  \sn\  bei 
festem  f(x)  nicht  beschrankt  zu  sein  braucht.  —  Durch  einen 
Blick  auf  die  Methode2),  mittels  welcher  Fej6r  eine  im  Einheits- 
kreise  \x\  <:  1  regulare  und  beschrankte  Funktion  f(x)  mit  nicht 
beschrankten  \sn\  konstruiert  hat,  ersieht  man  sofort,  dafi  diese 
Methode  nicht  nur  zum  Existenzbeweis  einer  solchen  Funktion 
f(x)  angewendet  werden  kann,  sondern  sogar  imstande  ist,  das 
folgende  genauere  Hesultat  zu  liefern:  Es  sei^(«)  eine  be- 
liebige  positive  Funktion  von  w,  die  =  o(logw)  ist, 

d.  h.    die    der   Bedingung    lim     .   ^       =  0   geniigt.     Dann 

n  =  oo  log  n 

gibt  es  zu  diesem  *l>(n)  eine  im  Einheitskreise  \x\  -<:  1 
regulare  und  beschrankte  Funktion  f(x)  derart,  dafi 
die  Ungleichung 


fiir  unendlich  viele  n  erfiillt  ist.  —  Die  Fej6rsche  Me- 
thode erlaubt  dagegen  nicht,  zu  entscheiden,  ob  es  eine  fur 
\x\  <  1  regulare  und  beschrankte  Funktion  f(x)  derart  gibt,  dafi 

lim  sup  J^L  >  0 
n  =  o£  logn 

ist,  oder  anders  ausgedriickt,  ob  die  (z.  B.  aus  dem  Landauschen 
Resultate  Gn  rv  —  log  n  nnmittelbar  folgende)  Relation  sn=O  (log  ») 

7t 

fiir  jede  feste  im  Einheitskreise  \x\  <:  1  regulare  und  beschrankte 
Funktion  f(x)  durch  die  scharfere  Relation  sn  =  o(logw)  ersetzt 


1)  Vergl.  z.  B.  Landau,  1.  c.  S.  8  und  S.  23—25. 

2)  Siehe  Landau,  I.e.  8.  24—25. 


E  3.    Nachr.  Qes.  Wiss.  Qbttingen.  Math.  Phys.  Kl.   1916. 
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werden  kann.  Wie  Land  an  in  seinem  Buche  hervorhebt  *),  ist 
diese  letzte  Frage  bisher  nngelost. 

Der  Zweck  dieser  Abhandlung  ist  die  Erledignng  dieses  Pro- 
blems. Es  wird  sich  das  Resultat  ergeben,  dafi  die  Relation 
sn  =  o(logn)  nicht  fur  jede  feste  im  Einheitskreise  regulare 
und  beschr&nkte  Fnnktion  gilt,  mit  anderen  Worten: 

Es  existiert  eine  fur  |#|<1  regulare  and  be- 
schrankte  Fnnktion  f(x),  fur  die 

Is  I 
lim  snp  J-ii 

n  =  oo   log» 
ist. 

<»  i 

Wegen  Gn  r^  —  log  n  ist  dieser  Satz   offenbar  mit  dem  fol- 

genden  identisch: 

Es  gibt  eine  positive  absolute  Konstante  c  derart, 
dafi  bei  passenderWahl  eitier  fiir  \x\<  1  regulSrenFunk- 
tion  f(x)  mit  \f(x)\  <  1  fiir  \x\  <  1  die  Ungleichnng 


ftir  nnendlich  viele  n  erfttllt  ist. 

Ich  werde  ubrigens  ein  wesentlich  genaueres  Resultat  ableiten, 
nSmlich  gleichzeitig  die  obere  Grenze  G  aller  absolnten 
Konstanten  c  im  Sinne  des  letzten  Satzes  bestimmen. 
Nach  dem  (fiir  alle  f(x)  und  alle  n  giiltigen)  Satze  \sn\  <  Gn  folgt 
sofort,  dafi  C<\  ist.  Ich  werde  beweisen,  dafi  C  tatsaohlich 
=  1  ist,  d.  h.  ich  werde  den  folgenden  Satz  beweisen: 

Haftptaatz:  Zu  jedem  0-c  A-<  1  gibt  es  eine  fiir  |^|<  1 
regulare  Fnnktion  f(x)  mit  \f(x)\  <  1  fur  |a?|-<l  derart, 
dafi  die  Ungleichnng 

w>a-*>». 

fiir  nnendlich  viele  n  besteht. 

Bei  dem  Beweis  dieses  Satzes  wird  eine  bei  der  Landau- 
schen  Bestimmung  von  Gn  auftretende,  von  Landau  herriihrende 
Darstellungsformel  ftir  ^n  sowie  eine  von  Landau  eingefuhrte 
Hilfsfunktion  fn(x)  eine  fundamentale  Rolle  spielen;  ich  werdo 
daher  in  §  1  die  Landausche  Bestimmung  von  Gn  reproduziercn, 
In  §  2  werde  ich  einige  Hilfsbetrachtungen  vorausschicken,  die 
fiir  den  Beweis  des  Hauptsatzes  in  §  3  erforderlich  sind. 


1)  Landau,  I.e.  8.  9. 


E  3.    Nnc.hr.  GM.  Wiaa.  GtMingen.  Math.  Phy*.  Kl.  1916. 
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§  I- 

Die  Landausche  obere  Grenze  von  \sn\l). 

Die  Land  auschc  Darstellungsformel  der  Koeffizlentensumme  : 

Es  werde 


and 


gesetzt.     Dann  gilt  fiir  jede  im  Einheitskreise  \x\  <:  1 
regulare  Funktion  f(x)  die  Formel 


wobei     das    Integral     iiber     einen     (beliebigen)     Kreis 
\x\  =  r  mit  0<r<l  zn  erstrecken  ist. 

Die    Kichtigkeit    dieser    Formel     folgt    sofort     daraus,     daB 
(Pn(x)Y  ein  mit  l-f#H  -----  h^n  beginnendes  Polynom 


ist,  also  der  Faktor  QM(x)  von  der  Form 


ist. 

Htlfssatz:  Die  Nullstellen  des  obigen  Polynoms 
Pn(x)  liegen  samtlich  auBerhalb  des  Einheitskreises 
\x\  =  1. 

Denn  nach  einem  leicht  beweisbaren  Satz  von  Kakeya2)  hat 
eine  Gleichung 


mit  c0  >  cv  >-...>•  cw  >•  0  alle  ihre  Wurzeln  absolut  >-  1. 

Satz  yon  Landau:  Fiir  die  Menge  aller  f(x\  die  im 
Kreise  |rc|-<l  regular  und  absolut  <:  1  sind,  hat  bei 
festem  w^l  die  obere  Grenze  von  \$n\  =  |a0H  -----  hon| 
den  Wert 


1  + 


1)  Der  In  halt  dieses  Paragraphen  ist  dem  L  a  n  d  a  u  schen  Buche  S.  20—23 
entnommen. 

2)  Vergl.  Landau  I.e.  S.  20. 


E  3.    Nachr.  Qe*.  Wi*9.  QtXtingen.  Math.  Phys.  Kl.   1916. 
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Beweis:   1)  Es  sei  f(x)  fur  |a|<:l  regular  und  absolut 
Aus  der  Formel 


folgt  sofort,  x  =  re*  gesetzt, 


4  s  (-*)> 

rn  V~0V  v  / 
also,  da  die  linke  Seite  von  r  frei  ist, 


2)  Ich  werde  (stets  nach  Landau)  beweisen:  Es  existiert 
eine  fiir  |#|<1  (ubrigens  sogar  fiir  \x\  <  1)  regulare  Punktion 
£(*)  derart,  dafi  !/;(*)!-<  1  fiir  [a:|  <  J  (also  |^(a?)|  <  1  fiir  \x\  <  1) 
and 


ist.  Urn  die  Idee  des  Beweises  deatlich  hervortreten  zu  lassen, 
sei  die  folgende  Bemerkung  voransgeschickt  :  Damit  eine  fiir  \x\  <  1 
regulare  Funktion  fn(x)  die  Bedingungen  sn  =  &n  und  |  /"„(#)(  <c  1 
fiir  |«|<1}  d.  h.  (weil  fn(x),  wegen  6?n>l,  nicht  konstant  sein 
kann)  \fn(x)\<\  fur  \x\<l  erfullt,  ist  es  offenbar,  auf  Grund 
der  beiden  Formeln 


und 


-  -&•  f 

a*J=i 


notwendig    und    hinreichend,    daB  erstens  |/i,(^)|  =  1   fiir 

|*|  =  1  und  zweitens  Qn(J9}  f  *(**}<?*  =  \Qn(ei(p)\  ist,  also  dafi 
auf  dem  ganzen  Einheitskreise  \x\  =  1  der  absolute  Wert  von 

/i.(«)  gleich  1  ist  und  das  Produkt  der  Fcnktion  f*(x)  =  fn(e*) 
mit  der  Funktion  x.Qn(x)  =  eltf  Qn(e*)  =  Qn(q>)  die  Amplitude 
0  besitzt.  Eine  solche  fiir  |«|  <  1  regulare  Funktion  fn(x)  exi- 
stiert aber  und  ist  durch  den  Ausdruck 


E  3.    Nachr.  Ges.  Wise.  Odttingen.  Math.  Phys.  KL   1916. 
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gegeben;  denn  es  ist  ja  fiir  \x\  =  1  einerseits 

!/;(*)  i  = 


-J«^'       IP.W 

wahrend  andererseits  fiir  \x\  =  1 


iat.    Fiir  dies  fn  (x)  ist  also  sn  =  Gn,  womit  der  Satz  bewiesen  ist. 

§2. 
Beweis  einiger  Hilfss&tze. 

Es  seien  durchweg  im  Folgenden  (wie  in  §  1)  mit  Pn(#),  Qn(x), 
®n(y>)  und  fn(x)  die  vier  Funktionen 


v  =  0 

=  -H-  (P. (*))•      (far  o  <  \x\  <  i), 

alle  reeUen  y), 


bezeichnet.     Dann   ist   speziell  |/%n(et9>)|  =  1    und   <&„ (9) fn [e^]  = 
f iir  0  ^  9  <  2«,  sowie 


70 
wo  (?,  die  Landausohe  Zahl 


E  3.     Nfichr.  Oea.  Wisa.  GMtingen.  Math.  Phys.  KL   1J)10. 
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bezeichnet.    Es   sei  ferner  durchweg  Jl  eine  feste  Zahl  im  Inter* 
valle  0  <  A  <  1,  namlich  die  im  Hauptsatze  auftretende  Zahl. 

Hllfssatz  1:  Es  sei  d  eine  beliebige  Zahl  im  Inter- 
valleO<d<*.  Dann  gilt  fiir  alle  hinreichend  grofien 
n,  d.  h.  fiir  n>JY  =  N(d,X),  die  Ungleichung 


also  (wegen  -^- 


Bewels:  Es  konvergiert  anf  dem  Bogen  d  <  9  <  2*  —  *  des 

Einheitskreises  «  ==  e1*  die  Potenzreihe 


gleichmiiBig  gegen  die  Punktion  (!  —  «)""*,   d.  h.   es  konvergiert 

dort  die  Fnnktion  Pu(x)  fur  n—>c»  gleichmafiig  gegen  (!  —  «)""*. 
Folglich  konvergiert  anf  demselben  Bogen  die  Fnnktion 


gleichmafiig  gegen  T^  --  p.    Hieraas   folgt  aber  sofort,   daB   fiir 

H  —  x\ 

alle  hinreichend  grofien  n,  d.  h.  fiir  n  >  JV^  (d), 


ist,   wo  if  nar   von   *  abhangt,   also   (wegen  0,,->oo),   dafi  fttr 


ist. 

Hllf8satz2:  Es  sei  N  eine  beliebige  positive  ganze 
Zahl,  nnd  0<d<jr,  0<:«<:^  beliebig  gegeben.  Dann 
gibt  es  dazn  ein  ganzes  n>2V  and  eine  fiir  |«|  <  1 
regnlare  Fnnktion  g(x)  mit  den  folgenden  Eigen- 
schaften: 


E  3.    JNTwAr.  Gea.  Wia*.  GdUingen.  Math.  Phya.  Kl.  1010. 
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oder  (was  damit  gleichbedeutend  ist) 


50 


<l--       f Sir 


Figur  1. 

3)   \g(x)\<s    in    demjenigen    Teil    des     Einheits- 
kreises  \x\<l,  fur  den  31  (x)  <  cos d1)  ist  (siehe  Figur  1). 


4) 


Beweis  :  Ich  bestimme  zonachst  eine  positive  Zahl  m  =  m  (d,  «) 

so,  dafi  em  (cos  *  "  1}  <  e  ist,  also  die  Funktion  em  (x  ~~  l)  im  (Jebiete 
1^1  =  1)  8l(#)  ^  cosd  absolut  <cs  ist.   Danach  bestimme  ich  (was 

offenbar,  da  em^x~~  *  =  1  fiir  a?  =  1  ist,  moglich  ist)  eine  positive 
Zahl  dl  -<  d  derart,   da6   auf  dem  Bogen  —  dt  <  9  <  dt  des  Ein- 

heitskreises  x  =  e19  die  Ungleichung 


1)  91  («)  bedeute  stets  den  reellen  Teil  der  komplezen  Zahl  e. 


E  3.    Nachr.  Oes.  Whs.  QGUingen.  Math.  Phy*.  KL   1916. 
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besteht.     Zu  diesem   dl   bestimme   ich   schliefilich,    auf  Grand  des 
Hilfssatzes  1,  eine  ganze  Zahl  n  >  N  derart,  dafi 


1st.     Ich   beweise   nun :   diese  Zahl  n>  N  und   die  dazu  gehorige 
fur  \x\  <  1  regulare  Funktion  g  (x)  =  (l  -  -~)  .  em  (x  ~"  l)  fn  (x)  er- 

fiillen  die  samtlichen  Bedingungen  des  Hilfssatzes  2. 
1)  Wegen  dt  <  d  folgt  sofort  aus 

1 


dafi 


'—* 


ist. 


2)  Weil  im  Einheitskreise  |a;|  < 


1st,  gilt  dort  die  TJngleichung 

i    /  M          /•*         A\\  m(x  —  1)1      I^/M^-^        ^ 
\ff(*)\  =  (1-  TJie  I  •  l/nC^l^l-y 

3)  Aus   l*1"^"1^^.    fur   |*|  <1,     91  (x)  ^  cos*    folgt   in 
diesem  Gebiete 


4)  SchlieBlich  ergibt  sich 


E  3.    Nnf.hr.  flea.  Wi««.  Oettingen.  Mnth.  Phy».  Kl.   1018. 
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>*9>_ 


also,    da   <&„ (?)  fn (c*'9)  =  |  #„(?)]  und  SRem(*  '  ~  v  >l-y    ftir 


Hilfssatz  3:  Es  sei  jV  eine  beliebige  positive  ganze 
Zahl  und  0-<d^jrf   0-<«<:J  beliebig  gegeben.     Dann 

gibt   es    ein   ganzes    n>N,    ein    positives  y<-Q-   und 

A 

eine  fiir  |a?|  <:  1  regulare,  fiir  \x\  ^  1  stetige  Funktion 
A(x)  mit  den  folgenden  Eigenschaf  ten : 


also 


2) 


E  3.    NocAr.  Ge».  Wt»«.  OSttingen.  Math.  Pkyt.  Kl.   1916. 
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3)  \h(x)\<8  in  denjenigen  beidenTeilen  des  Einheits- 
kreises  |a?|^il  (siehe  Figur  2),  welche  die  Ungleichnng  9t(#) 
^cosd  resp.  die  Ungleichung  JR(#)i?co8y  befriedigen. 


4) 


Bewels:  Ich  bestimme  znnachst  zu  den  gegebenen  Zahlen  N9 
d  and  6  eine  ganze  Zahl  n  >  JV  and  eine  daza  gehorige  fiir  \x\  ^  1 
regalare  Funktion  g(x)  im  Sinne  des  Hilfssatzes  2.  Dann  iat 


nnd 


Danach  bestimme  ich  ein  rf' 


so,  dafi 


also  a  fortiori  I  wegen  \g(x)\  ^  1  —  -^-  «<  11 


1st.    Dann  1st 


nnd 


Ich  wahle  nnnmehr  die  positive  Zahl  p  so  klein,  dafi  anf  den 
beiden  Bogen  —  <T  ^  g>  ^  —  d',  d'  ^  9?  ^  d  des  Einheitskreises  x  —  e* 
die  fiir  \x\  <:  1  regnlare,  fttr  \x\  ^  1  stetige  Fonktion 


E3. 


.  Wits.  GdUingen.  Math.  Phy*.  KL  1010. 
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(wo  Logf  —  g  —  J  fttr  3t(a:)<l    den  Hauptwert  bedeutet]   um   so 
wenig  von  1  abweicht,  da6 


1st.    Es  sei 

*(*)  = 


gesetzt.  Dann  1st  h(x)  regular  fiir  |#|<1,  stetig  fiir  |£|^1, 
und  es  gilt,  da  f  —  5  —  1  Si  1  fiir  \x\  ^  1  ist,  im  ganzen  Einheits- 
kreise  \x\  ^  1  die  Ungleichung 

l*(*)l^b(*)l, 

also  speziell  im  Gebiete  \x\  Si  1,  81  (#)  ^i  cos  d  die  Ungleichung 

\h(x)\^\g(x)\<e. 

Die  somit  definierte  fiir  [a?|<l  stetige  Funktion  h  (x)  ist  ferner 
Null  im  Punkte  x  =  1  ;  folglich  laBt  sich  ein  positives  y  <  d'  so 
wahlen,  da6  \h(x)\  <  «  fur  |a;|  <  1,  3f{(^)  ^  cos  y  ist.  Ich  behaupte 

nun:    die  obigen  Zahlen  n>N  und   y-c-p-,   sowie  die  obige  fiir 

\x\  «<:  1    regulare   fiir   \x\  <  1    stetige   Funktion   h  (x)   erfiillen   die 
samtlichen  Bedingungen  des  Hilssatzes  3.     Denn: 
1)  Wegen  y  <  d'  ist 


2)  Es  ist  fiir  \x\  < 


3)  Es  ist  \h(x)\  <  €  ftir  |*|  <  1,  »(«)  ^  cos  d  und  fur  \x\  <  1, 
;)^cosy. 

4)  Es  ist 
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§  3. 

Beweis  des  Hauptsatzes. 

Satz:  Znjedem  0<  >l<:  1  gibteseine  fur  |#)  <c  1  regu- 
lare Funktion  f(x)  mit  \f(x)\<l  fur  M<1  derart,  dafi 
die  Ungleichung 

K|>(1  -*)<?„ 

fiir  unendlich  viele  n  besteht. 

Beweis:  Es  sei  zunachst  eine  Folge  positiver  Zahlen 

£i>  £n  f»i  •  •  •  ep> 

00  K 

so  gewahlt,  daB  die  Reihe     2    **>  konvergiert  und  ihr  Wert  <c  -5- 

P=i  S 

ist.  Ich  bestimme  nunmehr,  unter  Benutzung  des  Hilfssatzes  3 
des  §  2,  eine  Folge  fiir  \x\  <c  1  regulare  r  und  fiir  \x\  ^i  1  stetiger 
Funktionen 

/*,(*),  \(x),  ...  h9(x),  ..., 
eine  Folge  positiver  ganzer  Zahlen 

1  <rn,  <:  w,  •  •  -  <  np  •  •  • 
und  eine  Folge  positiver  Zahlen 


durch  das  folgende  Verfahren  :  Zunachst  wende  ich  den  Hilfssatz  3 
an  auf  die  Zahlen  N  =  1  ,  d  =  #,  «  =  c,  ;  der  Hilfssatz  ergibt 
alsdann  eine  ganze  Zahl  n  =  nl>^  1,  eine  positive  Zahl  y  =  d\ 

<:—  und  eine  fiir  |x|<:l  regulare,   fiir  \x\  ^  1  stetige  Funktion 
& 

h(x)  =  ^(2:),  welche  den  vier  Bedingungen  des  Hilfssatzes  geniigen. 
Nachdem  «,,  ^  und  /^(^)  somit  festgelegt  sind,  wende  ich  wieder 
den  Hilfssatz  3  an,  jetzt  aber  auf  die  Zahlen  N  =  n,,  d  =  d,  und 
£  =  fif>  und  bekomme  dadurch,  im  Sinne  des  Hilfssatzes,  ein  ganzes 

n  ==  na^>nu  ein  positives  y  =  d,  <:  ~^1-  und  eine  fiir  |#|<  1  re- 

gulare, fiir  |  a;  |  ^  1  stetige  Funktion  h(x)  =  /*2(^).  Nachdem  hier- 
mit  die  Zahlen  w2  und  da  ,  sowie  die  Funktion  7ia  (.r)  bestimmt  sind, 
wende  ich  wiederum  den  Hilfssatz  3  an,  nun  aber  auf  die  Zahlen 

N  =  w,  ,  d  =  #t  ,  a  =  £3  und  bekomme  dadurch  ein  ganzes  n  =  r/3 

jt 

^>«a,    ein   positives   y  =  #8  <:  -~    und   eine   fiir  |#|  <r  1  regulare, 

fiir  |#)^il  stetige  Funktion  h(x)  =  hs(x).  Durch  Fortsetzung 
dieser  sukzessiven  Bestimmungen  erhalte  ich  offenbar  eine  Folge 
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fur  |#1  <  1  regular  er,  fiir  \x\  ^  1  stetiger  Funktionen  /^(a),  h,(x),  ... 
hp(x),  . . .,  eine  Folge  positiver  ganzer  Zahlen  1  <  nl  <  wt  •  •  •  <  np  •  •  • 
and  eine  Folge  positiver  Zahlen  n  =  #0  :>  tf  t  ><?t  •  •  •  :>  dp  •  •  •  (wo 
*P  — >  0  wegen  8p  <  £  d^)  mit  den  folgenden  Eigenschaften :  Fiir 
jedes  p  =  1,  2,  3,  . . .  ist 


also 


2) 


3)  l*p(«)l<*p  in  den  beiden  Gebieten  |^|^1,  9t  (x)  ^  cos 
und  |#|^1,  JR^J^cos*, 

4) 


Ich  betrachte  nunmehr  die  unendliche  Reihe 

oo 

2    Af(a:)  =  *,(*)  +  *,(*)  +  •••• 
3=1 

Es  ist  diese  Reihe  offenbar,  bei  jedem  /?,  im  Grebiete  |4?|^1, 
^(^)^cosdp  gleichmafiig  konvergent;  denn  es  gilt  ja  in 
diesem  Gebiete  fiir  jedes  %>p  die  Ungleichung  \hq(x)\<  eq.  Die 
Reihe  ^hy(x)  definiert  somit  im  ganzen  Einheitskreise 
|^|  =  1  mit  Ausnahme  des  einzigen  Punktes  x  =  1  eine 
stetige  Funktion  /'(#)>  welche  fiir  \x\  <:  1  regular  ist. 
Ich  werde  beweisen,  daB  diese  Funktion  f(x)  =  2att#w  ^ie  ^e- 
dingungen  des  Satzes  erfiillt.  Zunachst  ist  f(x)  im  ganzen  Ge- 
biete |a?|  ^  1,  «4=1  (also  speziellfiir  |^|<cl)  absolut  <  1. 
Denn  es  sei  x  4=  1  «sin  beliebiger  Punkt  des  Einheitskreises  \x\  ^  1, 
und  die  ganze  Zahl  p  ==  p(x)  2^  1  so  bestimmt,  daB  cos  dp^  ^  $l(x) 
<:  cos  dp  ist.  Dann  gelten  ja  die  Ungleichungen 


sq  fur    q  4=  p, 

also 

00 

l/(*)l  ^  S  !*,(*)!  - 
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Es  bleibt  zn  beweisen,  dafi  die  Ungleichong 

|»J>  (1-1)0. 

fiir  nnendlich  viele  n  erfiillt  1st;  ich  werde  zeigen,  dafi  diese 
Ungleichnng  fiir  jedes  n  =  np  besteht.  Dies  ergibt  sick 
folgendermafien :  Es  1st  nach  der  Landauschen  Formel  fur  jedes 


also,  weil  die  fiir  \x\  g  1,  x  4=  1  definierte  Fnnktion  f(x)  stetig 
und  beschrankt  ist,  nnd  daher  das  Integral  alsbald  iiber  den 
Einheitskreis  erstreckt  werden  kann, 


x  - 


(/.2 
d.  h.    I 
J0 

/2n  —  P  \ 

fUr  «—>0,  0->0).    Hieraus  folgt 


Wegen  der  gleichmafligen  Konvergenz  von  ^\\e  v)  in  den  beiden 
Intervallen  —  dp^l  £*  q>  ^S  —  <^p,  8p^(p^  df^l  ist  das  erste  Glied  auf 
der  rechten  Seite  gleich 

00 

s 

j=l 
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wo  q  in  2'  die  samtlicben  positiven  ganzen  Zahlen  auBer  p  durch- 
lauft.  Nun  ist  aber  fiir  jedes  q  =f=  p  in  den  beiden  Intervallen 
—  Sp^l  ^  9  ^  —  8p,  #j,  ^=i  9  ^i  tf^  die  Funktion  hq(e%(f)  absolut 
also 

oo    (    /• — 8V        /»*»-ii  /  -v 

&  'i 


Wir  bekommen  somit  schlieBlich 


*•  r     *•  r 

8  ***>'  25  ^ 


Hiermit  ist  der  Hanptsatz  bewiesen. 


E  3.    Nachr.  GM.  Wis*.  GWingen.  Math.  Phys.  Kl.   1910. 


ttber  die  Koeffizientensumme  einer  beschrankten 
Potenzreihe. 

Von 

Harald  Bohr  in  Kopenhagen. 

(Zweite  Mitteilung.) 
Vorgelegt  durch  Herrn  Landau  in  der  Sitzung  vom  25.  November  191H 

Einleitung. 


eine   im  Einheitskreise  \x\  -c  1    regulate  Funktion,   die   der  Bedin- 
gung  \f(x)\<  1  fur  |#)<  1  geniigt,  und  es  sei 


gesetzt.     Nach  Landau   1st,    bei  festem  n,   die  obere  Grenze  Gn 
von  |,s'J  fiir  die  Menge  aller  solcher  Funktionen  f(x)  gleich 


In    einer   friiheren  Abhandlung   in   diesen  Nachrichten  l)   babe   ich 
den  Satz  bewiesen: 

Es  sei   0<:A-<1.     Dann  gibt   es   dazu    eine   feste   im 
Kinheitskreise  |#|<:1  regulare  Funktion  f(x)   mit  \f(x)\ 


1)  II.  Kohr:  liber  die  Koeffizientensumme  einer  beschrank- 
tcu  Potenzreihe,  1916;  diese  Abhandiung  werde  ich  im  Folgenden  einfach 
a)s  I  zitieren.  Das  Verstandnis  der  vorliegenden  Arbeit  setzt  die  Kenntnis  von 
I  voraus. 
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<:  1  fur  |s|<l  derart,  da8  die  Ungleichung 


fiir  unendlich  viele  n  erfiillt  ist. 

In  §  1  der  vorliegenden  Abhandlung  werde  ich  beweisen,  dafi 
dieser  Satz  aas  I  dnrch  den  folgenden  scharferen  Satz  ersetzt 
werden  kann. 

Satz  A:  Es  existiert  eine  im  Einheitskreise  |a;|  <:  1 
regulare  Punktion  f(x)  mit  \f(x)\  <c  1  fiir  |#|<1,  derart, 


lim  sup          =  1 
n  —  oo    ""n 

ist. 

Durch  diesen  Satz  ist  fiir  die  betreffende  Fragestellung  ein 
gewisser  Abschlufi  erreicht.  Es  erhebt  sich  jedoch  die  Frage,  ob 
man  nicht  den  Satz  dahin  verscharfen  kann,  daft  er  die  Existenz 
einer  fiir  \x\  <  1  regularen  Funktion  f(x)  mit  \f(x)\  <  1  fiir  \x\  <:  1 
derart  besagt,  daB 

liminf  }6rn—  \sn\\  <:  oo 
n~oo 

ist,  vielleicht  sogar,  daB  lim  inf  j  Gn—  |$Jj  =  0  ist.  Diese  Frage 
werde  ich  in  §  2  erledigen  und  zwar  mit  dem  Result  ate,  dafi  eine 
solche  Funktion  f(x)  nicht  existiert.  Ich  werde  namlich  in  §  2 
den  Satz  beweisen. 

Satz  B:  Fiir  jede  feste  im  Einheitskreise  \x\  <:  1  re- 
gulare Funktion  /*(#),  die  der  Bedingung  I/X^)!^!  ^^-r 
\x\  <:  1  geniigt,  ist 

lim    {G.-KH  =  oo. 
n  =  oo 

Der  Beweis  dieses  Satzes  B  fuhre  ich  unter  wesentlicher  Be- 
nutzung  eines  sehr  bemerkenswerten  Satzes  von  Fatou  liber  be- 
schrankte  Potenzreihen  sowie  einiger  bekannten  Satze  aus  der 
Theorie  des  Lebesgueschen  Integrals. 


§  1. 

Es  bezeichnen  durchweg  im  Folgenden  (wie  in  I)  P»(x)y  Qn(x), 
<JP)  und  fn(x)  die  vier  Funktionen 

n 
p  (~\  —    'v 

^"W~,?o 
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«.(*)  =  ^FT  (P«  (*))'         (fttr  0  <  1*1  <  1) 
«„(,,)  =  J'Qnie*)         (fiir  alle  reellen  y) 


und 


Dann  ist  (vergl.  I)  \fn(e*) 
0  ^  tp  <.  2«,  sowie 


=  1   und 


— 


wo  Gn  die  Landausche  Zahl 


_ 


bezeichnet. 


Hilfssatz:  Es  sei  N  eine  beliebige  positive  ganze 
Zahl  undO-<d^j«,  sowie  0<«<1  beliebig  gegeben. 
Dann  gibt  es  ein  ganzes  n  >  N  und  eine  fiir  |rc| -c  1 
regulare,  fur  \x\  <  1  stetige  Funktion  h(x)  mit  den 
folgenden  Eigens chaf ten : 

f —  d 


also  (wegen  -^-  J      [<&„  (tp)\dtp  =  GJ 

i-  /**  | *„(*)!  <*9  >(!-•)<?.. 

2)  J~* 

|A(*)|^l-«    fur   |x|<l. 

3)  [A(a;)|-e:f    in     demjenigen    Teil    des     Einheits- 
kreises  |a;|  <  1,  fiir  den  9l(a;)<cosd  ist. 


0. 


4) 
B) 


Beweis:  Es  ergibt  sich  fast  wortlich  wie  bei  dem  Beweise 
eines  ganz  entsprechenden  Hilfssatzes  in  1,  §  2,  dafi  bei  passender 
Wahl  eines  (hinreichend  grofien)  positiven  my  eines  (hinreichend 
grofien)  ganzen  n  >  N  und  eines  (hinreichend  kleinen)  positiven  p 
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die  Funktion 

h(x)  =  (1  -.)«- 


und  die  Zahl  n  den  Bedingungen  des  Hilfssatzes  geniigen.  Die 
erforderlichen  Modificationen  in  der  Darstellung  in  I  sind  so  un- 
wesentlich  und  naheliegend,  dafi  ich  die  Ausfiihrang  derselben  dem 
Leser  iiberlassen  werde. 

Satz  A:  Es  existiert  eine  im  Einheitskreise  |#|  -<  1 
regulare  Funktion  f(x)  mit  \f(x)\  <c  1  fur  \x\  «<  1  der  art, 
daB 

lim  sup  '*,«'  =  1 

n  —  oo    "m 
ist. 

Beweis  :   Es   sei  zunachst  eine  Folge   positiver  Zahlen  1  >  f, 

>  st  -  -  •  >  s(l  •  •  •  so  gewahlt,  dafl  fiir  jedes  p  >  1 


ist  (z.  B.  eq  =    -^--).    Ich  bestimme  nunmehr,  von  obigem  Hilfssatze 


ausgehend,  eine  Folge  fiir  \x\  -<  1  regularer,  fiir  \x\  <  1  stetiger 
Funktionen  /*t(o;),  ht(x),  ...  ^(tf),  ...  sowie  eine  dazu  gehorige  Folge 
positiver  ganzer  Zahlen  1  <:  nl  <:  w8  •  •  •  -c  wp  •  •  •  und  eine  Folge  po- 
sitiver Zahlen  it  =  <J,  :>  <J2  •  •  •  :>  dp  •  •  •  (mit  dp  —>  0)  durch  folgende& 
Verfahren:  Zunachst  wende  ich  den  obigen  Hilfssatz  an  auf  die 
Zahlen  N  =  1,  d  =  tft  =  ?r,  «  =  «t.  Der  Hilfssatz  ergibt  als- 
dann  eine  ganze  Zahl  n  =  ^l  >  1  und  eine  fiir  |#|  <:  1  regulare, 
fiir  \x\  <  1  stetige  Funktion  /*(#)  =  ^1(^)5  welche  den  fiinf  Be- 
dingungen  des  Hilfssatzes  geniigen.  Zu  dieser  Zahl  wt  und  diescr 

Funktion  h^x)  bestimme  ich  (was  offenbar  aus  Stetigkeitsgriinden 

» 

moglich  ist)  eine  positive  Zahl  d2  -c  -^-  derart,  daB  erstens  (wegen 
A,(l)  =  0) 

1/^(^)1  -<  J  ^     fiir    |a:|  <  1,  sJi(#)  >  cos  ^a 
und  zweitens 


ist.  Nachdem  w,,  d2  und  /?i(^)  somit  festgelegt  sind,  wende  ich 
wieder  den  obigen  Hilfssatz  an,  jetzt  aber  auf  die  Zahlen  N  =  w,, 
<y  ==  tf5>  €  =  £a  UI1d  bekomme  dadurch,  im  Sinne  des  Hilfssatzes, 
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ein  ganzes  n  =  n,  :>>  nl  und  eine  fiir  \x\  <  1  regulare,  fiir  \x\  <  1 
stetige  Funktion  h(x)  =  hs(x).  Zu  dieser  Zahl  w,  und  den  beiden 
Funktionen  h^x)  und  h^(x)  bestimme  ich  (aus  Stetigkeitsgrfinden) 

eine  positive  Zahl  da  -<  ~  derart,  dafi  erstens  (wegen  A,(l)  =  &a(l) 
=  0) 

+  |**|<«.    fiir    |*|^1,  9t«^oo8« 


und  zweitens 


ist. 


^  r*3  i  *, 

— 


Nachdem  hiermit  die  Zahlen  «2  und  ds,  sowie  die  Punktion 
h9(x)  festgelegt  sind,  wende  ich  wiederum  den  Hilfssatz  an,  jetzt 
aber  auf  die  Zahlen  N  =  w2,  d  =  #8,  «  =  £8  und  bekomme  dadurch 
ein  ganzes  n  =  n3  >  w,  und  eine  fur  |&|  <:  1  regulare,  fiir  \x\  ^  1 
stetige  Punktion  h  (x)  =  h3(x).  Zu  dieser  Zahl  n8  und  den  drei 

Punktionen  Jil(x),  \(x\  7»a(a?)  bestimme  ich  (aus  Stetigkeitsgriinden) 

* 
eine  positive  Zabl 

=  *»(!)  =  0) 


-~  derart,  ilaB  erstens  (wegen  hl(l)  = 


cos 


und  zweitens 


-  O  4 


ist.  Durch  Fortsetzung  dieser  sukzessiven  Bestimmungen  erhalte 
ich  offenbar  eine  unendliche  FoJge  fiir  \x\  <c  1  regularer,  fur  |a?|  <  1 
stetiger  Funktionen  /*»(«),  /*,(.T),  .../',,  (a?),  ...,  eine  Folge  positiver 
ganzer  Zahlen  !<»,-<«/,•••-<:»,,•••  und  eine  Folge  positiver 
Zahlen  it  =  dt  >*,-••>  tfp  •••  (wo  <?,,  —  >  0  wegen  ^  <  '  dp_,)  mit 
den  folgenden  Eigenschaften  :  Fiir  jedes  p^l  ist 


2) 
3) 


5) 


|A.(*)| 


fiir    |*|^1, 


r '  *„, 

•/ A 
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6) 


Ich  betrachte  nunmehr  die  unendliche  Reihe 
oo 

S  *,(*)  -  *.(*)  +  *.(«)  +  -• 

3  =  1 

Es  1st  diese  Reihe  offenbar,  bei  jedem  p,  im  Gebiete  |#|  ^i  1, 
SK(#)^icos  dp  gleichm&fiig  konvergent;  denn  es  gilt  ja  in  diesem 
Gebiete  fiir  jedes  qH^p  die  Ungleichung  \hq(x)\<£r  Die  Reihe 
2/^(#)  definiert  somit  im  ganzen  Einheitskreise  |#|^il 
mit  Ausnahme  des  einzigen  Punktes  x  =  1  eine  stetige 
Funktion  f(x),  welche  fiir  |#|  <  1  regular  1st.  Ich  werde 
beweisen,  dafi  diese  Funktion  f(x)  =  2a«x"  die  Bedingungen  des 
Satzes  A  erffillt.  Zunachst  ist  f(x)  =  S^(#)  im  ganzen  Gre- 
biete  \x\  ^  1,  x  4=  1  (also  speziell  fur  \x\  <  1)  absolut  -c  1, 
ja  es  ist  sogar  (was  ich  spater  verwenden  werde) 


Denn  es  sei  x  4=  1  ein  beliebiger  Punkt  des  EinheitskreUes  \x\  ^  1 
und  die  ganze  Zahl  p  =  ;>(#)  so  bestimmt,  dafi  cos  dp  ^  5R  (x) 
<  cos  djH.1  ;  dann  gelten  ja  die  Ungleichungen 


also 

00  CX) 

S  |At(*)l<t«F+(1-^)+     S     «,<4^  +  (i-O  +  4^=  L 

a  =  1  g  =  p  4-  1 

u  I 
Es   bleibt   zu   beweisen,   dafi  lim  sup  ~Jr    =  1    ist.      Den  Beweis 

hierfiir  ftihre  ich  dadurch,  da6  ich  zeige:  es  besteht  fur  jedes 
p  =  1,  2,  3,  ...  die  Ungleichung 


Die   Richtigkeit   dieser   Ungleichung   ergibt   sich   folgendermafien  : 
Es  ist  nach  Landau  (vergl.  I)  fiir  jedes  0<r<l 


also,   well  die  fiir  \x\  ^  1,  x  4=  1  definierte  Punktion  f(x)  stetig 
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und   beschrankt  1st,   and   daher   das  Integral  alsbald  anf  den  Ein- 
heitskreis  bezogen  werden  kann, 

s  =  a 


Hieraus  folgt 

1    I    /»<?„ 


1 


oo 


t  —  $B 


s 
9=1 


)  dv  |  -.,G. 


-<Vn 


Hiermit  1st  der  Satz  A  bcwiesen. 

§  2. 

Satz  B:  Es  sei  f(x)  =  San^n  im  Einheitskreise 
regular  und  absolut  -<  1.     Dann  1st 

lim    \Gn  —  \sn\ \  =  °°, 

^=  CX3 
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d.  h.  nach  Annahme  einer  beliebigen  positiven  Konstanten  K  gibt 

es  ein  N  =  N(K)  derart,  daB  fur  n  >  JV 

ist. 

Bewels:   Es  ist  nach  Landau  (vergl.  I)  fiir  jedes  0<r<l 
und  jedes  n 

1        C  *         C  (Pn(x)Y 

2«iJ,    |==r    n  2ni  J.    ,      r     x*+l 

aUo 

S       ^^: 

Weil  aber  f(x)  fiir  \x\  <<:  1  regular  und  beschrankt  ist,  existiert 
nach  einem  bekannten  Satz  von  Fatou1)  fiir  alle  9  des  Inter- 
valles  0<^<:2^,  hbchstens.  mit  Ausnahme  einer  Punktmenge 
vom  Mafle  Null,  der  Grenzwert 

lim  f(rclfp)  =  F((p), 
r=  1 

wo  r  durch  wachsende  Werte  gegen  1  strebt;  also  konvergiert 
(da  Pn(x)  fiir  |#|<1  stetig  ist)  fiir  dieselbe  Werte  von  q>  die 
Funktion 


gegen  die  Grrenzfunktion  (Pn(et(f))  e~~*nv  F(q>).  Diese  letzte  (im 
ganzen  Intervall  0  <  g?  •<  2?r,  hochstens  mit  Ausnahme  einer  Punkt- 
menge vom  Mafie  Null,  definierte)  Funktion  (Pn(et<3P))  e  F(<p) 

ist  als  Grenzfunktion  einer  gleichmafiig  beschrankten  und  stetigen 
Funktion  im  Lebesgue  schen  Sinne  integrierbar,  und  es  gilt  nach 
einem  Hauptsatze  in  der  Lebesgue  schen  Theorie  die  Gleichung 

lim 


=  f 

Jo 


1)  P.  Fatou:  Scries  trigonom^triques  ct  series  de  Taylor,  Acta 
Mathematica,  Bd.  30,  S.  335—400,  1906.  Eiu  sehr  einfach  dargestellter  Beweis 
des  betreffenden  Fatouscben  Satzes  stebt  bei  Carathdodory:  Uber  die  gegen- 
seitige  Beziehung  der  Rander  bei  der  konformen  Abbildung  des  In- 
ncrn  einer  Jordanschen  Kurve  auf  einen  Kreis,  Mathematische  Annalen, 
Bd  73.  S.  305—3^0. 
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wo  das  (L)  unter  dem  Integralzeichen  rechts  bezeichnet,  dafi  es 
sich  um  ein  Lebe  sguesches  Integral  handelt.  Aus  der  obigen 
Formal 


wo   die   linke  Seite  sn  von  r  frei  ist,    bekommen  wir  somit   durch 
den  Grenziibergang  r  —  >  1  die  Darstellungsformel 


wo  das  Integral  nunmehr  auf  den  Einheitskreis   bezogen  ist. 
Wegen 


ist  also 


0 
(L) 

Ich  bestimme  nvnmehr  zu  der  gegebenen  Zahl  K  die  positive  Zahl 
6  so  klein,  daft 


ist.     Wegen  |  F(tp)  \  <  1  fiir  alle  y  im  Definitionsbereich  von  F(q>) 
folgt  sofort  aus  der  obigen  Formel  fiir  G  —  |^n|,  dafi 


Im  Integrationsintervall  d^g?^2«'~  d  strebt 


fiir  ?i  —  >  oo  gleichmafiig  gegen 
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also  strebt    P^1*)     gleichmafiig  gegen  -  r-~;    es   gUt   folglich 

1  —  e  * 
fiir  alle   hinreichend  groSen  n,    d.  h.   fiir  n  >  Nt   die  Ungleichnng 


Hieraus  folgt  aber  sofort,  daB  fur  n  >  JV, 

'*-*       dq> 


2* 

1 


!-« 


*» 


dtp 


ist,  wo  G  (q>)  = 


dtp 


1.  h.  von  n  nnabhangige)   im 


Intcrvalle  (d,  2a  —  d),  hochstens  mit  Ausnahme  einer  Punktmenge 
vom  Mafie  Null,  definierte,  meBbare  und  beschrankte  Funktion  ist. 
Fiir  eine  solche  Funktion  Cr((p)  gilt  aber  nach  einem  bekannten 
Satze  fiber  Fourierkonstanten  J)  die  Gleichung 


r 
lim      / 

n  =  oo  J 


=  0. 


Es  ist  also  fiir  alle  hinreichend  grossen  n,  d.  h.  fiir  n 


^2 

r 

*/^ 


1. 


Fiir  n>  N  =  Max  (A7,  ,  JV,)  gilt  daher  die  Ungleichnng 


Hiermit  ist  der  Satz  B  bewiesen. 


1)  Vergl.   /.  B.   de  la  Vallee  Poussin,    Cours   d'Analyse   Infinites!- 
male,  Bd.  II,  2  Auft.  (1912),  S.  140. 
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Cber  streckentreue  und  konforme  Abbildung. 

Von 
Harald  Bohr  in  Kopenhagen. 


In  einer  Ebene  mit  gegebenem  Umlaufssinn,  deren  Punkte  wir  durch 
eine  komplexe  Variable  z  ---  x  -\-  i  y  charakterisieren,  sei  ein  einf  ach  zu- 
sammenhangendes  Gebiet  0  gegeben,  das  wir  der  Einfachheit  halber  als 
das  Innere  einer  Jordanschen  Kurve  annehmen  werden.  In  einer  anderen 
Ebene  mit  gegebenem  Umlaufssinn,  deren  Punkte  wir  durch  die  komplexe 
Variable  £--!  +  *">?  charakterisieren,  sei  ebenfalls  ein  im  Endlichen  ge- 
legenes,  durch  eine  Jordansche  Kurve  begrenztes  Gebiet  f  gegeben,  und 
es  sei  das  Gebiet  0  eineindeutig  und  stetig  auf  das  Gebiet  f  abgebildet. 
Die  (im  Gebiete  G  definierte)  Funktion,  welche  G  auf  f  abbildet,  werden 
wir  mit  £  —  f(z)  bezeichnen,  wahrend  wir  die  inverse  (im  Gebiete  f  de- 
finierte) Funktion,  welche  f  auf  G  abbildet,  mit  z  =  <p  (£  )  bezeichnen. 

Unter  den  eineindeutigen  und  stetigen  Abbildungen  des  Gebietes  G 
auf  das  Gebiet  f  sind  die  konformen  Abbildungen  von  ganz  besonderer 
Wichtigkeit.  Das  sind  Abbildungen,  bei  denen  die  im  Gebiete  G  definierte 
Abbildungsfunktion  f(z)  eine  analytische  Funktion  ist,  mit  anderen  Worten 
Abbildungen,  die  so  beschaffen  sind,  daB  bei  jedem  festen  z0  in  G  der 
Differenzenquotient 


einem  bestimmten  (wegen  der  Eineindeutigkeit  der  Abbildung  von  selbst 
von  Null  verschiedenen)  Grenzwerte  f'(z0)  zustrebt,  wenn  der  Punkt  z  in 
beliebiger  Weise  gegen  20  konvergiert,  was  wir  durch  z  —  *  z0  bezeichnen 
werden. 

Wir  wollen  im  folgenden  eine  eineindeutige  und  stetige  Abbildung 
von  G  auf  f  eine  streckentreue  Abbildung  nennen,  wenn  bei  jedem  festen 
20  in  G  der  positive  Bruch 
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|2-Z0|  |Z-Z0 

fiir  2  —  *  20  einem  bestimmten  positiven  Grenzwerte  <7(z0)  zustrebt. 

Ferner  soil  eine  eineindeutige  und  stetige  Abbildung  von  G  auf  f 
eine  winkeltreue  Abbildung  heifien,  wenn  bei  jedem  festen  z0  in  0  die 
auf  dem  Einheitskreise  gelegene  Zahl 

sign  (c  -Co)       8i^l/t(2_)_-/;(2o)) 
sign(2-20)  sign(2~20) 

unter  sign  u  fur  u  4=  0  die  Zahl  T—  -:   verstanden,    sich    fur    z  - 


bestimmten  Grenzwerte  h(z0)  nahert.     Offenbar  ist   |A(z0)|       1. 
Weil  die  eine  Gleichung 

lim  -~5  =-  w0(=f  0) 
mit  den  zwei  Gleichungen 

I  un  I ,  lim   -. ^°x       sign  un 

1      o  i  '  .man  (2  —  ±i              °         u 


dem  Inhalte  nach  iibereinstimmt,  sind  die  beiden  Aussagen:  1.  die  Ab- 
bildung von  G  auf  f  ist  konform,  und  2.  die  Abbildung  von  G  auf  f 
ist  sowohl  streckentreu  als  winkeltreu,  offenbar  als  gleiclibedeutend  an- 
zusehen. 

[ch  werde  nunmehr  in  der  vorliegenden  Abliandlung  den  Satz  be- 
weisen  : 

Hauptsatz:  Jede  eineindeutige  und  stetige  Abbildung  des  Gebietes  G 
auf  das  Gebiet  f,  die  streckentreu  ist  und  den  Umlaufssinn  ungedndert 
Idftt,  ist  eine  konforme  Abbildung.  Sie  ist  also  von  selbst  winkeltreu. 

Dieser  Satz  la'Bt  sich  offenbar  (aus  Symmetriegriinden)  auch  folgender- 
maBen  aussprechen: 

Es  sei  f(z)  eine  im  Gebiete  G  stetige  Funktion,  die  das  Gebiet  G 
schlicht  auf  das  Gebiet  f  abbildet,  und  zwar  der  art,  da/3  die  Abbildung 
streckentreu  ist.  Dann  ist  f(z]  entweder  eine  analytische  Funktion  oder 
die  konjugierte  einer  analytischen  Funktion  in  G.  Der  eine  oder  andere 
Fall  tritt  ein,  je  nachdem  der  Umlaufssinn  bei  der  eineindeutigen  und 
stetigen  Abbildung  erhalten  bleibt  oder  nicht. 

Ich  hebe  noch  zur  Orientierung  hervor,  daB  in  diesem  Satze  die 
Voraussetzung,  daB  die  im  Gebiete  G  definierte  stetige  Funktion  £  -  -  f(z) 
dieses  schlicht  auf  ein  Gebiet  f  in  der  C-Ebene  abbildet,  wesentlich  ist. 
Der  Satz  gilt  nicht  mehr,  wenn  diese  Voraussetzung  weggelassen  wird. 
Mit  anderen  Worten:  Eine  in  einem  Gebiete  G  stetige  Funktion  f(z), 
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von  der  nur  vorausgesetzt  wird,  daft  sie  iiberall  in  G  einen  ,,absoluten 
Differentialquotienten"  besitzt,  d.  k.  die  so  beschaffen  ist,  daft  bei  jedem 
festen  z0  in  G  der  Quotient 


fur  z  —  >  z0  einem  bestimmten  positiven  Grenzwerte  zustrebt,  braucht  weder 
analytisch  in  G  noch  konjugiert  zu  einer  analytischen  Funktion  in  G 
zu  sein.  Urn  dies  einzusehen,  geniigt  schon  ein  so  .  einfaches  Beispiel,  wie 
es  durch  die  etwa  im  Einheitskreise  G  durch  die  Festsetzungen 

^*    fiir   —  °> 


definierte,  stetige  Funktion  f(z)  geliefert  wird.  Denn  es  hat  offenbar 
diese  Funktion  in  jedem  Punkte  z  in  G  einen  absoluten  Differential- 
quotienten (  gleich  +  1  ),  und  sie  ist  dennoch  weder  analytisch  in  G  noch 
zu  cirier  analytischen  Funktion  in  G  konjugiert.  —  Durch  diese  letzte  Be- 
merkung  ist  cine  Frage  aus  den  Grundlagen  der  Theorie  der  analytischen 
Funktionen,  welche  neben  anderen  ahnlichen  Problemen  in  einer  Ab- 
Jiandlung  von  Herrn  Remak1)  aufgestellt  ist,  erledigt. 

Bei  dem  folcenden  Beweis  des  Hauptsatzes  wird  der  von  Lebesgue 
eingefiihrte  MaBbegrif?  so  wie  der  Lebesguesche  Integralbegriff  eine  sehr 
wesentliclie  Rolle  spielen'2).  Wir  teilen  den  Beweis  in  drei  Abschnitte  ein. 

In  §  1  werden  wir,  ausgehend  von  einem  bekannten  Satze  aus  der 
Theorie  der  analytischen  Funktionen,  den  Beweis  des  Hauptsatzes  auf  den 
Beweis  des  folgenden  Satzes  zuriickf  uhren  : 

Satz  A:  Es  bilde  die  stetige  Funktion  £  ^-f(z]  das  Gebiet  G  ein- 
eindeutig,  streckentreu  und  unter  Beibehaltung  des  Umlaufssinnes  auf 
das  Gebiet  f  ab.  Dann  gehdrt  zu  jedem  6  >  0  ein  e  >  0,  so  daft  fiir 
ein  jedes  System  im  Gebiete  G  gelegener  und  nicht  ubereinandergreifender 
Quadrate  q^  ,  q^  ,  .  .  .  ,  qx,  der  en  Gesamtftdcheninhalt  Jdeiner  als  *  istt  die 
Summe 


t  =  1    tf « 


J)  R.  Remak,  ,,t)ber  winkeltreue  und  streckentreue  Abbildung  an  einem  Punkte 
und  in  der  Ebene",  Rendiconti  del  Circolo  Matematico  di  Palermo,  38  (1914),  S.  193 
bis  24H. 

-)  Betreffs  der  im  folgenden  zu  verwendenden  Satze  aus  der  Lebesgueschen 
Theorie  werde  ich  an  den  einzelnen  Stellen  auf  das  soeben  erschienene  Buch  von 
C.  Caratheodory,  ,,Vorlesungen  iiber  reelle  Funktionen",  Leipzig  1918,  verweisen, 
in  welchem  ein  aystematischer  Aufbau  der  Lebesgueschen  Theorie  gegeben  wird. 
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Ueiner  als  6  ist.    Unter  /  f(z)dz  wrd  das  komplexe  Integral  von  f(z) 

«„ 

Idngs  des  Umfanges  des  Quadrates  qn  verstanden. 

Der  §  2  enthalt  eine  fiir  den  Beweis  des  Satzes  A  benotigte  mengen- 
theoretische  Betrachtung  iiber  streckentreue  Abbildungen.  Von  den  in 
§  2  bewiesenen  Hilfssatzen  sei  an  dieser  Stelle  der  folgende  erwahnt. 
Bei  einer  streckentreuen  Abbildung  des  Gebietes  0  auf  das  Gebiet  f  hat 
jede  Menge  M  in  I",  die  einer  im  Qebiete  0  gelegenen  Menge  M  vom 
Mafte  Null  entspricht,  selbst  das  Map  Null. 

SchlieBlich  werden  wir  in  §  3  unter  Benutzung  der  Resultate  von  §  2 
den.  Beweis  des  Satzes  A  und  damit  denjenigen  des  Hauptsatzes  in  wenigen 
Worten  fiihren  konnen. 

§1- 

Es  bedeute  iiberall  im  folgenden  £  =  f(z)  eine  Funktion,  die  das 
Gebiet  O  in  der  z-Ebene  eineindeutig  und  stetig  auf  das  Gebiet  f  in  der 
C-Ebene  abbildet,  und  zwar  derart,  daB  die  Abbildung  streckentreu  ist 
und  den  Umlaufssinn  nicht  dndert.  Es  handelt  sich  darum  zu  bewejsen, 
daB  die  Abbildung  konform  ist,  d.  h.  dap  f(z)  eine  im  Oebiete  G  analy- 
tische  Funktion  ist. 

Eine  notwendige  und  hinreichende  Bedingung  dafiir,  daB  die  nach 
Voraussetzung  in  G  stetige  Funktion  f(z)  daselbst  analy  tisch  ist,  besteht 
nach  einem  bekannten  funktionentheoretischen  Satze  darin,  daft  das  komplexe 
Integral  f  f(z)dz,  erstreckt  uber  den  Rand  eines  beliebigen  in  G  gelegenen 
Quadrates,  *verschwindet.  Wir  werden  den  Beweis  des  Hauptsatzes  dadurch 
erbringen,  daB  wir  das  Erfulltsein  der  zuletzt  genannten  Bedingung  nach- 
weisen. 

Es  sei  in  der  z-Ebene  ein  beliebiges  Quadrat  mit  der  Seitenlange  S 
(also  dem  Flacheninhalt  S*)  gegeben,  dessen  Rand  ganz  im  Innern  des 
Gebietes  G  verlauft,  und  es  bezeichne  Q  die  Menge  aller  Punkte  2,  die 
im  Innern  oder  auf  dem  Rande  des  Quadrates  liegen.  Der  Abstand  der 
Menge  Q  von  der  Jordanschen  Kurve,  die  G  begrenzt,  moge  H  (H  >  0) 
heifien.  Wir  betrachten  alsdann  fiir  alle  z  in  Q  und  fur  0  <  |  h  \  <  H 
die  positive,  stetige  Funktion  der  beiden  komplexen  Variablen  z  und  h 


Nach  Voraussetzung  existiert  fiir  jedes  feste  z  in  Q  der  Grenzwert 
liml-(..*)-Kml^±flp/WJ. 

h^-0  A->0  I'M 

Wir  bezeichnen  diesen  mit  g(z).     Ware  hierbei  noch  auBerdem  voraus- 
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gesetzt,  daB  der  Grenzubergang  fur  alle  z  in  Q  gleichmdftig  ist,  BO  ware 
der  Beweis,  daB  das  Integral  {  f(z)dz,  iiber  den  Umfang  von  Q  erstreckt, 
gleich  Null  1st,  unschwer  zu  fiihren.  Eine  solche  Voraussetzung  findet 
sich  aber  im  Hauptsatze  nicht.  Nun  hat  sich  aber  bekanntlich,  nachdem 
man  dazu  ubergegangen  1st,  Punktmengen  mittels  des  von  Lebesgue 
eingefiihrten  verfeinerten  MaBbegriffes  zu  raessen,  das  sehr  bemerkenswerte 
Resultat  ergeben,  daB  jeder  Grenziibergang,  bei  welchem  ein  Parameter 
auftritt,  in  bezug  auf  diesen  Parameter  ,,im  wesentlichen"  gleichmaBig  ist8). 
Indem  wir  speziell  die  vorhin  eingefiihrte  Funktifcn  F(z,h)  betrachten, 
sprechen  wir  den  soeben  erwahnten  Satz  der  Lebesgueschen  Theorie  wie 
folgt  aus. 

Hilfssatz  1:  Jedem  (beliebig  kleinen)  ^>0  Idftt  sich  in  Q  eine 
meftbare  Teilmenge  T  mil  einem  Ma  ft  grofter  als  S2  —  A  zuordnen,  so 
daft  fur  alle  z  in  T  die  Funktion 


jur  h-~Q  gegen  g(z)  gleichmdftig  strebt.  Es  gibt  also  zu  jedem  <5,  >  0 
ein  (von  z  unabhdngiges)  ^3  >  0  derart,  daft  fur  alle  z  in  T  und  fur 
0  |  h  |  <  <52  die  Ungleichheit 


besteht. 

Ehe  wir  dazu  iibergehen,  diesen  Hilfssatz  auf  unser  Problem  anzu- 
wenden,  schicken  wir  zwei  auBerst  einfache  geometrische  Hilfssatze  voraus, 
von  denen  der  erste  evident  ist,  wahrend  der  Beweis  des  zweiten  so  nahe 
liegt,  daB  wir  diesen  dem  Leser  uberlassen  konnen. 

Hilfssatz  2 :  Es  sei  q  ein  Quadrat  (mit  Einschluft  des  Randes)  in  der 
z-Ebene,  das  durch  Vermittelung  einer  Funktion  £  =  F(z)  eineindeutig 
und  stetig  auf  ein  Gebiet  (mit  Einschluft  des  Randes)  in  der  £-Ebene 
abgebildet  wird.  Es  mogen  im  Quadrate  q  zwei  Punkte  z±  und  z.2  =f  ^ 
existieren,  so  daft  fur  jedes  z  H=  z±  in  q 

\F(z)-F(z,)\  _  k  ^ 

fur  jedes  z  4=  ^  in 


gilt,  unter  kt  und  k^  zwei  positive  Konstanten  verstanden.  Dann  ist 
A;,  =r-  jfea .  Die  Abbildung  von  q  auf  das  entsprechende  Gebiet  in  der  f  -  Ebene 
ist  entweder  eine  Ahnlichkeitstransformation  oder  zu  einer  Ahnlichkeits- 


Vgl.  Carath6odory,  1.  o.  *)  S.  382,  Satz  12. 
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transformation  symmetrisch,  d.  h.  die  in  q  definierte  Funktion  F(z)  ist  ent- 
weder  eine  linear e  Funktion  F(z)  =  CA  +  caz,  oder  es  ist  F(z]  =  c±  +  c>2  z, 
wo  z  die  zu  z  konjugierte  Zahl  bezeichnet.  Der  eine  oder  der  andere  Fall 
tritt  ein,  je  nachdem  bei  der  Abbildung  der  Umlaufssinn  erhalten  bleibt 
oder  nicht. 

Aus  diesem  Hilfssatze  ergibt  sich  sehr  leicht  die  Richtigkeit  des 
folgenden  ahnlichen  Hilfssatzes,  in  dem  wir  der  Gleichmafiigkeit  halber 
drei  Punkte  zl ,  z., ,  za  betrachten. 

Hilfssatz  3:  Es  sei  q  ein  Quadrat  (mit  Einschluft  des  Eandes)  in 
der  z-Ebene  von  der  Seitenldnge  s,  und  es  sei  q  mittels  einer  Funktion 
£  =  F(z)  eineindeutig  und  stetig  auf  ein  Gebiet  (mit  Einschluft  des  Randes) 
in  der  £-Ebene  abgebildet,  und  zwar  so,  da, ft  bei  der  Abbildung  der  Um- 
laufssinn erhalten  bleibt.  Es  mogen  ferner  ein  Wert  d  >  0 ,  drei  positive 
Konstanten  k± ,  fe2 ,  ka  und  drei  feste  in  q  gelegene  Punkte  z^ ,  z.2 ,  z3 , 
welche  von  drei  verschiedenen  Eckpunkten  Zl ,  Z^ ,  Z3  von  q  Abstdnde 

haben,  existieren,  so  daft  fur  jedes  i  =  1 ,  2 ,  3  die  Ungleichung 


fur  alle  z  4s  fy  im  Quadrate  q  besteht.  Dann  ist  fur  ein  sehr  kleines  ^ 
die  Abbildung  ,,beinahe"  eine  Ahnlichkeitstrans  formation,  d.  h.  genau  ge- 
sprochen:  zu  jedem  eQ  >  0  gehort  ein  nur  von  e0  fund  nicht  etwa  von 
^i  >  &a  ,  k3  und  s)  abhdngiges  60  >  0  derart,  daft,  wenn  in  den  obigen 
Voraussetzungen  &^OQ  ist,  die  im  Quadrate  q  definierte  Abbildungs- 
funktion  F(z)  sich  auf  die  Form  bringen  Idftt: 


wo  Cj  und  ca  Konstanten  bezeichnen,  wdhrend  y>(z)  fur  alh  z  in  q  die 
Ungleichung  \  y  (z)  \  <  e0s  befriedigt. 

Nach  diesen  Vorbereitungen  laBt  sich  nunmehr  leicht  der  folgende 
Satz  beweisen: 

Hilfssatz  4:  Es  sei  Q  ein  beliebiges  Quadrat  finkl.  Rand),  welches 
im  Gebiete  0  gelegen  ist,  und  es  seien  ^  >  0  und  63  >  0  beliebig  gegeben. 
Dann  Idftt  sich  eine  Zerlegung  des  Quadrates  Q  in  eine  endliche  Anzahl 
von  kleinerenQuadraten  ql  ,  q^  ,  .  .  .  ,  qN  derart  vornehmen,  daft  die  folgende 
Bedingung  erfullt  ist:  Die  Teilquadrate  qlt  q^  .....  qN  konnen  in  zwei 
Klassen  I  und  II  eingeteilt  werden,  so  daft 
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1.  die  Summe  Jj^|/  f(z)dz\  der  absoluten  Betrdge  der  Integrate 


J  f(z)dz,  erstreckt  Idngs  der  Quadrate  der  ersten  Klasse,  kleiner  ale  e, 
ist,  und  dap 

2.  die  Summe  der  Fldcheninhalte  der  zur  zweiten  Klasse  gehorigen 
Quadrate  kleiner  als  e,  ist. 

Beweis:    Es  sei  8  die  Seitenlange  von  Q,  und  es  sei  —  -„      e0  ge- 

4<S 

setzt.  Zu  diesem  fe%0  >  0  bestimmen  wir  ein  d0  dQ  (e0  )  —  6Q  (^  )  im  Sinne  des 
Hilfssatzes  3.  Ferner  bestimmen  wir,  was  nach  dem  Hilfssatze  1  (fur  A  ~-  ~  J 
moglich  ist,  eiiie  meBbare  Teilmenge  T  von  Q  mit  einem  MaB  groBer  als 
&  2  —  i  'J  derart,  dafi  fiir  alle  z  in  T  die  Funktion 

jp(,fA)^"A-'±»)-r(£)j 

flir  h  -+()  gleichmdfjiy  gegen  g(z)  strebt;  dann  konnen  wir  (wegen  der 
GleichmaBigkeit  des  Grenziiberganges)  zu  der  obigen  Zahl  60  >  0  eine 
positive  Zahl  «  --  «(^0)  =  a(*i)  ^erart  wahlen,  daB  fiir  jedes  z  in  T  und 
0  -  '  |  h  |  <  <;  die  Ungleichung 


besteht.  Wir  teilen  nunmehr  das  Quadrat  Q  in  N  —  n2  kongruente  Teil- 
quadrate  ein;  die  ganze  Zahl  n  wird  dabei  so  groB  gewahlt,  daB  die 

Seitenlange  s  -      -8  der  Teilquadrate  kleiner  als  ~    ausfallt.     Wir  werden 

beweisen,  daB  bei  dieser  Zerlegung  von  Q  in  Teilquadrate  die  Bedingung 
des  Hilfssatzes  erf  ii  lit  ist.  Dies  ergibt  sich  folgendermaBen.  Es  sei  q 
(vgl.  die  Fig.)  ein  beliebiges  der  ri*  Teilquadrate,  und  es  sei  um  jeden  der 

vier  Eckpunkte  eiu  Kreisbogen  mit  dem  Radius  •*-  gezogen,   wodurch  aus 

q  vier  kleine  Kreisquadranten  (die  vier  schraffierteu  Gebietc)  hera\isgeschnitten 

werden.      Wir  unterscheiden   nun   zwei   Ftille:     1.    Unter 

den    vier    kleinen    Kreisquadranten    gibt    es    mindestens 

drei,   welche  im  Tnnern  einen  Punkt  der   Men<j:o  T  ent- 

halten;    in   diesem   Falle    wird   das    Teilquadrat  q  in   die 

Klasse   I   geschlagen.     2.    Unter  den    vier    kleinen  Kreis- 

quadranten  gibt    es   hochstens   zwei,    welche   im   Tnnern 

einen  Punkt  der   Menge  T   enthalten;    in   diesem    Falle  Fig   1 

wird  das  Teilquadrat  q  zu  der  Klasse  IT  gerechnet. 

Es   sei   zunachst  q  ein   beliebiges   Quadrat   der   ersten  Klasse.     Dann 
gibt  es  nach  Voraussetzung  drei  Punkte  ZA  ,  z,2  ,  z{  in  q,  welche  der  Menge  T 
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angehoren  und  so  beschaffen  sind,  daB  ihre  Abstande  von  drei  verschiedenen 
Eckpunkten  ZltZ^9  Zs  von  q  kleiner  als  ~  sind.  Da  der  Punkt  z{  ;  (  i  =  1  ,  2  ,  3  ) 

T  angehort,  und  sein  Abstand  von  jedem  Punkte  z  4s  zi  *n  9  kleiner  als 
die  Diagonal  e  sV2  von  q,  d.  h.  kleiner  als  a  ist,  so  gelten  fur  alle  2  +  zi 
in  q  die  Ungleichungen 


unter  k{  die  positive  Zahl  g(zi)  verstanden.    Nach  dem  Hilfssatze  3  ist  daher 
fur  alle  z  in  dem  betrachteten  (zur  ersten  Klasse  gehorigen)  Quadrate  q 

/"(*)-  Ct  +  CtZ  +  vW, 

wo  cx  und  ca  von  2  unabhangig  sind,  wahrend  |v(2)i  <  €o*  ^-     Durch 
Integration  langs  des  Umfanges  von  q  erhalten  wir  somit 

also,  wegen 


und  hieraus  weiter 

|  ff(z)dz  \  ^S\V(z)\  \dz\<  eos-4s^  -fa-  4*  -    $-  -=  %  . 

Da  die  Anzahl  der  Quadrate  der  ersten  Klasse  hochstens  gleich  N  ist, 
so  haben  wir  hiermit  die  eine  Halfte  unserer  Behauptung,  namlich  die 
Ungleichung 

2\ff(s)dz    <%.N  =  ei 
(I) 
bereits  bewiesen. 

Es  eriibrigt  zu  beweisen,  daB  die  Summe  der  Flacheninhalte  der 
Teilquadrate  der  zweiten  Klasse  kleiner  als  f2  ist.  Zu  diesem  Zwecke 
bemerken  wir  zunachst,  daB,  wenn  Tf  die  Komplementarmenge  zu  T  in 
bezug  auf  die  Menge  Q  (d.  h.  die  Menge,  die  aus  alien  Punkten  in  Q 
besteht,  die  nicht  zu  T  gehoren)  bezeichnet,  T'  meBbar  und  von  einem 
MaB  kleiner  als  fj?  ist.  Nach  Voraussetzung  enthalt  jedes  Teilquadrat  q 
der  zweiten  Klasse  mindestens  zwei  kleine  Kreisquadranten  vom  Flachen- 
inhalt  —  ^-rj  —  ~  *2,  deren  innere  Punkte  sdmtlich  der  Menge  T'  an- 
gehoren. Die  Anzahl  der  Teilquadrate  der  zweiten  Klasse  ist  folglich 
kleiner  als 

**  .  (9     '1     j,^  -^  ^       32_    ^  1? 
11  •  V^'64        /  "     8-  '  lljt  ^  ««"' 

d.  h.  die  Summe  der  Flacheninhalte  aller  zu  der  zweiten  Klasse  gehorigen 
Teilquadrate  ist  kleiner  als  f.2.  Hiermit  ist  der  Hilfsatz  4  bewiesen. 
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.  Es  sei  Q  ein  im  Gebiete  G  gelegenes  Quadrat,  das  bei  vorgegebenen 
^  >  0  und  ea  >  0  in  Teilquadrate  q  im  Sinne  des  Hilfssatzes  4  zerlegt 
ist.  Da  das  Integral  ff(z)dz  langs  des  Umfanges  von  Q  gleich  der 
Summe  der  Integrate  erstreckt  uber  den  Umfang  alter  Teilquadrate 
2j  /  f(z)dz  ist,  so  gilt 


ff(*)**  i  =  21  1  JV(»)**  I  +  2"  I 

Q  q  (/)  (//; 

wo  in  ^  bzw.  JV7  die  Summation  iiber  die  Teilquadrate  der  ersten  bzw. 

(D  (//) 

der  zweiten  Klasse  zu  erstrecken  ist.     Es  ist  also 

f(z)dz\  <*1  +  2 


\f 
Q 

Aus  dieser  Ungleichung  folgt  sofort,  daB  der  Beweis  des  Hauptsatzes,  d.  h.  der 
Beweis  der  Gleichung  /  f(z)dz  =-  0,  gefiihrt  ist,  wenn  es  gelingt  zu  zeigen, 

daB  bei  hinreichend  kleinem  f2  die  Summe  £\  f  f(z)dz     beliebig  klein 


wird.    Der  Beweis  des  Hauptsatzes  ist  aho  auf  den  Beweis  des  folgenden 
Satzes  zuriickgefuhrt. 

Satz  A:  Zu  jedem  6  >  0  gibt  es  ein  e  >  0  derart,  daft  fur  eine 
beliebige  endliche  Anzahl  in  G  gelegener  und  nicht  ubereinander  greifen- 
der  Quadrate  ql9qt,,  ••  -,qN,  deren  Gesamtfldcheninhalt  kleiner  als  e  ist, 


die  Summe 


$f(z)dz\,  erstreckt  uber  die  N  Quadrate  ql)qi>t  .  .  .  , 


kleiner  als  d  ist. 

Bevor  wir  dazu  iibergehen,  diesen  Satz  A  (und  damit  den  Haupt- 
satz)  zu  beweisen,  werden  wir  in  §  2  die  gegebene  streckentreue  Abbil- 
dung von  0  auf  f  etwas  naher  studieren. 

§  2. 

Wir  beweisen  zuriachst  den  folgenden  wichtigen  Hilfssatz: 
Hilfssatz  5:  Es  sei  M  eine  beliebige  im  Gebiete  G  gelegene  Punkt- 
rnenge  vom  Mafte  Null.     Dann  hat  die  M  bei  der  gegebenen  strecken- 
treuen  Abbildung   im   Gebiete  T    entsprechende  Punktmenge  M  ebenfalls 
das  Map  Null. 

Beweis:  Es  habe  g(z)  die  fruhere  Bedeutung,  d.  h.  es  bezeichne 
(wie  uberall  im  folgenden)  g(z)  fur  jedes  z  in  G  den,  nach  Voraus- 
setzung  vorhandenen,  Grenzwert 
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lim 
inn 

A->0 

Es  bezeichne  ferner  M (K}  fur  alle  f eaten  K  >  0  die  Menge  der  Punkte  z 
in  M,  fur  die  g(z)<K  ist.  Es  sei  M(jfiC)  die  M  (K)  entsprechende 
Teilmenge  von  M.  Da  die  Vereinigungsmenge  einer  abzahlbaren  Anzahl 
von  Mengen  (mit  oder  ohne  gemeinsame  Punkte),  deren  jede  vom  MaBe 
Null  ist,  bekanntlich  selbst  vom  MaBe  Null  ist,  so  geniigt  es  offenbar  den 
Satz  fiir  M  (K)  (bei  beliebigem  festem  K  >  0)  statt  fiir  die  gegebene  Menge 
M  selbst  zu  beweisen,  d.  h.  es  geniigt  zu  beweisen,  daB  M(J£)  vom  MaBe 
Null  ist;  denn  es  ist  ja  M  die  Vereinigungsmenge  der  abzahlbar  unend- 
lich  vielen  Mengen  M(l),  M(2),  M(3),  ....  Fur  jeden  Punkt  z0  der 
Menge  M(K)  ist  die  Zahl  g(z0)<K.  Es  laBt  sich  daher  um  jeden 
Punkt  z0  in  M  (K)  eine  kleine  Kreisflache  |  z  —  z0  \  <  r  (  —  r(z0))  im 
Gebiete  O  beschreiben,  so  dafl  fiir  alle  z  =)=  z0  *n  dieser  Kreisflache  die 
Ungleichung 

K-Col-  \f(*)-  f(z0)\<.K\z~z0\ 

gilt.  Man  iiberzeugt  sich  leicht  durch  nochmaligen  Gebrauch  des  Satzes, 
daB  die  Vereinigungsmenge  von  abzahlbar  unendlich  vielen  Mengen,  deren 
jede  vom  MaBe  Null  ist,  selbst  vom  Mafie  Null  ist  wie  vorhin,  daB  es 
beim  Beweise  unseres  Satzes  geniigt,  statt  M  (K)  eine  Teilmenge  L  von 
M(K)  zu  betrachten,  deren  Punkten  z0  eine  feste  (d.  h.  von  z0  unab- 
hangige)  positive  Zahl  R  als  Radius  der  vorerwahnten  kleinen  Kreisflache 
um  z0  zugeordnet  werden  kann.  Wir  betrachten  also  (statt  der  urspriing- 
lichen  Menge  M)  eine  in  G  gelegene  Menge  L  vom  Mafie  Null  mit  fol- 
gender  Eigenschaft:  Es  existieren  zwei  positive  Zahlen  K  und  R  derart, 
dap  fiir  jedes  ZQ  in  L  die  Ungleichung 

l/»-  fM  I  <K\z-z0\ 

fur  alle  z  4=  20  im  Kreise  \  z  —  z0  |  ^  R  besteht;  zu  beweisen  ist,  daft  die 
im  Gebiete  F  gelegene  Menge  A,  die  L  entspricht,  ebenfalls  vom  Mafle 
Null  ist.  Der  Beweis  hierfiir  ist  orbracht,  wenn  es  gelingt  zu  zeigen, 
daB  ?A\  jedem  t  >  0  eine  meBbare  Punktmenge  Q  vom  MaBe  kleiner  als  /•• 
existiert,  welche  A  als  Teilmenge  enthalt.  Zu  die,?em  Zwecke  bestimmen 
wir  zunachst  zu  der  gegebenen  Menge  L  vom  MaBe  Null  eine  abzahlbare 
Folge  im  Gebiete  G  gelegener  Quadraten  ql9  q2,  . . . ,  qn,  . . . ,  deren  Seiten- 

D 

langen  ^ ,«.,,...,  6*H,  ...  samtlich  kleiner  als  ™  sind,  und   die   folgende 

V  2 
Eigenschaften  haben:  1.  Jeder  Punkt  von  L  ist  ein  innerer   Punkt  eines 

dieser  Quadrate.     Jedes  Quadrat  enthalt  mindestens  einen  Punkt  von  L. 

2.  Die  Summe -1*5;  der  Flacheninhalte  der  Quadrate  ist  kleiner  als  — — r. 

2ji  K~ 

Wir  bezeichnen  diejenige  Punktmenge  im  Gebiete  f,   welche  bei  der  Ab- 
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bildung  dem  Innern  des   Quadrates  q    entspricht,  mit  Q  ;  die  Menge  g 
ist  mefibar,  well  sie  aus  lauter  inneren  Punkten  besteht.    Es  sei  nunmehr  z0 
ein  Pimkt  von  L  im  Innern  des  Quadrates  q    und  f    der  entsprechende 
Punkt  von  A  im  Gebiete  g  .     Dann  ist  das  Quadrat  q    ganz  -im  Kreise 

n  n 

|  z  ~-  z0  |  <  V2  sn  <  R  gelegen,  woraus  folgt,  dafi  die  entsprechende  Punkt- 
menge  Q  ganz  im  Kreise  |  f  —  f0  |  <  X  V  2  8n  liegt.  Ist  //n  das  MaB  der 
Menge  Q^  so  ist  also  /in  <  n  (K  1/2  sn)*  -=-  2  n  Jf  %,?  .  Wir  bilden  schliefi- 
lich  die  Vereinigungsmenge  Q  der  abzahlbar  vielen  Mengen  ^  ,  £o  ,  .  .  .  ,  ^,  ---- 
Die  Menge  Q  enthalt  offenbar  die  Menge  A  als  Teilmenge.  Da  Q  mefibar 
ist  und  ihr  Mafi  ftn<27iK*s*  ist,  so  ist  die  Vereinigungsmenge  Q  eben- 
falls  mefibar  und  ihr  Mafi 


-  2  7i 


Hiermit  ist  der  Beweis,    dafi  A  vom  Mafie  Null  ist,    und  damit  der  Be- 
weis  des  Hilfssatzes  vollendet. 

Aus  dem  Hilfssatze  5  schliefien  wir  zunachst,  dafi,  wenn  M  eine 
beliebige  rnefibare  Menge  im  Gebiete  G  ist,  die  entsprechende  Menge  M  im 
Gebiete  V  ebenfalls  mefibar  ist4).  Dies  ergibt  sich  folgendermafien  :  Weil  M 
mefibar  ist,  konnen  wir  eine  Folge  von  Mengen  MI}  M2,  .  .  .  ,  Mn,  ...  in  Gy 
deren  jede  aus  lauter  inneren  Punkten  besteht  und  M  als  Teilmenge  ent- 
halt, derart  wahlen,  dafi  fur  n—  *~>c  das  Mafi  von  Mn  gegen  das  MaB 
von  M  konvergiert.  Es  sei  M  '  der  Durchschnitt  der  Mengen  Mt  ,  Jf.2,  .  .  .  , 
d.  h.  es  bestehe  M  aus  denjenigen  Punkten,  welche  samtlichen  Mengen 
M19  J/.2>...  angehoren;  dann  ist  M'  mefibar,  und  es  ist  das  Mafi 
von  M'  mindestens  gleich  dem  Mafi  von  M  (weil  M  Teilmenge  von 
M'  ist)  und  zugleich  hochstens  gleich  dem  Mafi  von  Mn  (weil  J/' 
Teilmenge  in  Mn  ist).  Es  ist  also  (weil  das  Mafi  von  Mn  fiir  n—  +00 
gegen  das  Mafi  von  M  konvergiert)  das  Mafi  von  M  gleich  dem  Mafie 
von  M  .  Hieraus  folgt,  dafi  die  Differenzmenge  MQ  ~  -  M  --  M  vom 
Mafie  Null  ist.  Wir  betrachten  nunmehr  die  im  Gebiete  f  gelegenen 
Mengen  M15  M2  ,  .  .  .,  MM,  .  .  .,  welche  den  Mengen  Mv  ,  312,  .  .  .,  Jfn,  .  .  . 
in  G  entsprechen;  alle  diese  Mengen  sind  mefibar,  weil  sie  aus  lauter 
inneren  Punkten  bestehen.  Folglich  ist  die  Menge  M',  welche  M  ent- 
spricht, gleichfalls  mefibar,  weil  sie  der  Durchschnitt  der  mefibaren 
Mengen  M1?  M.2,  ...  ist.  Ferner  ist  die  Menge  M0,  welche  MQ  entspricht, 
mefibar,  niimlich  (nach  dem  Hilfssatze  5)  vom  Mafie  Null.  Nachdem 
hiermit  die  Mefibarkeit  von  M'  und  M0  bewiesen  ist,  folgt  sofort  aus  der 
Gleichung  M  -  M'  —  M0,  dafi  M  ebenfalls  mefibar  ist,  womit  die  obige 
Behauptung  bewiesen  ist. 

4)  Vergleielie  Carat  hcodory,  1.  c.8)  S.  855,  Sat/  2. 
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Hilfssatz  6:  Zu  jedem  e  >  0  gibt  es  ein  6  ~  d(e)  >  0  derart,  dap, 
ivenn  M  eine  im  Gebiet  G  gelegene  meftbare  Menge  vom  Mafie  kleiner 
als  d  ist,  die  entsprechende  fnach  dem  vorhergehenden  eben falls  mefibare) 
Menge  M  im  Gebiete  f  vom  Mafie  kleiner  als  «  ist. 

Beweis:  Wir  fiihren  den  Beweis  indirekt,  d.  h.  wir  nehmen  an,  daB 
der  Satz  unrichtig  sei,  daB  es  also  ein  eQ  >  0  gibt,  so  daB  jedem  d  >  0 
eine  in  G  gelegene  Menge  M  vom  MaBe  kleiner  als  6  zugeordnet  werden 
kann,  deren  entsprechende  Menge  M  in  f  vom  MaBe  r>  s0  ist.  Wir  werden 
zeigen,  daB  diese  Annahme  zu  einem  Widerspruch  fiihrt.  Zu  diesem  Zwecke 
bestimmen  wir  (unter  Benutzung  der  zu  widerlegenden  Annahme)  eine 
Folge  von  meBbaren,  im  Gebiete  G  gelegenen  Mengen  M± ,  M a ,  . . .  derart, 

daB  bei  jedem  n  ^i  1   das  MaB  von  Mn  kleiner  als  —5-  ist,   wahrend  die 

entsprechenden,  in  f  gelegenen,  meBbaren  Mengen  Mx ,  M., ,  ...  siimtlich  vom 
MaBe  5:  f0  sind.  Es  sei  M*  der  ,, Limes  superior"  der  Folge  ML,  M»,  .  .  . , 
d.  h.  diejenige  Menge,  deren  Punkte  unendlich  vielen  der  Mengen 
M j ,  J/t> ,  .  .  .  angehoren,  und  es  sei  M  der  Limes  superior  der  Folge 
M1?  M, ,  ....  Dann  sind  sowohl  M'  als  M'  meBbare  Mengen,  und  es  ist 
offenbar  M'  diejenige  Menge  in  f,  welche  der  Menge  M '  in  G  entspricht. 
Da  jede  der  Mengen  MA ,  M , ,  ...  vorn  MaBe  _7i  f0  ist,  und  auBerdem  die 
samtlichen  Mengen  MA ,  M.2 ,  ...  in  einern  beschrankten  Teil  der  Ebene 
(namlich  im  Gebiete  f)  liegen,  so  ist  bekanntlich  auch  der  Limes  superior 
M'  vom  MaBe  ^£0:>).  Dagegen  ist  M.'  vom  MaBe  Null;  denn  die  Menge 
M'  ist  fur  alle  w  >  1  eine  Teilmenge  der  Vereinigungsmenge  M(n)  der  ab- 
zahlbar  vielen  Mengen  Mn  +  lt  3fn  +  .2, . . . ,  welche  Vereinigungsmenge  M(n} 

meBbar   ist    mit  einem  MaB  kleiner  als     —      r  +     —  — —   f   . . .  -'„'  —  ,  so 

(nM)^   (n^-2)- 

daB  auch  das  MaB  von  M '  fur  alle  n  kleiner  als  —    ist.     Die  beiden  so- 

n 

eben  erhaltenen  Resultate:  1.  M'  ist  vom  MaBe  Null,  2.  die  entsprechende 
Menge  M'  ist  von  einem  MaBe  groBer  als  Null,  widersprechen  aber  nach 
dem  Hilfssatze  5  einander,  womit  der  Hilfssatz  6  bewiesen  ist. 

Es  sei  M  eine  beliebige  meBbare  Menge  im  Gebiete  G  und  M  die 
entsprechende  meBbare  Menge  im  Gebiete  P.  Ihr  MaB  bezeichnen  wir  mit  /* . 
Diese  Zahl  /<  konnen  wir  alsdann  als  eine  Funktion  der  Menge  M  auf- 
fassen;  diese  ,,Mengenfunktion",  welche  fur  alle  mefibaren  Mengen  M  im 
Gebiete  G  definiert  ist,  und  die  wir  mit  //  =  a>(Jfef)  bezeichnen  werden, 
besitzt  oflenbar  die  beiden  folgenden  Eigenschaften : 

I.    Bie  ist  additiv,  d.  h.,  wenn  JHfj  und  M>2  zwei  in  G  gelegene  meB- 


"')  Caratheodory,  1.  c.  •)  S.  255,  Satz  11. 
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bare  Mengen  ohne  gemeinsame  Punkte  sind,   und  M  die  Vereinigungs- 
menge  von  Ml  und  M2  bedeutet,  so  gilt  die  Gleichung 


a>(Mi)  f  u>(MJ  . 

II.  Sie  ist  totalstetig,  d.  h.  zu  jedem  e  >  0  gehort  ein  6  -=  d  (  e  }  >  0 
derart,  daB  fur  jede  im  Gebiete  O  gelegene  meBbare  Menge  M  ,  deren 
Mafl  kleiner  als  d  ist,  die  Ungleichung  f»(M)  <  e  besteht.  (Dies  ist  eine 
andere  Form  des  Hilfssatzes  (5.) 

Bine  derartige  additive  und  totalstetige  Mengenfunktion  (o(M)  be- 
sitzt  aber  nach  einem  bekannten  Satz  der  Lebesgueschen  Theorie  die 
beiden  wichtigen  Eigenschaften6): 

I.  Sie  besitzt  ,,fast  uberall"  in  O,  d.  h.  in  jedem  Punkte  z0  von  6r, 
hochstens  mit  Ausnahme  der  Punkte  einer  Menge  vom  MaBe  Null, 
einen  endlichen  ,,Differentialquotienten"  D(zQ).  Dies  besagt,  daB,  wenn 
M  —  M  (z0,  r)  das  Innere  eines  kleinen  in  0  gelegenen  Kreises  um  z0  mit 
dem  Radius  r  bedeutet,  der  positive  Bruch 


sich  fur  r—  »-()  einem  bestimmten  endlichen  Grenzwert  D(z0)  nahert.  — 
Fur  unsere  spezielle  Mengenfunktion  co(M)  lafit  sich  iibrigens  unmittelbar 
direkt  beweisen,  daB  sie  sogar  in  jedem  Punkte  z0  des  Gebietes  0  (und 
nicht  nur  mit  Ausnahme  einer  Punktmenge  vom  MaBe  Null)  einen 
DifFerentialquotienten  D(z0)  besitzt,  namlich  den  Differentialquotienten 
D(z0)--  (</(z0))2,  wo  g(z0)  wie  immer  den  Grenzwert 


bedeutet.  Es  sei  Z0  irgendein  fester  Punkt  im  Gebiete  6r,  und  es  sei 
e  >  0  ein  beliebig  kleiner  Wert.  Fur  hinreichend  kleine  r  wird  jeder 
Punkt  z  auf  der  Kreisperipherie  j  z  —  z0  \  =  r  in  einen  Punkt  £  des  Ge- 
bietes f  abgebildet,  welcher  im  Kreisringe 


)<|f-t0|<(l  f 

gelegen  ist.  Die  Jordansche  Kurve  in  f,  welche  dern  Kreise  |  z  —  z0  |  ~  r 
in  0  entspricht,  verlauft  also  ganz  in  diesem  Kreisringe.  Hieraus  folgt 
aber  sofort,  daB  die  meBbare  Punktmenge  M,  welche  der  Kreisflache 
|  z  —  z0  |  <  r  entspricht,  also  die  Menge  M  ,  die  aus  den  samtlichen  Punkten 
im  Innern  der  erwahnten  Jordanschen  Kurve  besteht,  ein  MaB  (o(M) 
besitzt,  das  die  Ungleichungen 


Carath6odory,  1.  c.  *)  S.  496,  Satz  1.  2. 


E5.    Moth.Z.  1  (1918). 


41(5  H.  Bohr. 

befriedigt;  es  gelten  also  fiir  alle  hinreichend  kleinen  positiven  r  die  Un- 
gleichungen 


und  es  existiert  somit  der  Grenzwert 

lim  ~ 


und  1st  gleich 

II.  DerDifferentialquotientD(2)=-  D(x-\-iy)  ist  eine  (imLebesgue- 
schen  Sinno)  im  zweidimensionalen  Gebiete  G  summierbare  Punktfunktion, 
und  es  gilt  fiir  jede  mefibare  Menge  M  in  Q  die  Relation 

a>(M)-  ffD(z)do. 

M 

Mit  anderen  Worten,  eine  additive  totalstetige  Mengenfunktion  a>(M] 
ist  gleich  dem  ,,Fldchenintegral"  ihres  Differentialquotienten,  erstrecM 
uber  die  Menge  M. 

Fiir  unsere  Mengenfunktion  co(M),  wo  der  DifFerentialquotient  D(z) 
sogar  iiberall  in  Q  (und  nicht  nur  mit  Ausnahme  einer  Menge  vom  Mafic 
Null)  existiert  und  gleich  (g(z))2  ist,  erhalten  wir  also  die  Gleichung 

co(M)      fS(g(z))*do, 

M     V  ' 

d.  h.  es  gilt  der  folgende  Hilfssatz. 

Hilfssatz  7:  Es  sei  M  eine  beliebige  meftbare  Menge  in  G  und  M 
die  entsprechende  (ebenfalls  mepbare)  Menge  in  f.  Dq,nn  ist  das  Map  n 
von  M  durch.  das  Fldchenintegral 


gegeben. 

Wir  beweisen  schlieBlich  den  folgenden  Satz,  welcher  das  Ziel  dieses 
Paragraphen  bildet. 

Hilfssatz  8:  Es  sei  q  ein  Quadrat,  das  (mit  Einschlufi  des  Randes) 
ganz  in  G  liegt,  und  es  bezeichne  m  den  FldcheninJialt  dieses  Quadrates, 
wdhrend  /i  das  Ma/3  derjenigen  Punktmenge  im  Gebiete  f  bezeichnet, 
welche  dem  Innern  des  Quadrates  q  entspricht.  Dann  ist  der  absolute 
Wert  des  komplexen  Integrals  /  f(z)dz  Idngs  des  Urnfanges  von  q  hdchstens 
gleich  m  +  /*  • 

Beweis:  Wir  durfen  ofFenbar  ohne  Beschrankung  der  Allgemeinheit 
beim  Beweise  annehmen,  dafi  die  Seiten  von  q  der  reellen  bzw.  der  imagi- 
naren  Achse  parallel  sind,  also  dafi  die  Punkte  z  x  -\-  iy  des  Quadrates  q 
durch  Ungleichungen  der  Form  x1  :^  x  •  '  a?2  ,  yl  _  .  y  ^  y^  charakterisiert 
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sind,  wobei  #a  —  xt  =  y2  —  yl  ist.     Dann  lautet  die  zu  beweisende  Un- 
gleichung 


<  m  +  /*• 
Aus  Symmetriegriinden  geniigt  es  offenbar  nachzuweisen,  dafi 


ist.     Wir  werden  sogar  beweisen,  dafi 

JW,  +  iy)  -/X*i  +  iy)  \dy  ^ 

Vi 

ist.  Zu  diesem  Zwecke  betrachten  wir  die  Differenz  f(x^  -{-  i  y  )  —  f(  xl 
wo  2/i  £^  y  ^  2/3  ^B^>  und  werden  zunachst  beweisen,  rfaj&,  wenn  fur  ein 
y  =  y'  im  Intervalle  yl  ^  y  <  y3  rfte  Funktion  g(x-\-iy')  eine  fur 
xi  ^  x  ^  x*  (*m  Lebesgueschen  Sinne)  summierbare  Funktion  von  x 
ist,  die  Ungleichung 


gilt;  mit  anderen  Worten,  diese  Ungleichung  gilt  fur  jedes  y  =  y'  im 
Intervalle  yl  <  y  <^  y^ ,  fiir  welches  die  rechte  Seite  einen  Sinn  hat.  Wir 
betrachten  hierzu  (unter  der  Annahme,  dafi  g(x~\-iy')  fiir  ^i^x<x^ 
summierbar  ist)  die  Funktion 

und  bilden  fiir  einen  kleinen  (positiven  oder  negativen)  Zuwachs  A  x  die 
Differenz  h  (x  +  A  x)  —  h  (x).  Es  ist  hierbei  (weil  1 1  6  —  a  |  —  |  c  —  a  1 1 
<  |  b  —  c  |  ist) 

|  h(x  +  Ax)  —  h(x)  |  <:  |  f(x  +  Ax  +  iy')  —  f(x  +  iy')  |, 
also 

fi  ^  [Jx~\  * 

Diese  Ungleichung  lehrt  sofort,  dafi  in  einem  beliebigen  Punkt  x  des 
Intervalles  x^^^x^x^  jede  der  vier  Hauptderivierten  der  Funktion  h(x) 
(d.  h.  der  obere  und  untere  Differentialquotient  von  rechts  und  links) 
absolut  genommen  <g(x-\-iy')  ist;  denn  es  strebt  ja  fiir  |Ja?|— »-Odie 
rechte  Seite  der  letzten  Ungleichung  gegen  g(x  +  iy').  Es  werde  eine 
(beliebig  ausgewahlte)  der  vier  Hauptderivierten  von  h  (x),  etwa  der  obere 
rechte  Differentialquotient,  mit  h' (x)  bezeichnet.  Dieser  Differential- 
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quotient  h'  (x)  ist  in  jedem  Punkte  x  des  Intervalles  xl  <_  x  <„  xt  endlich, 
namlich  absolut  genommen  <  g  (x  +  *y')»  also  (wie  Jede  endliche  Haupt- 
derivierte)  eine  meftbare  Funktion  von  x  im  Intervalle  x±  <  x  <  #.2  ,  und 
weil  er  dem  absoluten  Werte  nach  nicht  grofler  ist  als  die  positive  nach 
Vvraussetzung  fiir  x1^x<x(i  summierbare  Funktion  g(x  +  iy'),  ist  er 
selbst  summierbar.  Hieraus  folgt  aber  nach  einem  bekannten  Satze  der 
Lebesgueschen  Theorie7),  daB 

*(*,)-=  *(*t)  j   }\'(x)dx, 

*l 
also,  weil  h(x1)^0  ist,  dafi 


ist.  Aus  dieser  Darstellung  von  \  f(xtJ-\-  iy')  ~  f(x1  -\-  iy')\  durch  ein 
Lebesguesches  Integral  folgt  nunmehr  sofort  die  Richtigkeit  der  obigen 
Ungleichung 

?* 

I  f(*,  +  »V)  -  /"(*!  +  »y')l  ^  J  ^(*  +  *y')dx\      • 

x\ 

denn  es  gilt  ja  im  ganzen  Intervalle  x±  5{  x  ^  x^  die  Ungleichung 
h'  (x)  <  g(x~\-  iy'}.  Wir  wenden  uns  nunmehr  zum  Beweise  des  Hilfs- 
satzes  8,  d.  h.  zum  Beweise  der  Ungleichung 

/I  f(**  +  h)  -  A*!  +  W\  dy  <  ^  . 
vi 

Es  ist 

P^~  ff  (g(x  +  i 


die  erste  Gleichung  ist  trivial,   die   zweite   ist   im  Hilfssatze  7  bewiesen. 
Hieraus  folgt 


also  a  fortiori,  weil 

0<g(x  +  iy)<l-{(g(x  +  iy))'+l} 

ist  und  g(x  +  iy),   als  Wurzel   der   im   Gebiete  0   mefibaren   Funktion 
(g(x-}-iy))  ,  selbst  in  0  meftbar  ist, 


Nun  gilt  aber,  weil  g(x-\-iy)  eine  im  Quadrate  x1<x<^x.2,  y^^ 
summierbare   Funktion   des   reellen  Wertepaares   (x,  y)  ist,   nach  einem 


7)  Carath^odory,  1.  c.«)  S.  597,  Satz  4. 
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fundamentalen  Satz   liber  die   Beduktion   eines   Flachenintegrals  auf  ein 
Doppelintegral8)  die  Gleichung 

/>          *a 
dyfg(x  +  iy)dx. 

9  Vi         *i 

Dieae  Gleichung  ist  folgendermaflen  zu  verstehen.     Es  existiert  fiir  jedes 
y  im  Intervalle  yl<y^y^9  hochstens  mit  Ausnahme  einer  Punktmenge 

r* 
vom  Mafie  Null,  das  Integral  J  g(x-\-  iy)dx,  und  es  ist  die  durch  dieses 

*i 
Integral   gegebene  Funktion  J  (y)  (die  also   fiir   y^^y^y^,   hochstens 

mit  Ausnahme  einer  Menge  vom  MaBe  Null,  definiert  ist)  eine  summier- 

vf 
bare   Funktion   von  y,   deren  Integral  J  J(y)dy   gleich   dem   Flachen- 

Vi 

integral  ffg(x  +  iy)do  ist.     Hieraus  folgt  nun  die  zu  beweisende  Un- 

«7 

gleichung;  denn  aus  der  fiir  jedes  y  im  Intervalle  y^  <;  y  <^  yf,  fiir  welches 

ra 
das  Integral  Jg(x  +  iy)dx  existiert,  giltigen  Ungleichung 


J(y)  -  fg(*  +  iy}dx  >  f(x,  + 

x\ 

ergibt  sich  sofort  durch  Integration  nach  y 


«  Vi  Vt 

Hiermit  ist  der  Hilfssatz  8  bewiesen. 

§  3. 

In  §  1  haben  wir  den  Beweis  des  Hauptsatzes  auf  den  folgenden 
Satz  zuruckgefiihrt. 

Satz  A:  Zu  jedem  d  >  0  gibt  es  ein  R  >  0,  so  daft  fur  eine  be- 
liebige  endliche  Anzahl  in  G  gelegener  und  nicht  ubereinander  greifender 
Quadrate  ^1^3,  •  -  •  ,  gy  ,  deren  Gesamtftdcheninhalt  kleiner  als  e  ist%  die 
Ungleichung 


besteht. 

IVfit   Hilfe   der   Eesultate  des  §  2  gelingt   es   nun  unmittelbar  den 
Satz  A  zu  beweisen.    Zu  der  gegebenen  Zahl  d  >  0  bestimmen  wir,  was 

nach  dem  Hilfssatze  6  moglich  ist,  eine  positive  Zahl  e  <  ^  derart,  daB 


8)  Carath^odory,  L  o.2)  S.  632,  Satz  4. 
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fiir  jede  in  O  gelegene  mefibare  Menge  M  vom  MaBe  kleiner  als  e  die 
entsprechende   Menge  M  im   Gebiete  f  vom  MaBe  <o(M}<-    ist.     Pur 


dieses  e  ist  alsdann  die  Bedingung  des  Satzes  A  erfiillt.     In  der  Tat  ist 
nach  dem  Hilfssatze  8 


wo  mn  den  Flacheninhalt  von  qn  bezeichnet,  wahrend  jun  das  MaB  der- 
jenigen  Punktmenge  im  Gebiete  f  angibt,  welche  dem  Innern  des  Qua- 
drates qn  entspricht,  und  hieraus  folgt  durch  -Summation 


n=l  n=l  n=l 

Hiermit  ist  der  Satz  A  und  damit  der  Hauptsatz  bewiesen. 

(Eingegangen  am  28.  Februar  1918.) 


E5.    Jdath.Z.  \  (1918). 


HARALD  BOHR:  OM  DEN  HADAMARD  SKE   »HULS^GTNING«.         15 
Om  den  Hadamard'ske   »Hulsaetning«. 

Af  Harald  Bohr. 
I.       Lad 

(I) 


vaere  en  Potensraekke  i  den  komplekse  Variable.  #  =  x  -f-  iy  =  r-  ^e, 
om  hvilken  Raekke  vi  vil  antage,  at  den  bar  en  endelig  og  fra 
Nul  forskellig  Konvergensradius  p.  Funkiionen  f(z)  er  da 
regulaer  analytisk  i  hele  det  Indre  af  Konvergenscirklen 
|  z  |  =  p,  og  Raekken  kan  her  differentieres  et  vilkaarligt  Antal 
Gange  ledvis,  d.  v.  s.  der  gaelder  for  ethvert  v=  1,2,  3,  •••• 
Ligningen 

30 

)*.*—  >        (|*|<p).       (2) 

Derimod  findes  der  altid  paa  selve  Konvergenscirklen  |j8r|=p 
tnindst  et  Punkt,  hvori  Funktionen  f(z)  er  singulaer.  For  at 
afgore,  hvorvidt  et  vilkaarligt  givet  Punkt  a  =  p-eie°  paa  Kon- 
vergenscirklen-  |  z  \  =  p  er  et  regulaert  eller  et  singulaert  Punkt 
for  f(z),  kan  man  f.  Eks.  betragte  den  Taylor  'ske  Raekke- 

udvikling    for  f  (s)  udfra  Punktet  —  »    altsaa    Potensraekkeudvik- 


lingen  i  den   Variable    iz  —  —  i 


der  jo  som  bekendt  i  hvert  Fald  er  konvergent  indenfor  den 
Cirkel  med  Centrum  i  Punktet  —  t  der  ber0rer  den  oprinde- 
lige  Konvergenscirkel  |  z  \  =  p  i  Punktet  a\  det  gaelder  da,  at 
dersom  denne  Potensraekke  (3)  i  den  Variable  z  --  bar  sin 


Konvergensradius  pj   netop   lig  med 


vil  Punktet  a  vaere 


et    singulaert    Punkt    for  f(z\    medens  a    vil  vaere  et  regu- 
laert Punkt  for  f(z\   hvis  pt  er  storre  end     —  i- 
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2.  Ved  Hja*lp  af  denne  Metode  til  Afgorelse  af,  hvorvidt 
et  paa  en  Potensraekkes  Konvergenscirkel  beliggende  Punkt  er 
regulsert  eller  singulaert  for  den  ved  Raekken  fremstillede  ana- 
lytiske  Funktion,  kan  man,  som  bemaerket  af  Landau  *),  umid- 
delbart  be  vise  folgende  vigtige  Saetning  af  Vivanti. 

S&tning  I.  Er  i  en  Potensrsekke  (i)  med  Konver- 
gensradius  p  alle  Koef  fi  c  ie  nterne  an  reelle  Tal  ^  o, 
da  er  del  Punkt  p  paa  Konvergensci  rklen,  hvori 
denne  skaeres  af  den  positive  Halvakse,  altid  et 
singulaert  Punkt  for  F  unktionen  f(s). 

Bevis.  Vi  forer  Beviset  indirekte  og  antager  altsaa,  at 
Punktet  p  var  et  regulaert  Punkt  fory(s);  da  vilde  Potcns- 

raekken    i   den   Variable  (& —  j 


v! 


have  sin  Konvergensradius  >  —  og  altsaa  for  et  tilstraekkeligt 
lille  6>o  vaere  konvergent  i  Punktet  z  =  p  +  e,  d.  v.  s.  Raekken 


v!         \  2 
vilde    vaere    konvergent.      Nu    er    imidlertid  i  Folge  Formel  (2) 


v! 
og  Dobbcltrsekken 


(hvor  Summationen  forst  skal  udfores  efter  n,  derefter  efter  v) 
vilde  altsaa  vsere  konvergent.     I  denne  Dobbeltraekke  er  imid- 


*)  Angaaendc  Littcraturen  henvises  Laeseren  til  den  nylig  udkomne  lill«  Bog 
af  E*  Landau:  Darstellung  und  BegrUndung  einiger  neuerer 
Ergebnisse  der  Funktioncntheorie.  Berlin,  1916. 
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lertid  alle  Leddene  ^  o,  og  vi  kan  derfor  anvende  en  kendt 
Saetning  om  Dobbeltraekker  med  positive  Led,  der  udsiger, 
at  dersom  alle  Storrelserne  ct,,^  er  ^  o  og  Dobbeltraekken 


(4) 


er    konvergent    (med  Summen  A\    da    vil    den    nye    Dobbelt- 
rnekke 


der  fremkommer  vedOmbytnmg  af  Summationsordenen,  paany 
vaere  konvergent  (og  ligeledes  have  Summen  A).  Vi  finder 
altsaa,  at  Dobbeltraekken 


vilde  va^re  konvergent,   d.   v.   s.   at  Raekken 


vilde  vaere  konvergent;  men  dette  Resultat  er  0jensynlig  i 
Strid  med,  at  den  givne  Potensraekke  (i)  bar  Konvergens- 
radius  p,  idet  det  jo  udsiger,  at  Raekken  (i)  er  konvergent  i 
Punktet  (p  +  e)  u  den  for  Konvergenscirklen . 

Vi  tilfajer  til  Orientering,  at  den  Omstaendighed,  at  man  ved  de  bcnyttede 
Omskrivninger  (Summationsordenens  Ombytning)  rent  formelt  kommer  til  Pot  en  s- 
raekken  i  Punktet  Q  +  t ,  naturligvis  ikke  er  andet,  end  hvad  man  paa  Forhaand 
maatte  vente;  Bevisets  Id^  ligger  alene  deri,  at  disse  form  ell  e  Regninger  under 
den  givne  Forudasetning  an  r>  o  faar  reel  Gyldighed. 
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Den  ovenfor  benyttede  Hjaelpesaetnmg  om,  at  Summations- 
ordenen  i  en  Dobbeltraekke  (4)  er  Hgegyldig,  bevarer  som  be- 
kendt  sin  Gyldighed,  selvom  Forudsaetningen  om,  at  alle  Tal- 
lene  a,,^  skal  vaere  positivre,  erstattes  af  den  (rmndre)  For- 
udsaetning,  at  disse  Tal,  opfattet  som  Vektorer  i  en  kompleks 
Plan,  skal  vaere  blot  »vaesentlig  ensrettede«,  d.  v.  s.  at 
alle  Punkter  (Tal)  an,v  skal  ligge  i  et  fast  Vinkelrum  Re1**, 
karakteriseret  ved  Ulighederne  R  ^r  o,  V  <.  0  <C  W,  hvor 
W —  V<^n\  heraf  folger  umiddelbart  (som  et  Blik  paa  det 
ovenstaaende  Bevis  viser),  at  Saetning  I  kan  generaliseres  til 
f01gende  Saetning,  den  saakaldte  Vivanti-Dienes'skt  Saetning. 

Saetning  II.  Er  i  en  Potensraekke  (i)  med  Konver- 
gensradius  p  alle  Koefficienterne  an  beliggende  i 
et  Viakelrum  ReL*,  R  ^  o,  V<®<W,  hvor  W—  F<  *, 
da  vil  Punktet  -21  —  p  vaere  et  s  i  n  g  u  1  ae  r  t  Punkt  for 
Funktionen  f(z). 

Heraf  folger  atter  (ved  Transiormationen  s=^^l-eMtt)t  at 
hvis  90  er  et  saadant  reelt  Tal,  at  alle  Tallene  anein*»  ligger  i 
et  fast  Vinkelrum,  hvis  Vinkelaabning  er  <;  TT,  da  vil  Punktet 
p^l0«  vaere  et  singulasrt  Punkt  for  f(z),  eller  i  lidt  anden  For- 
mulering: 

Saetning  III.  E  r  a0  e  t  saadant  Punkt  paa  K  o  n  v e  r- 
genscirklen  |^|~p,  at  i  dette  Punkt  alle  Leddene 
<*n2o  —  eller,  hvad  der  i  denne  Sammenhaeng  natur- 
ligvis  kommer  ud  paa  det  samme,  alle  Leddene  anz^ 
fra  et  vist  Trin  af,  d.  v.  s.  for  // >  N  —  er  beliggende 
i  et  Vinkelrum  Re«*.  R^o,  F<0<^,  hvor  W—V<n, 
da  vil  Punktet  z^  vaere  et  singulaert  Punkt  for  Funk- 
tionen f(z}. 

3.  Den  ved  en  Potensraekke  fremstillede  analytiske  Funk- 
tion  siges  at  have  Konvergenscirklen  \s\~p  til  naturhg 
Graense,  dersom  alle  Punkter  paa  Konvergenscirklen  er 
si ngulaere  Punkter  for  f(z\  Af  stor  Interesse  er  her  en  Saet- 
ning af  Hadamardt  der  har  faaet  Navnet  den  Hadamard'ske 
»Hulsaetning«,  fordi  den  handler  om  Potensraekker,  i  hvis 
Koefficientfolge  #0,  al9  as,  •  •  •  der  er  store  »Huller«,  d.  v.  s. 
hvor  talrige  Koefficienter  har  Vaerdien  Nul.  Idet  vi  kun  op 
skriver  de  Led  anzn,  for  hvilke  an  ^p  O,  kan  denne  Saetning 
formuleres  saaledes : 
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Hadamard's  Saetning.      For  enhver  Potensraekke 


(o^mi<mt<"--\  (5) 

der  opfylder  Betingelsen 


hvor  k  er  en  Konstant  >•  I,  er  Konvergenscirklen 
|  £  |  =  p  den  naturlige  Graense  for  Funktionen  F (z). 

Der  er  af  forskellige  Matematikere  givet  Beviser  for  denne 
Saetning,  hvilke  Beviser  imidlertid  alle  er  meget  sammensatte 
og  derved  ret  vanskelige  at  gennemskue.  Det  er  maaske  der- 
for  af  nogen  Intcresse  at  vise,  hvorledes  den  Hadamard'?>\ze. 
Saetning  i  et  Specialt  i  1  faeld  e,  nemlig  naar  Konstanten  k 
er  >  3,  uden  Vanskelighed  kan  bevises  ved  Hjaelp  af  den 
Vivanti-DienesysVie.  Saetning  III,  hvorved  man,  som  det  vil  frem- 
gaa  af  det  Folgende,  faar  et  overmaade  anskueligt  Bevis  for 
Saetningen  i  dette  Tilfaelde. 

Bevis  for  Hadamard's  Saetning  i  Tllfaeldet  k  >  3  For 
at  bevise,  at  Konvergenscirklen  |  z  \  —  p  er  den  naturlige 
Grasnse  for  den  ved  Potensraekken  (5;  fremstillede  Funktion 
F(z)^  altsaa  at  alle  Punkter  paa  denne  Cirkel  er  singulaere, 
er  det  tilstraekkeligt  at  vise,  at  de  singulaere  Punkter  ligger 
overalt  taet  paa  Cirklen  |  z  \  =  p,  d.  v.  s.  at  der  paa  en- 
hver (selv  nok  saa  lille)  B  u  e  Z?  afKonvergenscirklen 
findes  et  si  ngulaert  Punkt;  thi  heraf  vil  folge,  at  ethvert 
Punkt  af  Cirklen  er  singulasrt,  idet  jo  et  Fortaetnmgspunkt  for 
singulaere  Punkter  selv  er  et  singulaert  Punkt. 

Vi  betragter  et  vilkaarligt  Led  amzm  \  Potensraekken  (5); 
lader  vi  z  gennem!0be  Konvergenscirklen  |  z  \  =  p  een  Gang,  i 
positiv  Omlobsretning  og  med  konstant  Vinkeihastighed,  vil 
St0rrelsen  Z—amzm  aabenbart  gennemlobe  Cirklen  \Z\  =  |^m|-pm 
netop  m  Gange  i  positiv  Omlobsretning  og  med  en  Vinkeihastig- 
hed, der  er  m  Gange  saa  stor  som  den,  hvormed  z  gennem- 
10ber  sin  Cirkel  |  z  \  =  p.  Heraf  f01ger,  at  de  Punkter  z  paa 
Konvergenscirklen  |  z  \  =  p,  for  hvilke  det  gaelder,  at  Punktet 
Z-^=amzm  Hgger  i  et  givet  Vinkelrum  Rel(~\  R^o,  V<^<zXW, 
hvor  W —  V<^TI,  vil  udfylde  m  lige  store  og  over  Cirklen 
|  z  |  =  p  jaevnt  fordelte  Buer,  der  hver  har  Vinkelst0rrelsen 
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-L(W  —  F)  (de  staerkt  optrukne  Buer  paa  Figuren,    der  svarer 
m 

til  m  =  5).  Vi  slutter  heraf  (se  Figuren),  at  enhver  Bue 
paa  Cirklen  |  z  \  =  p,  hvis  Vinkel- 
storrelse  er  storre  end 

27T  +   IV—  V 
m 

i  sit  Indre  helt  indeholder  mindst 
en  af  de  naevnte  m  Buer,  ihvis 
Punkter  det  gaelder,  at  amzm  ligger 
i  det  givne  Vinkelrum  V<®<W. 
Vi  kan  nu  uden  Vanskelighed  (ved  Hjaelp  af  Saetning  III) 
bevise,  at  der  paa  den  vilkaarligt  givne  Bue  B  af  Cirklen 
j  z  |  =  p  virkelig  Hgger  et  singulaert  Punkt  gQ  for  Funktionen 
J*(z),  idet  vi  kan  vise,  at  der  paa  denne  Bue  findes  et  saadant 
Punkt  ZQ,  at  alle  Leddene  am  sTp  fra  et  vist  Trin  af 
Hgger  i  et  fast  Vinkelrum  F<C  ©  <  W  hvor  Tallene  V 
og  W  er  valgt  saadan,  at  DifTerensen  W  —  V  vel  er  mindre 
end  JT,  men  er  saa  lidt  mindre  end  jt,  at 

27t  +  W—  V 

W—V       <     ' 

hvad  der  er  muligt,   fordi   Konstanten  k   \  Folge  Forudsaetning 
er  >3. 

Efter  at  dette  Vinkelrum  F<0<T.W/er  fastlagt,    bestemmer 
vi  det  hele  Tal  P  saa  stort,  at 


^ 
< 


hvor  p  betegner  Vinkelst0rrelsen  af  den  paa  Konvergenscirklen 
\z\  =  p  givne  Bue  B\  da  vil  i   F0lge  en  Bemaerkning  ovenfor 

Buen  B  helt  indeholde  en  Bue  BP  af  Vinkelstorrelsen  —  (  W  —  V\ 

fftp 

\  hvis  Punkter  z  det  gaelder,  at  St0rrelsen  ampemp   ligger  i  det 
fastlagte  Vinkelrum    F<  ©  <  W.     Nu  er  imidlertid 


altsaa 
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W—V       2n  4-  W—V 


og  vi  kan  derfor  paa  Buen  BP  af  Vinkelstorrelsen       ~(W  —  V] 

nip 

bestemme  en   Delbue    BP+\    af  Vinkelstorrelsen      —  (  W  —  K), 


i  hvis  Punkter  z  det  gaelder,  at  det  naeste.Led  amp+lzmp+l 
ligeledes  Jigger  i  Vinkelrummet  V<i®<^W.  Dernsest  be- 
stemmer  vi  paa  denne  Bue  BP+\  en  Delbue  £p+>,  i  hvis 
Punkter  det  gaelder,  at  Leddet  amp^zmp+*  ligger  i  Vinkel- 
rummet K<  ©  <C  W7,  o.  s.  v.  ;  paa  denne  Maade  kan  vi  fort- 
saette  ubegrsenset,  fordi  der  hele  Tiden  (d.  v.  s.  for  ethvert 
p  —  P,  P  +  i,  P+  2,  ----  )  gaelder  Uligheden 

W—  V         271  +  W—V 


Den  saaledes  bestemte  F01ge  af  Cirkelbuer 

BP  ,  BP^  ,  BP+  z  »  •  •  •  •  Bp  ,--••, 
af  hvilke   enhver  er  helt  indeholdt  \  den   foregaaende,    og  hvis 

Laengder   —  (  W  —  V}  gaar  mod  Nul  for/  -->•  oc  ,   vil  for  p  —  >  oo 
///P 

traekke  sig  sammen  om  et  bestemt  Punkt  ZQ  paa  den 
givne  BueZ?,  og  idet  dette  Punkt  js0  ligger  paa  alle  Buerne 
B?(P  ^  P),  vil  alle  Leddene  ampz™*>  (p  ^_  P)  ligge  i  Vinkel- 
rummet V  <  0  <:  W,  hvormed  er  bevist,  at  Punktet  SQ  er 
et  singulaert  Punkt  for  Funktionen  /^(^). 
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Kt  Eksempel  paa  en  Bevismetode. 

Af  Harald   Bohr. 


Ved  en  analytisk-talteoretisk  Unders0gelse  stedte  jeg  paa  en  Type  af  Op- 
gaver,  paa  hvilke  den  felgende  er  et  swrlig  simpelt  Eksempel. 

Indenfor  en  Cirkel  C  med  Radius  i  —  som  vi  for  at  faa  simple  Beteg- 
nelser  vil  uvnke  os  beliggende  i  en  kom picks  z-Plan  med  sit  Centrum  i 
Punktet  o  —  er  der  givet  et  vilkaarligt  Antal  Punkler  z,,  .  .  znt  fordelt  paa 
vilkaarlig  Maade.  Idet  z  er  et  variabelt  Punkt  indenfor  C,  betragter  vi 
Middeltallet  af  de  reciproke  Afstande  fra  z  til  z,,  .  .  zn,  altsaa  St0r- 
ie)sen 

•        .       »      y 

|Z-z,|    +     ••  +   |Z-rJ   }' 

og  skal  bevise,  at  der  findes  en  numerisk  Konstant  1C  (i0vr)gt  f.  Eks. 
Konstanten  4),  saaledes  at  vi  i  a  lie  Tilfaelde  (d.  v.  s.  hvor  stor  n  end  er,  og 
hvorledes  de  n  Punkler  z,,  .  .  .  zn  end  er  fordelt)  kan  finde  et  Punkt  Z0  inden- 
for C,  hvori  det  omtalte  Middeltal  fr(z^)  er  -<[  K. 

IJenne  lille  Saetning  bevises  maaske  lettest  ved  f0Igende  Fremgangsmaade, 
der  kan  benyttes  overfor  talrige  Opgaver  af  lignende  Art. 

Funktionen  F  (z)  er  defineret  indenfor  hele  Cirklen  C  me«l  Undtagelse  af 
Punkterne  z,,  •  -  2n-  For  z  -  >•  ZT  vil  /•*  (z}  vokse  i  det  Uendelige,  men  saa- 
ledes at  ^(z)  forbliver  <  k :  \  z  —  zrl,  og  vi  kan  derfor  tale  om  Flade- 
integralet  af  JF  z)  udstrakt  over  hele  Cirklen  C,  altsaa.om  Integralet 


Nu    er    unidlertttl  Integralet    under   Summationstegnet  mindre  end  en   numerisk 

Konstant,    nemlig  (som    man    ser    ved    at    parallel forskyde    Begyndelsespunktet 

hen    i   Punktet   Zf)  f.   Eks.   mindre   end  Fladeintegralet  af    I  :]z|   over  en  Cirkel 

mecl   Centrum   i   o  og   Radius   2,    hvilket   sidste   Integral   iovrigt   hnr  Vaerdien  4/r. 

Integralet  /  er   altsaa    <C  —  -  n  •  4/r  =  4«-    Men    idet    f  (z)   er   positiv   indenfor 

hele    Ct   og   Integralet   af  /''(z)  over  Cirklen    C  (med   Arealet   /r)   er   <C  4/r,   maa 
Integranden   F(z)    n0dvendigvis    i    mindsc    et    Punkt    Z0   vxre    <C  4?i  :  n  —  4. 

q.   e.   d. 
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t)ber  einen  Satz  von  Edmund  Landau. 

Von 
Harald  Bohr,  Kopenhagen. 


1.  Ein  wichtiger  Satz  in  der  Theorie  der  konformen  Abbildung  besagt  die 
Existenz  einer  positiven  absoluten  Konstanten  K  mil  folgender  Eigen- 
schaft:  Ftir  jede  ftir  |z|<l  regula're  Funktion 

w  ==  f  (z)  =  ao  +  at  z  +  a,  z8  +  .  .  . 

mita0  =  0,  ax  =  1,  welche  die  Kreisscheibe  |z|<l  schlicht  auf  ein 
Gebiet  der  w-Ebene  abbildet,  ist  der  Radius  rf  des  grofiten 
Kreises  |  w|  =  rf  ,  dessen  Punkte  w  sfimtlich  von  der  Funktion  f  (z) 
(|z|<l)  angenommen  werden,  >  K.  In  einer  kurzlich  erschienenen  sehr 
interessanten  Note1)  hat  nun  Herr  LANDAU  bewiesen,  daB  in  diesem  Satze 
die  Forderung,  daB  f(z)  das  Gebiet  |z|<l  schlicht  abbilden  soil, 
einfach  gestrichen  werden  kann8). 

2.  Es  sei  f(z)  =  Sanzn  eine  beliebige  ftir  |z|^l  regulfcre  Funktion  mit 
a0  =  0,  und  es  sei  Max  |f(z)|  =  Mf  gesetzt.    Aus  dem  CAUCHY'schen  Satze 


1)  E.  LANDAU,  Zum  KoEBEschen  Verzerrungssatz,  Palermo  Rendiconti,  Bd.  46  (1922). 

2)  Es  sei  zurOrientierung  bemerkt,  daB  es  in  der  von  LANDAU  verallgemeinerten  Form  des 
Satzes  —  im  Gegensatz  zu  der  ursprtinglichen  Form,  wo  die  Schlichtheit  verlangt  wurde  — 
offenbar  nicht  erlaubt  ist  die  Definition  von  if  so  zu  andern,  daB  n  der  Radius  der  grdBten 
Kreisscheibe  |  w  |  <  rf  (statt  des  grdBten  Kreises  |  w  |  =  rf),  deren  Punkte  w  samtlich  an- 
genommen  werden,  bedeutet.  Denn  zu  jedem  e>0  gibtes  Funktionen  f  (z)  «2  an  zn  mit  do  «=  0,  at  =1, 
die  ftir  |  z  |  <  1  regular  sind,  aber  nicht  den  Wert  c  annehmen;  eine  solche  Funktion  ist  ja  z.  B. 

die  ganze  Transzendente  f  (z)  «  —  c  (e-  7  —  1  j  «  z  —  |-  +  •  •  ••  die  uberall  4=  *  ist. 
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folgt  sofort,  da8  Mf>k1|al|  1st,  \vo  kj  eine  positive  absolute  Konstante  be- 
deutet;  denn  es  ist  ja 


JL  f    f® 

2fli  J      i    z1 


dz 


Wenn  die  betrachtete  Funktion  f(z)  speziell  eine  schlichte  Abbildung  der 
Kreisscheibe  |z|<l  vermittelt,  gilt  ferner  nach  einem  bekannten  Satz  aus 
der  Theorie  der  konformen  Abbildung  die  Ungleichung  Mf<k2|a1  ,  wo  k2 
(ebenso  wie  kj)  eine  positive  absolute  Konstante  bedeutet;  aus  den  somit 
hier  geltenden  Ungleichungen  kt  ^  <Mf<k2  ax  ist  unmittelbar  ersichtlich, 
daB  in  dem  eingangs  genannten  Satze  uber  schlichte  Abbildung,  die  Voraus- 
setzung  ax  =  i  durch  die  Voraussetzung  Mf  =  1  ersetzt  werden  kann,  d.  h. 
aus  Mf  =  1  (und  &Q  =  0)  folgt  rf>  K1?  wo  Kj  wiederum  eine  positive 
absolute  Konstante  bedeutet.  In  dieser  Note  soil  nun  bewiesen  werden, 
daB  auch  dieser  letzte  Satz  —  ebenso  wie  der  in  1.  angefuhrte  Satz  — - 
richtig  bleibt,  wenn  die  Forderung  der  Schlichtheit  gestrichen 
wird.  Der  so  entstehende  Satz  enthalt  den  LANDAU'schen  Satz,  ist  aber 
nicht  unmittelbar  aus  diesem  abzuleiten;  denn  fur  nicht-schlichte  Abbildung 
gilt  ja  die  Ungleichung  Mf  >  kx  |  ax  |,  aber  nicht  umgekehrt  eine  Ungleichung 
der  Form  Mf  <  k2 1  aj  |  (es  kann  ja  z.  B.  ^  =  0,  Mr4=  0  sein). 

3.  Ich  beweise  den  verallgemeinerten  LANDAU'schen  Satz  in  der  folgenden 
Fassung,  wo  nicht  eben  der  Kreis  I  z  I  =  - ,  sondern  ein  beliebiger  Kreis 

a 

|  z  |  =  p  <  1  betrachtet  wird : 

EsseipeinegegebeneZahlimIntervalleO<p<l,  undw  =  f(z)  =  Sanzn 

eine  beliebige  fur  |z|  <  1  regulare  Funktion  mit  a0  =  0  und  Max  |  f(z)  |  =  1. 

|z|~p 

Dann  ist  der  Radius  rf  des  grofiten  Kreises  w  =  rf,  dessen 
Punkte  von  f(z)  (|z|<l)  samtlich  angenommen  werden,  >C, 
wo  C  =  C(p)  eine  positive  Zahl  ist,  die  nur  von  p  abhangt. 

Der  Beweis  dieses  Satzes  verlftuft  im  wesentlichen  ganz  wie  der  LANDAU'sche 
Beweis  seines  Satzes;  nur  benutze  ich  einen  anderen  Satz  aus  dem  PIGARD- 
LANDAu'schen  Satzkreis  als  denjenigen,  welcher  von  LANDAU  angewendet 
wurde,  namlich  den  ScHOTTKY'schen  Satz  in  der  folgenden  von  LANDAU  ver- 
schfirften  Form:  Es  sei  g(z)  fttr  |z|<l  regujar  und  4=0,  1,  und  |g(0)|<l. 
Dann  gibt  es  zu  jedem  p  im  Intervalle  0  <  p  <  1  eine  nur  von  p  abhfingige 
positive  Zahl  Q  (p)  derart,  daB  die  Ungleichung  |  g  (z)  |  <  Q  (p)  fur  alle  z  |  <  p 
besteht.  Aus  diesem  LANDAU-ScHOTTKY'schen  Satze  folgt  in  wenigen  Worten 
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die  Existenz  einer  Zahl  C  =  C(p)  im  Sinne  des  obigen  Satzes,  und  zwar  er- 
gibt  sich,  dafi  z.  8.  die  Zahl 


die  erwahnte  Eigenschaft  besitzt.  In  der  Tat,  ware  dies  nicht  der  Fall,  so 
gabe  es  eine  fur  |  z  |  <  1  regulare  Funktion  f0  (z)  =  S  an  zn  mit  a0  =  0  und 
Max  |f0(z)|  =  1,  fur  welche  der  Radius  rf  <  C0  ware,  und  die  also  weder 

samtliche  Werte  auf  dem  Kreise  w  |  =  C0  noch  samtliche  Werte  auf  dem 
Kreise  w  |  =  2  G0  annehme,  etwa  nicht  die  Werte  a  =  C0ei0  und  (3  =  2C0e!9. 
Ich  seize 

«»-«£? 

dann  gentigt  g(z)  offenbar  den  samtlichen  Voraussetzungen  des  LANDAU- 
ScHOTTKY'schen  Satzes,  d.  h.  es  ist  g(z)  fiir  |z|<l  regular  und  =f=0,  1, 
und  ferner 

~~I^L  <       w°        _  i 

_i  r\  f*  ~7T   A  . 


Also  wftre  ftir  |z|<p 
d.  h.  es  ware  fur    z|  <p 


gegen  die  Voraussetzung  Max  |  fo  (z)  |  =  1. 

4,  Es  braucht  kaym  gesagt  zu  werden,  daB  der  geringfiigigen  Verall- 
gemeinerung,  die  der  in  3.  bewiesene  Satz  gegendber  dem  (neuartigen) 
LANDAU'schen  Satze  aufweist,  an  sich  kein  groBes  Interesse  zukommt;  wenn 
ich  mir  aber  trotzdem  erlaubt  habe,  ihn  zum  Gegenstand  dieser  Note  zu 
machen,  liegt  es  daran,  daB  ich  auf  gewisse  funktionentheoretische  Unter- 
suchungen  tiber  Funktionen  von  mehreren  Variablen  gestoBen  bin,  bei  welchen 
die  Anwendung  des  Satzes  eben  in  dieser  Formulierung  wesentlich  be- 
quemer  scheint  als  die  Anwendung  in  der  etwas  spezielleren  LANDAU'schen 
Formulierung.  Als  ein  moglichst  einfaches  Beispiel  zur  Charakterisierung 
solcher  Anwendungen  werde  ich  den  folgenden  Satz  beweisen:  Es  sei  cp(y)  eine 

00 

(nicht  konstante)  ganzeTranszendente  von  y,  und  wx  =  P!  (x^  =  V  a^  xj, . . ., 

n  =  0 
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HARALD  BOHR 


wm  **  Pm(xm)  —  fj  anm>xm  Funktionen  je  einer  der  m  Variabeln  xlf  . . .,  xm, 

n=0 

welche  in  den  respektiven  Einheitskreisen  |xt  <!,...,  x^  <1  alle  regular 
sind,  und  die  Bedingungen  a(0l)  =  .  .  .  =  a(0m)  =  0  erftillen.  Es  sei  die  — 
im  Gebiete  jx^^l,  .  .  .,  |xm  <1  absolut  konvergente  —  Potenzreihe  in 
m  Variabeln 


gebildet,  und  es  erfiille  diese  Reihe  die  Ungleichung  [QfXj,  . . .,  xm)|<l 
fur  I  Xj  |  <  1,  . . .,  |  xm  |  <  1.  Dann  gibt  es  zu  jedem  r  des  Intervalles  0  <  r  <  1 
eine  nur  von  der  Funktion  <p  und  der  Zahl  r  abhangige  (d.  h. 
von  m  und  den  m  Funktionen  Pv  .  .  .,  Pm  unabMngige)  Zahl  L  =  L(<p,r) 
•derart,  daB  fur  I  xx  |  =  . . .  =  I  xm  |  =  r  die  Majorantenreihe 


rnm 
*-m 


<L  ist.  Es  geniigt  offenbar  die  Existenz  einer,  nur  von  9  und  r  abhftngigen, 
Zahl  Lx  =  Lj  (9,  r)  zu  beweisen  derart,  daB  fur  |  x,  =  . . .  =  x^  |  =  r  die  Un- 
gleichung 


s 

n=0 


a; '  x 


besteht,  und  um  die  Existenz  einer  solchen  Zahl  Lt  (<p,  r)  festzustellen,  gentigb 
es  wiederum  (infolge  der  CAUCHy'schen  Ungleichungen)  zu  beweisen,  daB 


Max|P1(x1)| 


Max|Pm(xm)|<L2 


ist,  wo  p  etwa  die  Zahl  -(1  +  r)  bedeutet  und  L2  (ebenso  wie  L  und  Lj  nur 

von  9  und  r,  d.  h.  von  <p  und  p  abh&ngt.  Zu  diesem  Zwecke  sei  zunachst  die 
Zahl  R0  =  R0(cp)  so  groB  gewahlt,  daB  fur  R  =  R0  (und  also  auch  fur  R>  R0) 
die  Ungleichung  Max  |y(y)|>l  besteht.  Bezeichnen  nun  rt,  .  .  .,  rm  die 

Radien  der  groBten  Kreise  |  wx  |  =  rlt  .  .  .,  |  wm  |  =  rm,  deren  samtliche  Punkte 
von  den  respektiven  Funktionen  wx  =  Pj  (Xj),  .  .  .,  wm  =  Pm  (xm)  in  ihren  Ein- 
heitskreisen |  Xj  |  <  1,  .  .  .,  |  xm  |  <  1  angenommen  werden,  so  ertthalt  die  Menge 
der  Werte,  welche  die  Summe 
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im  Gebiete  j^l^l,...,  |x^|<l  annimmt,  offenbar  sftmtliche  Punkte  auf 
dem  Kreise  |  y  |  =  px  +  •  .  .  +  rm,  und  68  muB  daher  ^  4  .  .  .  4  rm  <  R0  sein. 
Nun  1st  aber  nach  dem  Satze  in  3. 

Mai  |P,  (^\<J  Max  |  Pm 


und  es  ist  also 


|  Pt  (xj  |  4  -  -  •  +  Max  |  Pm  (xj|  <         (rt4.  -4  rm)< 

womit  der  Saiz  bewiesen  ist. 

Ich  fiige  noch  hinzu,  dafi  Herr  H.  KLOOSTERMAN  sich  mit  der  Anwendung 
des  genannten  Satzes  auf  Potenzreihen  mit  unendlich  vielen  Variabeln  be- 
schaftigt  hat,  und  seine  Resultate  —  sowie  ihre  Beziehungen  zu  der  Theorie 
der  DiRiCHLET^schen  Reihen  —  bald  verdffentlichen  wird. 

Rec.  23.  XL  M. 
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ON  THE  LIMIT  VALUES  OF  ANALYTIC  FUNCTIONS 


H.  BOHR!. 

1.  Suppose  that  /(z)  is  an  analytic  function  of  z  =  x+iy,  regular  in 
the  half -strip  S  defined  bya*<x<.b,y>().  A  theorem  of  Montel  states 
that  if  f(z)  is  bounded  in  S  and  tends  to  a  limit  lt  when  ^ -><*>,  for  a 
certain  fixed  value  x*  of  x  between  a  arid  6,  then  f(z)  tends  to  this 
limit  I  on  every  line  x  =  ,TO  in  S,  and  indeed  f(z)  tends  to  I  uniformly  for 
a+3<x0<b— S. 

A  particularly  simple  proof  of  Montel' s  theorem  has  been  given  in- 
cidentally by  Hardy  in  a  recent  note  in  this  Journal  §.  Hardy  considers 
the  function 

/„«= /(*+*!)     (*>0) 

in  the  rectangle  R  defined  by 

a<x<b,     0<y<l. 

Since  the  functions  fn(z)  (0<j;<  oo)  are  uniformly  bounded  in  R  and  tend 
to  the  limit  /,  when  t/->oo,  on  the  segment   x  =  x*,  0  <  y  •<  1 ,  inside 
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R,  it  follows  from  the  well  known  theorem  of  Vital!  on  sequences  of 
analytic  functions  that  f^z)  tends  to  the  limit  I  throughout  the  whole 
rectangle  R  (and  even  uniformly  in  every  rectangle  interior  to  R),  which 
proves  the  theorem. 

2.  If  f(z)  is  still  regular  in  S  but  no  longer  bounded,  we  cannot  infer 
from  the  existence  of  a  limit  of  f(z)  on  a  single  line  in  S  the  existence 
of  a  limit  of  f(z)  on  other  lines  in  S.  And  even  in  the  case  when,  we 
assume  the  existence  of  a  limit  of  J(z)  on  every  line  in  S,  we  cannot 
conclude  that  this  limit  is  constant,  i.e.  does  not  depend  on  x.  It  may 
therefore,  at  first  sight,  seem  surprising  that  the  following  theorem  is 
nevertheless  true. 

THEOREM.  //  the  (regular)  function  f(z)  tends  to  a  finite  limit  I(XQ) 
on  every  line  x  =  x0  of  the  strip  S,  then  this  limit  I(x0)  is  always  con- 
slant  in  some  interval  a  <;  x  <  ft  interior  to  a  <  x  <C  b. 

The  proof  is  very  easy  and  follows  the  same  lines  as  the  proof  by 
Hardy  of  the  theorem  of  Montel  given  above.  We  have  only  to  use, 
instead  of  Vitali's  theorem,  a  well  known  theorem  of  Osgood,  which  states 
that,  if  a  sequence  of  analytic  functions  converges  in  every  point  of  a 
rectangle  R,  then  the  limit  function  g(z)  is  necessarily  an  analytic  func- 
tion in  some  domain  (rectangle)  inside  R.  The  detailed  proof  runs  as 
follows.  We  consider,  as  above,  the  functions  fn(z)  =  f(z+ir]) 
(0<i7<o>)  within  the  rectangle  R  defined  by  a<x<b,  0<t/<l. 
From  our  assumption  about  f(z),  the  functions  /^(z)  tend  to  a  limit,  when 
j;->  oo ,  at  every  point  z  =  x+iy  of  R,  namely  to  the  limit  g(z)  =  l(x). 
But,  on  account  of  Osgood 's  theorem,  the  limit  function  g(z)  must  be 
analytic  in  some  smaller  rectangle  r,  say  in  a  <  z  <  /?,  y  <  t/  <  S,  and 
as  g(z)  is  constant  [equal  to  /(#)]  on  every  vertical  segment  in  R,  the 
function  g(z)  must  be  constant  in  the  whole  rectangle  r.  That  is  to  say, 
the  function  l(x)  must  be  constant  for  a  <  <r  <C /?,  which  proves  our 
theorem. 


8.  A  similar  argument  shows  that,  if  an  analytic  function  has  a  mean 
value 


1    F 
=    Hm    <-?• 

}•— >«     &J.   J  - 


on  every  line  of  a  strip,  then  there  is  certainly  an  interval  in  which  l(x] 
is  constant. 
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THI';ORIK   DES   FONCTIONS.  —  Sur  nn  problem  e  dc  J/.   liorcl. 
Note  de  M.  HARALD  BOHR,  pivsontee  par  M.  Mrnile  Uorcl. 


Dans  1?  Intermedium*  de.s  Mathetnaticiens  (avril  1899),  ^*  ^orcl  a  propose 
la  question  suivante  sur  les  fonctioiis  entieres  : 

Feut-on  trouver  une  fonction  clout  le  module  ne  depasse  l\milc  qu'a 
Tinterieur  d'un  angle  aussi  petit  que  Ton  veut  (donne  d'avance)  ou  rnorne 
seulement  a  Finterieur  d'unc  parabolc. 
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Comme  on  le  sail,  la  reponse  a  cette  question,  dans  la  forme  que  lui  a 
donnee  M.  Borel,  est  positive.  Dans  sa  belle  conference  an  Congres  interna- 
tional a  Rome  (1908)  Mittag-Leffler  a  donne  un  apergu  de  la  theorie  a 
laquelle  le  probleme  de  M.  Borel  a  donne  naissance. 

Dans  cette  Note  jedonnerai  la  solution  definitive  du  probleme  deM.  Borel 
en  precisantd'abord  le  probleme  de  la  maniere  suivante  : 

PHOBI.KMK.  —  Quelle  est  la  condition  necessaire  et  sujfisante  a  laquelle 
doit  satis f  aire  un  ensemble  E  de  points  dans  le  plan  complexe,  pour  qii*il 
existe  une  fonction  entiere,  qui  reste  bornee,  ou  mdme  tende  uniformement 
vers  zero,  dans  tout  t  ensemble  complement  aire  de  E. 

Pour  abreger,  nous  appelons  un  ensemble  de  points  du  plan  complexe 
une  ((  bancle  »,  s'il  forme  un  environ  (dVilleursarbitrairement  etroit)  d^une 
courbe  continue  tendant  vers  riniini,  c'est-a-dire  shiest  ouvert  et  contient 
une  tclle  courbe.  Alors  la  solution  du  probleme  de  M.  Borel,  generalise  de 
la  maniere  susdite,  pent  s'enoncer  comme  suit : 

SOLUTION.  —  Pour  qiCun  ensemble  E  ait  la  propridte  dtsiree,  il  faut  et  il 
sufjit,  quil  contienne  une  bande. 

La  necessite  de  notre  condition  est  presque  6vidente.  Toute  la  difficult^ 
consiste  a  demontrer  qu'elle  est  aussi  suffisante.  Une  demonstration 
delaillee,  baseo  sur  une  idee  diiTerente  de  celle  employee  par  Mittag-Leffler 
dans  sos  recberches  mentionnees  ci-dessus,  sera  donnee  dans  un  autre 
Recueil. 
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Uber  ganze  transzendente  Fonktionen  von  einem 
besonderen  Typus, 

(Beispiel  einer  allgemeinen  Konstruktionsmethode,) 


Von  HARALD  BOHR 

in  Koperihagen. 


(Vorgelegt  von  Hrn.  BIEBERBACH  am  24.  Oktober  1929  [s.  oben  S.  508J.) 


JDei  einer  Untersuchung  fiber  analytische  fastperiodische  Funktionen,  bei 
welcher  es  sicli  darum  handelte,  die  Existenz  reguliirer  fastperiodischer 
Funktionen  init  gewissen  besonderen  Eigenschaften  nachzuweisen,  wurde  ich 
auf  eine  Konstruktionsmethode  derartiger  Funktionen  gefuhrt,  die,  allgemein 
gesprochen,  darin  besteht,  dafl  zunachst  meromorphe  Funktionen  (statt  regu- 
lilre  Funktionen)  gebildet  wurden  und  dann  nachlier  die  kunstlich  einge- 
fiihrten  Pole  dureh  ein  bekanntes  von  RUNGE  erdachtes  Verfahren  einer 
»Polverschiebung«  und  einen  danacli  folgenden  Grenziibergang  wieder  weg- 
geschafft  wurden.  Abel*  aucb  auCerhalb  der  Theorie  der  fastperiodischen 
Funktionen  IfiBt  sich  diese  Methode  zur  Behandlung  verschiedener  Probleme 
erfolgreicli  verwenden.  In  den  folgenden  Zeilen  soil  sie  an  einem  moglichst 
einfachen  Beispiel,  namlich  der  Konstruktion  ganzer  transzendenter  Funktionen 
vom  Typus  der  MrrxAG-LEFFLERSchen  J5-Funktion,  aber  mit  noch  ausge- 
pragteren  Eigenschaften,  erortert  werden.  Dadurch  findet  eine  von  BOREL 
(Interniediaire  des  mathematiciens,  April  1899)  herriilirende  Fragestellung  ihre 
endgultige  Antwort. 

Die  von  RUNGE  nacbgewiesene  MOglichkeit  einer  Polverschiebung  haben 
vvir  nur  in  dem  folgenden  prinzipiell  einfaclisten  Falle  zu  benutzen: 

Es  sei  G  eine  beliebige  offene  Punktmenge  der  komplexen  >Ebene, 
und  es  seien  z*  und  z**  zwei  beliebige  Punkte  von  G,  die  durch  eine  ganz 
in  G  verlaufende  stetige  Kurve  k  miteinander  verbunden  werden  konnen. 
Ferner  sei  P*(x)  ein  beliebiges  Polynom,  das  wir  olme  konstantes  Glied  an- 
nehmen  wolien.  Dann  gibt  es  zu  jedem  vorgegebenen  £>o  ein  Polynom  P**(x), 
ebenfalls  olme  konstantes  Glied,  so  dafl  die  TJngleichung 
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in  der  ganzen  zu  G  komplementSren  Menge  F  besteht,  d.  h,  in  alien  Punkten  *, 
die  nicht  zu  G  gehdren1. 

Und  nun  zur  Betrachtung  ganzer  transzendenter  Funktionen.  Es  sei 
F(z)  eine  beliebige  solche  Funktion,  die  nur  keine  Konstante  ist;  dann  gibt 
es  bekanntlich  (vgl.  BIEBERBACH,  Lehrbuch  der  Funktionentheorie,  Bd.II,  S.  272) 
stetige  ins  Unendliche  laufende  Kurven  JT,  so  dafi  j  F(z)  \  ISngs  diesen  Kurven 
gegen  Unendlich  strebt.  Es  erweckte  seinerseits  ein  gewisses  Aufsehen, 
als  MITTAG-LEFFLER  demgegemiber  die  Existenz  einer  ganz-en  Transzendenten 
nachwies,  die  auf  alien  Geraden  gegen  den  Wert  Null  strebte.  Sp&ter  hat 
GRANDJOT  (Math.  Ann.  Bd.  91,  S.  316)  durch  Weiterftihrung  der  MITTAG- 
LEFFLERSchen  Konstruktionsmethode  die  Existenz  einer  ganzen  Transzendenten 
bewiesen,  die  sogar  auf  alien  ins  Unendliche  gehenden  algebraischen  Kurven- 
Ssten  gegen  Null  strebt.  GRANDJOT  konnte  namlich  eine  Transzendente 
F(z)  =  F(x+iy)  angeben,  die  in  der  ganzen  z-Ebene  aufierhalb  eines 
Streifens 

Jctx  k2x 

log  x  logx 

um  die  transzendente  Kurve  y  =  - gleichm&fiig  gegen  Null  strebte,  und 

logx 

es  ist  klar,  daB  jede  algebraische  Kurve,  die  ins  Unendliche  geht,  von  einem 


1  Der  ebenso  einfache  wie  elegante  Beweis  von  RUNOE  verlauft  folgendermafien  (vgl. 
etwa  BIEBERBACH,  Lehrbuch  der  Funktionentheorie,  Bd.  I,  S.  294).  Es  sei  d  eine  positive  Zahl, 
die  kleiner  ist  als  der  Abstand  der  Kurve  Jc  vorA  Rande  des  Gebietes  G,  und  es  seien  die 
Punkte  £0  =  2*,  Si*  •••>  *jv  —  i>  3jv=~**  auf  der  Kurve  k  so  gewahlt,  dafi  der  Abstand  je 
zvveier  aufeinander  folgenden  Punkte  kleiner  als  d  ist.  Die  Verschiebung  des  Poles  von  z* 
nach  «**  wird  in  JY  Schritten  ausgefiihrt,  indem  nacheinander  Polynome  ohne  konstantes 
GliedQa(a)ssP*(*),  Q,(*),  ...,  Qjy-i(j),  Q^(^)  =  P**(^)  so  bestimmt werden,  dafifiirjedes 
i  <  n  ^  N  die  Ungleichung 


*N 

im  Gebietc  I1  besteht.    Es  geniigt  offenbar,  den  ersten  Schritt,  d.  h.  den  tlbergang  von  z0  zu  *,, 
auszufiihren.    Um  den  Punkt  zt  wird  der  Kreis  |  z  —  zt  \  =  d  geschlagen.   Da  der  Punkt  z0  im 

Innern  dieses  Kreises  gelegen  ist,  so  ist  die  Funktion  Q0  I 1  regular  in  alien  Punkten 

aufierhalb  dieses  Kreises,  auch  im  Pnnkte  2  =  oo ,  wo  sie  den  Wert  o  hat.   Fflr  |  9  —  zt  \  >  d 
laflt  sich  also  die  Funktion  Q0  I— 1  in  eine  Potenzreihe  in  - — —  (ohne  konstantes  Glied) 

\  Z  —  ZQ   ]  Z  —  »j 

entwickeln,  etwa 


Diese  Potenzreihe  konvcrgiert  gleichmafiig  im  Ciebiete  \\  weil  dieses  Gebiet  ganz  aufierhalb 
des  Kreises  |  c-  st  \  =  d  gelegen  ist;  wir  konncn  daher  ein  M  so  bestimmen,  dafi  im  ganzen 
Oebiete  r 

M 
^         C, 


ist,  und  das  Polynom  Qi  (x)  as  ^V  cvxv  ist  somit  von  dev  gewunschten  Art, 
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gewissen  Punkte  an  ganz  aufierhalb  des  genannten  Streifens  verlauft.  Ich 
werde  nun  im  folgenden  zeigen,  wie  man  durch  die  oben  erwalmte  Metliode, 
d.  h.  indem  man  von  einer  meromorphen  Funktion  ausgeht  und  dann  mit 
Hilfe  des  RuNGEschen  Verfalirens  die  Pole  wieder  wegraumt,  in  aufierst  ein- 
faclier  Weise  zu  ganzen  Transzendenten  gelangen  kann,  welche  im  obigen 
Sinne  ein  prinzipiell  ausgepragtestes  Benehmen  aufweisen. 

Satz.  Es  sei  eine  beliebige  stetige  ins  Unendliche  laufende  Kurve  K  in  der 
komplexen  Ebene  gegeben,  etwa  durch  z  =  z(t)  (o</<oo),  wo  z(t)  eine  fur 
o<t<oo  stetige  Funktion  mit  \z(t)\  ->  oo  fur  t  ~>  oo  bedeutet.  Ferner  sei  eine 
(beliebig  enge)  Umyebung  G  von  K  gegeben,  d.  h.  eine  beliebige  offene  Punktmenge^ 
welche  K  enthalt.  Dann  gibt  es  erne,  nicht  identisch  verschwindende,  gauze  Tran- 
szendente F(z),  die  gleichmafiig  gegen  Null  strebtj  wenn  z  innerhalb  der  zu  G 
komplementdren  Menge  F  ins  Unendliche  geht;  d.  h.  zu  jedem  £  >  o  gibt  es  ein 
p  =  p(s)  >  o  ,  so  dafi  die  Ungleichung 

\F(z)\<( 
in  jedem  Punkt  z  mit  |  z  \  >  p  gilt,  welclier  aufierhalb  der  Menge  G  gelegen  1st. 

Beweis,  Wir  wahlen  eine  beliebige  Zahlenfolge  o  <  ^ </,•••  (tn~>  oo) 
derart,  dafi  bei  jedem  n  =  i ,  2 ,  •  •  •  die  Ungleichung 

\z(t)\>n  f(ir/>^ 

besteht,  und  bezeichnen  den  auf  der  Kurve  K  gelegenen  Punkt  z(tn)  mit  zu. 
Ferner  be/eichne  Gn  die  offene  Menge,  welche  aus  alien  Punkten  aus  G  be- 
stelit,  die  auGerhalb  des  Kreises  |  z  \  =  n  liegen,  und  es  bezeichne  TM  die 
Komplamentirmenge  von  Gn.  Die  Kreisscheibe  |^|<w  gehort  also  ganz  zu 
T,(,  und  die  beiden  Punkte  zn  und  ^M+I  liegen  in  Gn  und  lassen  sich  durch 
eine  stetige  ganz  in  Gn  verlaufende  Kurve  (namlich  das  Kurvenstiick  z=zz(t), 
tn<t<t»+ 1)  verbinden. 

Mit  Pr(^),  P>(x),  •••,  PM(«),  •••  soil  eine  Folge  von  Polynomen  olme 
konstantes  Glied  bezeichnet  werden,  die  durch  das  folgende  sukzessive  Ver- 
fahren  bestimint  werden.  Wir  gehen  von  dem  einfachsten  solchen  Polynom, 
etwa  Pl  (x)  =  x ,  aus  und  bilden  die  Funktion 


Es  sei  ZQ  ein  beliebig  gewahlter  Punkt  von  T,  d.  h.  aufierhalb  tf;  wir  be- 


xciclmen  die  Zahl 


>  o  mit  a,  und  bestimmen  eine 


Folge  positiver  Zalilen  e, ,  sa ,  •  •  • ,  so  dafl  ]^e,<—  ist,   Nach  dem  RuNGESchen 
Verfahren  bestimmen  wir  das  Polynom  P9(x)  so,  dafi  die  Ungleichung 

Pi(_L.\_P,pJ\  <,, 

\*  —  **/  \*  —  zij 

im  ganzen  Gebiete  I\  besteht.    Danach  bestimmen  wir  P3(x)  so,  dafi  in  F3 
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ausf&llt.   Und  allgemein  bestimmen  wir  Pn+t(as)  derart,  dafi  die  Ungleichung 


in  alien  Punkten  von  Fn  gilt. 

Ich  behaupte,  dafi  der  Grenzwert 


fur  alle  z  existiert  und  eine  ganze  Transzendente  der  gewiinschten  Art  liefert. 
Bei  diesem  Nachweis  wird  es  bequem  sein.  die  Funktion  F(z)  statt  als  Grenz- 
wert einer  Folge  lieber  als  Summe  einer  Reihe 


zu  bestimmen. 

i.  Zun§,chst  existiert  F(z)  und  ist  eine  ganze  Transzendente.    Demi  bci 
festem  (beliebig  groBem)  ganzzahligem  N  liegen  die  Punkte  zn  (n  :>  N)  aufier- 

halb  des  Kreises  \z\  =  iV,  so  dafi  die  Funktionen  PJ  ----  1  (n>N)  fur 

\*~~z*' 
\z\<N  alle  regular  sind.   Schreiben  wir  nun  die  Reihe  (i)  in  der  Form 


so  ist  jedes  Giied  regular  fur  |  z  |  <  N9  und  die  Reihe  konvergiert  daselbst 
gleichmafiig,  weil  die  Kreisscheibe  |  z  \  <  N  in  jedem  Tn  mit  n  >  N  gelegen 
ist  und  daher  fiir  jedes  n  ;>  N  die  Ungleichung 


,    /-L.  .)_  ,.(    '    } 

\^  —  ^u  +  i/  \Z-ZnJ 


in  |  z  |  <  N  besteht. 

2.  Die  Funktion  F(z)  strebt  gleichmafiig  gegen  Null,  wenn  z  innerhalb  F 
gegen  Unendlich  strebt.    Zu  einem  gegebenen  i  k8nnen  wir  namlich  ein  N  so 

00  £ 

wahlen,  dafl  ]£  en  <  —  ist.  Dalm  folgt  aus  (2)  fiir  jedes  z  in  FA,  also  a  fortiori 
fur  jedes  z  in  F ,  die  Ungleichung 


Nun  strebt  aber  die  Funktion  P#  I 1  gleichm&fiig  gegen  Null,  wenn  z 

\Z-ZNI 
(in  der  ganzen  Ebene)  fiber  alle  Grenzen  wSchst,  und  wir  koimen  somit  ein 
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p  >  o  so  grofi  wiihlen,  dafi  die  Ungleicliung 

aufierhalb  des  Kreises  |  z  \  =  p  besteht.    Also  gilt  die  Ungleicliung 


<  ~  fiir  alle  z 
2 


fiir  alle  z,  die  sowohl  zu  F  gehoren  als  auch  numeriscli  grdfier  als  p  sind. 

3.  Schliefilich  1st  F(z)  nicht  identisch  Null.  Denn  in  dem  anfangs  ge- 
wahlten  Funkte  z  =  z0,  welcher  in  F  uud  also  .a  fortiori  in  alien  F,,  liegt, 
gilt  ja  nach  (i)  die  Ungleicliung 


Nachtrag. 

Angeregt  durch  eine  Frage  von  Urn.  BIEBERBACII  erlaube  ich  mir,  zur 
Orientierung  einige  Bemerkungen  allgemeiner  Art  hinzuzufiigen. 

1.  Wenn  ich  den  oben  bewiesenen  Satz  als  den  bestmoglichen  seiner 
Art  bezeiclmet  liabe,  ist  dies  in  dem  genauen  Sinne  gemeint,  da!3  er  sofort 
zur  vollstandigen  Beantwortung  der  folgenden  allgemeinen  Frage  fiihrt: 

Wie  mufi  clue  Punktmenge  D  der  komplexen  Ebene  beschajfen  sein,  damit 
fjs  zu  ihr  cine  (nicht  identisch  verschwlndende)  ganze  Transzendente  F(z]  gil)t}  welclie 
in  der  zu  D  komplementaren  Menge  A  gleichmcifiig  fur  z~>  oo  gegen  Null  strebt? 

Indem  wir  zur  Abkiirzung  von  einer  offenen  Punktmenge  G  der  kom- 
plexen Ebene  sagen,  dafi  sie  ein  Streifen  ist,  wenn  es  eine  stetige  ins  Un- 
endliehe  gchende  Kurve  K  gibt  (und  dann  von  selbst  unendlich  viele  solche 
Kurven),  von  welcher  G  eine  Umgebung  ist,  lautet  die  Antwort. 

Die  notwendige  und  hinrdchende  Bedingung  dafiir_,  dafi  D  von  der  gewumchten 
Art  1st;  besteht  darin,  dafi  es  einen  Streifen  G  gibt^  welcher  ganz  in  D  enthalten  ist. 

Nach  unserem  Satze  ist  diese  Bedingung  namlich  hinreichend,  und  dafi 
sie  notwendig  ist,  liegt  auf  der  Hand;  denn  falls  D  eine  Punktmenge  der 
gewimschten  Art  ist  und  F  (z)  eine  im  obigen  Sinne  zu  ihr  gehorige  Funk- 
tion,  wird  ja  |  F(z)  \  in  der  zu  D  komplementaren  Menge  A  beschrankt  sein, 
etwa  mit  der  oberen  Grenze  c,  so  dafi  alle  Punkte  z  mit  |  F(z)  \  >  e  zu  D 
gehoren  miissen;  die  (offene)  Menge  aller  dieser  letzteren  Punkte  z  bildet  aber 
gerade  einen  Streifen  tr,  weil  sie  gewifi  eine  ins  Unendliche  gehende  stetige 
Kurve  K  enthalt  (namlich  sogar  jede  Kurve  K,  auf  welcher  |  F(z)  \  durch weg 
grofier  als  c  ist). 

2.  Aber  auch  die  folgende  anscheinend  weitergehende  Frage.  wo  nicht 
wie  in  i.  von  einer  Punktmenge,  sondern  von  mehreren  (endlich  oder  un- 
endlich vielen)  Punktmengen  D,-  die  Rede  ist,  kann  sofort  durch  unseren  Satz 
erledigt  werden. 
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Was  ist  die  notwendige  und  hinreichende  Bedingung,  wekhe  eine  Gesamtheit 
von  Punktmengen  Dt  erfullen  mufi>  damit  es  zu  ihr  eine  ganze  Transzendente  F(z) 
der  art  gibtj  daft  fur  jede  der  gegebenen  Punktmengen  D<  die  Function  F(z)  in 
der  zu  D,  Jcomplementtiren  Menge  A,  gleichmafiig  fur  z->oo  gegen  Null  strebt? 

Falls  die  Anzahl  der  vorgelegten  Punktmengen  2),  eine  endliche  ist, 
fallt  unsere  Frage  inhaltlich  mit  der  unter  i.  erledigten  zusammen.  Denn 
die  Aussage,  dafi  eine  Funktion  F(z)  in  jeder  der  endlich  vielen  Komplementar- 
mengen  A,  gleichmafiig  gegen  Null  strebt,  ist  ja  damit  gleichbedeutend,  dafi 
F(z)  in  der  Summe  der  Komplementtanengen  A;,  d.  h.  in  der  Komplementar- 
menge  A  des  Durchschnittes  D  der  Mengen  Dt ,  gleichmafiig  gegen  Null  strebt, 
und  die  Antwort  auf  unsere  Frage  lautet  also  einfach,  dafi  es  einen  Streifen  6 
geben  soil,  welcher  in  den  samtlichen  Punktmengen  7.),  enthalten  ist. 

Auch  in  dem  Falle  aber,  wo  die  Anzahl  der  gegebenen  Mengen  D,  eine 
(abzahlbar  oder  iiberabzahlbar)  un endliche  ist,  lautet  die  Antwort  fast  ebenso, 
nur  mufi  man  mit  ihrer  Formulierung  etwas  vorsichtiger  sein: 

Es  soil  einen  festen  Streifen  G  geben,  von  welchem  in  dem  Sinne  gesagt  werden 
Itannj  dafi  sein  »unendlich  ferner  Teih  in  alien  Punktmengen  Dt  enthalten  ist,  dafi 
es  zu  jeder  Menge  D,  eine  positive  Zahl  p{  so  gibt,  dafi  der  Durchschnitt  von  G 
und  \z\>fi  ganz  in  1){  llegt1. 

Dafi  diese  Bedingung  hinreichend  ist,  ist  wiederum  eine  unmittelbare 
Folge  unseres  Satzes  (wir  brauchen  ja  nur  zu  dem  festen  Streifen  G  eine  Funk- 
tion F(z)  im  Sinne  dieses  Satzes  zu  bestimmen).  Sie  ist  aber  auch  notwendig. 
Wenn  nftmlich  eine  Gesamtheit  von  Mengen  Dt  von  der  gewunschten  Art  vor- 
gelegt  ist  und  F(z)  eine  zu  ihr  gehorige  Funktion  bezeichnet,  so  konnen  wir 
zunachst  eine  ins  Unendliche  gehende  Kurve  K  bestimmen,  langs  welcher 
|  F(z]  |  -x  oc,  und  danach  (aus  Stetigkeitsgriinden)  eine  Umgebung  G  von  K 
so  eng  wlihlen,  dafi  die  Relation  |jF(s)|->oo  gleichmafiig  besteht,  wenn  z 
innerhalb  G  ins  Unendliche  geht.  Dann  mufi  aber  der  »unendlich  ferne«  Teil 
dieses  Streifens  G  in  jeder  der  Punktmengen  Dt-  enthalten  sein;  denn  falls  c, 
die  (endliche)  obere  Grenze  von  |  ^(2)  |  in  der  zu  Dt  komplementaren  Menge 
\  bezeichnet  und  pf  so  grofi  gewahlt  wird,  dafi  fur  alle  zu  G  gehorigen  Punkte 
z  mit  |s|>pi  die  Ungleichung  |f(^)|>^  besteht,  mufi  ja  der  Durchschnitt 
von  G  und  |^|>^  ganz  in  Dt  liegen. 

3.  Als  einfache  Beispiele  zur  Erlftuterung  der  Bemerkung  2  erwahnen  wir: 
I.  Es  sei  K  eine  beliebige  ins  Unendliche  gehende  stetige  Kurve,  und  es 
seien  D, ,  D3 ,  •  •  • ,  Dn ,  •  •  •  abzahlbar  viele  (beliebig  gewahlte)  Umgebungen  von  K. 
Dann  gibt  es  eine  Transzendente  F(z) ,  die  bei  jedem  n  in  der  zu  Dn  komplemen- 
taren  Menge  Att  gleichmafiig  gegen  Null  strebt.  In  der  Tat  ergibt  sich  sofort 
(lurch  eine  einfache  topologische  Uberlegung,  dafi  die  Gesamtheit  dieser  Mengen 
D;  der  obigen  Bedingung  geniigt.  Wir  ktinnen  mimlich  annehmen,  dafi  bei 
jedem  n  die  Menge  Dn +1  in  der  Menge  Dn  enthalten  ist  (sonst  ersetze  man  nur  fur 
jedes  n  die  Menge  Dn  durch  den  Durchschnitt  der  n  ersten  Mengen  Dt ,  D,  •  •  •  Dn); 


1  Hieraus  folgt  naturlich  nicht,  dafi  der  Durcbscbnitt  alter  Mengen  A  einen  Streifen  ent- 
halt;  der  Durchschnitt  kann  sogar  leer  sein. 
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bezeiclmet  clann    En  den   Durchsclmitt   von   D}>  etwa  mit  dem  Kreisringe 

n~  i  <  1 2  |  <  w  -f- 1 ,    wird  die  offene  Menge  G  =  Et  -h  E2  H h  Z?tt  H , 

welchc  die  ganze  Kurve  K  enthalt,  offenbar  ein  Streifen  G  von  der  verlangten 
Art  sein,  well  der  Durclischnitt  von  G  und  |  z  \  >  n  ja  ganz  in  DH  liegt. 
II.  Dagegen  gibt  es  keine  Transzendente  F(z)9  die  in  der  Komplementar- 
menge  jeder  festen  Umyebung  Dt  einer  ins  Unendliche  yehenden  Kurve  K  gleich- 
iniifiig  gegen  Null  strebt  (abgesehen  naturlich  von  dem  uninteressanten  Fall, 
wo  K  von  der  Art  einer  Peanokurve  ist,  in  dem  Sinne,  dafi  die  Punktmenge. 
wclche  aus  der  Kurve  allein  gebildet  wird,  einen  Streifen  enthalt).  Demi  wie 
auch  ein  fester  Streifen  (i  gogeben  wird,  kann  man  immer  eine  solche  Urn- 
gebung  l)t  unserer  Kurve  f\  bestirnmen,  dafi  der  Durclischnitt  von  G  und 
|  z  |  >  p  bei  keinem  noch  so  grofiem  c  ganz  in  Dt  liegt,  Wir  brauchen  ja  nur 
innerhalb  G  eine  Folge  von  Punkten  ztt  mit  -rt  >  oo  zu  wahlen,  welche  nicht 
auf  K  gelegen  sind,  und  danach  (was  aus  Stetigkeitsgrimden  moglich  ist)  kleinc^ 
abgeschlossene  Kreisscheiben  |  ^  —  zn  \  ^  $n  (<  i )  so  zu  bestimmen,  dafi  diese 
ebenfalls  in  G  liegen  und  mit  ^Tkeinen  gemeinsamen  Punkt  haben;  die  Kom- 
plementartnengc  der  Summe  aller  dieser  Kreisscheiben  wird  ja  alsdann  eine 
Umgeburig  Dl  von  K  von  der  gewiinschten  Art  sein. 


Ausgegeben  am  25.  November. 
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UBER  GANZE  TRANSZENDENTE  FUNKTIONEN, 

DIE  AUF  JEDBB  DURCH  DEN  NULLPUNKT 

GEHENDEN  GERADEN  BESOHRANKT  SIND 

Von  HAEALD  BO  HE 

EINLEITUNG. 

In  der  vorliegeuden  kleinen  Abhandlung  soil  die  Struktur  von  ganzen 
transzendenten  Funktionen  einer  gewissen  Klasse  —  wir  wollen  sie 
zur  Abkiirzung  die  Klasse  M  benenuen  —  untersucht  werden. 

Definition.  Von  einer  ganzen  Funktion  F(z)  —  F(retv)  soil  gesagt 
werden,  dass  sie  zur  Klasse  M  gehort,  falls  sie  auf  jedem  vom  Null- 
punkte  ausgehenden  Halbstrahl  v  =  v0  beschrankt  bleibt. 

Dass  es  uberhaupt,  abgesehen  von  dem  trivialen  Fall  JP(^)  =  con- 
stans,  ganze  Funktionen  der  Klasse  M  gibt,  ist  bekanntlich  zuerst  von 
MITTAG-LEFFLER  bewiesen. 

Der  Bequemlichkeit  halber  wollen  wir  einen  Halbstrahl  v  =  v0  durch 
Augabe  des  Punktes  P0  des  Einheitskreises  |  z  \  =  I  charakterisieren, 
in  welchem  dieser  Kreis  von  dem  betreffenden  Halbstrahl  geschnitteu 
wird.  Bei  einer  Funktion  F(z]  der  Klasse  M  gehOrt  also  zu  jedern 
Punkte  P  des  Einheitskreises  eine  (reelle,  nicht  negative)  Konstante 
L(P),  namlich  die  obere  Grenze  L(P)  der  Funktion  |  F(z)  \  auf  dem 
betreffenden  Halbstrahl. 

Unter  einem  Intervall  i  des  Einheitskreises  soil  eine  offene  zusam- 
menhangende  Punktmenge  dieses  Kreises  verstanden  werden.  Wir 
haben  im  Folgenden  drei  verschiedene  Arteu  von  Interv alien  zu  unter- 
scheiden:  1)  den  ganzen  Kreis,  also  ein  Intervall  ohne  Kandpunkte; 
wir  wollen  dieses  spezielle  Intervall  mit  /  bezeichneu,  2)  ein  Intervall 
mit  genau  einem  Randpunkte  A,  also  den  ganzen  Kreis  mit  Ausnahme 
des  einzigen  Punktes  A]  dies  Intervall  wollen  wir  mit  IA  bezeichnen, 
3)  den  allgemeinen  Fall,  d.  h.  ein  Intervall  mit  zwei  verschiedenen 
Randpunkten  A  und  B\  wir  bezeichnen  dieses  Intervall  mit  IAB,  wobei 
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die  Reihenfolge  der  beiden  Randpunkte  so  zu  wiihlen  sei,  dass  das 
betreffende  Interval!  in  positiver  Umlaufsrichtung  durchlaufen  wird, 
wenu  ein  Punkt  des  Einheitskreises  sicb  von  .4  aus  uacb  B  bewegt. 
Wir  sagen  von  einer  ganzen  Fuuktion  F(z)  der  Klasse  M,  dass  sie 
in  einem  Intervall  i  des  Einheitskreises  beschrankt  ist, 
falls  sie  auf  alien  Halbstrablen,  welche  den  Punkten  des  Intervalles  i 
entsprecben,  gleichartig  beschrankt  ist,  falls  es  also  eine  Konstante 
Ct  derart  gibt,  dass  fur  alle  Punkte  P  des  Intervalles  i  die  Ungleichuug 

L(F)<Ct 
bestebt. 

Von  zwei  Intervallen  il  und  e,  des  Einheitskreises  soil  gesagt  werden, 
dass  il  ein  Teilintervall  von  i2  ist,  falls  nicht  nur  die  samtlichen 
Punkte  von  it  zu  i2  gehftren,  sondern  auch  jeder  (etwaige)  Randpunkt 
von  il  im  Intervalle  i2  gelegen  ist.  Fur  die  folgenden  Untersuchungeu 
spielt  der  Begriff  eines  »vollen  Beschriinktheitsintervalles»  eine  wichtige 
Rolle.  Wir  sagen  von  einem  Intervall  i  des  Einheitskreises,  dass  es  eiu 
voiles  Beschranktheitsintervall  einer  gegebenen  Funktion  F(z) 
der  Klasse  M  darstellt,  falls  die  Funktion  F(z)  1)  in  jedem  Teilintervall 
von  i  beschrankt  ist,  dagegen  2)  in  keinem  Intervall,  welches  einen 
Randpunkt  von  i  enthalt,  beschrankt  ist.  Es  ist  klar,  dass  zwei  voile 
Beschriinktheitsintervalle  it  und  i2  einer  Funktion  F(z)  der  Klasse  M 
entweder  gar  keinen  Punkt  gemeinsam  habeu,  oder  mit  einauder  iden- 
tisch  sind.  Ferner  ist  klar,  dass  falls  F(z)  in  einem  Intervall  i  be- 
schrankt ist,  es  ein  (und  nur  ein)  voiles  Beschrankheitsintervall  i*  von 
F(z)  gibt,  welches  die  samtlichen  Punkte  von  i  enthalt. 

Unsere  Uritersuchung  der  Funktionen  der  Klasse  M  zerfallt  in  zwei 
Paragraphen.  In  §  1  beweisen  wir,  unter  Heranziehuug  eines  bekanu- 
ten  Satzes  von  OSGOOD  aus  der  Theorie  der  stetigen  Funktionen,  den 
folgenden  Satz. 

Satz  1.  Zu  jeder  ganzen  Funktion  F(z]  der  Klasse  M  gibt  es  Inter- 
valle,  in  welchen  sie  beschrankt  ist,  und  die  somit  vorhandenen  (end- 
lich  oder  abzdhlbar  vielen)  vollen  Beschrdnktheitsintervalle  iv  *2, . . .  liegen 
auf  dem  Einheitskreise  nberall  dicht]  d.  h.  jedes  (beliebig  kleine) 
Intervall  des  Einheitskreises  hat  mit  mindestens  eiuem  der  vollen  Be- 
schranktheitsintervalle  Punkte  gemeinsam. 

Es  entsteht  nun  von  selbst  die  Frage,  ob  es  mftglich  ist,  liber  die 
Menge  der  vollen  Beschranktheitsintervalle  einer  beliebigen  Funktion 
der  Klasse  M  etwas  naheres  auszusagen  als  in  dem  Satze  1  geschehen 
ist  (z.  B.  ob  ihre  Gesamtlange  immer  gleich  der  ganzen  Liinge  2?r  des 
Einheitskreises  sein  sollte,  oder  dergleichen).  Diese  Frage  wird  in 
§  2  erledigt.  Wir  beweisen,  dass  sie  verneinend  zu  beantworten  ist, 
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dass  also  der  Satz  1  in  seiner  Art  das  bestmoglichste  Resultat 
liefert. 

Satz  2.  Auf  dem  Einheitskreise  sci  eine  beliebige  (endliche  oder 
abzahlbare]  Menge  von  Intervallen  iv  iy,  .  .  .  gegeben,  von  denen  keine 
zivei  einen  gemeinsamen  Punkt  besitzen,  und  die  auf  dem  Einheitskreise 
iiberall  dlcht  liegen.  Dann  Idsst  sich  eine  game  Funktion  F(z)  der 
Klasse  M  angeben,  der  en  wile  Beschranktheitsintervalle  gerade  die  vor- 
gegebenen  Intervalle  i}9  ^2,  .  .  .  sind. 

Beim  Beweise  des  Satzes  2  gehen  wir  so  vor,  dass  wir  zuniichst 
den  Fall  betrachten,  wo  die  gegebene  Intervallmenge  aus  nur  einem 
einzigen  Intervall  IA  besteht,  und  einen  besonders  einfachen  Typus 
einer  Funktion  der  Klasse  M  aufstellen,  welche  gerade  dieses  Intervall 
als  (einziges)  voiles  Beschranktheitsintervall  hat.  Von  solchen  speziellen 
Fanktioneu  ausgehend  gelingt  es  danach  in  einfacher  Weise,  eine  Funk- 
tion F(z)  der  Klasse  M  aufzubauen,  deren  voile  Beschranktheitsiuter- 
valle  iin  Sinne  des  Satzes  2  ganz  beliebig  gegeben  sind. 

§1- 

Den  in  der  Eiuleitung  erwahuten  Satz  von  OSGOOD,  speziaiisicrt  fiir 
uuseren  Zweck  (d.  b.  indem  wir  ein  spezielles  Gebiet  betrachten)  spre- 
chen  wir  in  der  folgenden  F'orrnulieruug  aus,  in  welcher  von  einer 
kontinuierlichen  Menge  von  Funktionen,  statt  wie  ilblich  von  einer 
abzahlbaren  Folge  von  Funktionen,  die  Rede  ist: 

Es  sei  ,?— ;v"'  eine  koniplexe  Yeranderliche,  und  in  dem  Kreisring- 
sek  to- 
ft :  1  <  ;•  <  2 ,   a  <  r  <  I        (a  <  fc  <  a  -j-  STT) 

sei  eine  Menge  /x(^)  (0^.v«<x)  von  stetigen  Funktionen  gegeben, 
welche  in  jedem  festen  Punkte  z()  von  R  beschrunkt  ist  (also 
| /,(.?„)  |  <  Ar(^0)  fiir  0^^<'0o).  Danu  gibt  es  innerhalb  R  einen  klei- 
neren  (mit  R  konzentrischen)  Kreisringsektor  R*,  so  dass  die  Funk- 
tionemnenge  /K(^)  innerhalb  R1  gleichartig  beschraukt  ist,  d.  h. 
\f*(z)  I  <c  fiir  alle  2  in  R*  und  alle  O^.v  <  x  J. 

1  Dor  lieweis  verlauft  bekanntlich  fol^endermassen  Wenn  (lie  Menjre  f^z)  iin 
pinzen  Kreisrin^sektor  Ji  gleichartij;  beschrankt  ist,  liaben  wir  niobts  zu  beweisen. 
Falls  dies  nicht  der  Fall  ist,  bestiminen  wir  einen  Punkt  zl  innerbalb  ti  und  eine 
Funktion  /^U),  so  dass  \f^(zt]  \  >  1 ;  we^en  der  Stetijrkeit  von  /^O)  konnen  wir 
danri  innerbalb  R  einen  Kreisringsektor  R^  um  den  Punkt  z,  so  klein  \\uhlen, 
dass  die  Uiij<leicbung  \f^(z}\>\  iin  ^an/en  H^  bestebt.  Wir  wierlerholen  nun  die 
obij?e  Betraditunjj:  Falls  die  Menge  f^(z)  in  1^  j?leicbartijr  besobrankt  ist,  sin<l  wir 
zum  Ziele  ^elangt.  Wenn  nicht,  kdnnen  wir  eine  Funktion /^  (z)  und  einen  Punkt 
za  innerbalb  W,  so  bestimmen,  dass  | /^ 02j)  |  >  2  i»t,  und  danach  einen  kleinen 
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Mit  Hiilfe  dieses  OsGooo'schen  Satzes  kdnnen  wir  den  in  der  Ein- 
leitung  aufgestellteu  Satz  1  folgendermassen  beweisen: 

Es  sei  F(z)  eiue  beliebige  ganze  Funktiou  der  Klasse  M.  Ferner 
sei  IAB  (A^=e'a,  B  =  eib)  em  beliebiges  (d.  h.  beliebig  kleines)  Inter- 
vail  des  Einheitskreises.  Die  Richtigkeit  unseres  Satzes  in  seinem 
volleu  Umfange  wird  offenbar  dargetan  sein,  wenn  wir  die  Existenz 
eines  Teilintervalles  von  IAR  nachweisen  kftnnen,  in  welchem  F(e)  be- 
schrankt ist.  Zu  diesem  Zwecke  betrachten  wir  in  dem  Kreisringsektor 
E  :  \  <  r  <  2,  a  <  r  <  b  die  Menge  von  stetigen  Funktionen 

/.(*)  =  *>•*)       (0  <*«»). 

In  jedem  festen  Punkte  z  ist  unsere  Funktionsmenge  f»(z)  beschrankt; 
denn  bei  festem  z($Q)  durchlauft  ja  der  Punkt  sz  fur  O^s  <  oo  ge- 
rade  einen  Halbstrahl  vom  Nullpunkte  aus,  und  auf  jedem  solchen 
Halbstrahl  ist  die  Funktion  F(z)  nach  Voranssetzung  beschrankt.  Nach 
dem  OsGooD'schen  Satze  gibt  es  also  innerhalb  E  einen  kleineren  Kreis- 
ringsektor $*,  also  a  fortiori  einen  kleiuen  Kreisbogen  r  =  r*,  a  <  v<p, 
so  duss  die  Funktionenmenge  ff(z)  =  F(sz)  daselbst  gleichartig  be- 
schrankt ist.  Dies  bedeutet  aber  gerade,  dass  unsere  Funktion  F(z) 
in  dem  ganzeu  Sektor  a<i'<P,  05=r<oo  beschrankt  bleibt,  womit 
der  Satz  bewiesen  ist. 

§2. 

Wir  gehen  nunmehr  zum  Beweise  des  Satzes  2  liber,  und  werden 
dabei  mehrere  Falle  zu  unterscheideu  haben. 

I.  Fur   den    Fall,    wo  die  gegebcne  Intervallmenge  nur  aus  dem 
einzigen   Inter valle  /(also  dem  ganzen  Einheitskreis)  besteht,  ist 
der  Satz  evident,    Er  wird  ja  hier  von  einer  Funktion  F(z),  die  gleich 
einer  Konstantcn  ist  (und  nur  von  einer  solchen  Funktion)  befriedigt. 

II.  Wir    betrachten    danach    den   Fall,  wo  die  gegebene  Intervall- 
menge aus  einem  einzigen  Intervalle  /t  besteht,  also  aus  dem 
ganzen    Einheitskreis    mit    Ausnahme    eines   einzigen  Punkte  A  m  c1" 
Wir  diirfeu   ottenbar  a  —  0  (also  A  •=  1)  annehmen,  so  dass  der  »kri- 

Kreisrinjrsektor  Rt  innerhalb  JK,  so  bestimmen,  class  |/JI(2)|>2  inuerlialb  R^  jrilt. 
und  somit  in  Rt  die  beiden  Un^leichun«en  |/K(^|>-1  und  |/j^OzO|>2  bentelien 
In  dieser  Weine  setzen  wir  fort,  behaupten  aber,  dass  der  angedentete  Vroxess  narli 
eudlich  vielen  Schritten  abbrecben  muss,  dadurch  dass  wir  %u  einem  kleinen 
Kreisrin^sektor  Rn  ^relangen,  innerhalb  dessen  unaere  Funktionenmenge  f^(z]  tfleich- 
arti^r  bescbrankt  ist;  sonst  giibe  es  namlicb  einen  Punkt  z0  (ndmlicb  einen  gemein- 
samen  Punkt  der  Folge  von  ineinander  geschachtelten  Kreisrin^sektoren  Rl}  Rt, 
JK3,...),  in  welchem  die  Funktionenmenge  ff(z)  gegen  die  Voraussetzung  nicht  be- 
schrankt  wUre. 
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tische»  Halbstrahl  gerade  die  positiv-reelle  Achse  1st  (sonst  ersetze  man 
nur  z  durch  ze~ia}.  Dass  der  Satz  in  diesem  Falle  richtig  1st,  dass  es 
also  erne  (nicht  koustante)  ganze  Funktion  existiert,  welche  auf  jedem 
Halbstrahl  vom  Nullpunkte  aus  beschrankt  ist,  und  welche  iiberdies, 
ftir  jedes  noch  so  kleine  s,  innerhalb  des  Winkelraumes  s  <  v  <  2rc  —  s 
gleichartig  beschrftnkt  ist,  ist  bekanntlich  von  MITTAG-LEPFLER  bei 
seinen  interessanten  Untersuchungen  uber  ganze  Funktionen  vom  Typus 
seiner  JK-Funktion  bewiesen. 

Fur  das  Folgende  benOtigen  wir  aber  ein  etwas  weitergehendes 
Resultat,  namlich,  dass  es  (nicht  konstante)  ganze  Funktionen  der 
Klasse  M  gibt  —  wir  wollen  eine  (beliebig  gewiihlte)  von  diesen  Funk- 
tionen herausgreifen  und  mit  G(z)  bezeichnen  —  welche,  bei  jedein  e, 
innerhalb  des  abgeschlossenen  Winkelraums  s  5±  v  :§  2;r 
beschriinkt  sind;  das  Entscheidende  ist,  dass  hier  2?r  statt  2w  —  s  steht. 
Da  es  uns  nur  auf  die  Existenz  einer  solchen  Funktion  G(z)  ankommt, 
wollen  wir,  statt  auf  die  in  der  fruheren  Literatur  betrachteten  spe- 
ziellen  Funktionen  naher  einzugehen,  uns  damit  begniigen,  einen  all- 
gemeinen  Existenssatz  heranzuziehen,  welcher  neulich  (Sitzungsber.  d. 
preuss.  Akad.,  phys.-math.  Klasse,  1929,  XXVI)  vom  Verfasser  bewiesen 
worden  ist,  und  welcher  besagt,  dass  es  zu  einer  beliebig  eugen  Um- 
gebung  U  einer  beliebigen  ins  Uuendliche  gehenden  stetigen  Kurve  K 
iminer  eiue  (nicht  identisch  verschwindende)  ganze  Funktion  gibt,  welche 
gleichimissig  gegen  Null  strebt,  wenn  z  innerhalb  der  zu  U  komple- 
nientaren  Menge  ins  Unendliche  geht;  wenden  wir  diesen  Satz  z.  B. 
auf  die  Umgebung  x  >  0,  0  <  y  <  1  der  Kurve  x^\,  y  —  \  an,  er- 
halten  wir  ja  sofort  eine  Funktion  G(z)  der  gewiinschten  Art.  Neben 
der  soeben  eingefiihrten  F"unktion  G(z)  brauehen  wir  auch  eine  Funk- 
tion H(z)  der  Klasse  M,  welche  gleichartig  beschrankt  bleibt,  wenn 
der  Punkt  z  sich  von  oben  (statt  wie  bei  G(z)  von  unten)  deni  »kri- 
tischen*  Halbstrahl  v  =  ()  niihert,  d.  h.  eiue  P'unktion  H(z)  der  Klasse 
M  mit  der  Eigenschaft,  dass  sie  in  jedem  Winkelraum  0^r^27r  —  s 
beschrankt  bleibt;  eino  solche  Funktion  H(z)  kcinnen  wir  natiirlich 
sofort  aus  G(z)  durch  Spiegelung  erhalten,  niimlich 


wo  der  Strich  den  Cbergang  zu  konjugiert  komplexem  bezeichnet. 

Bevor  wir  mit  dem  Beweise  des  Satzes  2  weitergehen,  schalten  wir 
uoch  eine  kleine  vorbereitende  Betrachtung  ein,  indem  wir  zu  eiuem 
beliebigen  Intervall  i  (mit  zwei  Randpunkten)  eine  gewisse  Hilfsfunk- 
tion  Ft(z}  einfiihren.  Es  seien  A  =  eia  und  B  =  ctb  a<fe<27r  +  «) 
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xwei  beliebig  gewahlte  Punkte  des  Einheitskreises,  und  es  bezeichne  i 
das  Intervall  IAB,     Wir  bilden  die  Funktion 

Ft  (z)  •=.  ZAB  { G  (ze~ ia)  +  H(ze~ ib)} , 

wo  &AB  eine  positive  Konstante  <  I  bezeichnet,  die  so  klein  gewahlt 
ist,  dass  die  Funktion  Ft(z)  im  gauzen  abgeschlosseuen  Winkelraum 
h^v^a  +  2?r  numerisch  kleiner  als  1  ist;  eine  solche  Wahl  von  SAB 
ist  naturlich  moglich,  da  ja  sowohl  G(ze'itt)  als  H(ze  lb)  in  dem  ge- 
nannten  Winkelraum  beschrankt  sind.  Aus.den  Eigenschaften  von  G(z] 
und  H(z)  ergibt  sich-sofort,  dass  Ft(z)  eine  ganze  Funktion  der 
Klasse  M  ist,  welche  in  jedem  Teilintervall  von  i=IAB 
beschrankt'  ist,  dagegen  in  keinem  der  beiden  Intervalle 
IAC  und  ICE,  wo  C  einen  Punkt  des  Intervalles  i  bedeutet, 
beschrankt  ist.  Ferner  wissen  wir,  dass  |^(<2')|<;i  in  dem 
ganze  n  abgeschlossenen  Winkelraum,  welcher  dem  zu 
i^IAK  komplementaren  (abgeschlossenen)  Intervalle  des 
Einheitskreises  entspricht.  Wir  bemerken  noch,  um  gewisse 
spatere  Konvergenzbetrachtuugen  nicht  unnotig  zu  komplizieren,  dass 
die  Funktion  Ft(z),  wie  auch  das  Intervall  i~IAfi  gewahlt  wird,  durch 
die  feste  Funktion  G(z)  im  folgcnden  Sinne  »majorisiert»  wirdj>nfte.- 
zeichnet  M (r0)  das  Maximum  von  |  G  (z]  \  (und  also  auch  von  |  H(z)  \ }  f  iir 
I  ^  I  ?i  ro'  so  g'l^  wegeu  SAB  <  ^ ,  bei  jedem  r0  die  Ungleichung 
I  F,  (z)  |  5=  3/(r0)  fur  |  z  \  ^  rQ . 

Nachdem    wir  diese  Funktion  Ft(z)  zur  Verfiiguug  haben,  konuen  wir 
nunmehr  leicht  den  Beweis  des  Satzes  2  zu  Ende  fiihren. 

III.  Besteht  die  gegebene  Intervallmenge  aus  einer  end  lichen 
Anzahl  N^.2  von  (an  einander  stosscnden)  Inter  vail  en  llt 
«Si  -.-i  *.v,  genligt  oifeubar  die  Funktion 

*•(*)  =  y  F,,.  (z) 


den  Bcdingungen  unseres  Satxes.  Denn  als  Summe  von  endlich  vielen 
ganzen  Transzendenten  der  Klasse  M  ist  F(z)  selbst  eine  ganze  Funk- 
tion der  Klasse  M.  Und  ihre  vollen  Beschriinktheitsintervalle  sind  ge- 
rade  die  Intervalle  /, ,  .  .  .,  i$\  um  einzusehen,  dass  z.  B.  il^~  TAifil  ein 
voiles  Beschranktheitsintervall  von  l<\z)  darstellt,  brauchen  wir  ja  nur 
zu  bemerken,  dass  F(z]  einerseits  in  jedem  Teilintervall  von  /,  be- 
schrankt ist,  weil  die  N  Funktionen  F,n(z]  daselbst  alle  beschrankt  sind, 
wahrend  F(z]  andererseits  in  keinem  der  beiden  Intervalle  1^  und 
Ictfi,  wo  Cj  einen  Punkt  des  Intervalles  il  bedeutet,  beschraukt  ist, 
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weil  die  N — 1  Funktionen  Fiit(z)  (n  =  2,  .  .  .,  N)  daselbst  beschrankt 
sind,  die  Funktion  Fti(z)  dagegeu  uicht. 

IV.  Schliesslich  betrachten  wir  den  (allgemeinen)  Fall,  wo  die  gege- 
bene  Intervallmenge  aus  unendlich  vielen  Inter  vail  en  it,  t'2,  ... 
besteht.  Es  sei  EJ,  e2,  ...  eine  beliebige  Folge  von  positiven  Zahlen, 
so  dass  ^en  konvergiert.  Wir  bildeu  die  unendlichc  Reihe 

(i) 

und  behaupten,  dass  sie  fiir  alle  z  konvergiert  und  eine  ganze  Trans- 
zendente F(e)  der  Klasse  M  darstellt,  welche  gerade  die  gegebenen 
Intervalle  in  zu  Beschranktheitsintervallen  hat. 

Erstens  ist  die  Reihe  (1)  bei  jedem  festen  r0  im  Kreise  |  z  \  <  ?*0 
gleichmassig  kouvergent;  sie  hat  ja  daselbst  die  Majorantenreihe 
£en  Jf(r0)  :==  M"(r0)£e,,.  Also  konvergiert  die  Reihe  (1)  fiir  alle  z  uud 
stellt  eine  ganze  Transzendente  F(z)  dar. 

Zweiteus  ist  F(z)  von  der  Klasse  M,  d.  h.  sie  ist  auf  jedem  voin 
Nullpunkte  ausgehenden  Halbstrahl  h  beschrankt.  Demi  entweder  schnei- 
det  der  Halbstrahl  h  keines  der  Intervalle  /„,  und  es  gilt  alsdann  auf  h 

die  Uugleichung   |  F(z)  \  <  Xsn,    oder    er    schneidet  genau  eines  dieser 

i 
Intervalle,  etwa  iy,  und  dann  gilt  auf  h  die  Ungleichung 


wo  cy  die  obere  Grenze  von  |  Fy(z)  \  auf  h  bezeichuet. 

Drittens  ist  bei  jedem  N  das  Inter  vail  iy~-=lAvHv  tatsachlich 
ein  voiles  Beschranktheitsintervall.  Denn  schreiben  wir  F(z) 
in  der  Form 


gilt  in  dem  ganzen  Winkelraum,  welcher  dem  Intervalle  in  entspricht, 
die  Ungleichung 


hieraus  folgt  aber  sofort,  dass  die  Funktion  F(z)  in  jedem  Teilintervall 
von  iN  =  I  A  N  Hff  beschraukt  ist,  dagegen  in  keinem  der  beiden  Intervalle 
IANCN  und  ICKBH  (wo  @N  einen  Punkt  aus  iN  bedeutet)  beschrankt  bleibt, 
weil  ja  diese  beiden  Aussagen  fiir  die  Funktion  FiN(z)  zutreffen. 
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SCHLUSSBEMERKUNG. 

Zur  Orientierung  fiige  ich  hinzu,  dass  die  (in  sich  abgerundete) 
Gesamtaussage  der  beiden  Satze  I  und  2  unverandert  bestehen  bleibt, 
wenn  uberall  die  Worte  »eine  gauze  Funktion  F(z)  der  Klasse  M»  durch 
die  Worte  »eine  in  der  ganzen  Ebeue  stetige  Funktion  F(z),  welche 
auf  jedem  vom  Nullpunkte  ausgehenden  Halbstrahl  beschriinkt  ist» 
ersetzt  werden.  Dass  man  im  Satze  2  die  Forderung  der  Analytizitat 
durch  die  Forderung  der  Stetigkeit  ersetzen  kann,  ist  ohne  weiteres 
klar;  der  Satz  2  in  der  neuen  Formulierung  besagt  ja  viel  weniger  als 
der  urspriingliche  Satz  2  (und  der  Beweis  ist  auch  viel  leichter  zu 
fiihren;  vor  allem  ist  die  Heranziehung  des  allgemeinen  Existenzsatzes 
auf  Seite  43  gar  nicht  notig).  Dagegen  besagt  der  Satz  1  naturlich 
mehr,  wenn  er  fur  stetige  Funktioneii,  als  wenn  er  nur  fiir  analytische 
Funktionen  ausgesprochen  wird;  dass  er  tatsachlich  in  der  weiterge- 
hendeu  Fassung  gultig  ist,  lehrt  ein  Blick  auf  dem  in  §  1  dargestellten 
Beweis,  weil  die  Anwendung  des  Osaooi>'schen  Satzes  ja  gar  nicht  die 
Analytizitat  sondern  nur  die  Stetigkeit  der  Funktionen  ft(z)  verlaugt. 
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Ober  einen  Satz  von  J.  P&l. 

Von  HARALD  BOHR  in  Kopenhagen. 

In  seiner  Abhandlung:  Sur  des  transformations  de  fonctions 
qui  font  converger  leurs  series  de  Fourier  (Comptes  rendus  Pans, 
158  (1914),  p.  101)  hat  J.  PAL  den  folgenden  sehr  interessanten 
Satz  bewiesen: 

Es  sei  f(x)  eine  im  Intervalle  Q^x^2rt  stetige,  reelle 
Funktion  mit  /(O)  =f(2n).  Dann  gibt  es  immer  eine  im  Intervalle 
n  stetige,  monoton  wachsende  Funktion  g(u)  mit5r(0)=0, 

=  2ji,  derart,  dafi  die  Fourierreihe 


der  Funktion  h(u)-=f(g(u))  im  ganzen  Intervalle  (0,  2n)  konver- 
giert,  und  zwar  gleichmtifiig  in  jedem  Teilintervall  Q<6<u<2n  —  d. 
Der  Beweis  von  PAL  beruhte  auf  dem  folgenden  bekannten 
Satz  von  FEjfcR1):  Es  sei  F(z)  =  F(x  +  iy)  eine,  im  offenen  Ein- 
heitskreise  \z\<  1  analytische,  im  abgeschlossenen  Kreise|z|^l 

oo 

stetige  Funktion,  deren  Potenzreihe  ffir  \z\<  1   mit  ]£  anzn  bezeich- 


net  wird.  Ferner  sei  angenommen,  dafi  die  Funktion  w  =  F(z) 
den  Kreis  |^|<  1  auf  ein  schlichtes  Gebiet  der  w-Ebene  abbildet 
Dann  konvergiert  die  Potenzreihe  auch  auf  dem  Rande  des  Ein- 
heitskreises,  und  zwar  gleichmafiig  im  ganzen  abgeschlossenen 
Bereiche  \z\^\. 

Bemerkung  :  F(ir  einen  sp^teren  Zweck  erinnern  wir  daran, 
dafi  im  Fej^rschen  Beweis  die  Annahme  der  Schlichtheit  der  Ab- 
bildung  nur  benutzt  wird,  um  schlieBen  zu  kOnnen,  daB  das  In- 


i)  L  FEJ^R,  La  convergence  sur  son  cercle  de  convergence  d'une  s6rie 
de  puissance  effectuant  une  representation  conforme  du  ceitle  sur  le  plan 
simple,  Comptes  rendus  Parts,  156  (1913),  p.  46. 
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tegral  ff  \F'(z)\*dxdy<oo  ist.  Der  Fej^rsche    Satz  gilt  also  auch 

1*1  <i 
fUr  jede    in  \z\<\  analytische,    in    |z]^1    stetige    Funktion  F(z), 

far  welche    das    Integral   Jf  \F'(z)\*dxdy   einen    endlichen   Wert 

!»1<l 

besitzt.  Natarlich  genUgt   es   hierzu   z.  B.     ]*/    \F'(z)\2dxdy<  oo 

zu  wissen. 

Der  Pdlsche  Beweis  verlief  nun,  kurz  skizziert,  folgender- 
maBen:  Die  Kurve  y—f(x),  0<x<;2:rc,  wurde  zu  einer  Jordan- 
kurve  J  erweitert,  etwa  in  der  in  Fig.  1*  angegebenen  Weise.  Das 


Fig. 


Fig.  lb 


Innere  dieser  Jordankurve  wurde  danach  konform  auf  den  Ein- 
heitskreis  |£|<1  der  C  =  /'^0-Ebene  abgebildet  (Fig.  lb),  etwa 

oo 

durch  die   Funktion   z  =  F(Q=J£anF-    Hierbei  geht  die  Rand- 

kurve  /  bekanntlich  stetig  in  den  Einheitskreis  |£|=1  tiber,  so 
dafi  die  Funktion  F(£)  den  Bedingungen  des  Fej£rschen  Satzes 
genllgt.  Nach  diesem  Satz  konvergiert  also  die  Potenzreihe 

00 

2an£n   gleichmSfiig   fUr    |£|^1.    Bei    der    Randabbildung    m5ge 

der  aus  der  ursprtinglich  gegebenen  Kurve  y=f(x),  Q^x^2n, 
bestehende  Teil  von  J  in  den  abgeschlossenen  Kreisbogen  r=  1, 
#i^0^Q2  iibergehen.  SchlieBiich  wurde  nun  das  Interval!  0^0^02 
linear  auf  das  (grCBere)  Intervall  Q^,u^2n,  etwa  durch  die 
Funktion  0  =  c-f  du,  abgebildet,  und  die  entsprechende  Funktion 
F(&<e+d»))  =  G(u)9  Q^u^2n,  gebildet.  Es  wurde  nun  nachge- 
wiesen,  dafi  durch  diese  lineare  Transformation  der  unabhangigen 
Veranderlichen  die  gleichmSBige  Konvergenz  der  zugehOrigen 
Fourierreihe  nicht  wwesentlicha  gest5rt  wird,  das  heifit  genau 
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00 

gesprochen,  dafi  die  Fourierreihe  ^yneinn  der  komplexen  Funktion 
G(u)  bei  jedem  6>0  far  6<u<2ji  —  6    gleichmafiig   konvergiert. 

oo 

Trennen    wir    nun    die    Darstellung    z  =  x  +  if(x)  =  ^  yneinu  = 

00 

=  y  (/n  +  irfn)  (cosnu  +  isinnu)  in  ihre  reelle  und  rein  imaginare 
Komponente,  also 

00 

x  =  2*  0<  cos  n  u  —  y"  sin  //  u)  =  g(u)- 


so  haben  wir  offenbar  in  der  monotonen  Transformation  x  =^  g(u) 
eine  Transformation  im  Sinne  des  P£lschen  Satzes. 

Der  Satz  von  PAL  hat  den  kleinen  Schftnheitsfehler,  dafi  die 
Fourierreihe  der  transformierten  Funktion  h(u)  nidit  im  ganzen 
Intervall  Q^u^2n  gleichmafl'g  konvergiert,  sondern  nur  in  jedem 
Teilmtervall  0<  d<  u<  2n  —  d,  und  dies  hangt  auf  das  engste 
damit  zusammen,  daB  bei  der  konformen  Abbildung,  welche  ja 
der  entscheidene  Punkt  beim  Beweise  war,  Hilfslinien  etwas  zu- 
faliiger  Natur  verwendet  werden  mufiten,  um  die  gegebene  Kurve 
y=f(x),  Q^x^2n  zu  einer  geschlossenen  Jordankurve  zu  ergSnzen. 

Der  Zweck  der  vorliegende  Note  ist  nun  zu  zeigen,  wie  man 
durch  eine  kleine  AbSnderung  des  Palschen  Beweises  diese  kleine 
Unvollkommenheit  in  natiirlicher  Weise  beseitigen  kann,  indem 
man,  statt  die  gegebene  Kurve  y=f(x),  Q^x^2n  zu  einer  im 
Endlichen  liegenden  Jordankurve  zu  ergSnzen,  die  Kurve  einfach 
penodisch  fortsetzt  und  danach  das  eine  von  den  beiden  unbe- 
schrSnkten  Qebieten,  welche  von  der  so  entstandenen  Kurve  be- 
grenzt  werden,  konform  auf  eine  Halbebene  abbildet. 

Ftir  diese  Abbildung  gilt  der  folgende,  mit  Hilfe  des  obigen 
Fej£rschen  Satzes  sofort  zu  beweisende  Hilfssatz,  wobei  wir  der 
Bequemlichkeit  halber  die  gegebene  Funktion  y=f(x)  als  liberal! 
positiv  annehmen  kOnnen  (sonst  addiere  man  zu  /(x)  eine  ge- 
eignete  positive  Konstante)  : 

Es  sei  y=f(x),  —  oo<x<oo,  eine  positive,  stetige  periodische 
Funktion  mit  der  Periode  In.  In  der  z  =  Jc  +  /y-Ebene  betrachten 
wir  den  abgeschlossenen  Bereich  —  oo<x<oo,  y^f(x),  der  mit 
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G  bezeichnet  sei  (Fig.  2*).  Dieser  Bereich  werde  auf  die  abge- 
schlossene  Halbebene  v^O  der  u>==tf +/VEbene  abgebildet  (Fig. 
2b),  und  zwar  konform  im  Innern,  und  daher  stetig  auf  dem  Rande ; 
weiter  soil  die  Abbildung  so  normiert  sein,  dafi  die  drei  Rand- 


Fig.  2* 

punkte  0  +  //(0),  2/r  +  //(2rc),  oo  der  z-Ebene  in  die  drei  Rand- 
punkte  0,  2n,  oo  der  w-Ebene  Ubergehen.  Dann  wird  die  Abbildung 
durch  eine  Funktion  der  Form 

z  =  w  +  ifj  (w) 

vermittelt,  wo  V(w)  periodisch  mit  der  Periode  2n  ist  und  eine 
Entwicklung  der  Form 


zuiasst,  die  gleichm^6ig  in  der  ganzen  abgeschlossenen  Halbebene 
v^O  konvergiert. 

Bevor  wir  den  einfachen  Beweis  dieses  Satzes  erbringen, 
bemerken  wir,  daB  aus  ihm  der  Palsche  Satz  in  der  erwShnten 
verscharften  Form  unmittelbar  gefolgert  werden  kann.  Wir  haben 
ja  nnr  in  der  Darstellung 


Reelles  und  Imaginares  zu  trennen,  also 

(fccosnu  —  p"s\nnu)  =  g(u), 


zu  setzen.    Die    monotone   Transformation   x  =  g(u)    liefert  somit 
das  GewQnschte. 
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Urn  schlieBlich  den  oben  formulierten  Hilfssatz  zu  beweisen, 
ftihren  wir  die  genannte  AbbLldung  von  G  auf  die  Halbebene 
v^O  in  den  folgenden  Schritten  aus. 

Zuerst  bilden    wir  die  ganze    Halbebene  y^O  mit  Hilfe  der 

Funktion 

s  =  ei9 

auf  den    unendiich-biattrigen    Einheitskreis    |s|^l    mit  dem  Win- 
dungspunkt  5  =  0  ab. 

Hierbei  geht  die  periodische  Kurve  y=f(x)  in  die  unendlich 
oft  durchlaufene  Jordankurve  j  (Fig.  3a) 

5  =  ei  <* +i/X*))  =  e~fw  eix 

Uber,  die  iibrigens  von  jedem  von   5  =  0  ausgehenden  Halbstrahl 
in  genau  einem  Punkt  getroffen  wird. 


Fig.  3a  Fig.  3b 

Danach  wird  der  abgeschlossene  schlichte  Bereich,  welcher 
von  dieser  Kurve  j  begrenzt  wird,  auf  den  Einheitskreis  |a|^l 
der  <7  =  a1  +  /(73  Ebene  abgebildet  (Fig.  3b),  wiederum  konform  im 
Inneren  und  stetig  auf  dem  Rande,  und  zwar  so,  daB  dem  Punkte 
5  =  0  der  Punkt  cr  =  0  entspricht  und  der  auf  der  positiven 
reellen  Achse  gelegene  Punkt  von  /  in  den  Punkt  o=  1  (ibergeht. 
Diese  Abbildung  mOge  durch. 


00 


5  =  i2(a)  =  a  ,  a)  (a)  =  a  J£  dnan 

dargestellt  sein.  Hierbei  ist,  wegen  der  Schlichtheit  der  Abbildung, 
a}(0)^=Q  fur  |a|s£l  und  das  Integra! 

Jf  \&  (o^do,  do, 

M<1 

endlich. 
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SchlieBlich  wird  der  nunmehr  als  unendlichbiattrig  auf- 
gefaBte  Einheitskreis  |o|:£l  auf  die  Halbebene  v^O  der  w-Ebene 
durch  die  Funktion 

abgebildet. 

Durch  Zusammensetzung  der  drei  besprochenen  Abbildungen 

Z  =  — r-lOgS,    S  =  &(or),    ff  =  £iw 

erhalten  wir  offenbar  die  gewlinschte  Abbildung  der  Halbebene 
v^O  der  iv-Ebene  auf  den  Bereich  G  der  z-Ebene,  da  ja  (nach 
passender  Normierung  von  logs)  die  Punkte  0,  2ny  oo  in  //(O), 
2n  +  if(2n),  oo  ubergehen. 

Die  Funktion  z  =  ^(u>),  welche  diese  Abbildung  liefert,  wird 
somit  durch 

2=  _v_lOgjQ((7)=  __lOg(7-J____lOgft>(a))    0  =  eiw 

gegeben. 

Indem  wir  dieflir  |a|<l  analytische,  fur  |a|  ^  1  stetige  Funktion 

-r-logw(a)  mit  L(o)  und  ihre  Potenzreihe  mit  x^A.an  bezeichnen. 
/  o 

erhalten  wir  also  schliefilich 


=  w+  y 


VorlSufig  wissen  wir  aber  nur,  dafi  die  Entwicklung 

der  Funktion  L(a)  im  Inneren  des  Einheitskreises  gilt;  um  den 
Beweis  zu  Ende  zu  fiihren,  haben  wir  noch  darzutun,  dafi  die 
Potenzreihe  im  abgesdilossenen  Kreise  |a|^l  gleichmafiig  konver- 
giert.  Hierzu  geniigt  es  nach  der  anfangs  gemachten  Bemerkung 
zum  Fej^rschen  Satz  zu  zeigen,  daC  das  Integral 

JJ   |L'(")I2<M^=   JJ   1"//"'2 

i         ^  i 

ist. 

Dies  folgt  aber  sofort  aus  der  Tatsache,  dafi 
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ist.  Bezeichnen    wir    nMmlich    Min  \<*(o)\  ftir  |<r|^l    mit  m  (>0), 
so  folgt  aus 


far  -±-<|or|<  1 


>l 


\Q'(*)\ 


772 


•+1  , 


also 


und  somit 


-+1 


JJ 


^AjJ 


(Eingegangen  am  4.  April  1935.) 
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ZUM  PICARDSCHEN  SATZ. 

Von 
Harald  Bohr  in  Kopenhagen. 

Zu  den  wichtigsten  Errungenschaften  der  neueren  Theorfe  der  analyti- 
schen  Funktionen  gehGren  die  beidan  folgenden  Satze  von  Picard: 

1.  Picardscher   Satz.   Jede  ganze  transzendente  Funktion  nimmt 
sdmtliche  Werte  mit  hochstens  einer  einzigen  Ausnahme  an. 

2.  Picardscher   Satz.    In  der  Umgebung  einer  isoiierten   wesent- 
lich  singularen  Stelle  nimmt  eine  analytische   Funktion   samtliche    Werte 
mit  hochstens  einer  einzigen  Ausnahme  an, 

Ausfiihrlfcher  und  ftir  das  folgende  bequemer  formuHert  13sst  sich  der  2. 
Satz  auch  folgendermassen  aussprechen,  wobei  wir  uns  die  betrachtete  sin- 
guiare  Stelle  im  Punkte  z  =  oo  denken: 

Es  sei  die  Funktion  f  (z)  in  der  Umgebung  /?<|*«cc  des  Punktes 
2  =  00  eindeutig,  regular  und  verschieden  von  a  und  b  (wobei  die  Zahlen 
a  und  b  natOrlich  von  einander  verschieden  sind).  Dann  ist  die  Funktion 
f(z)  im  Punkte  z  =  oo  regular  oder  besitzt  dort  einen  Pol,  oder,  um  die 
beiden  Fai;e  zusammenzufassen,  es  gibt  eine  positive  ganze  Zahl  A/Q,  so 
dass  f(z)z~N*  im  Punkte  z  =  oo  regular  ist;  oder,  was  aui  dasselbe  hinaus- 
IMuft:  es  gibt  eine  positive  gauze  Zahl  N,  so  dass  bei  dem  GrenzQber- 
gange  z  —  »oo  eine  Ungteichung  der  Form 


stattffndet. 

Die  Picardschen  Beweise  dieser  beiden  Sa*tze  wurden  bekanntlich  durch 
Heranziehung  der  Modulfunktfon  gefUhrt.  Wahrend  der  Beweis  des  1.  Satzes 
2usserst  einfach  verlief,  fordertc  der  Beweis  des  zweiten,  den  ersten  umfas- 
senden  Satzes  kompliziertere  Ueberlegungen.  Es  war  dalier  in  methodischer 
Hinsicht  ein  wesentllclier  Fortschritt,  als  es  LindelOf  durch  eine  sinnreiche 
Ueberlegung  zu  zeigen  gelang,  dass  dieser  2.  Picardsche  Satz  fast  unmit- 
telbar  aus  efnem  bekannten  Schottkyschen  Satze  abgeleitet  werden  kann  — 
welcher  seinerseits  in  naher  Beziehung  zu  der  berUhmten  Landauschen  Ver- 
allgemeinerung  des  1.  Picardschen  Satzes  steht  und  wie  dieser  senr  einfach 
mittels  der  Modulfunktion  bewiesen  werden  kann.  Dieser  Satz  lautet: 

Schottkyscher  Satz.  Es  sei  f(z)  im  Einheitskreise  |*|<1  re- 
gular und  verschieden  von  a  und  b,  und  0  eine  positive  Zahl  zwischen 
0  und  1.  Dann  gibt  es  eine  nur  von  den  vier  Zahten  /(O),  a,  b  und  d 
abhttngige  positive  Konstante  Q  der  art,  dass 

far    |«|<». 

29 


E  14.   CfopHttK  nocexiyeHKuu  UoMfimu  fl.  A.  rpaee  1940. 
Also  in  Mat.  Tiddler.  B  1940. 


Be!  der  Lindelttfschen  Verwendung  dieses  Satzes  zum  Beweis  des  2. 
Picardschen  Satzes  war  flbrigens  eine  v&llig  triviale  Abscbatzung  der  Kon- 
stanten  U  n&tig,  namlich  dass  Q  unabhangig  von  der  Gr&sse  /(O)  gewahlt 
werden  kann,  falls  /(O)  in  wsicherer  Entfernung"  von  a,  b  und  oo  bleibt. 

In  der  Abhandlung  .Zur  Theorie  der  fastperiodischen  Fiuiktionen  HI* 
(Acta  Mathematica,  Bd.  47),  in  welcher  die  Theorie  der  analytischen  fast- 
periodischen Funktionen  einer  komplexen  Veranderlichen  s  =  o  -f-  it  eotwickelt 
wurde,  zeigte  der  Verfasser,  dass  der  2.  Picardsche  Satz  auf  fastperiodische 
Singularititen  verallgemeinert  warden  kann.  Hierzu  mussten  aber  ziemlich 
weitgehende,  von  Iversen  geschaffene  Hilfsmittel  aus  der  Theorie  der  allge- 
meinen  analyiischen  Funktionen  herangezogen  werden,  weil  die  oben  erwahnte 
LindelOfsche  Methode  nicht  auf  den  fastperiodischen  Fall  Obertragen  werden 
konnte. 

Neuerdings  hat  aber  der  Verfasser  eine  Variante  des  LindelSfschen  Be- 
weises  gefunden,  die  —  im  Gegensatz  zu  dem  ursprtinglichen*  Lindelofschen 
Beweise  —  nicht  nur  auf  fastperiodische  Funktionen  angewendet  werderi  kann, 
sondern  zug.eich  eine  Verallgemeinerung  des  2.  Picardschen  Satzes  mehr 
prinzipieller  Art  liefert.  Diese  Verallgemeinerung  darzustelien,  ist  das  Ziel 
der  vorliegenden  kleinen  Abhandlung;  ihre  Beziehung  zur  Theorie  der  fast- 
ptrlodischen  Funktionen  werde  ich  an  anderer  Stelle  erdrtern. 

Fttr  die  neue  Formulierung  des  LindelOfschen  Beweises  des  2.  Picard- 
schen  Satzes  —  oder  vielmehr  der  erwShnten  Verallgemeinerung  des  letzte- 
ren — reicht  allerdings  der  Schottkysche  Satz  in  der  obigen  Formulierung 
nkht  aus,  sondern  es  muss  eine  recht  genaue  Abschatzung  der  darin  vor- 
kommenden  Konstanten  Q  =  2(a,  b>  /(O),  0)  herangezogen  werden.  Eine 
solche  AbschStzung  ist  aber  schon  bekannt  und  Qbrigens  ebenfalls  mit  Hilfe 
der  Modulfunktionen  sehr  leicht  abzuleiten'.  In  einer  gemeinsamen  Arbeit 
von  Landau  und  dam  Verfasser  BUeber  das  Verhalten  von  C  (s)  und  Cx  (s) 
in  der  Nahe  der  Geraden  a=l"  (G6ttinger  Nachrichten  1910)  fiudet  sich 
namlich  in  §  6  (welcher  Paragraph  an  frtihere  Untersuchungen  von  Landau 
Ober  den  Picardschen  Satz  anknttpft  und,  wie  in  der  Eialeitung  erwalint, 
von  ihm  allein  herriihrt),  der  folgende  Satz: 

Schottky-Landauscher  Satz.   Es  seien  a   und  b  zwei    unler 

einander  verschiedene  komplexe  Zahlen.  Dann  gibt  es  eine  Konstante  D, 

die  nur  von  a  und  b  abkangt,  mit  der  folgenden   Eigenschaft:  ftir  jede 

im  Einheitskreise  \  z\  <  1  re gu  I  fire  und  von  a  und  b  verschiedene  Funktion 

f(z)  gilt  in  dem   kleineren    Kreise  \z\*^$  (0<0<1)  die  Abschatzung 

Pln(|/(0)j-f  2) 
(1)  \f(*)\<*  l~*  - 

Bei  der  Anwendung  dieser  Ungleichung  (1)  auf  die  C-Funktion  in  der  oben 
zitierten  Arbeit  war  die  Art  der  Abha*ngigkeit  der  rechten  Seite  von  der 
GrOsse  /(O)  von  besonderer  Bedeutung,  wghrend  die  Art  der  Abhangigkeit 
von  ft  fQr  unseren  damaligen  Zweck  unwesentiich  war,  weil  bei  der  An- 
wendung von  (1)  ein  fester  Wert  von  0  (z.  B.  ft  =  -^-)  zugrunde  gelegt 

wurde.  Far  den  jetzigen  Zweck  (den  Beweis  der  Verallgemeinerung  des  2. 
Picardschen  Satzes)  liegt  die  Sache  gerade  umgekehrt,  d.  h.  es  ist  die  Art 
ausschlaggebend,  in  welcher  die  GrOsse  (f  in  der  rechten  Seite  von  (1) 
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auftritt,  wShrend  die  AbMngigkelt  von  /(O)  nur  grob  ausgenutzt  wlrd.  Wfr 
betonen  dies,  indem  wir  das  folgende  Corollar  des  Schottky-Landauschen 
Satzes,  welches  gerade  soviet  von  diesem  Satze  entha.lt,  wie  wir  far  das 
folgende  gebrauchen,  explicite  als  ein  Lemma  formulieren: 

Lemma.  Es  seien  a  and  b  zwei  unter  einander  verschiedene  komplexe 
Zahlen  and  k  eine  positive  Grtisse.  Dann  gibt  e$  eine  positive  Konstante 
/C=/f(a,  b,  k)  derart,  dass  jede  im  Kreise  |z|<l  regulare  und  von 
a  und  b  verschiedene  sowie  die  Ungleichung  |/(0)|<£  befnedigende 
Funktionf(z)  im  ganzen  Kreise  \z\*^§  (0<0<1)  der  Ungleichung 


(2) 
gentlgt. 

Aus  diesem  Lemma  leiten  wir  zuna"chst  mlttels  einer  einfachen  kon- 
formen  Abbildung  den  folgenden  Satz  ab,  welcher  Jnsofern  als  der  Haupt- 
satz  dieser  kleinen  Abhandlung  betrachtet  werden  kann,  als  sich  aus  ihm 
die  erwMhnte  Verallgemeinerung  des  2.  Picardschen  Satzes  in  wenigen  Wor- 
ten  ergeben  wird: 

Satz.    Es  sei  F  (s)  =  F  (o  -f  it)  eine  in  der  Halbebene  a  >  0  regular  'e 
und  von  a  und  b  verschiedene  Funktion,  welche  auf  der  ganzen  Gerade  n 
a  =  1  dem  Betrage  nach  kleiner  als  k  1st.  Dann  gilt  in  der  ganzen  Halb- 
ebene a  >  1  die  Ungleichung 
(3) 


wo  K  eine  nur  von  a,  b,  k  abhangige  positive  Konstante  bezeichnet,  als 
welche  Cibrigens  jede  im  Sinne  des  vorhergehenden  Lemmas  verwendbare 
Konstante  K  benutzt  werden  kann. 

Bemerkung.  Uebrigens  gilt  im  Streifen  0<a<l  die  Ungleichung 
\f(s)\<^eKi9.  Diese  Ungleichung  ist  vOllig  analog  der  fiir  J>  1  gflltigen 
Ungleichung  (3)  abzuleiten,  wird  aber  fQr  unseren  vorliegenden  Zweck  nicht 
benOtigt. 

Be  we  is.  Es  gentlgt  natflrlich  zu  zeigen,  dass  fQr  jede  fQr  a>0  re- 
gul^re  und  von  a  and  b  verschiedene  Funktion  G  (s),  welche  im  Punkte 
s=l  der  Ungleichung  |G(1)|<6  genQgt,  in  jedem  Punkte  f==a  der 
reellen  Strecke  l<a<oo  die  Ungleichung 


(4) 

gilt;  denn  di«  gewQnschte  Ungleichung  (3)  des  Satzes,  d.  h.  die  Ungleichung 


fQr  elnen  beliebigen  festen  Punkt  a-(-^0  der  Halbeberie  a>l  folgt  ja 
sofort  aus  dieser  Ungleichung  (4),  wenn  sie  auf  die  Funktion  G  (s)  =  F  (s  -f-  //0) 
angewendet  wird. 

Um  die  Ungleichung  (4)  darzutun,  bilden  wir  die  Halbebene  a>0  der 
s-Ebene  auf  den  Einheitskreis  |^|<1  der  *-Ebene  konform  ab  und 
zwar  so,  dass  der  Punkt  s=\  dem  Punkte  z  =  0  und  der  Randpunkt 
53=00  dem  Randpunkte  z=l  entspricht,  d.  h.  wir  setzen 


31 


E  14.  CfojntUK  IIocexmeHMXU  floMAmu  ff.  A.  Fpaee  1940. 


Hiferdurch  geM   O(s)    in  die  fttr   |z|<l    regulSre   und  von  a  und  b  vcf- 
schiedene  Funktion 


aber,  fOr  weiche  /(0)  =  G(1),  also  |/(0)|<*  1st.  Dem  reellen  Punktc 
$  =  j>l  entsprlcht  be!  dieser  Abbildung  der  Punkt  z=ft==-^-7  der 
Strecke  0<*<1.  Wegen 


o-f  1        a-f-  1  ^  29        o 

folgt   aus   dem   obigen   Lemma  —  in  dem   dieses   speziell  auf  den  positiven 
Randpunkt  £  =  fr  des  Kreises  \z\<,^  angewendet  wird  —  die  Ungleichung 

K 


womit  der  Satz  bewiesen  1st. 

Nunmehr  iormuliere  ich  die  genannte 

Verallgemeinerung  des  2.  Picardschen  Satzes.  Es  set  S 
die  Riemannsche  Fl&che  des  Logarithmus,  d.  h.  die  unendlichbl&ttrlge 
Fltlche  der  Ver  Under  lichen  z  =  /-£'*;  0  <r  <  oo,  —  oo  <  -0  <  oo.  In  einer 
unendlichbldttrigen  Umgebung  R  <  |  z  \  <  oo  des  Windungspunktes  z  =  oo 
sei  die  Funktion  f  (z)  regular  und  verschieden  von  a  und  b.  Ferner  gebe 
es  ein  p  >  /?,  so  dass  f  (z)  auf  der  (unendlich  oft  durchlaufenen)  Kreis- 
r=p,  —  oo<^v<oo  beschrdnkt  bleibt,  etwa 


Dann  gilt  gteichmtlssig  in  alien  Bl&ttern  bei  dem  QrenzUbergang  z  —  ^  oo 
eine  Ungleichung  der  Form 

I/WKW*. 

wo  K  eine  von  /?,  p,  a,  b  und  k  abhdngige  Konstante  1st. 

Bemerkung.  Es  1st  kiar,  dass  hierin  der  2.  Picardsche  Satz  enthal- 
ten  1st,  na"  milch  dem  spezicllen  Falle  entsprechend,  wo  f  (z)  in  der  schlichten 
Umgebung  /?<|z|<oo  des  Punktes  z  =  oo  regular  ist,  oder  vielmehr, 
wo  f(z)<  auf  der  Riemannschen  FlSche  S  betrachtet,  periodisch  mit  der 
Periode  2ir  in  Bezug  auf  die  Amplitude  v  ist.  Denn  in  diesem  Falle  ist 
ja  von  sclbst  bei  jedem  p>/?  die  Funktion  f  ^  fOr  \z\  =  f  beschrankt. 

Be  we  is.  Ohne  Beschr3nkung  der  Allgemeinfieit  darf  offenbar  beim 
Beweise  /?—  1,  p  =  e  angenommen  werden;  sonst  ersetze  man  nur  z  durch 

Rz**.  Wir  setzen  z  =  e9  und  betrachten  die  Funktion 

^  (*)=/(**), 

weiche  in  der  Halbebene  a>0  regular  und  verschieden  von  a  und  b  ist 
und  auf  der  ganzen  Geraden  a  =  1  (weiche  dem  unendlich  oft  durchlaufe- 
nen Kreise  \z\  =  e  entspricht)  der  Ungleichung 
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genflgt.    Dann  gilt  nach  dem  obigen  Satze  in  der  ganzen  Halbebene 
eine  Ungleichung  der  Form 

I/7  <*)!<**•, 

d.  h.,  wenn   wfr   zur  z-Ebene  zurtickkehren:    es   gilt  im  unendlichbla*ttrfgen 
Geblete  \z\>e  die  Ungleichung 


womit  der  Satz  bewiesen  1st. 


Ill  29  E  14.   CfopHitx  nocexi&HHbiu  HaMJimu  ft.  A.  Fpaee  1940. 


Om  Potensraekker  med  Huller. 
En  Pseudo-Kontinuitetsegenskab. 

Af  Harald   Bohr. 


1.  Lad  l£anzn  vaere  en  Potensraekke  i  den  Variable  z  —  re*& 
med  en  endelig  og  fra  Nul  forskellig  Konvergensradius  Q;  uden 
at    indskraenke     Betragtningernes    Almindelighed     kan    vi    antage 
(>  =  1.    Den   ved    Raekken   indenfor  Enhedscirklen  |z|  <:  1   frem- 
stillede   analytiske    Funktion   vil   vi  betegne  med  f(z),    Man  taler 
om,  at  der  er   «  Huller"   i  Potensraekken,  hvis  talrige  af  dens  Led 
an  zn   mangier,   derved   at  de  tilsvarende  Koefficienter  an  er  Nul. 
Ved    Unders0gelser   over   Potensraekker    med    Huller   er   det  ofte 
bekvemt    kun    at    opskrive    de    Led    anzn,   for   hvilke   an^0;    vi 
skriver   da    (idet   vi    af  Bekvemmelighedsgrunde  vil  taenke  os  det 
konstante  Led  a0  =  0) 

oo 

/(*)   =   JET  &n  *m*     (0  <  MI  <C  /7Z2  •  -  .)• 
n  =  l 

2.  Klassiske  velkendte  Eksempler  paa  Potensraekker  ^bnzm» 
med   Huller  er  Raekker  som 

oo 

(g  hel  >  1)      og     ./TV. 

/i==  1  n=  1 

Enhver  af  disse  bar,  som  man  naesten  umiddelbart  ser,  Konver- 
genscirklen  |z|  =  1  til  naturlig  Graense,  d.  v.  s.  alle  Punkter 
paa  |z|  =  1  er  singulaere  Punkter  for  den  ved  Raekken  fremstil- 
lede  Funktion  /(«).  For  at  indse  dette  er  det  nok  at  vise,  at  der 
ligger  singulaere  Punkter  overalt  taet  paa  \z\  =  1.  Og  for  den 
sidste  Raekke  er  aabenbart  alle  Punkter  af  Formen  e2***"  (r  ratio- 


nal),  for  den  f0rste  alle  Punkter  af  Formen  e  im    singulaere,   idet 
det  jo  i  ethvert  af  de  naevnte   Punkter  ZQ  gaelder,  at  alle  Potens- 
raekkens   Led  fra  et  vist  Trin  af  vil  vaere  positive  og  =  I,  og  \f(z)\ 
derfor  vil  ->  oo   forz->z0  langs  Radiusvektor. 
Ogsaa  Raekker  som 
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HARALD  BOHR: 


vil,  sk0nt  de  er  absolut  konvergente  paa  Konvergenscirklen  |zj  =  1 
(og  derfor  fremstiller  Funktioner,  der  er  kontinuerte  i  den  luk- 
kede  Girkelskive  |z|  S  1),  have  denne  Cirkel  til  naturlig  Oraense. 
Thi  ogsaa  her  ses  de  ovenfor  naevnte  Punkter  e**ir  henholdsvis 


ei™  alle  at  vaere  singulaere,  i  Kraft  af  en  simpel  og  vigtig  Saet- 
ning  af  Vivanti  om,  at  et  Punkt  z0  paa  Konvergenscirklen  for 
en  Potensraekke  /(z)  =  ^LanzP  altid  (hvad  enten  ^anzQn  er  di- 
vergent eller  konvergent)  er  et  singulaert  Punkt  for  /(z),  naar 
alle  Leddene  anz^n  fra  et  vist  Trin  af  er  positive. 

Som  opdaget  af  Hadamard  drejer  det  sig  imidlertid  ikke  her 
om  en  saerlig  Egenskab  ved  de  anf0rte  og  Hgnende  Raekker  — 
hvor  Forholdene  ligger  saerlig  simpelt,  fordi  hver  Eksponent  er 
et  Multiplum  af  den  foregaaende  —  men  om  en  almen  Egenskab 
ved  alle  Potensraekker  med  tilstraekkelig  store  Huller. 
Den  u  f-fadamard'ske  Hulsaetning"  udsiger: 

Er  der  Huller  mellem  to  hvilkesomhelst  optraedende  Led  i 
Potensraekken  /(z)  —  *£,bnzm»t  og  er  disse  Huller  saa  store,  at 

for  alle  n, 

da  har  Funktionen  f(z)  altid  Konvergenscirklen  jz|  =  1  til  na- 
turlig Graense. 

I  det  Tilfaelde,   hvor  Hullerne  antages  saa  store,  at 

for  alle  n, 


mn 

kan  Beviset  for  den  /-fadamardske  Hulsaetning,  som  jeg  for  en 
Raekke  Aar  siden  har  vist  her  i  Tidsskriftet  (Aarg.  1919),  fores 
paa  en  saerlig  anskuelig  Maade  —  i  naer  Tilslutning  til  det  oven- 
for anf0rte  Bevis  for  de  specielle  Raekker  med  Eksponenter  q* 
og  n\  —  idet  man  baserer  det  paa  en  af  Dienes  given  (naesten 
umiddelbar)  Generalisation  af  Vivanti'  §  Saetning,  som  udsiger,  at 
hvis  det  om  en  Potensraekke  med  Konvergensradius  1  gaelder, 
at  i  et  Punkt  z0  paa  Konvergenscirklen  er  alle  Leddene  anzQn 
fra  et  vist  Trin  af  (omend  ikke  helt  ensrettede,  saa  dog)  belig- 
gende  i  et  fast  Vinkelrum  <:  n  med  Toppunkt  i  0,  da  vil 
dette  Punkt  z0  vaere  et  singulaert  Punkt  for/(z).  Man  kan  nemlig 
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umiddelbart   vise,   at  hvis      n*  l  >k>3,  vil  den  Vinkelhastighed, 

mn 

hvormed  de  enkelte  Potenser  zw«  bevaeger  sig  paa  Enhedscirklen, 
naar  z  selv  bevaeger  sig  paa  |z|  —  1  med  konstant  Hastighed, 
vokse  saa  hurtigt  med  n,  at  der  vil  eksistere  en  paa  Enhedscirk- 
len  overalt  taet  liggende  Punktmaengde,  i  hvis  Punkter  z0  det 
vil  gaelde,  at  alle  Leddene  bnZom"  *ra  e*  vist  Trin  a!  vil  ligge  i 
et  fast  Vinkelrum  <  n  med  Toppunkt  i  0;  disse  Punkter  vii 
der  for  alle  vaere  singulaere  Punkter  for  /(z),  og  Cirklen  \z\  =  1 
altsaa  naturlig  Qraense  for  /(z). 

3.  Ved  en  Unders0gelse  af  naestenperiodiske  analytiske  Funk- 
tioners  Forhold  i  den  umiddelbare  Naerhed  af  Oraensen  for 
Naestenperiodicitetens  Ophor  fortes  jeg  til  et  Problem  vedrerende 
Potensraekker  ^anzn  med  Konvergensradius  1,  som  fremstiller 
Funktioner  /(z),  der  ikke  er  begraensede  i  |z|  <  1.  Det  drejer 
sig  om  et  Sp0rgsmaal  vedrorende  den  ^ndring,  Funktionen 
/(z)  undergaar,  naar  z-Planen  drejes  en  Vinkel  T,  altsaa 
vedr0rende  Differensen 


Herved  vil  jeg,  for  i  det  f01gende  at  kunne  benytte  en  bekvem 
Formulering,  betegne  et  Tal  i  i  Intervallet  0  <c  0  <  2st  som  et 
Drejningstal  for  /(z),  hvis  Differensen  /(z^)—  /(z)  er  be- 
graenset  i  hele  Enhedscirklen  |z|  <  1;  er 

|/(z««)-/(z)|=SA  lor  |*|  <1, 

vil  jeg,  naermere  praeciseret,  betegne  r  som  et  til  k  h0rende 
Drejningstal  for  /(z).  Vi  bemaerker,  at  samtidig  med  r  er 
naturligvis  ogsaa  2n  —  r  et  til  k  h0rende  Drejningstal  for  f(z). 

\  o° 

Eksempler.    Kvotientraekken  —  —  -  =  J^z"  med  den  ene  Pol 

1      z         0 

z  —  1  besidder  0jensynlig  ikke  noget  Drejningstal.  En  Potens- 
raekke  som 


med   de   to   Poler   z=logz  =  —  1   har  det  ene  Drejningstal 
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T  =  7it  forovrigt  h0rende  til  k  =  2  (og  dermed  ogsaa  til  ethvert 
Tal  k>2).  Som  et  sidste  Eksempel  naevner  vi,  at  en  i  \z\  <c  1 
ubegraenset  analytisk  Funktion  f(z)  —  2,anz"  specielt  kan  have 
Drejningstal  r  h0rende  til  k  =  0,  saakaldte  »/Drejningsperioder" 
T,  for  hvilke  f(ze*}  —  f(z)  i  hele  |z|<:  1.  En  saadan  Drejnings- 
periode  T  maa  dog,  som  man  let  overbeviser  sig  om,  altid  vaere 

et  rationelt  Multiplum  af  2nt  og  er  —  •  In    (p    primisk    med    q) 

en  Drejningsperiode,  vil  ogsaa  —  •  2n  vaere  det,  idet  vi  jo  kan 
finde  et  Multiplum  af  p,  som  ved  Division  med  q  giver  Resten 
1.  Vi  tilfojer,  at  hvis  f(z)  bar  en  saadan  Drejningsperiode  i  =  — , 

giver  denne  sig  ,,aabenlyst«  til  Kende  derved,  at  Potensraekken 
kun  indeholder  Led  anzn,  hvis  Eksponenter  alle  er  Multipla  af  q. 
En  Funktion  f(z)  kan  derfor  kun  have  et  endeligt  Antal  Drej- 
ningsperioder,  og  disse  er  alle  Multipla  af  en  af  dem. 

4.     Det  omhandlede  Problem  er: 

Findes  der  en  Potensraekke  2,anzn  med  Konvergens- 
radius  1  og  fremstillende  en  for  \z\  <  1  ubegraenset 
Funktion  f(z)t  som  for  ethvert  £>0  besidder  vilkaarlig 
smaa  Drejningstal  h0rende  til  e? 

Sp0rgsmaalet  kan  aabenbart  ogsaa  formuleres  saaledes:  Fin- 
des der  en  i  |z|  <  1  analytisk  ubegraenset  Funktion /(z),  som  i  den 
Forstand  er  pseudo  kontinuert  (eller  udf0rligere  »pseudo  lige- 
lig  kontinuert  ved  Drejning"),  at  der  eksisterer  en  mod  Nul  af- 
tagende  F01ge  af  positive  Tal  rn  saaledes,  at  der  ligelig  i  hele 
Cirklen  J2r|  <  1  gaelder  Oraenseligningen 

\imf(ze«n)  =f(z). 

/!—>•€» 

Bemaerkning.  Vi  anf0rer  straks  til  Orientering,  at  dersom 
f(z)  overhovedet  har  Drejningstal  h0rende  til  vilkaarlig  smaa  et 
maa  disse  Tai  r  —  naar  vi  ser  bort  fra  det  Tilfaelde,  hvor  f(z) 
besidder  Drejningsperioder  —  nodvendigvis  af  sig  selv  Hgge  i 
den  umiddelbare  Naerhed  af  0  (og  2n).  Thi  ellers  kunde  vi  jo 
bestemme  en  F01ge  af  positive  Tal  elf  «2,  •  •  •  med  ^-^0  og 
en  tilsvarende  F01ge  af  Drejningstal  TI,  T2,'*-,  hvor  rn  h0rer 
til  en,  saaledes  at  in  for  /*-><»  naermede  sig  til  en  Graensevaerdi 
r*4rO,  2yt-,  af  den  for  ethvert  z  i  |z|  <  1  gaeldende  Ulighed 
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vilde  da  ved  Graenseovergangen  n->co  f01ge,  at  /(z£/r*)  =  /(z) 
i  hele  |z|<l,  i  Strid  med,  at  /(z)  ikke  bar  nogen  Drejnings- 
periode. 

5.  Det  er  klart,  at  de  saedvanlige  skikkelige  Potensraekker, 
der  fremstiller  i  \z\  <:  1  ubegraensede  Funktioner,  ikke  bar  den 
naevnte  Egenskab.  Og  man  indser  da  ogsaa  umiddelbart,  at  del 
kun  er  Potensraekker,  der  bar  Konvergenscirklen  |z|  =  1  til 
naturlig  Graense,  der  bar  Mulighed  for  at  besidde  den  om- 
handlede  Pseudo-Kontinuitet.  Thi  er  /(z)  ubegraenset  indenfor 
\z\  <  1,  maa  den  have  mindst  et  Randpunkt  z0  til  w  Uendelig- 
hedspunkt" i  den  Forstand,  at  f(z)  indenfor  enhver  nok  saa  lille 
Omegn  af  z0  indenfor  |z|  <  1  antager  numerisk  vilkaarlig  store 
Vaerdier,  og  bar  Funktionen  vilkaarlig  smaa  Drejningstal  r  (og 
dermed  ogsaa  Drejningstal,  der  ligger  overalt  taet  i  Intervallet 
0  <  6  <  2yi),  maa  den  bave  Uendelighedspunkter  overalt  taet  paa 
|z|  =  1  (hvoraf  *i0vrigt  atter  f01ger,  at  etbvert  Punkt  paa  |z|  =  1 
er  Uendelighedspunkt),  idet  en  Dpejning  paa  r  jo  maa  fore  et 
Uendelighedspunkt  over  i  et  Uendelighedspunkt  igen.  Vi  ledes 
derved  naturligt  til  at  betragte  Potensraekker  som  f.  Eks.  netop 
de  to  tidligere  anf0rte  ^L&n  og  Zz*',  som  bar  Konvergenscirk- 
len |z|  =  1  til  naturlig  Graense  og  fremstiller  for  |z|  <  1  ube- 
graensede Funktioner.  Som  vi  skal  se,  bar  den  f0rste  af  disse 
Raekker  ikke  (for  noget  q)  den  omhandlede  Egenskab;  derimod 
gaelder  dette  for  den  anden  Raekke,  hvoraf  altsaa  specielt  f01ger, 
at  det  opstillede  Sp0rgsmaal  maa  besvares  bekraeftende. 

Beviset  for,  at  den  forstnaevnte  Raekke 


/(z)  = 


(der  for0vrigt  bar  Drejningsperioden   —   og,  som    man    let   ser, 

ethvert  Tal  r  af  Formen  2jt*-^  til  Drejningstal)  ikke  besidder 
den  omhandlede  Pseudokontinuitet,  f0rer  vi  ved  at  vise, 
at  der  i  Intervallet  0  <  6  <:  *  ikke  findes  noget  Drejningstal 
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for  f(z)  horende  til        ,     .    Hertil  bemaerker  vi  forst,  at  hvis  en 


Funktion  f(z)  =  ^anz^  bar  Drejningstallet  r  horende  til  k,  altsaa 
\f(ze*)-f(z)\  = 


maa  i  Folge  Cauchys  Uligheder  Koefficienterne  an(einT  —  1) 
(n  =  1,  2,  -  -  •)  alle  vaere  numerisk  ^  k.  For  vor  Raekke/(z)  =  £z?" 
gaelder  det  derfor,  at  en  nodvendig  Betingelse  for,  at  T  er  et 

4 
Drejningstal  horende  til       ,     ,  er,  at 

for  n  =  1,2,..-. 


Disse    uendelig    mange    Uligheder    kan    imidlertid    ikke    samtidig 
vaere  opfyldt  for  noget  T  i  0  <  9  <  -qry-    Thi  skal  Tallet  \e#—  1|, 

d.  v.  s.  Korden,   der   forbinder   Punkterne   1   og  elt  paa  Enheds- 

•  11  —     4     ,     ^x  /.,  .     Bue 

cirklen,  vaere  S__(<2)f  maa  jo,  (idet 

(mod. 


hvorved    menes,   at   t  maa   afvige   mindre   end        ,        fra   et  helt 

Multiplum  af   2n.    Dette   kan    imidlertid    umuligt   vaere   Tilfaeldet 
for  samtlige  Tal  /  =  Tg,Tg*,rg3,-  -  -.    Thi  idet 


og  T   ligger    i    Intervaliet    0  <:  9  <:  ,  er  q  •  r  <c  2jt  —      ,     ,  og 

skal  |^T|  <:      ,       (mod  2ji),  maa  ^T  derfor  selv  vaere  mindre  end 
d.  v.  s.  ligesom   T  ligge   i    Intervallet   0  <  9  <:    -•?••••  .    Paa 


r     .    .    .  -•••••  . 

ordret  samme  Maade  indses  dernaest,  at  q**,  g*r,  o.  s.  v.  alle  maa 

2jt 
vaere   <      ,     ,  i  Strid  med,  at  qnt  -»-  oo  for  n  -+  <x>  . 
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Derimod  bar  Raekken 


den   0nskede   Pseudokontinuitet.    Vi   kan   nemlig   vise,   at 

2n  4n  v  \ 

rn  =  —  er  et  Drejningstal  for  f(z)  horende  til  —  .    Idet  -J  er 
n\  *  n  n\ 

hel  for  v^nt  gselder  jo  i  hele  |z|<  1 

f(ze*»}-f(z)  =  J^f  !(^^~1)  =  j^V^-l). 

v  =  l  v='l 

Benytter  vi  her  den  for  vilkaarligt  reelt  t  gaeldende  trivielle  Ulig- 
hed  |**-1|^|/|  (Korde  <  Bue),  finder  vi 


hvoraf,  idet 

l 


, 


!       n      n(n-\y  n(n  ~  1).  -  -2 

den  0nskede  Ulighed 


6.  Det  viste  sig  nu  —  og  at  paavise  dette,  er  det  egentlige 
Formaal  i  den  foreliggende  Afhandling  —  at  den  Tankegang, 
der  laa  til  Grund  for  mit  ovenfor  antydede  Bevis  for  den  Hada- 
mard'ske  Hulsaetning,  kunde  anvendes  til  at  bevise,  at  endog 
enhver  Potensraekke  *Lbnzmn  med  tilstraekkelig  store 
Huller,  d.  v.  s.  for  hvilken  Eksponentf01gen  mif  m^,-  •  • 
vokser  tilstraekkelig  hurtigt,  besidder  den  omhandlede 
Pseudokontinuitet.  Hertil  maa  vi  dog  forlange  wmeget  store" 
Huller  (Eksponentfelgen  qn  fremb0d  jo  ikke  tilstraekkelig  store 
Huller,  og  naar  Beviset  fungerede  for  £ksponentf01gen  n\t  skyld- 
tes  det  i  Virkeligheden  kun,  at  Eksponenterne  her  besad  den  tid- 
ligere  fremhaevede  saerlige  Egenskab,  at  hver  af  dem  er  et  Multi- 
plum  af  den  foregaaende). 

Jeg  skal  dog  ikke  praecisere,  eller  bevise,  nogen  herom  gael- 
dende belt  almihdelig  Saetning,  men  skal  for  at  faa  det  vaesentlige 
frem  —  idet  det  mere  er  Eksponenterne  end  Koefficienterne, 


E  15.    Mat.  Tid**kr.  B  1942. 


g  HARALD  BOHR: 

der  interesserer  os  —  n0jes  med  at  bevise  f01gende  Saetning  om 
Potensraekker,  der  er  Delraekker  i  Kvotientraekken  ^zn, 
d.  v.  s.  hvis  Koefficienter  an  alle  er  1  eller  0;  vi  bemaerker  straks, 
at  enhver  uendelig  Delraekke  i  Kvotientraekken  naturligvis  bar 
Konvergensradius  1,  samt  at  den  fremstiller  en  i  |z|  <  1 
ubegraenset  Funktion  /(*:),  idet  jo  /(*)-*  00  for  *->  1  fra  venstre. 

Saetning.    Vokser   F01gen   af   positive  hele  Tal  ml<im2 
<  /H3  •••   saa  hurtigt,  at 


er    konvergent    [Eks.  mn  =  («!)a],    da   vil   det   om   den    ved 
Potensraekken 


for  |^|<I  fremstillede  ubegraensede  Funktion/(z)  gaelde, 
at  der  til  ethvert  e  >  0  paa  enhver  selv  nok  saa  lille 
Bue  0  <  6  <  d  af  Enhedscirklen  findes  en  Argument- 
vaerdi  r,  saaledes  at  r  er  et  Drejningstal  for/(,z)  horende 
til  s,  altsaa  saaledes  at 

|/(***)  -/(2r)|  ^«  i  hele  \z\  <  1  . 

7.     Inden    vi    paabegynder    selve    Beviset,    vil    vi    forudskikke 
nogle  simple  forberedende  Bemaerkninger. 

Bemaerkning    1.    Det   vil    ved    Beviset  vaere  bekvemt  at  an- 
tage,  at  m^  >>  3,  samt  at  Uligheden 

jnn    ^  1^ 

mn  _j_  i       2  ' 

der  jo  (fordi  -  -—   som   det  /r-te    Led    i   en    konvergent    Raekke 


-*•  0  for  n  -+  oo  )  sikkert  gaelder  for  alle  n  fra  et  vist  Trin  af,  gael- 
der  for  alle  n  =  1,2,  3,-  •  •.  Disse  Antagelser  kan  vi  naturligvis 
g0re,  idet  vi  ellers  blot  bortkaster  et  endeligt  Antal  Begyndel- 
sesled  i  den  forelagte  Raekke  ^zm*t  hvorved  f(z)  jo  kun  aendres 
med  en  for  \z\  ^  1  kontinuert  Funktion. 

Vi  tilf0jer,  at  af  -^-  <  i  for  aile  n  f01ger,  at 

2 
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n 

S ,  nty  •<.  2,mn          for  alle  n\ 
vi  bar  jo 

V"  „,      —    ^     4-  ™    mn—\     ,     _    Mil— 1      /««— 2    ,  ,  ^K— 1  ^1 

,x^ .  /7*i/   —   ii* n   T   /7*/r  i~  »'*«  *    ~~  i"  *  *  *  *T~  *'*/i  •  •  • 


Bemaerkning  2.    For   ethvert    reelt  /  gaelder,   som    allerede 
tidligere  naevnt,   Uligheden 


Denne  Ulighed  vil  man  dog  kun  finde  paa  at  anvende,  naar 
/|^JT.  G0r  vi  ingen  saadan  indskraenkende  Forudsaetning  om 
/,  vil  det  vaere  naturligt  at  anvende  f01gende  Ulighed,  der  umid- 
delbart  fremgaar  af  den  anf0rte  (idet  venstre  Side  jo  er  periodisk 
med  Perioden  2jt):  Er  0<d<?i,  og  er 

|/|^(5   (mod 
da  er 


Bemaerkning  3.  For  et  vilkaarligt  positivt  belt  Tal  m  og  et 
vilkaarligt  Tal  d  i  0  <  d  <:  n  vil  de  Punkter  z  =  el®  paa  En- 
hedscirklen,  for  hvilke 

\mQ\^6  (mod 


udfylde  m  lige  store  Buer  af  Laengde  —  ,  som   ved  en   Drejning 

772 

paa  —  gaar  over  i  binanden.   Specielt  gaelder  del,  at  enhver  Bue 

*?  tyst 

af  en   Laengde  >  ---  1  --  ,  altsaa  yderligere  enhver  Bue  af  Laeng- 
m       m 

den  —  ,  i  sit  Indre  belt  vil  indeholde  en  af  de  naevnte  m  Buer 
m 

f     I  A  2d 

af  Laengden    —  . 
m 

Vi  tilf0jer,  at  i  ethvert  Punkt  z  =  el®  paa  en  af  disse  m  Buer 
vil  der,  i   F01ge  Bern.  2,  gaelde  Uligheden 
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8.    Og   nu   til   Beviset   for   den  opstillede  Saetning.    Vi  saetter 
til  Afkortning 

(n  =   1,2,-..); 


herved  er  ^6n  konvergent,  og  hvert  Sn  er  <JT  (idet  jo 


rnn+i      2, 
i  F01ge  Bern.  1). 

Med   ln   betegner   vi   ethvert  a!  de   mn   paa   Enhedscirklen  jaevnt 

f\  • 

fordelte  Intervaller  af  Laengden  —  -,  hvori  |m,,0|  ^3  <$„  (mod.  2ji) 

mn 

og  dermed  tillige 

—  =  —  —  vil  (Bern.  3)  ethvert  Interval  /„  i  sit  Indre 


indeholde  et  Interval  /«+i. 

Endvidere  vil  vi  til  Afkortning  saette 


herved  er  rjn<jz  for  alle  /z  (idet  jo  m^  >  3).  I  Folge  Bern.  3 
vil  Bueintervallet  0  <  8  <:  17,,  i  sit  Indre  indeholde  et 
Interval  /n+i-  I  Felge  Bern.  1  gaelder  Uligheden 

n  fn 

*)n  -2Lmv  <:  2r]n  mn  =  Sjt  —  —   =  4^, 

hvorved  det  afg0rende  er,  at  der  paa  h0jre  Side  staar  et  Tal, 
der  gaar  mod  0  (og  ikke,  at  dette  Tal  netop  er  46n),  altsaa  at 

n 

rin  gaar  saa  hurtigt  mod  0  for  /z~>  e»,  at  endog  *?*-J^W  vil  ->  0. 

v=l 

Opgaven  er  at  vise,  at  der  til  det  vilkaarligt  opgivne  positive 
rf<7r  og  det  vilkaarligt  givne  e  findes  et  Tal  t  i  Intervallet 
0  <c  0  <  d,  som  opfylder  Betingelsen 

\f(ze«)-f(z)\^e          i  hele  \z\  <  1. 
Vi  vaelger  hertil  n  saa  stor,  at  qn  <:  d,  og  at 
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I  det  Indre  af  Intervallet  0  <c  8  <:  ^n  bestemmcr  vi  et  Interval 
/n+i,  deri  alter  et  Interval  /n+2,  deri  atter  et  Interval  In+3t  o.  s.  v. 
Lad  r  (0  <:  r  <c  rjn)  betegne  det  Punkt,  hvorom  disse  indeni  bin- 
anden  liggende  Intervaller  traekker  sig  sammen.  Dette  Tal  r, 
som  ligger  i  det  givne  Interval  0  <:  6  <  d,  vil  da,  som  vi  skal 
se,  opfylde  vor  Betingelse.  Vi  bar 

\f(ze*)-f(z)\  - 


Paa   hvert   Led    i   den   f0rste  Sum  anvender  vi  simpelthen  Ulig- 
heden  |**  —  1|  </  for  /><),  altsaa 


(v  =  l,2,..-,/z), 
og  for  hvert  Led  i  den  anden  Sum  gaelder  det,  at 

\e**rT  —  l\<6v          (v  =  n  +  \t  n  +  2,-.  -). 

fordi   i   jo   for   ethvert   v  >  n   ligger   i   et   Interval   Iv.    Vi   finder 
derved  sluttelig 

/I  oo  n  oo 

\f(ze*)  —f(z)\  <  i  .  ^mv  +  £dv  <  rjn  -£mv  +  ^6V 


Hermed  er  Saetningen  bevist. 
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OM  ADDITION  AF  TJENDELI&  MANGE 
KONVEKSE  KTJRYER 

AF 

HARALD   BOHR 

Indledning-. 

Ved    en    Undersogelse    over    en    vis    almindelig    Klasse    af 
uendelige  Raekker l  f0rtes  jeg  til   f0lgende  Opgave: 
Lad  der  voere  givet  uendelig  mange  positive  Tal  d,  C2>  •••>  Cn,  ••• 

oo 

saaledes,  at  Jj?gn  er    konvergent.      Hvilke  Vrerdier    antager  da 

n=  1  ^ 

Funktioiien  F(<p^,  <p2,...,<pn, ...)  — J^Cn^^N  naar  de  reelle  Tal 

n  —  1 

<pl,  tp2,  ...,  <pn,  ...  uafha3ngig  af  hinanden  genneinlober  alle  Vaer- 
dier  fra  — GO  til  +00,  eller,  hvod  der  0jensynlig  komrner  ud 
paa  det  samnie,  alle  Vaerdier  fra  0  (incl.)  til  2>r  (excl.)? 

Soin   man  meget  let  viser,  gaelder  her    f01gende  Saetning : 
1)  Hvis  der  i  Talf01gen   £t,  ^.,,  ...,  gn,  ...   ikke  eksisterer  noget 
Element  <;n,  der  er  st0rre  end   Surnmen    af  alle  de  andre,  ?n- 

cc 

lager  Funktioiien  F  alle    Vjerdier  z,  for  hvilke   \z\  <^Cn,   og 

nigen  andre;  altsaa  enhver  kompleks  Vcerdi,  hvis  Billede  i  den 
komplekse  Plan  er  beliggende  indenfor  eller  paa  Rariden  af  en 

(X 

Girkol    med  Centrum   i   Begyndelsespunktet  og  Fiadius  JVc,,- 

^)  Hvis  der  derimod  i  Taifolgen  cx,  c2,  .. .,  gn,  . . .  findes  et 
Element  ^v,  der  erst0rre  end  Sumrnen  af  alle  de  andre,  antager 

1  I  j  < )  s  u  n  £  des  absoluten  K  o  n  verge  ri  z  problems  eincr  allge- 
ineinen  Klasse  Di  richle tsch  er  Heihen  (som  snart  vil  fremkomme 
i  A  c  t  a  M  a  t  e  in  a  t  i  c  a ). 

1 
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__ 

Funktionen  Falle  Vserdier  2,  for  hvilke  qy  —  ^g»  ;<  \z\ 

n^tJV 

og  ingen  andre;  altsaa  enhver  kompleks  Vaerdi  ,  hvis  Billede, 
i  den  komplekse  Plan  er  beliggeride  indenfor  eller  paa  Randen 
af  en  Girkelring  med  Centrum  i  Begyndelsespunktet,  og  hvis 

OP 

ydre  og  indre  Radius  er  henholdsvis     "Vcn  og  $N  —  J!pcn- 

n=»i  n=?=N 

Idet  det  til  Tallet  cnetjfn  svarende  Punkt  i  den  komplekse 
Plan,  naar  <fn  varierer  fra  0  til  2?r  ,  gennem!0ber  en  Girkel- 
periferi  med  Centrum  i  Begyndelsespunktet  og  Radius  £n»  kan 
denne  Saetning  0jensynlig  ogsaa  (i  ikke  belt  preecis  Formulering) 
udsiges  saaledes: 

Den  Punktmaengde  M  i  den  komplekse  Plan,  der  frem- 
kommer  ved  Addition  af  uendelig  mange  Cirkler  Cn  (n  =•*=  1, 
2,3,...)  med  Centrum  i  Begyndelsespunktet,  og  for  hvilke 
Summen  af  Radierne  danner  en  konvergent  Raekke,  (idet  her- 
ved  forstaas  den  Punktmaengde  M,  der  svarer  til  Msengden  af 


alle  komplekse  Tal  z  =  ^§zn  ,  hvor  zn  er  det  til  et  vikaarligt 

n  =  1 

Punkt  paa  den  nie  Cirkel  svarende  komplekse  Tal)  danner  enten 
det  Indre  af  en  Cirkel  (inch  Rand)  med  Centrum  i  Begyndelses- 
punktet, eller  det  Indre  af  en  Cirkelring  (inch  Rand)  omkring 
Begyndelsespunktet. 

Ved  en  Unders0gelse  over  visse  i  den  analytiske  Primtal- 
teori  forekommende  Funktioner  fortes  jeg  til  folgende  alminde- 
ligere  Problem,  nemlig  til  at  unders0ge,  hvilken  Punktmsengde 
der  fremkommer  ved  en  Addition  som  den  ovenfor  betragtede, 
ikke  laenger  specielt  af  uendelig  mange  Cirkler  med  Centrum 
i  Begyndelsespunktet,  men  almindeligere  af  uendelig  mange 
vilkaarlige  lukkede  konvekse  Kurver. 

Svarende  til  den  ovenfor  omtalte  specielle  Ssetning  om 
Addition  af  uendelig  mange  Cirkler,  beviste  jeg  i  Almindelig- 
hed,  at  den  Punktmsengde  i  den  komplekse  Plan,  der  frem- 
kommer ved  Addition  af  uendelig  mange  lukkede  konvekse 
Kurver,  enten  er  det  Indre  (incl.  Rand)  af  en  lukket  konveks 


F  1  .     Ovfrx.  Dan.   V uL  Srlxk.  Forh 


Om  Addition  af  uendelig  mange  konvekse  Kurver.  327 

Kurve.  eller  et  Omraade  (incl.  Rand)  begrsendset  of  to  indenfor 
hinanden  liggende  lukkede  konvekse  Kurver. 

Del  er  denne  Saetning  i  n0jagtig  Formulering  og  Beviset 
derfor,  som  jeg  skal  tillade  mig  at  meddele  i  den  foreliggende 
Afhandling. 

Idet  Saetningen  i  Virkeligheden  er  en  ren  geometrisk  Sset- 
ning,  bar  jeg  foretrukket  at  fore  Beviset  i  sin  naturlige  geo- 
metriske  Form,  fremfor  gennem  Indforelsen  af  komplekse  Tal 
at  iklaede  Saetningen  og  Beviset  en  arithmetisk  Skikkelse. 

I  §  1  meddeles  nogle  almindelige  orienterende  Bernaerkninger 
om  Addition  af  uendelig  mange  Punktmsengder;  §2  omhandler 
Addition  af  to  lukkede  konvekse  Kurver;  endelig  behandles  i 
§  3  Addition  af  uendelig  mange  lukkede  konvekse  Kurver. 

I  en  senere  Afhandling  skal  jeg  anvende  Resultaterne  af 
den  foreliggende  Unders0gelse  paa  de  i  den  analytiske  Primtal- 
theori  forekommende  Funktioner,  specielt  paa  den  Riemann- 
ske  Zetafunktion. 

§  1.    Nogle  almindelige  Bemeerkninger  om  Addition 
af  uendelig  mange  Punktmeengder. 

Lad  i  en  Plan,  med  Begyndelsespunkt  0,  /;,  og  p2  vaere 
to  givne  Punkter;  jeg  vil  da  paa  saedvanlig  Maade  ved  Sum- 
men  p!+/>2  forstaa  dot  Punkt  i  Planen,  der  bestemmes  som 
modstaaende  Vinkelspids  til  O  i  det  Parallelogram,  hvor  pl 
og  p2  er  de  to  andre  Vinkelspidser.  Begrebet  Sum  af  to 
Punkter  udvides  umiddelbart  til  Begrebet  Sum  af  et  vilkaar- 
ligt  endelig t  Antal  Punkter.  Lad  p^,  p2,  ...,  pn,  ...  vsere  en 
given  uendelig  F0Ige  af  Punkter  i  Planen;  den  ,,uendelige 

ao 

Raekke"  ^ pn  skal  da  siges  at  vaere  konvergent  og  dens  Sum 

r^-l  JV 

at  vaere  Punktct  p ,  hvis  Punktet  qN  ==  ^  pn ,  naar  A7  vokser 

n=  t 

ud  over  alle  Grsendser,  noermer  sig  til  det  endelige  og  bestemte 
Graendsepunkt  p,  d.  v.  s.  hvis  lim  qN  —  p. 

N  ==  3D 
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Lad  MI  med  Elementer  (Punkter)  m1  og  M2  med  Elementer 
m2  vaere  to  givne  Punktmaengder  i  Planen;  jeg  vil  da  ved 
Sum  men  Mv  -f-  M2  betegne  den  Punktmeengde,  hvis  Elementer 
er  alle  Punkter  af  Formen  wij-f-^o,  med  andre  Ord:  Punkt- 
rnaengden  M^  -f-  ^2  indeholder  ethvert  Punkt,  der  kan  dannes 
som  Sum  af  et  Element  i  Mt  og  et  Element  i  3/2  ,  og  ingen 
andre.  Bestaar  f.  Ex.  M^  af  alle  Punkter  paa  det  rette  Linie- 
stykke  OA  (Endepunkterne  medregnede),  og  M*>  af  alle  Punkter 
paa  det  rette  Liniestykke  OB  (Endepunkterne  medregnede), 
bestaar  Ml-}-M2  af  alle  Punkter  indenfor  og  paa  Begrsends- 
ningeii  af  det  Parallelogram,  der  bar  A  og  B  til  to  modstaaende 
Vinkelspidser  og  en  tredie  Vinkelspids  faldende  i  O.  Bestaar 
f.  Ex.  M l  af  alle  Punkter  paa  en  Cirkelperiferi  med  Centrum 
i  O  og  Radius  c1$  og  M2  af  alle  Punkter  paa  en  Girkelperiferi 
med  Centrum  i  O  og  Radius  ^2  ^  Ci^  bestaar  M^  -\-M2,  som 
man  meget  let  ser,  af  alle  Punkter  indenfor  og  paa  Randen 
af  en  Cirkelring  med  Centrum  i  0,  og  hvis  ydre  og  indre 
Radius  er  henholdsvis  d -f- c2  °£  £1 — £2*  o.  s.  fr. 

Begrebet  Sum  af  to  Punktmsengder  udvides  urniddelbart  til 
Begrebet  Sum  af  et  vilkaarligt  endeligt  Antal  Punktmaengder ; 
er  J/1,  M2, Mn  Punktmaengder,  hvis  Elementer  henholds- 
vis betegnes  med  mt ,  m2  ,  .  .  . ,  mn  ,  bestaar  Punklrnaengden 
Ml  -j-  M2  +...-(-  Mn  af  aUe  Punkter  mt  -j-  m  2  f~  ...  -f-  mn  (hvert 
Punkt  kun  medregnet  en  Gang),  og  ingen  andre. 

Lad  der  vaere  givet  en  uendelig  F0Jge  af  Punkt  in  rengder, 
Ml  med  Elementer  wr,  M2  med  Elementer  w2  ,  . . .,  3/n  rned 

QO 

Elementer  wn,  . . ..      Den  uendelige  Raekke  ^ ] Mn  skal   da   siges 

n  =  1  oc 

at  vaere  konvergent,  hvis  enhver  uendelig  Raekke  ^mn  (hvor 

n  =  1  oo 

wn  er    et    vilkaarligt    Punkt    i  Mn)    er    konvergent,    og  ^ Mn 

n«=.  I 

skal,  hvis  den  er  konvergent,  siges  at  fremstille  (have  Summen) 
J/,    hvor  M  er  den  Punktmsengde,  hvis  Elementer    m    er  alle 

QO 

Punkter  af  Formen  JVwn  (hvert  Punkt  kun  medregnet  en  Gang), 
og  ingen  andre.      ns=1  4 
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00 

Er    5"^n  kcnvergent  ,    er   del    muligt   til    ethvert    e  >  0   at 

n  —  i 

fmde  et  belt  positivt  Tal   N  =-  A7(s),  saaledes  at  Punktet 

n 

for  A7±  >  -ZV  og  p  >  0,  stedse  (d.  v.  s.  hvordan  end  mn  er  udvalgt 
blandt  Elementerne  i  Mn)  ligger  indenfor  en  Girkel  med  Be- 
gyndelsespunktet  O  som  Centrum  og  Radius  e  (man  kunde 

oo 

udtrykke  dette  ved  at  sige,  at  den  uendelige  Raekke   ^§mn  ,  hvor 

n=  1 

mn  gennem!0ber  Punktmaengden  Mn,  er  ligelig  korivergent)  ; 
thi  i  modsat  Fald  maatte  der  eksistere  et  bestemt  Tal  e  >  0 
med  f01gende  Egenskab:  der  eksisterer  en  F01ge  af  heJe  posi- 
tive Tal  JVt<r  -#!+*>!<:  JV2<  jV2i4-p2<...<  AV<  Nr+pr<... 
og  en  dertil  svarende  Punktf'01ge  m\,  m'%,  ...,  m'n,  ...  (hvor  vnn  er 

A'r  +  Pr  f 

Element!  J/w)  saaledes,  at  for  alle  r  —  1,2,...   Punktet   ^  tnn 

n  —  X, 

ligger  udenfor  eller  paa  Rariden  af  Girklen  med  O  som  Cen- 
trum og  Radius  e\  men  heraf  vilde  umiddelbart  f01ge,  at  den 

oo 

uendelige  Raekke    ^m'n  ikke  var   konvergent,    i    Modstrid  med 

n«=-  1  oc 

Antagelsen  om  ,  at  enhver  uendelig  Raekke  ^S  mn  er  kon- 
vergent. n==1 

<x> 

Af  denne  Bemaerkning  f01ger  specielt,  at  der,  hvis    ^Mn  er 

n=  1 

konvergent,  til  ethvert  e  >>  0  eksisterer  et  helt  Tal  N  =  N(e) 
saaledes,  at  for  n  >^  N  Punktmaengden  Mn  er  beliggende  helt 
indenfor  en  Cirkel  med  O  som  Centrum  og  Radius  s. 


Endvidere  f01ger  let,  at  hvis    ^§Mn  er  konvergent,  og  en- 

n  =  1 

hver  af  Pun  ktmeengd  erne  Afn  (w  =  1,  2,  ...)  er  beliggende  helt 
i  det  Endelige,  d.  v.  s.  indenfor  en  Cirkel  med  O  som  Centrum 
og  Radius  rn  (i  F01ge  den  foregaaende  Bemaerkning  vil  da  alle 
Punktmaengderne  Mn  ogsaa  ligge  indenfor  en  Cirkel  med  O  som 
Centrum  og  fast  (d.  v.  s.  af  n  uafhaengig)  Radius)  vil  Punkt- 

oo 

maengden  M  =  ^?A/n  ligeledes  vaere  beliggende  helt  i  det  Endelige. 

n  •»  1  op 

Endelig    kan    bemaerkes,    at   hvis  ^  Mn   er   konvergent    og 

n«  1 


Fl.     Overs.  Dan.  Vtd.  Selsl*  Fork.    1913. 


330  HARALD  BOHR. 

Mn  («=1,2,  ...)  beliggende  belt  i  det  Endelige,  samt  hvis 
endvidere  enhver  af  Punktmsengderne  Mn  (n  —  1,  2,  ...)  er  af- 
sluttet  (d.  v.  s.  indeholder  sine  Graendsepunkter),  vil  Punkt- 


maengden    M  =  ^?  Mn     ligeledes    vaere    en    afslutlet 

n  —  1 

Punktmaengde.      Lad   nemlig  p   vsere   et  Graendsepunkt    for 
Punkt  maengden  M  ;   da  er  p  Grsendsepunkt  for  en  Punktf01ge 

Go 

m(q)  =S?Wn«r)   (    =  i?  9y  .  .  .,  hvor  mnw  er  Element  i  J/n.    Idet 


n  —  1 


imidlertid  alle  Punkter  mnw  er  beliggende  indenfor  en  Cirkel 
med  Centrum  i  O  og  fast  Radius,  vil  der  i  F01ge  en  bekendt 
Saetning  om  Dobbeltf01ger  eksistere  en  saadan  F01ge  af  hele 
positive  Tal  5^,  #2,  ...,  gr,  ...,  at,  for  ethvert  fast  n=l,  2,  ..., 
lim  wnter)  eksisterer  og  f01gelig  er  lig  et  Punkt  mn  i  den  af- 

r  —  QO 

sluttede    Punktmaengde    Mn ;    og    her    vil    0jensynlig    Punktet 

oo 

m  =JVnzw   (paa  Grund  af  den  ligelige  Konvergens  af 

n  =  l  n 

vaere  Graendsepunkt  for  Punktfelgen  m^r)  (r  -=  1,  2,  . . .),  d.  v.  s. 
lim  m(?r)  =  m.  F01gelig  vil  Punktet  p  vaere  lig  Punktet  in  og 
altsaa  vaere  Element  i  M.  Hermed  er  den  ovenstaaende  Paa- 
stand  bevist.  Lader  jeg  enhver  af  Punktmaengderne  Mn,  for 
hvilken  n  >  AT,  indeholde  kun  det  ene  Punkt  0,  f01ger  spe- 

N 

cielt,  at  Summen   5?-^   af   et    endeligt    Antal    afsluttede    og 

n=»l 

helt  i  det  Endelige  beliggende  Punktmaengder  Ml^M2,,..,MN 
vil  vaere  en  afsluttet  Punktmaengde.  [Fordringen  om  at  Punkt- 
maengderne Mn  skal  vaere  helt  i  det  Endelige  beliggende  er 
vaesentlig,  d.  v.  s.  Saetningen  vil  ikke  bevare  sin  <jyldighed,  hvis 
denne  Betingelse  udelades.  Saaledes  vil  f.  Ex.,  hvis  at  og  a2 
er  to  positive  Tal,  for  hvilke  a^  :  a2  er  et  irrationalt  Tal,  og 
hvis  JV/j  og  M2  er  to  Punktmaengder,  hvis  Eiementer  alle  er 
beliggende  paa  en  ret  Linie  L  gennem  Begyndelsespunktet  O, 
saaledes  at  Ml  indeholder  alle  de  Punkter  mt  paa  L,  for 
hvilke  Afstanden  Oml  (regnet  med  Fortegri  i  Overensstemmelse 
med  en  valgt  positiv  Retning  paa  L)  er  lig  «alt  hvor  n  er  et 

6 
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vilkaarligt  belt  Tal  -^=0,  medens  M2  indeholder  alle  de  Punkter 
m2  paa  Z/,  for  hvilke  Afstanden  Om2  (regnet  med  Fortegn)  er 
lig  wa2,  hvor  n  er  et  belt  Tal  ^  0,  enhver  af  Punktmeengderne 
Ml  og  M2  vaere  en  afsluttet  Punktmaengde,  medens  Ml-}~M2 
vil  vaere  en  Punktmaengde,  der  ligger  overall  taet  paa  Linien  L 
uden  at  indeholde  noget  Kontinuum,  altsaa  en  ikke  afsluttet 
Punktmaengde]. 

Lad  M19  M2,  ...,  Mn,  ...  vaere  en   uendelig  F01ge  af  Punkt- 

00 

maengder,  saaledes  at  J5j^n  er  konvergent;  jeg  vil  da  sammen 

n—  1         oo 

med  Punktmsengden  M  =^Mn   betragte    den    anden    Punkt- 

n  =  1 

maengde  M*,  hvis  Elementer  er  alle  saadanne  Punkter  tn*,  for 
hvilke  der  til  ethvert  e  >  0  svarer  et  belt  Tal  wa  saaledes,  at 


enhver  af  Punktmaengderne  LN=-^Mn  (N  >^nv)  indeholder 

n  =  l 

mindst  et  Punkt  1N,  hvis  Afstand  fra  w*  er  rnindre  end  s  (eller, 
hvad  der  ojensynlig  er  ensbetydende  hermed,  alle  saadanne 
Punkter  w*,  for  hvilke  det  er  muligt  at  udtage  et  Punkt  lr  i 

r 

Punktmaengden  Lr  =-^j?Mn  saaledes,  at  lim  lr  =  m*). 

^i  '-» 

Man  indser  meget  let  udfra  denne  Definition,  at  Punkt- 

maengden   M*  maa  vaere  en  afsluttet  Punktrnaengde. 
Endvidere    indses    umiddelbart,     at    ethvert    Element    m    i 

QD 

Punktmaengden   M  ==-  ^  Mn   maa  tilh0re  Punktmaengden  M*; 

oo  n  =>  1 

thi    idet    m  =  J5?wn  ?    er    m    Graendsepunkt    for    Punktf01gen 

r  n.  -»  1 

lr  _=  5^mn,  d.  v.  s.  m  =  lim  /r.    Deri  mod  beh0ver  ikke  omvendt 


alle  Punkter  i  M*  at  vaere  Elementer  i  A/;  dette  f01ger  allerede 
deraf,  at  M  (i  Modsaetning  til  M*)  ikke  beh0ver  at  vaere  en 
afsluttet  Punktmaengde.  (Er  f.  Ex.  Mt  en  ikke  afsluttet  Punkt- 
maengde,  medens  Mn  for  n  ^>  2  kun  indeholder  det  ene  Punkt 
O,  er  M  ojensynlig  lig  J/x  og  f01gelig  ikke  afsluttet).  Derimod 
vises  let,  at  ethvert  Punkt  m*  i  M*  enten  tilb0rer  M 
eller  er  Graendsepunkt  for  J/,  eller,  hvad  der  udtrykker 

7 
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det  samme,  at  der,  hvis  w*  er  et  vilkaarligt  Element  i  M* 
og  e  >  0  et  vilkaarligt  Hlle  Tal,  fmdes  mindst  et  Punkt  i 
Punktmsengden  M,  hvis  Afstand  fra  m*  er  mindre  end  e. 
Rigtigheden  af  denne  sidste  Paastand  indses  saaledes:  Lad 
w?i,  mg,  .  ..,  9»?n,  ..  .  vsere  en  fast  valgt  Punktfolge,  hvor  vnn  er 

00 

Element  i  Mn~,  idet  ^?m'n  er  konvergent,  kan  vi  vaelge  et  Tal 

n-=  1  oo 

N   saa    stort  ,    at    for   N±  >^  N    er    Punktet    3?  w»  beliggende 

n—  ^T-M  fi 

indenfor  en  Cirkel  med  O  som  Centrum  og  Radius  -  .  Idet 
w*  er  Element  i  M  *  kan  vi,  i  F01ge  Definitionen  for  Jlf  *,  efter 
at  -ZV  er  fastlagt,  veelge  et  fast  Tal  N  ±  >1  JV  og  dertil  svarende 
Elementer  wj'  i  il/i,  w^'  i  Jlf«,  .  .  .,  wjy,  i  Myl  saaledes,  at  Punktet 


'n's  Afstand  fra  Punktet  m*  er  mindre  end  ~;   da  vil 

n»  N\  ex 

0jensynlig    Punktet   ^  m^  +  ^§  rnn  vaere   et   Punkt    i    M,    hvis 

n—  1  n«^i+l 

Afstand  fra  »w*  er  mindre  end  e,  q.  e.  d.  ^ 

Af  det  ovenstaaende  f01ger  umiddelbart,  at  hvis  M 


er  en  afsluttet   Punkt  maengde    (altsaa  specielt,  hvis  de 

QO 

enkelte  Punktmaengder  Mn  \  den  konvergente  Reekke   yj/n  er 

afsluttede  og  helt  i  det  Endelige  beliggende  Punktmaengder), 
er  M  —  M*. 

Den  uendelige  Raekke  ^Mn,  hvor  de  enkelte  Punktmeengder 

n«=  1 

Jl/n  antages  beliggende  helt  i  det  Endelige,  kaldes  ubetinget 
konvergent,  hvis  det  er  muligt,  for  ethveit  n  =  1,  2,  ...,  at  inde- 
slutte  Punktmaangden  Mn  indenfor  en  Cirkel  med  Centrum  i  O 

OP 

og  Radius  rn  saaledes,  at  J5^*n  er  konvergent.     En  ubetinget 

oo  n  —  1 

konvergent  Rsekke  ^Mn  er  0jensynlig  ogsaa  konvergent.  [Et 
Exempel  paa  en  konvergent  men  ikke  ubetinget  konvergent 

OO  QO 

Rsekke  ^?Mn  er  f.  Ex.  den  Raekke  ^j?Mn,  hvor  Punktmaangden 

n-~  1  n  —  1 

Mn  (n==  1,  2,  .  .  .)  kun  indeholder  et  enkelt  Punkt  nin  og  hvor 
alle  Punkter  mn  (w  =  l,2,  .  .  .)  er  beliggende  paa  en  ret  Linie 

8 
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gennem  Begyndelsespunktet   med  positiv  Retning  L,    saaledes 

/  ___  -t  \«»__ 

at  Afstanden  fra  O  til  mn  regnet  med  Fortegn  er  lig  -  *  J. 
1  en  ubetinget  konvergent  Raekke  er  0jensynlig  Leddenes  Orden 
ligegyldig,  d.  v.  s.  Raekken  vedbliver  at  vaere  ubetinget  konver- 
gent og  fremstille  den  samme  Punktmaengde  efter  en  vilkaarlig 
Omordning  af  dens  Led.  ^ 

Enhver  uendelig  konvergent  Raekke  5*J/W,  hvis  en- 

n  =  1 

kelte  Led  Mn  er  beliggende  helt  i  det  Endelige,  og 
livor  Begyndelsespunktet  O  tilh0rer  enhver  af 
Punkt  mae  n  gderne  Mn  (n  =  1,  2,  . . .)  er  ubetinget  kon- 
vergent. 

Lad  £n  betegne  Maximum  af  Afstanden  Omn,  hvor  mn 
gennem!0ber  Punktmaengden  A/n;  den  ovenstaaende  Paastand 

OP 

er  da  0jensynlig  identisk  med  Paastanden:  Jj?cn  er  konvergent. 

oo  n  —  1  ao 

Konvergensen  af   ^?qn  bevises   saaledes :    Lad  os  antage    5*Cn 

n«=  1  n=l 

divergent.  Gennern  Punktet  O  traekkes  da  tre  Halvlinier  Z/ly 
L2  og  Z/3  saaledes,  at  (idet  der  fastlaegges  en  positiv  Oml0bs- 
retning  i  Planen)  Z-  L^L2  =  z.  L2L3  ~  zL  L3Ll  -  ~  120°. 

Lad  henholdsvis  £n, i,  Cn, 2  og  qn, 3  betegne  Maksimum  af 
Afstanden  Own,  idet  mn  gennem!0ber  den  Punktmaengde 
(indeholdende  mindst  det  ene  Punkt  O),  der  bestaar  af  alle  de 
Punkter  tilh0rende  Punktmaengden  Mn,  der  er  beliggende  inden- 
for  eller  paa  Randen  henholdsvis  af  Vinkelaabningen  OJLlL/2^ 
OL2L3  og  OL3Ll.  Da  i  det  mindste  et  af  Tallene  Cn,  i,  Cn,  2 

OP 

C»,a  er  lig  Tallet  Cn  (altsaa  ^n  :<  Cn,  i  +  Cn  .2  +  Cn  ,3)  og  idet  ^qn 
er  antaget  divergent,  kan  ikke  alle  tre  uendelige  Raekker 

OC  OO  GO 

?$Qn,  i»  ^Qn,z  og  ^gn,3  vaere  konvergente ;  lad  os  f.  Ex.  antage, 

n-l  n— t  n=l 

at    ^zQn,  i   er  divergent.    Lad  ni'n  vaere  et  saadant  (sikkert  eksi- 

M=-  1 

sterende)  Punkt  tilh0rende  Punktmoengden  Mn  og  beliggende 
mdenfor  eller  paa  Begrsendsningen  af  Vinkelrummet  OjL1Z/2,  at 
Afstanden  Om'n  ^  \qn,i;  lad  L  betegne  den  Halvlinie  ud  fra  O, 
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der  halverer   </_LlI;2,  og  lad  ln  vaere  Projektionen  af  Punktet 

mn  paa  Halvlinien  /,.  Da  er  Afstanden  Oln  >  Om'n  •  cos  (60°) 

:2li£n,  i-     F01gelig  er,  idet  Punkterne  ln  (w  =  1,  2,  .  .  .)  alle  er 


beliggende  paa  Halvlinien  Z/,  ^  ln  divergent.     Paa  den  anden 

n  <=•  1  f 

Side  f01ger  irnidlertid  umiddelbart,  idet  ln  er  Projektion  af  mn 

00 

paa  den  faste  Haivlinie  //,  og  idet    **§nin  i  F01ge  Forudsaetning 


er  konvergent,  at   ^§  ln  niaa  vaere  konvergent.     Vor  Antagelse 

oc  n  -=  1  oo 

^Cn  divergent  bar  altsaa  f0rt  os  til  en  Modstrid;  f01gelig  er   5*Cn 

n  -=  1  op  n  —  \ 

konvergent,   d.  v.  s.  ^Mn  er  ubetinget  konvergent,   q.  e.  d. 

n  *=*  1 

Ved  Hjaelp  af  det  foregaaende  Rcsultat  kan  vi  nu  umiddelbart 
bevise  Rigtigheden  af  f01gende  Saetning:  Lad  Mn  (n  -^  1,  2,  ...) 
vsere  en  helt  i  det  Endelige  beliggende  Punkt- 

oo 

ni  {B  n  g  d  e  o  g  lad  ^§Mn  v  ae  r  e  konvergent.    Der  eksisterer 

n  -•=  1  oo 

da    en    Punktf01ge    ct  ,  cz  ,  ...,  cn,  ..  .  ,    hvor        cn    er    kon- 


vergent,  og  en  der  til    svarende    F01ge    af    positive 

00 

Tal  r1?  r2,  .  .  .  rn,  .  .  .,  hvor^rn  er  konvergent;   mod  f0l- 

n  =  1 

g  e  n  d  e  Eg  enskab:  Punkt  niaengden  Mn  (n  =  1  ,  2,  .  .  .)  e  r 
helt  beliggende  in  den  for  en  Girkel  med  cn  som  Cen- 
trum o  g  Radius  rn. 

Be  vis:     Lad    cn  vaere    et    vilkaarligt    Punkt    i    Mn  ;    da    er 

dO 

\*cn  konvergent.    Lad  J^/n  vaere  den  Punktmoengde,  der  f'rem- 

n  =  1 

konimer  ved  at  parallelforskyde    Punktniaengden  Mn,    saaledes 

oc 

at    Punktet    cn  falder    i    Begyndelsespunktet    O.     Idet  ^cn    er 

n  ==  1 

konvergent,  vil  da,  som  man  umiddelbart  indser,  den  uendelige 

QC 

Raekke  ^>M'n  viere  konvergent.    Da  endvidere  enhver  af  Punkt- 

n  —  1  QO 

rnaengderne   3/n  (n  —  1,  2,  ..  .)  indeholder  Punktet  6>,  vil  ^  M'n 

n=  1       t 

vaere  ubetinget  konvergent.  F01gelig  vil  Punktniaengden  Mn 
vaere  helt  indeholdt  i  en  Girkel  med  Centrum  i  Begyndelses- 
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punktet  og  Radius  rn  ,  hvor  ^\  rn  er  konvergent  ;    men   heraf 

n=  1 

folger  umiddelbart,  at  Punktmaengden  Mn  maa  vaere  indeholdt 
i  en  Girkel  med  cn  soin  Centrum  og  Radius  rn.  Hermed  er 
den  ovenstaaende  Saetning  bevist 

Jeg   skal    slutte    denne    Paragraf   med   nogle    faa   Bemaerk- 

oo 

ninger  om  den  uendelige  Raekke  ^£Mn,  hvor  enhver  af  Punkt- 

n-=*  1 

maengderne  er  en  JoRDAN'sk  Kurve  1.     Da  Mn  i    dette  Tilfselde 

00 

er  afsluttet   og  beliggende  belt  i  det  Endelige,  vii  J^*-J/n,  hvis 

n=  1 

den  er  konvergent,  ligeledes  vaere  afsluttet  og  helt  i  det  Ende- 

OP 

lige  beliggende,  og  Punktmaengden  M  =^Mn  vil  vaere  iden- 
tisk  med  Punktmaengden  M*.  nral 

oo 

Lad  ^§Mn  vaere  konvergent  ;  der  eksisterer  da,  som  ovenfor 

n  —  1  oo 

bevist,   en  Punktf01ge  cn,  hvor  ^£cn  er  konvergent,  og  en  posi- 

oo  n  =  1 

tiv  Talf01ge  rn,  hvor   5^rn  er  konvergent,  saaledes  at  Kurven 


Mn  er  helt  beliggende  iiidenfor  en  Girkel  Cn  med  cn  som 
Centrum  og  Radius  rn.  Heraf  drages  folgende  Slutninger: 
l)Hvis  Begyndelsespunktet  O  er  beliggende  inden- 

QP 

for  enhver  af  Kurve  rne  Mn  (n  =  1,  2,  .  .  .),  vil  ^Mn  vaere 


ubetinget  konvergent;  thi  idet  Punktet  O  er  beliggende 
indenfor  Kurven  Mn  og  f01gelig  ogsaa  indenfor  Cirklen  Cn,  vil 
denne  Cirkel  og  f01gelig  yderligere  Kurven  Mn  vaere  beliggende 
helt  indenfor  on  Cirkel  med  Centrum  i  O  og  Radius  2rn. 
2)  Lad  pn  vyere  et  vilkaarligt  Punkt  indenfor  Mn  ;  da  vil  pn 
ligeledes  voere  beliggende  indenfor  Cirklen  Cn  ;  f01gelig  vil,  som 

1  Ved  en  JcmDAN'sk  Kurve  forstaas  som  bekendt  en  lukket  kontiiiuerl 
Kurve  udeii  Dobbeltpunkter,  eller  prjecisere:  en  Punktrnaengde,  der  kan 
aft^ildes  enentydig  og  kontinuert  paa  en  Cirkelperiferi.  En  JoRDAN^sk 
Kurve  deler  ^om  bekendt  Maengden  af  alle  de  af  Plariens  Punkter,  der 
ikke  er  beliggende  paa  selve  Kurven,  i  to  Omraader,  et  indenfor  Kurven 
og  et  udenfor  Kurven  beliggende  Omraade.  Kurven  selv  danner  Be- 
gnendsuingen  mellem  Omraadet  af  indre  og  Omraadet  af  ydre  Punkter. 
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00 

man  umiddelbart  indser,  ^£pn  vaere  konvergent.    Lad  J/«  vaere 

den  Punktmaengde  (JoRDAN'ske  Kurve),  der  fremkommer  ved 
at  parallelforskyde  Kurven  Mn  saaledes,  at  Punktet  pn  (der 
taenkes  i  fast  Forbindelse  med  Mn)  falder  i  Begyndelsespunktet 


O  (der  toenkes  fast).    Da  vil  den  uendelige  Rsekke   5^n  vaere 

oo  n—  1 

konvergent,  og  Punktmaengden  M^5?Mn  vil  umiddelbart  frem- 


komme  af  Punktmaengden  M'-=^M'n    ved    at    parallelforskyde 

n=>  1 

denne    sidste    Punktmaengde    saaledes,    at   Punktet    O   (der  nu 

PC 

taenkes  i   fast  Forbindelse  med  M')  falder  i  Punktet  p  =  ^pn 

n  =  1 

(idet  dette  sidste  Punkt  taenkes  fastliggende).  Af  denne  sidste 
Bemaerkning  folger  aabenbart,  at  man  ved  en  Unders0gelse 
over  Addition  af  uendelig  mange  lukkede  kontinuerte  Kurver, 
uden  at  indskrasnke  Unders0gelsens  Almindelighed  tor  antage, 
at  Begyndelsespunktet  O  er  beliggende  in  den  for 
enhver  af  Kurverne. 


§  2.    Addition  af  to  konvekse  Kurver. 

Ved  en  lukket  konveks  Kurve,  eller  simpelthen  ved 
en  konveks  Kurve,  forstaas  en  JoRDAN'sk  Kurve  med  folgende 
Egenskab :  Hvis  en  ret  Linie  har  mer  end  to  Punkter  fselles 
med  Kurven,  vil  de  for  Kurven  og  den  rette  Linie  faelles  Punkter 
vaere  samtlige  Punkter  paa  et  Liniestykke  AB  (Endepunkterne 
medregnede).  Heraf  folger  specielt,  at  en  ret  Linie,  der  iride- 
holder  et  indenfor  Kurven  beliggende  Punkt,  vil  sksere  Kurven 
i  to  og  kun  to  Punkter  (denne  Egenskab  kunde  i0vrigt  ogsaa 
vaere  lagt  til  Grund  for  den  konvekse  Kurves  Definition). 

Idet  vi  ved  et  konveks t  Omraade  forstaar  en  saadan 
Punktmaengde  i  Planen,  at  den,  hvis  den  indehoider  de  to 
Punkter  A  og  B,  indehoider  hele  Liniestykket  AB ,  er  den 
ovenstaaende  Definition  som  bekendt  identisk  med  f0Igende 
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anden  Definition:  En  konveks  Kurve  er  Begraendsningeii l  for 
et  konvekst  Omraade,  der  er  beliggende  belt  i  det  Endelige, 
uden  at  vaere  beliggende  belt  paa  en  ret  Linie. 

Ved  Arealet  afen  konveks  Kurve  vil  vi  i  det  folgende 
forstaa  det  (altid  eksisterende)  Areal  af  det  indenfor  Kurven 
beliggende  Omraade. 

Lad  MI  og  M2  vaere  to  konvekse  Kurver,  saaledes  at  Be- 
gyndelsespunktet  O  er  beliggende  indenfor  begge  Kurver,  og 
saaledes  at  Arealet  af  M a  :>  Arealet  af  M2.  Jeg  vil  da  i  denne 
Paragraf  unders0ge  den  Punktmaengde  M±  f-  M2  ,  der  frem- 
kommer  ved  Addition  af  de  to  konvekse  Kurver. 

I  den  folgende  Unders0gelse  vil  jeg  med  ~-M2  betegne  den 
Punktmaengde,  hvis  Element  er  m*  er  karakteriserede  ved  fol- 
gende Egenskab :  der  findes  svarende  til  m'  et  Element  m2  i 
M2,  saaledes  at  m'-\-m2  -=  O;  med  andre  Ord,  -f-^/2  er  den 
Punktmaengde,  der  fremkommer,  naar  M2  drejes  180°  om  Be- 
gyndelsespunktet  O  ;  ~^-M2  vil  felgelig  vaere  en  konveks  Kurve 
med  samme  Areal  sorn  M2  og  ligeledes  indeholdende  Punktet 
O  i  sit  Indre.  Endvidere  vil  jeg,  idet  I  er  et  vilkaarligt  givet 
Punkt  i  Planen,  ved  N(L)  forstaa  den  Punktmaengde,  der  frem- 
komrner  af  -f-il/2,  naar  denne  sidste  Punktmaengde  parallel- 
forskydes  saaledes.  at  Punktet  O  (der  taenkes  i  fast  Forbindelse 
med  -r-3/2)  falder  i  Punktet  /  (der  tasnkes  fastliggende).  N (!>) 
er  f01gelig  en  konveks  Kurve  med  samme  Areal  som  M2  og 
indeholdende  Punktet  /  i  sit  Indre.  Med  denne  Betegnelse  vil 
det  0jensynlig  vsere  en  nod  veil  dig  og  tilstraekkelig 
Betingelse  for  at  Punktet  I  borer  med  til  Punkt- 
nitengden  Ml-^-Mz  (d.  v.  s.  for  at  der  eksisterer  et  Element 
m±  \  MI  og  et  Element  w2  i  M2  saaledes,  at  ml  -\-m2  --=  I), 
at  Kurverne  M^  og  N (I)  skaerer  binanden  (d.  v.  s.  bar 
mindst  et  Punkt  fa?lles). 

1  Et  Punkt  p  siges  at  tilh0re  Hegra^ndsningcn  for  en  given  Punkt- 
maengde Af,  hvis  der  indenfor  enhver  Girkel  med  Centrum  i  p  og  vilkaar- 
lig  lille  Radius  findes  saavel  Punkter  tilhorende  Punktmaengden  M  som 
Punkter  ikke  tilhorende  Jf. 
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Ved  Benyttelse  af  denne  Bemaerkning  indses  urniddelbart, 
at  ethvert  Punkt  I  paa  Kurven  M ±  maa  tilh0re  Punktmaengden 
J/!  +  M2  ;  thi  i  modsat  Tilfselde  vilde  de  to  Kurver  Ml  og  N (I) 
ingen  Punkter  have  faelles;  felgelig  maatte  N(l)  enten  ligge 
belt  indenfor  M^  eller  ligge  belt  udenfor  M19  eller  ogsaa 
maatte  M^  ligge  belt  indenfor  N(l)\  men  intet  af  disse  tre 
Tilfaelde  kan  indtraeffe,  thi,  idet  Punktet  I  ligger  paa  Kurven 
Ml  men  indenfor  Kurven  jV(£),  er  de  to  forste  Muligheder 
udelukkede,  og  idet  Arealet  af  M \  ^  Arealet  af  M2  =  Arealet 
af  JV(0  er  ogsaa  den  tredje  Mulighed  udelukket.  Hermed  er 
Paastanden  om,  at  ethvert  Punkt  paa  Kurven  Ml  tilhorer 
Punktmaengden  Ml  -f-  M2  ,  bevist. 

For  den  senere  Unders0gelse  vil  f01gende  videregaaende 
Bemaerkning  vsere  af  Vigtighed :  Lad  e2  betegne  Minimum  af 
Afstanden  Om2  ,  idet  tn2  gennemlober  Kurven  M2  (da  er  e2  til- 
lige  Minimum  af  Afstanden  In,  idet  n  gennem!0ber  Kurven  -ZV(^)), 
og  lad  TWj  vaere  et  vilkaarligt  Punkt  paa  Kurven  Afl  ;  da  vil 
ethvert  Punkt  I  i  Planen,  hvis  Afstand  fra  ml  er  mindre  end 
e2 ,  tilh0re  Punktmasngden  M^~\rM2.  Rigtigheden  af  denne 
Bemaerkning  indses  ved  Benyttelse  af  ganske  samme  Slutnings- 
maade  som  ovenfor,  idet  det  bemaerkes,  at  Kurven  N(l)  ogsaa 
her  vil  indeholde  et  Punkt  ml  paa  Kurven  Ml  i  sit  Indre. 

Lad  L  vaere  en  vilkaarlig  ret  Linie  i  Planen ;  jeg  vil  da 
s0ge  at  bestemme  de  Punkter  /  paa  Linien  />,  der  tilh0rer 
Punktmaengden  J/t+  M2,  altsaa  de  Punkter  I  paa  Linien  L,  for 
hvilke  den  tilsvarende  Kurve  A7(/)  skaerer  den  faste  Kurve  M^. 

Lad  I  vaere  et  vilkaarligt  Punkt  paa  L.  Idet  den  tilsva- 
rende Kurve  N(l)  er  en  konveks  Kurve,  eksisterer  der  som 
bekendt  to  indbyrdes  forskellige,  med  L  parallele,  rette  Linier 
Z/j  og  L2  (Kurvens  Graendselinier  i  den  ved  L  bestemte  Ret- 
ning)  med  f01gende  Egenskaber:  en  vilkaarlig  ret  Linie  parallel 
med  L  vil,  hvis  den  ligger  belt  udenfor  Parallelstrimlen  L1L2, 
ikke  have  noget  Punkt  faelles  med  Kurven,  hvis  den  ligger  belt 
indenfor  Parallelstrimlen  Z/a/>2,  skaere  Kurven  i  to  og  kun  to 
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Punkter,  og  endelig,  hvis  den  er  sammenfaldende  med  en  af 
Linierne  Lt  og  Z/2,  skeere  Kurven  JN(l)  enten  i  et  og  kun  et 
Punkt  eller  i  et  Liniestykke  (Endepnnkterne  medregnede).  Idet 
I  ligger  indenfor  Kurven  N(l),  vil  Linien  L  ojensynlig  vaere 
beliggende  niellern  Graendselinierne  Ll  og  JL2. 

Betragter  vi  alle  Punkter  indenfor  Parallelstrimlen  L^L2 
(incl.  Rand)  kan  disse  Punkter  0jensynlig  inddeles  i  f01gende 
fire  Grupper,  alt  efter  deres  Beliggenhed  i  Forhold  til  den 
konvekse  Kurve  N(l). 

Gruppe   1:   De  paa  Kurven  N(l)  beliggende  Punkter. 

Gruppe  2:  De  indenfor  Kurven  N(l)  beliggende  Punkter. 

Gruppe  3:  Punkter,  der  ligger  over  N(l)  [idet  vi  om  et 
Punkt  p  indenfor  eller  paa  Randen  af  Parallelstrimlen  siger, 
at  det  ligger  over  Kurven  N(l),  hvis  Halvlinien  (Endepunktet 
medregnet)  draget  ud  fra  p  parallel  med  L  og  til  den  Side, 
der  bestemmes  ved  Z/s  positive  Retning,  intet  Punkt  har  faelles 
med  Kurven  N  (l)~\. 

Gruppe  4:  Punkter  der  ligger  under  JV(/)  [idet  vi  om  et 
Punkt  q  indenfor  eller  paa  Randen  af  Parallelstrimlen  siger, 
at  det  ligger  under  Kurven  N(l)  hvis  Halvlinien  (Endepunktet 
medregnet)  draget  ud  fra  q  parallel  med  L  og  til  den  Side, 
der  er  modsat  Z/'s  positive  Retning,  intet  Punkt  har  faelles 
med  Kurven  N(iy], 

Man  indser  umiddelbart,  at  hvis  en  koiitinuert  Kurve  K 
(idet  jeg  ved  en  kontinuert  Kurve  forstaar  en  saadan  Punkt- 
msengde  i  Planen,  der  kan  afbildes  enentydig  og  kontinuert 
enten  paa  en  hel  Girkelperiferi  eller  paa  en  Cirkelbue  (Ende- 
punkterne  medregnede),  specielt  et  enkelt  Punkt)  har  alle  sine 
Punkter  beliggende  indenfor  Parallelstrimlen  L^L2  (incl.  Rand) 
uden  at  have  noget  Punkt  fselles  med  Kurven  JY(£)»  niaa  K 
enten  vaere  beliggende  helt  i  det  Indre  af  ^V(0,  eller  helt  over 
JV(/),  eller  helt  under  N(l). 

Lad  I  og  I'  vaere  to  Punkter  paa  L  saaledes,  at  Retningen 
fra  I  til  /'  er  overensstemmende  med  L's  positive  Retning,  og 
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lad  N(l)  og  N(l')  vaere  de  tilsvarende  (indbyrdes  kongruente) 
konvekse  Kurver;  idet  N(l')  umiddelbart  fremkomrner  af  N(l) 
ved  en  Parallelforskydning  besternt  i  St0rrelse  og  Reining  ved 
Liniestykket  II',  vil  Kurverne  N(l)  og  JV(7')  have  de  samme 
Grsendselinier  Ll  og  Z/2.  Man  indser  nu  umiddelbart  ud  fra 
Definitionen,  at  ethvert  Punkt  p,  der  ligger  over  N(l')  ogsaa 
maa  ligge  over  N  (/),  niedens  ethvert  Punkt,  der  ligger  under 
N(l)  ogsaa  maa  ligge  under  N(i'). 

Efter  disse  indledende  Bemserkninger  skal  jeg  nu  gaa  over 
til  den  direkte  Unders0gelse  af,  hvilke  Punkter  I  paa  Linien  L 
der  tilh0rer  Punktmaengden  Mi~\-M2)  altsaa  af,  hvilke  Punkter 
/,  der  er  saaledes  beliggende  paa  Linien  L ,  at  Kurven  A7(/) 
skaerer  Kurven  A/IB  Da  N(t)  stedse  (d.  v.  s.  hvor  end  /  er 
beliggende  paa  L)  befmder  sig  i  det  Indre  (incl.  Rand)  af  den 
ved  LI  og  Z/2  bestemie  Parallelstrimmel,  beh0ver  vi  i  denne 
Sammenhaeng  0jensynlig  kun  at  betragte  den  Del  af  Kurven  Jlft, 
der  er  beliggende  indenfor  Parallelstrimlen  LlLt2  (inch  Rand). 
Der  kan  nu  indtraeffe  et  af  f0Jgende  tre  Tilfaelde: 

Tilfaelde  1:  M{  er  lielt  beliggende  udenfor  Parallelstrimlen 
Z/jZ/,,  (incl.  Piand).  Da  vil  ^V(/)  aldrig,  hvor  end  /  er  belig- 
gende paa  Linien  L,  have  noget  F>unkt  faelles  rned  J/,.  F01ge- 
lig  indeholder  Linien  L  i  dette  Tilfaelde  intet  Punkt  af  Punkt- 
maengden  M1-\-i\l2. 

Tilfaelde  2:  Ml  er  enten  helt  boliggende  indenfor  Parallel- 
strimlen Z/!//2  (excl.  Rand),  eller  M±  liar  mindst  et  Punkt  fa3lles 
rned  mindst  en  af  Randene  L±  og  L2,  uden  at  M \  dog  skaerer 
enhver  af  Linierne  Ll  og  L2  i  to  og  kun  to  Punkter.  I  alle  disse 
under  Tilfa?lde  2  sammenfattede  Tilfaelde  vil  de  Punkter  af  Ml, 
der  er  beliggende  indenfor  eller  paa  Randen  af  Parallelstrimlen 
Z/1Z/2,  0jensynlig  danne  en  kontiriuert  Kurve  K.  Jeg  vil  bevise, 
at  i  dette  Tilfaelde  2  vil  de  Punkter  I  paa  Linien  //,  der  til- 
h0rer  Punktmaengden  M A  -+-  M2 ,  danne  et  Liniestykke  AB 
(Endepunkterne  medregnede)  specielt  et  enkelt  Punkt.  Da 
nemlig  MI  har  mindst  et  Punkt  beliggende  indenfor  elier  paa 
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Randen  af  Parallelstrirnlen  LVLZ,  vii  for  det  forste  0jensynlig 
mindst  et  Punkt  paa  Linien  L  tilhore  PunktmaBngden  A 
d.  v.  s.  der  findes  mindst  6t  Punkt  /  paa  L ,  for  hvilket 
indeholder  et  Punkt  paa  Kurven  K.  Idet  endvidere  enhver  af 
Punktmaengderne  M±  og  M2  og  f01gelig  ogsaa  Punktmaengden 
MI  -f-  M2  er  en  belt  i  det  Endelige  liggende  afsluttet  Punkt- 
maengde,  vil  den  ovenstaaende  Paastand  aabenbart  vaere  be- 
vist,  naar  vi  har  eftervist,  at  hvis  l^  og  Z2  er  to  indbyrdes 
forskellige  Punkter  paa  Linien  L  t  der  begge  tilh0rer  Punkt- 
meengden  Jfcf1-f-Af2  (og  hvor  vi  vil  antage,  at  Retningen  Itl2 
er  overensstemmende  med  //'s  positive  Retning),  at  da  ethvert 
Punkt  13  beliggende  paa  L  og  mellem  ^  og  12  ligeledes  vil 
tilhere  Punktmaengden  Mt-\-M2.  Men  at  dette  sidste  vil  vaere 
Tilfseldet,  indses  umiddelbart  saaledes:  Idet  den  Del  af  M^, 
der  er  beliggende  indenfor  Parallelstrirnlen  L^L2  (inch  Rand) 
er  en  koiitinuert  Kurve  K,  maatte  denne  Punktmaengde  K, 
hvis  den  intet  Punkt  havde  faelles  rned  Kurven  ^V(^3),  vaere 
beliggende  enten  belt  i  det  Indre  af  N(13),  eller  belt  over  N(13), 
eller  belt  under  jV(Z3);  men  intet  af  disse  tre  Tilfaelde  kan  ind- 
trseffe.  For  det  ferste  kan  K  ikke  vaere  beliggende  belt  i  det 
Indre  af  -V(^);  K  har  nemlig  enten  mindst  et  Punkt  fselles 
med  en  af  Ratidene  af  Parallelstrimlen  L1L2  (og  et  saadant 
Randpunkt  kan  ikke  vaere  indre  Purikt  for  N(13)),  eller  ogsaa 
er  K  identisk  med  bele  Kurven  Ml  (men,  idet  Arealet  af 
Ml  ^>  Arealet  af  M.2  =  Arealet  af  N(l),  kan  K  heller  ikke  i 
dette  Tilfaelde  vaere  beliggende  belt  i  det  Indre  af  JV(/3)).  End- 
videre kan  K  ikke  vaere  beliggende  belt  over  N(13),  da  K  da 
ogsaa  maatte  vaere  beliggende  belt  over  N(/x),  hvad  der  ikke 
kan  vaere  Tilfaeldet,  da  K  i  F01ge  Antagelsen  har  Punkter  faelles 
med  N(lt).  Endelig  kan  K  ikke  vaere  beliggende  belt  under 
2V(/3);  thi  da  vilde  K  ogsaa  vaere  beliggende  belt  under  N(12), 
i  Modstrid  med  at  K  har  Punkter  faelles  med  A7(/2).  Her  med 
er  Paastanden  oin,  at  de  Punkter  paa  Linien  L,  der  i  dette 
Tilfaelde  tilhorer  Punktmaengden  M1-\-M2,  udg0r  et  Liniestykke 
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AB  (incl.  Endepunkter),  specielt  et  enkelt  Punkt  A,  fuldkom- 
men  bevist. 

Tilfaelde  3:  Enhver  af  Linicrne  L^  og  />2  skaerer  Kurven 
MI  i  to  og  kim  to  Punkter.  I  dette  Tilfaelde  vil  de  indenfor 
Parallelstrimlen  I^1L2.  (Handen  incl.)  beliggende  Punkter  at' 
Kurven  Ml  danne  to  kontinuerte  Kurver  K±  og  A"2,  som  ikke 
bar  noget  Punkt  fselles,  og  saaledes  at  Ki  (I  =  1,  2)  skaerer 
enhver  ret  Linie  parallel  med  L  og  beliggende  indenfor  eller 
paa  Randen  af  Parallelstrimlen  LtL2  i  et  og  kun  et  Punkt, 
altsaa  specielt  skoerer  Linieii  L  i  et  og  kun  et  Punkt  ^.  For 
at  i  dette  Tilfaelde  et  Punkt  /  paa  Linien  L  skal  tilh0re  Punkt- 
maengden  M^-^M^  er  det  n0dvendigt  og  tilstraskkeligt,  at 
Kurven  N(l)  bar  et  Punkt  fyelles  med  mindst  en  af  de  to 
kontinuerte  Kurver  Ji1  og  K2.  Lad  os  s0ge  de  Punkter  /  paa 
Linien  L ,  for  hvilke  Kurven  N(l)  bar  et  Punkt  faelles  med 
den  kontinuerte  Kurve  Kt  (i  -=-=  1,  2).  Man  beviser  ber  ved 
Benyttelse  af  ganske  den  samme  Slutningsmaade  som  den  ved 
Tilfselde  2  anvendte,  at  de  s0gte  Punkter  L  danner  et  Liniestykke 
ATBi  (Endepunkterne  medregnede).  Endvidere  indses,  at  dot 
Punkt  /t,  hvori  Linien  L  skaerer  deri  kontinuerte  Kurve  A\, 
0jensynlig  maa  tilbore  Liniestykket  A^i,  thi  Ki  vil  0jensynlig 
skaere  Kurven  ^V(/t),  da  Ki  indeholder  et  Punkt  (nemlig  /t), 
der  tilhorer  det  Indre  af  Kurven  N(lt),  uden  at  K%  er  belt 
beliggende  i  denne  Kurves  Indre  (Ki  indebolder  nemlig  Punkter 
paa  Parallelstrimlens  Rand) ;  iovrigt  indses  paa  ganske  samme 
Maade,  at  ikke  blot  Punktet  /<  men  ogsaa  alle  Punkter  paa  //, 
bvis  Afstand  fra  It  er  mindre  end  e.2  (bvor  e2  som  tidligere 
betegner  Minimum  af  Afstanden  Ow2  idet,  m2  gennemlober  A/2) 
maa  tilh0re  Liniestykket  AiBi.  Herrned  er  bevist,  at  i  dette 
Tilfaelde  3  vil  de  Punkter  af  A/j-^-3/o,  der  er  beliggende  paa 
Linien  />,  enten  danne  et  enkelt  Liniestykke  AB  (incl.  Ende- 
punkter),  nemlig  hvis  A^B^  og  A2B2  bar  Punkter  faelles^  eller 
to  adskilte  Liniestykker  A^B^  og  A^B2  ;  i  dette  sidste  Tilfaelde 
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vil  ethvert  af  Liniestykkerne  A+Bi  (i  =  1,2)  indeholde  et  (og 
kun  et)  Punkt  paa  Kurven  Afl  i  sit  Indre. 

Resumerer  vi  Resultaterne  af  den  forudgaaende  Under- 
s0gelse  bar  vi  bevist  f01gende:  Punktmsengden  M^-\-Mz  er  en 
afsluttet  og  belt  i  det  Endelige  beliggende  Punktmaengde.  En 
vilkaarlig  ret  Linie  L  vil,  hvis  den  overhovedet  bar  Punkter 
faelles  med  M1-\-M2,  skaere  denne  Punktmoengde  enten  i  et 
enkelt  Liniestykke  AB  (Endepunkterne  medregnede)  specielt  i 
et  enkelt  Punkt,  eller  i  to  Liniestykker  AlBl  og  A2B2  ;  i  dette 
sidste  Tilfaelde  vil  Linien  L  skaere  Kurven  M \  i  to  og  kun  to 
Punkter  ^  og  12,  hvor  £t  vil  tilhore  det  Indre  af  Liniestykket 
AlBl,  12  det  Indre  af  Liniestykket  A2B2.  Endelig  vil  Punkt- 
moengden  Ml-\-M2  indeholde  ethvert  Punkt  ml  paa  Kurven  M^ 
almindeligere  ethvert  Punkt  indenfor  en  Cirkel  med  Centrum  i 
m1  og  Radius  e2  ;  heraf  f01ger  specielt,  at  intet  Punkt  ml  paa 
Kurven  M±  kari  vaere  Begrcendsningspunkt  for  Punktmsengden 
M^  -\-M2. 

Efter  den  forudgaaende  Undersegelse  kan  vi  nu  uden  Van- 
skelighed  bevise  folgende 

Saetniiig:  Lad  Ml  og  M2  vaere  to  konvekse  Kurver, 
so  in  begge  inde  bolder  Begyridelsespunktet  O  soni 
iiidre  Punkt,  og  saaledes  at  Arealet  af  Ml  J>  Areale  t 
af  M2.  Da  vil  Punktmsengden  M^-\-M^  enten  va^re 
et  O  m  r  a  a  d  e  (iricl.  Rand)  begraendset  af  en  enkelt 
konveks  Kurve  Y2,  og  saaledes  at  Kurven  Ml  ligger 
helt  indenfor  Kurven  Y2  ,  eller  ogsaa  vil  Ml  +  M2 
vaere  et  Omraade  (iricl.  Rand)  begrsendset  af  to  kon- 
vekse Kurver  Y2  og  /2,  hvor  I2  er  beliggende  helt 
indenfor  F2,  og  saaledes  at  Kurven  M^  er  helt  inde- 
holdt  i  det  Indre  af  Kurven  Y2  ,  men  indeholde  r 
Kurven  I2  helt  i  sit  Indre.  Endvidere  vil,  idet  ^t 
(/  -  1,  i2)  henholdsvis  e*  (i  —  1,  2)  betegner  Maximum 
heiiholdsvis  Minimum  af  Afstanden  Om^,  hvor  m  t 
genneml0ber  Kurven  J/t ,  Kurven  Y2  vaere  helt  inde- 
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holdt  i  en  Girkel  (inch  Rand)  med  O  sorn  Centrum 
og  Radius  Ci+^2  samt  belt  i  sit  Indre  (incl.  Rand) 
indeholde  en  Girkel  med  O  som  Centrum  og  Radius 
el-}-e2,  ligesom  Kurven  J2 ,  i  det  Tilfaelde,  hvor 
M^~\-M2  er  begraendset  af  to  konvekse  Kurver,  vil 
vaere  belt  indeholdt  i  en  Cirkel  (incJ,  Rand)  med 
Centrum  i  O  og  Radius  £1  —  e2.  Endelig  vil  Arealet  af 
det  me II em  Ml  og  Y2  beliggende  Omraade  vaere  :^> 
Arealet  af  M2  ,  ligesom,  i  det  Tilfaelde,  hvor  M^-{-M2 
er  begraenset  af  to  konvekse  Kurver,  Arealet  af  det 
mellem  M1  og  I2  beliggende  Omraade  vil  v  ae  r  e  :> 
Arealet  af  M2 ;  folgelig  vil,  i  det  Tilfaelde,  hvor 
M j  -f-  M2  er  begraendset  af  en  enkelt  konveks  Kurve, 
Arealet  af  Omraadet  M^-\-M2  vaere  >  Arealet  af  3/x 
-f- Arealet  af  3/2,  medens,  i  det  Til  fnelde,  h  vor  Ml  -}-M2 
er  begraendset  af  to  konvekse  Kurver,  Arealet  af 
Omraadet  Ml~\~M2  vil  vaere  >  2  •  Arealet  af  M2. 

Be  vis:  1)  Lad  os  antage,  at  enhver  ret  Linie,  der  over- 
hovedet  bar  Funkier  faelles  med  M±--{-M2,  skaerer  M 1  -f-  M2  i 
et  enkelt  Liniestykke  (incl.  Endepunkter)  specielt  i  et  enkelt 
Punkt;  i  dette  Tilfaelde  vil  Ml-\~M2  va3i*e  et  konvekst  Omraade; 
da  Ml  -f-  M2  endvidere  er  belt  i  det  Endelige  beliggende  og 
ikke  ligger  belt  paa  eii  rei  Linie  samt  er  afsluttet,  vil  M^-\-M2 
i  dette  Tilfaelde  bestaa  af  det  Indre  (incl.  Rand)  af  en  lukket 
konveks  Kurve  Y2.  Da  endelig  ethvert  Punkt  m^  paa  Ml 
tilhorer  M  l  -f-  M2  udeii  at  vaere  Begraendsriingspunkt  for 
Ml~{~M2^  maa  Ml  vaere  beliggende  belt  indenfor  Y2. 

2)  Lad  os  antage,  at  der  findes  en  ret  Linie,  der  skaerer 
MI  -\-  M2  i  to  adskilte  Liniestykker.  Jeg  vil  da  f0rst  s0ge  at 
bestemme  den  Punktmaengde  P,  der  til  Elementer  bar  dels 
alle  Punkter  indenfor  Kurven  M^  og  dels  alle  saadanne  Punkter 
udenfor  eller  paa  Kurven  JMl ,  som  tilherer  Punktmaengden 
Jf1-f-3/2  (med  andre  Ord,  Punktmaengden  P  fremkoinmer  ved 
til  Punktmaengden  M l  +  M2  at  f0je  de  Punkter,  der  ligger 
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indenfor  Kurven  M±  uden  at  tilh0re  Punktmsengden  M^-\-  M2). 
Lad  L  vaere  en  vilkaarlig  ret  Linie ;  jeg  vil  da  vise,  at,  hvis 
L  overhovedet  bar  Punkter  faelles  med  Punktmaengden  Pt 
danner  disse  Punkter  et  Liniestykke  (Endepunkterne  med- 
regnede),  specielt  et  enkelt  Punkt.  Dette  indses  saaledes : 
Hvis  L  ingen  Punkter  har  faelles  med  M1-\-M2,  har  L  heller 
ingen  Punkter  faelles  med  P;  thi  i  modsat  Fald  vilde  L  inde- 
holde  et  Punkt  indenfor  Kurven  Ml ,  f01gelig  ogsaa  et  Punkt 
paa  Kurven  Mv,  altsaa  et  Punkt  tilhorende  M^-\-M^  i  Mod- 
strid  med  vor  Antagelse.  Antages  dernaest,  at  L  skaerer  M^-\-M2 
\  et  enkelt  Liniestykke  AB  (Endepunkterne  medregnede)  spe- 
cielt i  et  enkelt  Punkt  A,  vil  de  for  L  og  P  faelles  Punkter 
ojensynlig  vaere  de  samme,  som  de  for  L  og  Ml-\-M2  faelles 
Punkter;  thi  i  modsat  Fald  vilde  L  irideholde  et  Punkt  I  uderi- 
for  Liniestykket  AB,  f.  Ex.  i  AB's  Forlaengelse  ud  over  A,  der 
var  beliggende  indenfor  Kurven  M \  ;  men  da  maatte  L  inde- 
holde  et  Punkt  i  Forlaengelsen  af  Liniestykket  BA I  udover  /, 
som  laa  paa  Kurven  M^  og  altsaa  tilh0rte  Punktmaengden 
M \  -\-  M 2  ,  i  Modstrid  med  vor  Antagelse.  Lad  os  endelig 
betragte  det  Tilfaelde,  hvor  L  skaerer  Ml  -\~  M2  \  to  adskilte 
Liniestykker  AlBl  og  A2B2  (Betegnelserne  taerikes  valgte  saa- 
ledes, at  Punkterne  B±  og  A2  ligger  imellem  Punkterne  A^ 
og  B2).  Idet  Linien  L  skaerer  M^  i  to  og  kun  to  Punkter 
^i  °^  ^2 »  hvoraf  /t  tilh0rer  Liniestykket  A1B1  og  12  tilh0rer 
Liniestykket  A2B2,  vil  ethvert  Punkt  paa  Linien  L  beliggende 
melleni  B:  og  A2  tilh0re  det  Indre  af  Kurven  A/±  ,  medens 
ethvert  Punkt  paa  Linien  L  beliggende  eiiten  i  Forlaengelsen 
af  AlBl  udover  Av  eller  i  Forlaengelsen  af  A2B2  udover  B2 
vil  vaere  beliggende  udenfor  Kurven  J/x.  F01gelig  vil  de  for 
L  og  P  faelles  Punkter  vsere  samtlige  Punkter  paa  Liniestykket 
A1B2  (Endepunkterne  medregnede).  Hermed  er  Paastanden 
om,  at  enhver  ret  Linie,  hvis  den  overhovedet  har  Punkter 
faelles  med  P,  skaerer  P  i  et  Liniestykke  (Endepunkterne  med- 
regnede) specielt  i  et  enkelt  Punkt,  bevist.  Da  P  endvidere 
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0jensynlig  er  hell  i  del  Endelige  beliggende  og  ikke  ligger  belt 
paa  en  ret  Linie  samt  er  afsluttet,  vil  P  vsere  del  Indre  (incl. 
Rand)  af  en  konveks  Kurve  Y2  ,  der  0jensynlig  vil  indeholde 
Kurven  M^  helt  i  sit  Indre.  For  at  bestemme  Punktmsengden 
Af1+^/2  har  v*  nu  kun  tilbage  at  bestemme  den  Punktmsengde 
Q,  der  bestaar  af  alle  de  indenfor  M±  beliggende  Punkter, 
som  ikke  tilh0rer  Punktmsengden  M^  -f-  MI  .  Er  Q  f0rst  be- 
stemt,  faar  vi  umiddelbart  MI  -\-  M2  ved  blot  at  fradrage  P  de 
Punkter,  der  tilh0rer  Q.  Lad  L  vsere  en  vilkaarlig  ret  Linie; 
da  vil  I/,  hvis  den  overhovedet  har  Punkter  faelles  med  Q, 
0jensynlig  sksere  Q  i  et  Liniestykke  (Endepunkterne  ikke  med- 
regnede);  thi  af  den  umiddelbart  foregaaende  Unders0gelse 
f01ger,  at  £/,  hvis  den  ikke  skserer  Punktmsengden  M^-\~M2, 
eller  hvis  den  skserer  denne  Punktmsengde  i  et  Liniestykke, 
specielt  i  et  enkelt  Punkt,  intet  Punkt  vil  have  faelles  med  Q, 
medens  Z/,  hvis  den  skserer  M^-\-M2  i  to  adskilte  Liniestykker 
A^BI  og  A2B2  (hvor  Betegnelserne  som  ovenfor  tsenkes  valgte 
saaledes,  at  B^  og  A2  ligger  mellem  Al  og  B2)  vil  sksere  Q 
i  Liniestykket  B1A2  (Endepunkterne  ikke  medregnede).  Q  er 
f01gelig  et  helt  i  det  Endelige  beliggende  konvekst  Omraade. 
Idet  AfI  -j-  ^2  er  en  afsluttet  Punktmsengde,  kan  Q  endvidere 
ikke  indeholde  noget  Punkt  af  sin  Begrsendsning,  altsaa  specielt 
ikke  vsere  beliggende  helt  paa  en  ret  Linie.  Punktmsengden'  Q 
er  folgelig  det  Indre  (excl.  Rand)  af  en  lukket  konveks  Kurve  /2. 
Da  endelig  intet  Punkt  paa  Kurven  Ml  er  Begrsendsningspunkt 
for  Punktmsengden  M^-\-M2,  maa  72  vsere  beliggende  helt 
indenfor  M±.  Punktmsengden  3/1-f-^/2  er  f01gelig  i  dette  Til- 
fselde  et  Omraade  (incl.  Rand)  begrsendset  af  to  lukkede  kon- 
vekso  Kurver  Y2  og  I2  ,  hvor  Y2  indeholder  Mt  helt  i  sit  Indre, 
medens  Ml  indeholder  J2  helt  i  sit  Indre.  Hermed  er  den 
f0rste  Del  af  den  opstillede  Ssetning  bevist. 

Idet  ethvert  Punkt  tilh0rende  Ml-\-M2  har  Formen  m1-\-m2^ 
indses  umiddelbart,  at  ffden  ydre  Begrsendsningskurve*  Y2  maa 
vsere  helt  beliggende  indenfor  en  Girkel  (incl.  Rand)  med  Cen- 
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trum  i  Begyndelsespunktet  O  og  Radius  Ci+C2-  Wet  endvidere 
ethvert  Punkt,  hvis  Afstand  fra  et  vilkaarligt  Punkt  ml  paa  M  l 
er  mindre  end  $2,  tilh0rer  Punktmaengden  Afl-{-M2<l  indser  man, 
at  Kurven  Y2  belt  i  sit  Indre  (incl.  Rand)  maa  indeholde  en 
Cirkel  med  Centrum  i  O  og  Radius  e^-\-e2  ;  thi,  idet  O  er  belig- 
gende  indenfor  Af±,  vil  enhver  Halvlinie  L  ud  fra  O  skaere  enhver 
af  Kurverne  M±  og  Y2  i  et  og  kun  6t  Punkt  m±  og  y2,  og  her 
vil  Afstanden  Oml  vaere  ^  e^,  Afstanden  m^y2  vaere  ^e^  altsaa 


Afstanden  Oy2  vaere  .>  e±-^e2.  Endelig  vil  i  det  Tilfaelde,  hvor 
MI  +  Mz  er  begraendset  af  to  konvekse  Kurver,  Kurven  J2 
(idet  c  betegner  et  vilkaarligt  Punkt  i  Planen  og  g  betegner 
Maximum  af  Afstanden  cm^  for  rax  gennemlobende  4/x)  vaere 
belt  indeholdt  i  en  Girkel  C  (incl.  Rand)  med  Centrum  i  c  og 
Radius  £  —  e2  ;  thi  lad  L  vaere  en  vilkaarlig  Halvlinie  ud  fra  c; 
hvis  da  L  intet  Punkt  bar  faelles  med  Mv  ,  vil  L  heller  intet 
Punkt  have  faelles  med  J2  ;  hvis  derimod  L  bar  mindst  et  Punkt 
faelles  med  M^  ,  og  hvis  jeg  med  mt  betegner  det  af  de  for 
L  og  M  i  faelles  Punkter,  hvis  Afstand  fra  c  er  sterst,  vil  0jen- 
synlig  intet  Punkt  paa  Halvlinien  Z/,  hvis  Afstand  fra  c  er 
st0rre  end  Afstanden  cm19  ligge  paa  Kurven  /2,  almindeligere, 
intet  Punkt  paa  £,  hvis  Afstand  fra  c  er  st0rre  end  det  storste 
af  Tallene  cm^  —  e2  og  0,  altsaa  i  hvert  Fald  intet  Punkt  paa 
L,  hvis  Afstand  fra  c  er  st0rre  end  c  —  e2  5  hermed  er  bevist, 
at  Kurven  J2  vil  ligge  belt  indenfor  Cirkien  C  (incl.  Rand); 
vaelges  specielt  Punktet  c  i  Begyndelsespunktet  f01ger,  at  J2 
vil  ligge  indenfor  en  Cirkel  (inch  Rand)  med  Centrum  i  O  og 
Radius  £±  —  e2.  [Det  kan  i  denne  Sammenhaeng  bemaerkes,  at 
Punktet  O  ikke  n0dvendigvis  er  beliggende  indenfor  (elier  paa) 
Kurven  -Z2.] 

Jeg  skal  nu  gaa  over  til  en  Behandling  af  de  i  Sa&tningens 
sidste  Del  fremsatte  Paastande,  nemlig  at  Arealet  af  det  mel- 
lem  Mv  og  Y2  beliggende  Omraade  er  >  Arealet  af  Jt/2,  samt 
at  i  det  Tilfaelde,  hvor  A/1  +  A/2  er  begraendset  af  to  konvekse 
Kurver,  Arealet  af  det  mellem  M^  og  I2  beliggende  Omraade 

23 
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er  >  Arealet  af  3/2.  Jeg  skal  her  nojes  med  at  bevise  den 
sidste  af  disse  to  Ssetninger;  Beviset  for  den  f0rste  f0res  paa 
ganske  tilsvarende  Maade.  Lad  I  veere  et  Punkt  i  det  Indre 
af  Kurven  J2.  Da  vil  Kurven  N(l)  ingen  Punkter  have  telles 
med  M^.  Idet  Punktet  I  imidlertid  er  beliggende  indenfor 
begge  Kurverne  N(l)  og  M^  ,  kan  N(l)  ikke  ligge  helt  uden- 
for  MI  ;  idet  endvidere  Arealet  af  N(l)  =  Arealet  af  M2  <_ 
Arealet  af  M^  ,  kan  N(l)  heller  ikke  helt  omslutte  J/x  ;  folge- 
lig  maa  N(l)  ligge  helt  indenfor  A/l.  [Heraf  f01ger  specielt,  at 
Arealet  af  &(l)  maa  vsere  <;  (ikke  blot  <.)  Arealet  af  M^  ; 
altsaa  er  bevist,  at  hvis  Arealet  af  M^  —  Arealet  af  Af2,  maa 
Punktmsengden  M^  -\-  M2  n0dvendigvis  vaere  begreendset  af  kun 
£n  konveks  Kurve.] 

Lad  os  ud  fra  det  betragtede  Punkt  I  traekke  en  Halvlinie  Z/; 
idet  /  er  beliggende  indenfor  enhver  af  de  trc  konvekse  Kurver 
M^  I2  og  N(l)i  skaerer  L  enhver  af  disse  Kurver  i  £t  og  kun 
et  Punkt;  lad  os  betegne  disse  Punkter  med  henholdsvis  mlJ 


os  betegne  Afstandene  Im^  U2  og  In  hen- 
holdsvis med  rx,  r2  og  r3.  Da  er  for  det  f0rste  rt  >  r2  og 
rl  >  rB.  Jeg  vil  imidlertid  bevise,  at  der  gselder  den  skarpere 
Ulighed  rl  ^^2  +  ra-  Dette  indses  saaledes:  Lad  /'  betegne 
det  Punkt  paa  Halvlinien  L,  hvis  Afstand  fra  I  er  lig  rt  —  r3  ; 
Punktet  V  h0rer  da  med  til  Punktmsengden  M  l  +  ^2  »  ^a 
Kurven  JV(l')  0jensynlig  indeholder  Punktet  ml9  altsaa  har  et 
Punkt  fselles  med  Ml  ;  f0]gelig  ligger  V  udenfor  elier  paa  Kur- 
ven I2  ;  altsaa  er  r2  <^  rl  —  r3  ,  d.  v.  s.  rl  ^  r2  -f-  ^s»  3-  e-  ^« 
Dette  gselder  for  enhver  Stilling  af  Halvlinien  L  ud  fra  £.  Lad 
X  vaere  en  fast  Halvlinie  ud  fra  /,  og  lad  os  veelge  en  positiv 
Oml0bsretning  i  Planen,  samt  bestemme  Halvlinien  L*  ved 
Vinklen  <p  —  <  (XL)  (0  <c^  <  STT).  Da  er  rlt  r2  og  r3  Funk- 
tioner  af  ^>,  og  der  gaelder  for  alle  y>  Uligheden  r1  >  rg 
Nu  er  imidlertid 

f*ff  t 

Arealet  af  ^  =  ~\r*dp  ;     Arealet  af  I2  —  i 
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samt    Arealet  af  M2  —  Arealet  af  N(l)  = 

F01gelig  er  Arealet   af  det  mellem  M  ^  og  I2  beliggende  Om- 
raade  lig 


>         (r.-r^d?  >  -J-  ft1**  = 
=  Arealet  af  Jtf2,   q.  e.  d. 

Hermed  er  den  opstillede  Ssetning  fuldsteendig  bevist. 

Jeg  bemaerker  sluttelig,  at,  som  det  umiddelbart  fremgaar 
af  Beviset,  den  ovenstaaende  Saetning  [alene  med  Undtagelse 
af  den  ene  Bemaerkning  om,  at  Y2  belt  i  sit  Indre  (incl.  Rand) 
vil  indeholde  en  Girkel  med  Centrum  i  O  og  Radius  e^-^-e^} 
vil  bevare  sin  Gyldighed  uforandret,  hvis  i  denne  Saetning  Forud- 
saetningen  om,  at  O  er  beliggende  indenfor  Kurven  3/1?  udelades. 
Denne  Bemeerkning  vil  vi  faa  Brug  for  i  det  folgende. 


§  3.    Addition  af  uendelig  mange  konvekse  Kurver. 

Lad  MIJ  M2,  .  .  .,  J/n,  .  .  .  vaere  uendelig  mange  konvekse 

oo 

Kurver  saaledes,  at    5^n  er  konvergent.    Jeg  skal  da  i  denne 

It  00 

Paragraf  undersoge  Punktmaengden  ^Mn.     Som  tidligere  vist 

n  =  1 

kan  vi  uden  at  indskraenke  Unders0gelsens  Almindelighed  an- 
tage,  at  Begyndelsespunktet  O   er  beliggende    indenfor  enhver 

00 

af  Kurverne    3/n;    da    er  ^Mn    tillige    ubetinget    konvergent, 

n  —  1  oo 

d.  v.  s.  den  uendelige  Raekke  med  positive  Tal  ^Pgn,  hvor  Cn 

_  M  *••  1 

betegner  Maximum    af  Afstanden  Oww,   idet  wn  gennem!0ber 
Kurven  Afn,  er  konvergent;  lad  denne  Reekke  have  Summen  JR; 

qc 

da  vil  alle  Punkter  tilh0rende  Punktmsengden  ^5?Mn  (ligesom 

N  jfZ-1 

for  ethvert  JY,  alle  Punkter  tilh0rende   5^M»)  veere  beliggende 

n—  1 
25 
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indenfor  en  Girkel  (incl.  Rand)  med  Centrum  i  O  og  Radius  It. 
Jeg  vil  antage,  hvad  der  0jensynlig  er  tilladeligt,  og  hvad  der 
vil  simplificere  Unders0gelsen   i  vaesentlig  Grad,   at  Arealet  af 
-Af  i  er  J>  Arealet  af  enhver  af  Kurverne  Mn  (n  ~  1  ,  2,  .  .  .). 
Inden  jeg  gaar  over  til  den  direkte  Undersegelse  af  Punkt- 

oo 

maengden  ^?Mn,  vil  jeg  f0rst  bevise  folgende  Saetning  om  Addi- 

«  «=  1 

tion  af  et  vilkaarligt  endeligt  Antal  konvekse  Kurver: 

N 

Punktmaengden    5^n  (jW  =  2,  3,  ...)  er  et  Omraade 

n-=  1 

(incl.  Rand)  begrsendset  enten  af  en  enkelt  konveks 
Kurve  YN  (og  dette  Tilfselde  vil  (for  N>_3)  altid  ind- 

1 


traeffe,  hvis  Punktmaengden  ^Mn  er  begraendset  af 

n  —  1 

en  enkelt  konveks  Kurve)  eller  af  to  konvekse  Kur- 
ver YN  og  IN,  hvor  1N  er  beliggende  belt  indenfor  Y#. 
Idet  vi  saetter  Yl  =====  /x  ==  MI  ,  vil  i  begge  Tilfaelde 
Kurven  YN  (N  ]>  2)  belt  omslutte  Kurven  YN~-i,  lige- 

2V 

som  i  det  Tilfaelde,  hvor   ^§  Mn  er  begrsendset  af  de 

n  —  1 

to  Kurver  YN  og  1N,  Kurven  2N  vil  vaere  belt  belig- 
gende indenfor  Kurven  7y__i.  Endvidere  vil,  idet 
Cn  og  en  betegner  Maksimum  henboldsvis  Minimum 
af  Afstanden  Ofnn  for  wn  gennem!0bende  Kurven 
J/n,  Kurven  Y#  vaere  beliggende  indenfor  en  Cirkel 

JV 

(incl.  Rand)    med  Centrum   i  O    og   Radius  J!Pgn,  og 

n«=  1 

belt  i  sit  Indre  (inch  Rand)  indeholde  en  Girkel  med 

N 

Centrum  i  O  og  Radius   5^n,  ligesom,  i  det  Tilfaelde, 

2f  n  =  l 

hvor  ^Mn  er  begraendset   af  to    konvekse    Kurver, 


n  =•  1 

Kurven  I&  vii  vaere  belt  indeholdt  i  en  Cirkel  (incl. 

N 

Rand)  med  Centrum  i  O  og  Radius  £t  —  5^n-     [Heraf 

X  n  ==  2  A- 

felger  specielt,   at   hvis    ^l  <,  5^^m   vil   Punktmaengden  ^  Mn 

n  «  2  n  -  1 

n0dvendigvis    vaere    begraendset    af   kun    eri    konveks    Kurve.] 

26 
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Endelig  vil  Arealet  af  det  me  11  em   YN  og  IV— i  be- 
liggende  Omraade,  ligesom  ogsaa,  i  det  Tilfaelde, 

hvor    5^»  er  begrsendset  af  to   konvekse  Kurver; 

Arealet   af  det  mellem   IN  og  /^-i  beliggende   Om- 
raade  vsere    >    Arealet   af  Kurven   MX*      [Heraf  felger 

specielt,  at  hvis  Arealet  af  M±  er   <^  ^f  (Arealet  af  Mn),  vil 

N  n  — 2 

Punktmaengden  ^j?Mn  n0dvendigvis  vaere   begrsendset   af  kun 

n  —  l 

en  konveks  Kurve.] 

Beviset  for  denne  Saetning  f0res  let  gennem  Induktion; 
Saetningen  er  rigtig  for  N  =  2.  Vi  antager  da  Saetningen 
rigtig,  naar  Antallet  af  konvekse  Kurver  er  <£  N,  og  vil  da 
herudfra  bevise  dens  Rigtighed,  naar  Antallet  af  konvekse 
Kurver  er  N  -f-  1 . 

Lad  N'(l)  betegtie  den  konvekse  Kurve,  der  fremkommer 
af  MN  +  i  paa  ganske  samme  Maade  som  den  i  forrige  Para- 
graf  betragtede  Kurve  N(l)  fremkom  af  M2.  [N'(l)  er  altsaa 
den  konvekse  Kurve,  der  fremkommer  ved  at  parallelforskyde 
Kurven  -f-  MN  +  i  saaledes,  at  O  falder  i  det  vilkaarligt  givne 
Punkt  L~]  Da  er  det  en  nodvendig  og  tilstraekkelig  Betingelse 

for    at   /   tilh0rer  Punktmaengden    5^n,    at  Kurven  -^'(0  bar 

n  —  J       N 

Punkter   faelles   med   Punktmaengden  ^>?Mn.     Jeg  vil   nu   f0rst 
bevise,  at  Punktmaengden  ^^f»  indeholder  ethvert  Punkt,  der 

N   n  — 1 

tilh0rer  Punktmaengden  \?J/n.     Dette   indses  umiddelbart   saa- 

n=l  N 

iedes:  Lad  I  vaere  et  vilkaarligt  Punkt  i  Punktmaengden  ^§Mn\ 

N+l  n»-l 

hvis  I  da  ikke  tilh0rte  Punktmaengden  ^j?Mn,  vilde  N'(l)  ingen 

N  n=-l 

Punkter  have  faelles  med^J/n.    Idet  Punktet  I  imidlertid  ligger 

n  ^m  1 

indenfor  N'(l)  og  indenfor  eller  paa  Kurven  1V»  kan  N'(l)  ikke 
ligge  helt  udenfor  IV;  endvidere  kan  N'(l),  i  det  Tilfaelde,  hvor 

N 

Mn  begreendses  af  de  to  lukkede  Kurver   IV  og  /y,  heller 
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ikke  ligge  belt  indenfor  7y,  da  Punktet  I  ligger  indenfor  N'(l) 
men  udenfor  eller  paa  Kurven  /y;  f01gelig  maatte  W(l),  hvis 

w» 
den   ingen   Punkter   havde   faelles  med  Jy^«i    belt    omslutte 

Kurven  Yy,  men  dette  er  umuligt,  da  Arealet  af  YN  >  Arealet 
af  MI  :>  Arealet  af  J/jr  +  i  —  Areaiet  af  N'(l).     Hermed   er 

N 

bevist,   at   ethvert  Punkt   I   tilherende   Punktmaengden    l?3/n 

"%*  »-'1 

ogsaa  maa  tilh0re  Punktmsengden    Vjt/n, 

n  —  1 

Jeg  vender  mig  nu  til  en  Betragtning  af  de  udenfor  YN  be- 
liggende  Punkter.  Lad  os  forst  betragte  den  Punktmaengde 
YN  +  MH+I  t  der  fremkommer  ved  Addition  af  de  to  konvekse 
Kurver  Y#  og  3/y+i,  der  begge  indebolder  Punktet  O  som 
indre  Punkt.  Da  Arealet  af  T^  >  Arealet  af  My+i  ,  vil  der, 
hvad  enten  Punktmaengden  YN  -f-  A/W-M  er  begrsendset  af  en 
eller  af  to  konvekse  Kurver,  eksistere  en  saadan  konveks  Kurve 
Yjf+i,  belt  indeholdende  Y&  i  sit  Indre,  at  de  udenfor  YN  be- 
liggende  Punkter  af  Punktmaengden  YN-\-MN+i  er  de  og  kun 
de  udenfor  Y#  beliggende  Punkter,  der  ligger  indenfor  eller 

paa  Kurven  FAH-I.    Idet  Punktmaengden  YN  -\-MN+i  imidlertid 

^fi 

er  belt  indeholdt  i  Punktmaengden    5^3/n  (da  Yv  er  indeboldt 


n)  ,  vil    5^3/n  f01gelig  indeholde  ethvert  udenfor   YN  be- 

—  1  n—1 

liggende   Punkt,   der   ligger   indenfor   eller   paa   Kurven   Yy+\. 


Derimod  paastaar  jeg,  vil    *£Mn  ikke  indeholde  noget  Punkt  I 

«  —  i 
udenfor   Y#+i  ;    thi    i    modsat   Fald   vilde   Kurven   N'(l)   have 

A-  jy 

Punkter   faelles   med    5^»»    falgelig,   da  ^§Mn   er    beliggende 

n—  1  n=  1 

indenfor  eller  paa  Kurven  YN,  ogsaa  med  Kurven  Yy,  d.  v.  s. 
I  maatte  tilh0re  Punktmsengden  Yy-+-My+i9  hvad  der  ikke 
er  Tilfaeldet. 

Hermed  er  bevist  Eksistensen  af  en  lukket  konveks  Kurve 
1^4-1,  der  helt  omsl  utter  YN,  saaledes  at  alle  de  udenfor  YN 

N+l 

beliggende  Punkter  af   5^^/n  ^r  samtlige  de  udenfor  YN  belig- 
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gende  Funkier,  der  ligger  indenfor  eller  paa  Kurven  Yy+\.  Da 
Fjf+i  er  bestemt  som  »den  ydre  Graendsekurve*  for  Yy-\-MN+i, 
vil  endvidere  det  mellem  Kurverne  Yy  og  YN+t  beliggende 
Areal  vaere  >  Arealet  af  M&+I.  Tillige  vil,  idet  Maximum  af 

_  3T 

Afstanden  OyN  for  ys  gennemlobende  YN  er  <^  ^gn,  og  Mini- 

_  n—l  N 

mum  af  Afstanden  OyN  for  yN  gennemlobende  Yy  er  >Ljj?g** 

n—  1 

Kurven  Fy+i  vaere  belt  indehoidt  i  en  Girkel  (incl.  Rand)  med 


Centrum  i  O  og  Radius    3^Cn  samt  belt  i  sit  Indre  (incl.  Rand) 


n  —  i 


indeholde  en  Cirkel  med  Centrum  i  O  og  Radius 


For  at  bestemme  Punktmaengden  ^§Mn  bar  vi  nu  kun  til- 

N  £Zl 

bage,  i  det  Tilfaelde,  hvor  ^J/n  er  begraendset  af  de  to  Kurver 

n—  1 

YN  og  /YI  at  unders0ge,  hvilke  Punkter  indenfor  1N  der  til- 


borer  ^?Mn.     Hvis  Arealet  af  JN  er  <c  Arealet  af  3/^+1  ,  vil 

n«l  X+l 

ethvert  Punkt  I  indenfor  IN  tilhere  ^Mn;  thi  da  N'(l)  i  dette 

n  —  1 

Tilfaelde  0jensynlig  hverken  kan  veere  beliggende  belt  udenfor 

YN,  eller  belt  indenfor  7y,  eller  belt  omslutte   Yy,  maa  N'(l) 

N 

n0dvendigvis  have  Punkter  faelles  med  ^M*.    Lad  os  dernaest 

n  =  l 

antage,  at  Arealet  af  IN  er  _>  Arealet  af  My+\.  Jeg  betragter 
da  den  Punktmaengde  /y-f-A/y+lt  der  fremkommer  ved  Addi- 
tion af  de  to  konvekse  Kurver  1N  og  3/^+1,  af  bvilke  i  hvert 
Fald  MN+I  indeholder  Begyndelsespunktet  O  i  sit  Indre.  Hvis 
denne  Punktmaengde  /^-[--A/y-fi  er  begraendset  af  kun  6n  kon- 
veks  Kurve  Y'9  vil,  da  I#  er  beliggende  belt  indenfor  Y\  alle 
Punkter  indenfor  IN  tilhore  Punktmaengden  IN  -f-  *Vy+i,  altsaa 

N+\ 

yderligere   tilhere   Punktmaengden  ^}?Mn.     Er  Punktmaengden 

n  —  1 

IN  +  A/^+i  derimod  begraendset  af  de  to  konvekse  Kurver  Yf 
og  /j^+i  (belt  indenfor  F'),  vil  alle  Punkter  indenfor  Iy  men 
udenfor  eller  paa  Kurven  /^H-I  tllhare  IN~\-M»+II  altsaa  yder- 

29 
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ligere  tilhore  ^MN\  derimod  vil  intet  Punkt  /  indenfor 

X±l       n-l 

tiih0re  ^3/n  ,  thi  i  modsat  Fald  maatte  Kurven  N'(l)  indehoide 

n—  1         X  N 

Punkter  af  JJF3/n,   f01gelig,  da  J5j^n  Hgger  belt  udentbr  eller 

n—  1  n—  1 

paa  Kurven  /y,  ogsaa  Punkter  paa  /#,  d.  v.  s.  /  maatte  tilh0re 
Punktmaengden  /y+J/y+i,  i  Modstrid  med  at  Z  ligger  inden- 
for Kurven  /y+i.  Idet  /jy+i  er  bestemt  som  wden  indre  Be- 
graendsningskurve*  for  ./y+^far+i,  f01ger  endvidere,  at  Arealet 
af  det  mellem  I#  og  /y+i  beliggende  Omraade  er  >  Arealet  af 


MX+I  ;  samt,  idet  Maksirnurn  af  Afstanden  O*>,  for  iN  gennem- 

N 

10bende  IN,  er  ^  gx  —  ^Penj  at  Kurven  /y+1  er  belt  indeholdt 

n  —  2 

i  en  Girkel  (inch  Rand)  med  Centrum  i  O  og  Radius  QI  — 

n 

Hermed  er  den  ovenstaaende  Saetning  fuldstaendig  bevist. 
Jeg  gaar  nu  over   til   den    direkte  Unders0gelse   af  Punkt- 

oo 

maengden  M  =^Mn.     Som  tidligere  bevist   er  denne  Punkt- 

n=>  1 

maengde  identisk  med  den  tilsvarende  Punktmsengde  At*,  hvis 
Elementer  m*  er  karakteriserede   gennem  f01gende  Egenskab: 

svarende  til  et  vilkaarligt  Tal  e  >  O  eksisterer  der  et  belt  Tal 

y 

jV1=^1(e),    saaledes    at   enhver   af  Punktmsengderne  ^£Mn 

n=  1 

(N  >L  ^i)  indeholder  mindst  ^t  Punkt,  bvis  Afstand  fra  w*  er 
mindre  end  e.    Idet  Punktmaengden   ^A/n  er  belt  indeholdt  i 


Punktmaengden  ^Mnj  indses    umiddelbart,   at  ethvert   Punkt 

n  —  1  N 

tilh0rende    en   af  Punktmaengderne  ^§Mn  maa  tilh0re  Punkt- 

n  —  1 

maengden  M*,  altsaa  tilh0re  Punktmaengden  M. 

Sammen    med   Punktmsengderi  ^^n  vil  jeg  betragte  den 

n«»  1 

Punktmaengde  PN  ,   der   bestaar  af  samtlige  Punkter  indenfor 

N 

og  paa  den  konvekse  Kurve  Yy  (med  andre  Ord,  hvis  ^§Mn 

n=*l 

er  begraendset  af  kun  en  konveks  Kurve,   er  Pn  identisk  med 
.v  & 

^Mn\    hvis  21?  Mn   derimod    er   begraendset   af    to    konvekse 

n~l  n-1  3Q 
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Kurver,   er  Py  den  Punktmaengde,   der   fremkommer  ved    til 

N 

rw   at   f0je   alle   de   indenfor  Ml   beliggende   Punkter,    der 


ikke  tilherer  ^Mn).    Da  er  PN  et  konvekst  Omraade.    Lad  P 

n=-  1 

betegne  den  Punktmaengde,  hvis  Elementer  p  er  karakteriserede 
derigeniiem,  at  der  til  ethvert  e  >0  svarer  et  helt  Tal  JVX, 
saaledes  at  enhver  af  Punktmaengderne  PN  (^>=^i)  indeholder 
et  Punkt,  hvis  Afstand  fra  p  er  mindre  end  e.  Da  vil  et  Punkt 
udenfor  M^  ojensynlig  da  og  kun  da  tilhore  A/—  ,fl/*,  naar 
det  tilh0rer  P.  Jeg  vil  bevise,  at  P  er  et  konvekst  Omraade; 
dette  indses  umiddelbart  saaledes  :  Hvis  den  rette  Linie  L  har 
de  to  Punkter  A  og  B  faelles  med  P,  vil,  for  alle  tilstraekkelig 
store  A7,  Punktmaengden  P&  indeholde  to  Punkter  AN  og  BN 
saaledes,  at  Afstandene  AAN  og  BBN  begge  er  mindre  end  e; 
idet  PN  imidlertid  er  et  konvekst  Omraade,  vil  PN  indeholde 
alle  Punkter  paa  Liniestykket  ANBN  ;  lad  C  vaere  et  vilkaarligt 
Punkt  paa  L  mellem  A  og  B  ;  der  vil  da  findes  et  Punkt  CN 
paa  Liniestykket  ANBN  (altsaa  et  Punkt  CN  tilh0rende  PN)  saa- 
ledes, at  Afstanden  CCN  er  mindre  end  s  ;  heraf  f01ger  imidler- 
tid, at  C  tilh0rer  Punktmsengden  P.  Hermed  er  bevist,  at 
Punktmaengden  P,  hvis  den  indeholder  de  to  Punkter  A  og  B, 
indeholder  hele  Liniestykket  AB,  d.  v.  s.  at  P  er  et  konvekst 
Omraade.  Da  P  endvidere  er  afsluttet  og  helt  i  det  Endelige 
beliggende  samt  ikke  ligger  helt  paa  en  ret  Linie,  maa  P  v$ere 
et.  Omraade  (inch  Rand)  begraendset  af  en  konveks  Kurve  F; 
og  det  er  klart,  at  enhver  af  Kurverne  Yy  maa  ligge  helt 
indenfor  Kurven  Y.  Alle  de  udenfor  Jt/1  beliggende  Punkter, 


som  tilh0rer  Punktmaengden  M  =^j%Mn,  er  altsaa  alle  de  uden- 

n  —  1 

for  MI  beliggende  Punkter,  der  ligger  indenfor  eller  paa 
en  konveks  Kurve  Y,  der  helt  omslutter  Aft.  Idet  Y  helt 
omslutter  Yy  (N  =  1,  2,  ----  )  vil  endvidere  det  mellem  Afx 

N 

og  Y  beliggende  Areal  vaere  >   5?  (Arealet  af  -A/w),  altsaa  ^ 

»  *-•* 

y  (Arealet  af  J/n).      [At  denne   sidste  uendelige   Rsekke   er 

n-2  31 
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konvergent,  f0Iger  af  Udledelsen,  men  er  trivielt,  da  Arealet  af 

oo 

Af*<,it€**i  °8  5?C*f  umiddelbart  ses  at  vaere  konvergent,  da 

00  ^=1 

J^Cn  er  konvergent.]  I0vrigt  vil  det  mellem  M^  og  Y  beliggende 
Areal  vsere  >•  det  mellem  M±  og  Y2  beliggende  Areal  -f- 

J?  (Arealet  af  Mn),  altsaa  >  (ikke  blot  ,>  )  J?  (Arealet  af  A/*). 

£z*  *Z* 

Endelig  indses,   at  Kurven  Y  vil  vsere  beliggende  indenfor  en 

QO 

Girkel  (incl.  Rand)  med  Centrum  i  O  og  Radius  J^Cn  samt  i 

n  —  1 

sit  Indre  (incl.  Rand)  vil  indeholde  en  Cirkel  med  Centrum  i   O 

oo 

og  Radius  J^e,,. 

n  —  1  oo 

For  helt  at  bestemme   Punktmsengden  A/=JJFj/n,  bar  vi 

ifSi 
endnu   tilbage,   i  det  Tilfeelde,    hvor  samtlige   Punktmeengder 

x 

^&Afn  (N  =2,  3,  .  .  .)   er   begrcendsede  af  to  konvekse  Kurver 
jfH\ 
YX  og  /jr,  at  bestemme  de  Punkter  indenfor  A/1?  der  tilhorer 

Punktmaengden  M.  Ved  en  Betragtning  ganske  tilsvarende  til 
den  ovenfor  benyttede  beviser  man  her^  at  bvis  der  overbovedet 
findes  Punkter  indenfor  Ml  ,  der  ikke  tilborer  Af  ,  vil  den  af 
disse  Punkter  dannede  Punktmaengde  Q  veere  et  konvekst  Om- 
raade,  der  ikke  indebolder  noget  Punkt  af  sin  Begraendsning 
(altsaa  specielt  ikke  er  helt  beliggende  paa  en  ret  Linie),  og 
som  ligger  helt  indenfor  enhver  af  Kurverne  1N.  Folgelig  vil 
der,  hvis  M  ikke  indeholder  alle  Punkter  indenfor  Kurven  M^ 
eksistere  en  saadan  konveks  Kurve  /,  at  de  indenfor  bfl  ,  til 
M  horende,  Punkter  er  samtlige  de  indenfor  A/t  beliggende 
Punkter,  der  ligger  udenfor  eller  paa  Kurven  /.  Endvidere 
vises  paa  ganske  samme  Maade  som  ovenfor,  at  det  mellem 

00 

Ml  og  J  beliggende  Areal  er  >  J5?  (Arealet  af  3/n),  samt  at 

n  —  2 

Kurven  /  er  helt  beliggende  indenfor  en  Cirkel  (incl.  Rand) 
med  Centrum  i  O  og  Radius  Ci 


Resumerer  vi  de  fundne  Resultater,  bar  vi  bevist  folgende 
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Saetning:  Lad  Mn  (n  ~  1,  2,  ...)  v»re  «n  lukket  kon- 
veks   Kurve,   der  indeholder   Begyndelsespunktet   O 

00 

i  sit  Indre,    og  saaledes,   a*-    5^»  er  konvergent;    og 


n  «=>  1 

lad  Arealet  af  MI  vaere  :>  Arealet  af  Mn  (n  =  2,  3,  ...)• 

06 

Punktmaengden  -A/  —  ^J?Mn  vil  da  veere  et  Omraade 

n^l 

(inch  Rand)  begraendset  enten  af  en  enkelt  lukket 
konveks  Kurve  Y  eller  af  to  lukkede  konvekse  Itur- 
ver  Y  og  /,  hvor  J  ligger  belt  in  den  for  Y.  Endvidere 
vil,  idet  gn  henholdsvis  en  betegner  Maksimum  hen- 
hoidsvis  Minimum  af  Afstanden  Omn  for  mn  gennem- 
lebende  Mn,  Kurven  Y  ligge  indenfor  en  Cirkel  (incl. 

00 

Rand)  med  Centrum  i  O  og  Radius  J|pc«i  samt  i  sit 

n  —  1 

Indre  (incl.Rand)  indeholde  en  Cirkel  med  Centrum 


i  O  og  Radius  J!pen,  ligesom  Kurven  /,  i  det  Tilfselde, 

n  -«  1 

hvor  Al  begraendses  af  de  to  Kurver  Y  og  J,  vil  vaere 
beliggende  indenfor  en  Cirkel  (incl.  Rand)  med   O 

oo 

som  Centrum  og  Radius  c±  —  ^£en.     Endelig  vil  Kur- 

n  =  2 

ven   Y  belt    omslutte  Kurven  3/t   og  Arealet  af  det 
mellem   A/±   og    Y   beliggende    Omraade    vil    vaere    > 

OP 

5  (Arealet  af  3/n),  ligesom  Kurven  JT,  i  det  Tilfselde, 
^Ta 
bvor  M  er  begroendset   af  de  to  Kurver   Y  og  7,  vil 

vaere  beliggende  belt  indenfor  Kurven  M^  og  saa- 
ledes, at  Arealet  af  det  mellem  J/t  og  1  beliggende 

OP 

Omraade   vil  vaere  >  ^  (Arealet  af  Mn).     F01gelig 

n«=-2 

vil,   hvis  M  er  begraendset    af  kun  den  ene  Kurve   Y, 

OP 

Arealet   af  Omraadet  M  vaere  >  ^  (Arealet  af  .l/n)t 

n  —  1 

medens  Arealet  af  Omraadet  M  i  det  Tilfselde,  hvor 
M  er  begraendset   af  de  to  lukkede  konvekse  Kurver 
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Fog  /,   vil  vsere   >  2  •  J?  (Arealet  af  3/n).      [Af  Sset- 

n  — 2  °£L 

ningen  fremgaar  specielt,  at  hvis  ^  <^^ 'tni  eller  hvis  Arealet 


af  MI  er  <  J)>  (Arealet  af  3/w),  vil  M  nodvendigvis  vaere  be- 

n— a 
graendset  af  kun  ^n  lukket  konveks  KurveJ. 

K0benhavn,  11—2—1912. 


Fl.    Overa.  Dan.  Vid.  Setek,  Forh.    191S. 


SUR  L' ADDITION  D'UN  NOMBRE  INFINI 

DE  COURSES  CONVEXES. 

RfiSUMfi. 


Introduction. 

A  u  cours  de  recherches  relatives  £  une  classe  g&nerale  de 
-**>  series  infinies1  j'ai  ete  amene  k  me  poser  le  probl&me 
suivant  : 

Etant  donnee  une  suite  infinie  de  nombres  positifs  clf  g2, 

GO 

.  .  .  ,  Cn  ,  -  -  -  telle  que  J5pcn  soit  convergente,  quelles  seront  les 

n  *»1  oo 

valeurs  prises  par  la  fonction  F(^>x,  y?21  .  ..,  y>n,  ..,)  ===  ^^ne4^n 

n«»  1 

si  nous  supposons  que  les  nombres  r£els  <p^  <p2,  ...,  ^>n,  ...  par- 
courent  ind^pendamment  les  uns  des  autres  toutes  les  valeurs 
depuis  —  oo  jusqu'a  +  oo  ou  bien,  ce  qui  revient  gvidemment 
au  meme,  toutes  les  valeurs  comprises  entre  0  (inclusivement) 
et  2?r  (exclusivement)  ? 

II  est  tr§s  facile  de  d^montrer  que  le  th6or6me  saivant 
aura  lieu: 

1°  Au  cas  ou  la  suite  de  nombres  £t,  c2»  •  •  •»  C»  ,  -  -  -  ne  com- 
prend  pas  un  element,  £n,  superieur  k  la  somme  de  tous  les 
autrest  la  fonction  F  prendra  toutes  les  valeurs  z  pour  les- 

QO 

quelles  Mj^^Cn,  et  ces  valeurs  seulement;  en  d'autres  ter- 


— 

mes  :  elle  prendra  toutes  les  valeurs  complexes  dont  la  repr£- 
sentation  dans  le  plan  complexe  soit  situee  £  Tinterieur  ou  sur 
la  circonference  d'un  cercle  ayant  i'origine  pour  centre  et  de 

00 

rayon  JFcn- 

n  =*  1 

2°  Dans  le  cas  ou  la  suite  Cn  C2»  --M  Cn,---  comprend  au 
contraire  un  616ment  $N  superieur  a  la  somme  de  tous  les 
autres,  la  fonction  F  prendra  toutes  les  valeurs  z  pour  lesquelles 

1  Voir  mon  m^moire  intitule  :  Losung  des  absoluten  Konverpenzproblems 
einer  allgemeinen  Klasse  Dirichletschen  Rtihen,  qui  va  paraitre  dans  les 
Acta  Mathematica. 
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oo 

CN  —  3?C*  <- 1  #1  <L  J!S?Cni  e*  ces  va*eurs  seulement;  en  d'autres 

termes:  elle  prendra  toutes  les  valeurs  complexes  dont  la  re- 
pr^sentation  dans  le  plan  complexe  soit  situee  It  Pinterieur  ou 
sur  le  bord  d'un  anneau  circulaire  ayant  son  centre  a  Porigine 
et  dont  les  rayons  exterieur  et  int^rieur  soient  respectivement 


En  tenant  compte  de  ce  fait  que,  <pn  variant  de  0  a  2*r,  le 
point  du  plan  complexe  qui  correspond  au  nombre  £«£***»  P&r- 
courra  une  circonference  ayant  Porigine  pour  centre  et  de 
rayon  $n,  le  m&me  theor&me  peut  ^videmment,  sous  une  forme 
un  peu  moins  precise,  il  est  vrai,  s'^noncer  comme  suit:  L'en- 
semble  M  de  points  du  plan  complexe  qui  s'obtient  par  1'addi- 
tion  d'une  infinite  de  circonferences  ayant  pour  centre  Porigine 
et  dont  les  rayons  forment  une  serie  convergente  (c'est-k-dire  : 
Pensemble  M  de  points  qui  correspond  a  Pensemble  de  tous 


les  nombres  complexes  z  =  ^£2*,  ou  zn  est  le  nombre  com- 

n—  1 

plexe  qui  correspond  a  uii  point  arbitraire  situe  sur  la  nifeme 
circonference)  formera  ou  Pinterieur  d'un  cercle  (y  compris  la 
circonf^rence)  ayant  son  centre  a  Porigine,  ou  bien  ceiui  d'un 
anneau  circulaire  (y  compris  les  circonferences  interieure  et 
ext^rieure)  ayant  egalement  Porigine  pour  centre. 

L'etude  de  certaines  fonctions  auxquelles  on  a  affaire  dans 
la  theorie  analytique  des  nombres  premiers  m'a  conduit  au 
probteme  plus  general  de  savoir  quel  ensemble  de  points  r£- 
sulterait  d'une  addition  portant  non  pas  en  particulier  sur  une 
infinite  de  circonferences  ayant  Porigine  pour  centre,  mais  sur 
une  infinite'  de  courbes  convexes  fermees  arbitrages.  Je  d^mon- 
trais  alors  une  proposition  generale,  correspondant  a  celle  que 
je  viens  d'6noncer  sur  Paddition  d'une  infinite  de  circonferences 
et  qui  disait:  que  Pensemble  de  points  qu'on  obtient  dans  le 
plan  complexe  par  Paddition  d'une  infinite"  de  courbes  convexes 
fermees*  sera  ou  Pinterieur  (y  compris  la  fronttere)  d'une  courbe 
convexe  ferm£e,  ou  bien  un  domaine  (y  compris  la  frontiere) 
limits  par  deux  courbes  convexes  fermees  dont  1'une  sera  in- 
terieure  &  1'autre. 

La  presente  Note  contient  la  formulation  exacte  et  la  d<§- 
monstration  de  cette  proposition.  Comme  il  s'agit  au  Tond  d'un 
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thgor&me  de  g£om£trie  il  m'a  semble  plus  naturel  de  donner 
la  demonstration  sous  sa  forme  geometrique  que  d'exposer  le 
th£or&me  et  la  demonstration  sous  leur  aspect  arithmetique  en 
introduisant  des  nombres  complexes. 

Au  §  1  je  fais  quelques  remarques  generates  d'orientation 
sur  Paddition  d'une  infinite  d'ensembles  de  points;  le  §  2  traite 
de  1'addition  de  deux  courbes  convexes  ferm^es  ;  le  §  3,  en  fin  est 
relatif  &  1'addition  d'une  infinite  de  courbes  convexes  fermees. 

Dans  un  memoire  subsequent  je  me  propose  d'appliquer  les 
r^sultats  de  la  pr^sente  recherche  aux  fonctipns  appartenant  £ 
la  th^orie  analytique  des  nombres  premiers,  et  notamment  a  la 
fonction  z£ta  de  Riemann, 

§  1.    Quelques  remarques  g£n£rales  sur  1'addition  d'une  infinite 
d'cnsembles  de  points. 

Soient  pt  et  p2  deux  points  dans  un  plan  d'origine  O,  et 
entendons,  comme  on  le  fait  habituellement,  par  la  somme 
Pi~{-P2j  le  point  du  plan  qui  forme  le  sommet  opposg  a  O 
dans  la  parallelogramme  ou  les  deux  autres  sommets  sont  pl 
et^>2.  Le  concept  de  somme  de  deux  points  s'etend  imm£diate- 
ment  en  celui  de  somme  d'un  nombre  fini  quelconque  de  points. 
Soient  plf  p21  .  .  .  ,  pn  ,  .  .  .  une  suite  infinie  de  points  situ^s  dans 

oo 

le  plan  ;  la  serie  infinie  ^£pn  sera  alors  dite  convergente  et  avec 


la  somme  p  si  le  point  qN  =  ^Pn  se  rapproche  du  point  limite 

»==i 
fini  et  determine  p,  N  croissant  indefiniment  ;  c.  a  d.  si  lim  qy=p. 

If  =  ao 

Soient  A/t,  aux  elements  (points)  mlt  et  M2  aux  elements 
m2J  deux  ensembles  de  points  donnas,  situes  dans  le  plan;  je 
d(§signe  par  la  somme  Ml  +  M  2  Tensemble  de  points  constitue 
par  tous  les  points  de  forme  m^-\-m^\  en  d'autres  termes: 
1'ensemble  de  points  M^  -4-  A/2  contient  tous  les  points  sus- 
ceptibles  d'etre  construits  comme  somme  d'un  element  de  3/1 
et  d'un  616ment  de  3f2,  et  ces  points  seulement. 

Le  concept  de  somme  de  deux  ensembles  de  points  s'etend 
immediatement  en  celui  de  somme  d'un  nombre  fini  quelconque 
d'ensembles  de  points. 

Supposons  donnee  une  suite  infinie  d'ensembles  de  points  : 
MI  aux  Elements  wt,  M2  aux  ^l^ments  m2t  .  .  .,  Mn  aux  ele- 
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00 

ments  ww,  ....     La   s£rie   infinie  J5?Jkfn  sera  dite   convergente 

nest     oo 

dans   les    cas    ou  toute   serie  infinie  ^§mn  (ou  mn  designe  un 
point  quelconque  de  Mn)  sera  convergente;  d'une  serie 


convergente   nous    dirons    qu'elle  represente  (a  la  somme)  A/, 
M  designant   1'ensemble  de  points  qui   aura  pour  elements  m 

QO 

tous  les  points  de  la  forme  5?*nn  (chaque  point  n'etant  compte 

n  —  i 

qu'une  fois)  et  ces  points  seulement. 

Suivent  des  remarques  et  des  th^or&mes  relatifs  a  la  somme 
d'une  infinite  d'ensembles  de  points.  Gitons,  £  titre  d'exemple, 
le  theoreme  suivant:  Etant  donnee  une  serie  -con- 

QO 

vergente        Mn    d'ensembles    de   points    Mn   situes 


tout  entiers  dans  le  fini  (c.-a-d.  a  Tinterieur  d'un  cercle 
ayant  Torigine  pour  centre  et  de  rayon  Bn)  et  fermes  (c.-a-d. 
contenant  ses  points  limite)  1'ensemble  de  points  3/== 


/n  constituera  egalement  un  ensemble  de  points 

n«=l 

ferm4,  situe  tout  entier  dans  le  fini. 

Citons  en  outre  le  theor&me  que  voici  :  fitant  donnee 
une  suite  infinie  d'ensembles  de  points  M^,  A/2,  ..., 

op 

Mn  ,...  telle  que  ^Mn  soit  convergente;   d^signons 


par  M*  1'ensemble  de  points  compose  de  points  tw* 
pour    lesquels    il   soit   possible   de    prendre,    dans 

r 

1'ensemble  de  points  Lr  =^Mn  un  point  lr  tel  que 

n  —  1 

lim  lr  =  ttt*.    L'ensemble  de  points  A/*  comprendra, 

r**oo 

comme  £l£ments  m*,  tous  les  points  contenus  dans 

QO 

i'ensembie  de  points  M  =  5^A/n  ou  constituant  des 


points  limite  de  1'ensemble  3/,  et  ces  points  seule- 
ment.     De   1&  resulte   specialement    qu'au    cas    ou    1'en- 

00 

semble    de    points    M  =====  ^§Mn    est   un    ensemble    de 


points  ferme  —  et,  d.  fortiori,  si  chacun  des  ensembles  de 
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points  A/n  est  ferme  et  situe  tout  en  tier  dans  le  fini,  M  sera 
egai  £  M*. 

Gitons  enfin  le  theor&me  suivant  qui  nous   aidera   a  com- 
prendre  la  structure  des  ensembles  de  points  Afn  d'une    s£rie 

GO 

convergente  ^Mn  :    Soit   Mn  (n  =  1,  2,  ...)    un   ensemble 

n-»  1  oo 

de  points   situe  tout  entier  dans  le  fini  et  soit  ^§  Mn 


-= 

convergente.     II   existera    une   suite   de  points   cx,  c2, 


.  .  .,  c«,  ...  oilmen  sera  convergente   et  une  suite  cor- 

n  —  1 

respondante  de  nombres  positifs  rlt  r2,  .  .  .,  rw,  .  .  .  ou 

oo 

n  sera  convergente   tel  que  1'ensemble  de  points 

jfn  (w  =  1,  2,  ____  )  sera  situe  tout  entier  a  IMnterieur 
du  cercle  de  centre  cn  et  de  rayon  rn. 

De   ce   dernier  theor&me   se   deduit   immediatement   la   re- 


marque  importante:  Dans  r^tude  des  series  convergentes  ^§  Atn 

n«l 

dont  chaque  terme  soit  un  ensemble  de  points  situe  tout 
entier  dans  le  fini,  on  pourra  se  borner  £  considerer  les  series 
absoiument  convergentes  (une  serie  est  dite  absolument 
convergente  quand  le  terme  general  Mn  se  trouve  contenu 
tout  entier  dans  un  cercle  ayant  Torigine  pour  centre  et  de 


rayon  rn  tel  que  la  s£rie  a  termes  positifs,  ^rn  soit  conver- 

oo  n«t 

gente),  car  &  toute  serie  convergente^^3/n  dont  les  termes  soient 

n-=l 

tout  entiers  situes  dans  le  fini   correspondra    evidemment,    en 
vertu  du  th6or&me  precedent  une  serie  absolument  conver- 

00 

gente  ^5?  M^    ou    1'ensemble    de    points    M*n    sera     congruent 

n=l 

a   Tensemble   de  points  Mn   et   tel    que   Pensemble    de   points 

oo 

M  =  ^5?  Mn    se    deduit     immediatement     de    Tensemble     de 

n«»  1  oo 

points  A£'=  ^  Mn  &  Taide  d'un  simple  deplacement  parall^le. 

n==l 

Le   §  1    se  termine  par  la  consideration  du  cas  special  ou 
chacun   des   ensembles   de   points  Mn  de  la  s£rie  convergente 

QC 

^Mn  est  une   courbe  de  Jordan.     On  montre  ais^ment,  en 

n-l  39 


F  1.     Overs.  Dan.  Vid.  Selsk.  Forh.    1913. 


364  HARALD  BOHR. 

se  basant  sur  les  theor&mes  precedents  qu'il  sufftt  de  consid£rer 
le  cas  ou  Porigine  O   se  trouve  interieurement  a  chacune  des 


courbes  Mn   et  ,   aussi  ,   que    dans   ce   cas  ^Mn   sera   absolu- 
ment  convergente.  n—  * 

§  2.    Sur  i'addition  de  deux  courbes  eonvexes. 

Ge  paragraphe  contient  le  demonstration  du  theorem  e  sui- 
vant: 

Solent  Ml  et  M2  deux  courbes  convexes  contenant 
toutes  deux  1'origine  O  com  me  point  interieur  et 
soit  Paire  de  Mt  *  >1  1'aire  de  M2.  L'ensemble  de 
points  M  x  4"  M2  sera  ou  un  domaine  (y  compris  la 
fronti&re)  limits  par  une  seule  courbe  convexe  Y2 
et  tel  que  la  courbe  Aft  se  trouve  situ£e  tout  enti&re 
&  Tint^rieur  de  la  courbe  ¥2  ,  ou  bien  Ml+M2  re- 
pr£sentera  un  domaine  (y  compris  la  frontifere) 
limite  par  deux  courbes  convexes  Y2  et  I2  dont  J2 
sera  situ^  tout  enti&re  k  1'interieurde  Y2  et  de  telle 
sorte  que  la  courbe  Mt  soit  contenue  toute  entidre 
k  I'int^rieur  de  la  courbe  Y2  tout  en  contenant  I2 
tout  enti^re  ^t  son  interieur.  En  outre,  en  d<§signant 
par  Ci  («  =====  t,  2),  respectivement  par  €i  (i  ==  1,  2)t 
le  maximjijn,  respecti  vement  le  minimum,  de  la 
distance  Ow»,  ou  m  parcourt  la  courbe  Mi,  la  courbe 


Y2  sera  contenue  tout  enti&re  a  Tinterieur  d'un 
cercle  (y  compris  la  circonf^rence)  de  centre  O  et 
de  rayon  Ci+C2e^  co  ntiendrakson  interieur  (y  com- 
pris  la  frontiere)  un  cercle  de  centre  O  et  de  rayon 
Cj-f-eg,  de  m£me  qu'au  cas  oil  MX+M2  est  limits 
par  deux  courbes  convexes,  la  courbe  /2  se  trou- 
vera  contenue  tout  enti&re  dans  un  cercle  (y  com- 
pris la  circonf^rence)  de  centre  O  et  de  rayon  Ci  —  ^2* 
Enfin,  Taire  du  domaine  compris  entre  Mt  et  Y2  sera 
plus  grande  que  1'aire  de  M2  de  rnfime  qu'au  cas  ou 
Af1-(-Af2  est  limite  par  deux  courbes  convexes  Taire 
du  domaine  compris  entre  Mx  et  I2  sera  plus  grand 

1  Par  Pa  ire  d'une  courbe  convexe  nous  entendons  Taire  du  domaine, 
forcement  existant,  qui  est  situ6  interieurement  k  la  courbe  en  question. 

40 
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que  1'aire  de  M2;  il  en  resulte  qu'au  cas  ou  Jlfx  +  Af 2 
est  limits  par  une  seule  courbe  convex e,  Taire  du 
domaine  J\ft  +  M.2  sera  plus  grande  que  1'aire  de 
M!  +  1'aire  de  M2,  tandis  qu'au  cas  ou  M^-^M2  est 
limits  par  deux  courbes  convexes,  1'aire  du  do- 
maine Mt+M2  sera  >  2- (1'aire  de  M2). 


§  3.    Bur  1'additfon  <Tune  infinite  de  courbes  convexes. 

Extension  du  th6or&me  sur  1'addition  de,  deux  courbes  con- 
vexes,  demontre  au  §  2,  en  un  theor&me  plus  generate  portant 
sur  1'addition  d'un  nombre  fini  arbitraire  de  courbes  convexes. 
Demonstration  de  la  proposition  generate  suivante  sur  1'addi- 
tion d'une  infinite  de  courbes  convexes: 

Etant  donn^e  une  courbe  convexe  fermee  Mn 
(n  ==  1^2,...)  contenant  Torigine  O  k  son  int6rieur  et 

OP 

telle    que  ^Mn    soil    convergente,    soit    Taire    de 

n-»l 

A/!  ^1'aire  de  Mn  (n  =  2,  3,  .  .  .)  ;  1'ensemble  de  points 

OP 

M  =  ^  Mn  sera  un  domnine  (ycompris  la  frontiere) 

n«  1 

limite,  ou  par  une  seule  courbe  convexe  fermee  F, 
ou  par  deux  courbes  convexes  fermees  Y  et  /  doiit 
/  se  trouvera  tout  enti&re  interieurement  a  Y.  En 
outre  nous  aurons,  en  designant  par  $n  et  par  0W, 
respectivement,  le  maximum  et  le  minimum,  re- 
specti  vem  ent,  de  la  distance  Own,  pour  mn  par- 
c  o  u  r  a  n  t  M  n  ,  la  courbe  Y  situee  &  Pinterieur  d'un 
cercle  (y  compris  la  circonference)  de  centre  O  et 


de  rayon  JJ^Cn  et  contenant  a  son  int<§rieur  (y  com- 

»^=i 
pris  la  frontiere)  un   cercle  de  centre  O  et  de  rayon 

QO 

"V  en  ,   d  &   m  6  m  e   q*u  e   nous    aurons,     au   cas   ou   M   se 

trouve  limite  par  les  deux  courbes   Y  et  /,  la  courbe 
/  situee  a  1'interieur  d'un  cercle  (y  compris  la  cir- 

go 

conference)  de  centre  O  et  de  rayon  cx  —  5^n-    Enfin, 

n-2 

la  courbe   Y  eiftourera   la  courbe   Ml   tout   entiere 
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et  Taire  du  domaine  compris  entre  Mt  et  Y  sera  > 
(aire  J^,),    de  rnfime  qu'au   cas   ou  M  se   trouve 


limits  par  les  deux  courbes  Y  et  J,  la  courbe  /  sera 
situee  tout  enti&re  &  l'int£rieur  de  la  courbe  Mt  et 
de  telle  sorte  que  1'aire  du  domaine  compris  entre 

oo 

M  x  et  /  s  e  r  a  >  J5  (aire  -fl/»).     Par  consequent,  si  M 

»«2 

est  limits  par  la  seule  courbe   Y,  Paire  du  domaine 

00 

M  sera  >  ^§  (aire  M  n)  ,   tandis   que  dans   le   cas  ou 

n-»  1 

est  limite  par  les   deux   courbes   convexes  Y  et  I, 

00 

1'aire   du   domaine   M   sera  >  2  •  JJP  (aire  A/n)-      [De 

n£* 

cette   proposition    il    s'ensuit    specialement    qu'en     supposant 

CO  OO 

Ci  ^^Sent  ou  bien,  en  faisant  Paire  de  M^  ^^  (aire  3/n), 

n—  2  n—  2 

on  aura  forcement  M  limits  par  une  seule  courbe  convexe 
ferm^e.] 
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Om  Addition  af  konvekse  Kurver  med  givne 
Sandsynlighedsfordelinger. 

(En  maengdeteoretisk  Undersegelse). 

Af  Harald   Bohr. 


1.  Den  Opgave   at   addere    konvekse  Kurver   »belagt«    med 
Sandsynlighed  m0der  man  ved  Studiet  af  Primtalteoriens  Funk- 
tioner*).      Vi    skal    i    denne  lille  A  f  handling  nojes  med  at  be- 
tragte    Addition    af    to  saadanne  Kurver  (og  desuden  kun  be- 
skseftige  os  med   Eksistenssp0rgsmaal).      De   Hjaelpem  idler,  der 
benyttes,   er  hentet  fra  den  moderne  Maengdelaere  ;    naar  der  i 
det    folgende    tales    om   en    »maalelig«    Masngde  eller  en   »inte- 
grabel*   Funktion,    skal    disse    Begreber   derfor  overalt  tages  i 
den  Lebesgue&ie.  Betydning. 

2.  Vi  taenker  os  givet  to  vilkaarlige  lukkede  konvekse 
Kurver  K±  og  K%,   beliggende  i  en  kompleks  <sr-Plan  og  begge 
omsluttende  Planens  Nulpunkt  O\   for  Simpelheds  Skyld   vil  vi 
antage,    at    Kurverne    ingen  Knaek  bar,  altsaa  at  der  i  ethvert 
Punkt   er   en  bestemt  Tangent,   og  at  de  ingen  retiinede   Styk- 
ker  indehoider.    Kurven  KI  (/  =  1,2)  taenker  vi  os  opgivet  ved 
en    kontinuert   Parameterfremstilling  %i  —fifa),  hvor  tt  gennem- 


En  Oversigt  over  de  Underscgelser,  der  bar  f0ri  til  geometriske  Proble- 
mer  af  den  naevnte  Art,  er  givet  af  Forfatteren  i  -et  Foredrag:  »tJber  dio- 
phantische  Approximationen  und  ihre  Anwendungen  auf  Dirichlet'sche 
Reihen,  besonders  auf  die  Riemann'sche  Zetafunktiont,  holdt  paa  den 
skandinaviske  Matematikerkongres  i  HeLsingfors  1922. 
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10ber  et  Interval  o  ^  A  ^  i  [eller,  idet /<  (o)  ~ft(i\,  et  Interval, 
der  er  foldet  omkring  en  Cirkel  af  Laengden  i].  Denne  Para- 
meterfremstilling  skal  opfattes  saaledes,  at  den  ikke  blot  be- 
stemmer  os  Kurven  KI  sorn  Helhed,  men  tillige  giver  os  en 
Sandsynlighedsfordeli  ng  paa  K^  idet  vi  ved  Sandsynlig- 
heden  for,  at  et  Kurvepunkt  zi  falder  paa  en  vilkaarligt  given 
Bue  .5  paa  KI>  vil  forstaa  det  Tal  p,  der  angiver  Laengden  af  det 
tilsvarende  Parameterinterval  B.  Vi  vil  forudssette,  at  den  givne 
Afbildning  af  Kurven  KI  paa  Intervallet  o  ^  /i  ^  i  er  saale- 
des beskaffen,  at  den  naevnte  >Buesandsynlighed«  kan  f0res 
tilbage  til  en  »Punktsandsyniighed«,  cl.  v.  s.  at  der  eksi- 
sterer  en  i  Punkterne  Zi  paa  KI  defineret  Funktion  Si(zi)  saa- 
ledes, at  Sandsynligheden  (3  for  at  et  Punkt  falder  paa  en  given 
Bue  B  paa  KI  (altsaa  Laengden  p  af  det  tilsvarende  Parameter- 
interval  B)  er  lig  med  ^si(s^dli  taget  over  Buen  B,  idet  dli  an- 
giver Buediflferentialet  paa  KI.  For  at  simplificere  Fremstil- 
lingen  vil  vi  endvidere  antage,  at  denne  Punktsandsynlighed 
Si(si)  er  en  begraenset  Funktion  af  &i9  hvoraf  f01ger,  at  For- 
hoidet  mellem  Laengden  af  et  vilkaarligt  Parameterinterval  og 
Laengden  af  den  tilsvarende  Bue  paa  Kt  er  <C  en  fast  Kon- 
stant. 

3.  Vi  adderer  nu  Kurverne  Kl  og  JC9,  d.  v.  s.  vi  danner 
-den  Punktmaengde  Q  i  ^-Planen,  hvis  Punkter  z  fremkommer 
ved  Addition  af  et  vilkaarligt  Punkt  z±  paa  K±  og  et  vilkaar- 
ligt Punkt  #2  paa  K^.  Om  denne  Punktmaengde  Q  bar  For- 
fatteren  tidligere  vist*),  at  den  er  et  afsluttet  Omraade,  der 
begraenses  af  en  enkelt  lukket  konveks  Kurve  eller  af  to  luk- 
kede  konvekse  Kurver,  af  hviike  den  ene  omslutter  den  anden. 
Vi  skal  nu  undersoge  »Sandsy nligheden«  for,  at  Sum- 
punktet  z  falder  indenfor  en  vis  given  Del  afQ.  Hertil  karakteri- 
serer  vi  en  Sum  z±  +  z*  af  et  Punkt  st  paa  K±  og  et  Punkt 
z%  paa  KI  ved  at  opgive  de  to  til  z±  og  z%  svarende  Punkter 
*i  °S  ^a  l  Parameterintervallerne  o  ^  /x  ^  i  og  o  ^  /2  ^  i, 
eller  anderledes  udtrykt  ved  det  Punkt  i  Enhedskvadratet  E  \ 
en  Plan  med  et  fastlagt  retvinklet  Koordinatsystem,  der  bar 
Koordinaterne  (/A ,  /a).  [Herved  skal  naturligvis  »tilsvarende« 
Punkter  paa  modsatte  Kvadratsider  opfattes  som  et  og  samme 
Punkt;  den  geometriske  Sammenhaeng  opfattes  derfor  bedst 


*)  H.  Bohr:     Om  Addition   af    uendelig  mange  konvekse  Kurver,  Videnska- 
bernes  Selskabs  Oversigter,    1913   (S.   325 — 358)- 
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ved  at  taenke  sig  Punkterne  afbildet  paa  en  Torus  i  Stedet 
for  paa  et  .Kvadrat].  Herved  er  bestemt  en  Afbildning  af 
Punkterne  7*:(/lt  /a)  i  Enhedskvadratet  E  paa  Punkterne  z  i 
Omraadet  Q;  denne  Afbildning  er  imidlertid  ikke  enentydig 
—  som  den  Afbildning  Talen  var  om  ved  den  enkelte  kon- 
vekse  Kurve  —  idet  der  vel  til  ethvert  Punkt  T  i  E  svarer  et 
og  kun  eet  Punkt  z  i  Q  (som  varierer  kontinuert  med  T), 
men  ikke  omvendt  til  et  givet  z  svarer  kun  eet  7*,  idet  et 
Punkt  z  i  Q  i  Almindelighed  paa  flere  Maader  kan  dannes 
som  en  Sum  *t  +  JS9.  Lad  nu  M  vaere  en  vilkaarlig  maalelig 
Maengde  i  .sr-Planen  og  IVI  den  »tilsvarende«  Punktmaengde  i  En- 
hedskvadratet E\  ved  Sandsynligheden  for,  at  Sumpunktet  z 
falder  i  Mt  vil  vi  da  forstaa  det  Tal  |n,  der  angiver  Maalet 
af  Punktmaengden  M.  Vort  Formaal  er  at  bevise  —  eller 
rettere  skitsere  Beviset  for  —  f01gende  Saetning: 

Til  enhver  maalelig  M&ngde  M  i  Q  eksisterer  der  en 
Sandsynlighed  p,  d.  v.  s.  den  tilsvarende  M&ngde  M  i  E  er 
ligeledes  maalelig;  og  denne  »M<sngdesandsynlighcd*  ft  =  f*(ftf) 
kan  feres  tilbage  til  en  »P unktsandsynligh  cd*  S  fzj,  d.  v.  s. 
der  findes  en  —  i  Almindelighed  ikke  begr cense t  —  Punktfunk- 
tion  S  (z)+  saaledes  at  Maalet  af  IVI  er  lig  med  Integralet  of 
S  (z)  udstrakt  over  M<zngden  M. 

4.  Vi  betragter  f0rst  en  saerlig  simpel  Type  paa  en  Punkt- 
maengde M  \  ^-Planen,  nemlig  et  vilkaarligt  akseparallelt  Rekt- 
angel  R,  som  vi  antager  aabent  (d.  v.  s.  Randen  regnes  ikke 
med).  Hertil  svarer  der  ojensynlig,  fordi  z  er  en  kontinuert 
Funktion  af  (/19  /2),  en  aaben  Punktmaengde  R  i  Enheds- 
kvadratet E  (d.  v.  s.  ethvert  Punkt  i  R  er  >indre«  Punkt  i  R)» 
og  R  er  derfor  —  som  enhver  aaben  Punktmaengde  —  maa- 
lelig. Herved  er  defineret  en  »Rektangelfunktion«  <p(^), 
d.  v.  s.  til  ethvert  (aabent,  akseparallelt)  Rektangel  R  svarer 
der  et  bestemt  Tal  <p(/?),  nemlig  Maalet  p  paa  den  tilsvarende 
Punktmaengde  R.  For  at  vise,  at  denne  Rektangelsandsynlig- 
hed  y(R)  kan  fores  tilbage  til  en  Punktsandsynlighed  S(z),  og 
samtidig  dermed  vise,  at  Saetningen  ovenfor  gaelder  i  sin  fulde 
Udstraskning  (d.  v.  s.  ikke  blot  for  Rektangler  Rt  men  ogsaa 
for  vilkaarlige  maalelige  Maengder  M),  beh0ver  vi,  som  man 
let  indser  udfra  Lebesgue's  fundamentale  Undersogelse  over 
additive  Maengdefunktioner*),  blot  at  vise,  at  q>  (R)  opfylder 
f01gende  to  Betingelser: 

*)  Se    f.    Eks.    Carath^odory's     udmaerkede     Lserebog:        Vorlesungen     tibcr 
reelle  Funktionen,  Leipzig  und  Berlin  (1918).     Se  saerlig  §  453. 
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A.     Deles   et    Rektangel  R  ved  en  Linie  parallel  med  en 
af    Siderne    i    to    mindre  Rektangler  Rl  og  R^  da  er  <p(R)  =. 


Denne  Betingelse  er  ejensynlig  opfyldt  for  vor  Funktion  <p  (R). 
Thi  idet  den  til  Rektanglet  R  svarende  Punktmaengde  R  jo  sim- 
pelthen  fremkommer  ved  til  de  til  Rl  og  R9  svarende  Punkt- 
maengder  Rt  og  R2  at  foje  den  Maengde  A,  der  svarer  til  De- 
lingsliniestykket  Z,  gaelder  det  blot  om  at  vise,  at  denne  Maengde 
A  har  Maalet  o.  Og  at  dette  er  Tilfaeldet,  folger  straks  —  idet 
man,  som  bekendt,  kan  bestemme  Maalet  af  en  maalelig  »todi- 
mensional*  Maengde  A  ved  f0rst  at  maale  den  paa  en  (variabel) 
lodret  Linie  liggende  »endimensionale«  Delmaengde  og  derefter 
udfore  en  simpel  Integration  —  deraf,  at  A  for  det  forste  er 
maalelig  (fordi  den  jo  dannes  udfra  de  maalelige  Maengder  R, 
Rt ,  R8  ved  Processen  R  —  Rt  —  R2)  og  for  det  andet  skaeres 
af  enhver  lodret  Linie  t\  =  konst.  i  en  lineaer  Punktmaengde 
af  Maalet  o  (nemlig  i  hojst  to  Punkter,  idet  den  konvekse  Kurve 
i  s-Planen,  der  fremkommer  af^  ved  at  parallel forskyde  den  saa- 
ledes, at  Nulpunktet  falder  i  det  til  den  betragtede  faste  /t-Vaerdi 
svarende  Punkt  zl  paa  K^  jo  kun  skaerer  L  i  hojst  to  Punkter). 
B.  Rektangel funktionen  <p  (R)  er  »absolut  kontinuert«, 
d.  v.  s.  til  ethvert  givet  e  >  o  skal  der  eksistere  et  b  >  o, 
saaledes  at  hvis  Rl9  •  •  •  Rn  er  et  vilkaarligt  endeligt  Antal 
Rektangler  uden  faeiles  Punkter,  hvis  samlede  Areal  A  er  <C  b, 
da  er  <p  (RJ  +  -  •  -  +  <p  (Rn)  <C  e. 

Beviset  for,  at  vor  Rektangelfunktion  <p  (R)  ogsaa  opfylder  Be- 
tingelsen  J8,  kraever  en  lidt  nojere  Undersogelse  af  den  til  Grund 
liggende  Afbildning  af  Omraadet  Q  paa  Enhedskvadratet  £.  For 
at  finde  de  forskellige  Maader,  hvorpaa  et  givet  Punkt  z  i  Q  kan 
dannes  som  en  Sum  5  =  ^-1-  0a,  altsaa  for  at  finde  de  Punkter 
(/i,^)  i  £,  der  svarer  til  s,  drejer  vi  Kurven  K%  180°  om  Punk- 
tet  O  og  parallelforskyder  den  dernaest  saaledes,  at  O  falder  i  z ; 
de  segte  »Opl0sninger«  af  z  i  z±  +  z9  vil  da  ejensynlig  netop 
svare  til  de  forskellige  Punkter,  hvori  denne  Kurve,  som  vi  vil 
z),  skaerer  Kurven  JK'l  (se  Fig.  i).  Dette  Antal 
Skaeringspunkter  —  og  dermed  Antallet  af  ^'s 
Billed  punkter  i  JS  —  kan  vaere  meget  stort,  naar 
z  ligger  saaledes,  at  K^  (z\  »naesten«  rerer  K± 
(og  det  kan  blive  uendelig  stort,  naar  K^  (s) 
Jg  virkelig  rorer  A^).  Der  er  imidlertid,  for  enhver 
'  *  Beliggenhed  af  s,  kun  et  begraenset  Antal  Skae- 
ringspunkter meliem  Kv  og  K^  (s)t  hvori  Skaerings- 
vinklen  v  (d.  v.  s.  den  mindste  Vinkel  meliem 
_  Tangenterne)  er  >  en  given  Vinkel  ?'0,  nemlig, 

"  som  en  elementaer  Betragtning  viser,    faerre    end 

271 :  z>0.      Vi  opfatter  nu  denne  Skaeringsvinkel  v  som  en  Funktion 
af   de    tilsvarende    Vektorer    zl    og   z2,  d.  v.  s.   af  det   tilsvarende 
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Punkt  (/i,  /8)  i  E;  denne  Funktion  v  =  v  (ft ,  /2),  der  aabenbart 
ogsaa  kan  karakteriseres  som  Vinklen  imellem  Tangenterne  til  de 
givne  Kurver  K^  og  K%  i  de  to  til  Parametervaerdierne  /t  og  /s 
svarende  Punkter  z^  og  sa,  er  0jensynlig  en  kontinuert  Funk- 
tion af  (/!»/§).  De  >kritiske«  Punkter  i  2£  er  nu  dem,  hvori 
v  (*!,*%)  =  o,  d.  v.  s.  hvor  /t  og  /2  svarer  til  R0ringspunkterne  for 
parallele  Tangenter  til  K±  og  K^.  Idet  K^  og  Ai  er  konvekse, 
og  deres  Tangenter  derfor  drejer  sig  monotont,  bestaar  den  af 
disse  kritiske  Punkter  dannede  Punktmaengde  i  E  aabenbart  af  to 
(paa  Torus  lukkede)  Kurver  —  svarende  til  de  to  forskellige  Tan- 
genter til  KI  parallele  med  en  given  Tangent  til  K^  — ,  langs 
hvilke  Kurver  Ordinaten  /s  er  en  mono  ton  Funktion  af  Abscissen 
/x  (se  Fig.  2,  hvor  en  af  Kurverne  er  angivet  ved  den  staerkt  op- 
trukne  I,inie).  Disse  »skikkelige«  monotone  Kurver  bar  naturlig- 
vis  Maalet  o,  og  vi  kan  udskaere  smalle  Parallelstrimler  omkring 
dem  (den  skraverede  Strimmel  paa  Fig.  2),  der  orn- 
slutter  dem  saa  snaevert,  f.  Eks.  med  et  samlet 
Areal  <:  E  :  2,  at  vi  i  det  folgende  kan  se  helt 
bort  fra  disse  Strimler,  d.  v.  s.  kun  behover  at  be- 
tragte  den  Dei  E*  af  E,  der  ligger  udenfor  dem, 


og    i    hvis    Punkter    Funktionen  (Vinklen)  vfa,   /2)  FJ       2 

aabenbart  (af  Kontinuitetsgrunde)  er  >  et  fast  po- 
sitivt  Tal  z>0  =  if$  (E).  Vi  taenker  os  nu  givet  en  vilkaarlig  Samling 
af  Rektangler  jRlt  ••-  7?n  i  s-Planen  (som  vi  kan  antage  alle  er 
»meget  smaa«  og  ikke  »altfor  aflange*,  idet  vi  ellers  blot  behever 
at  skaere  dem  itu  i  flere  mindre  Rektangler),  og  vil  da  farst 
undersoge  den  Punktmaengde  R*  i  £*,  hvori  et  enkelt  af  disse 
Rektangler,  ^?,  afbildes.  Til  et  vilkaarligt  Punkt  z  i  R  svarer  der 
kun  et  begraenset  Antal  Punkter  i  E*  (idet  der  jo  findes  faerre 
end  271  :  v$  Skaeringspunkter  mellem  JK\  og  K%  (z),  hvori  Skaerings- 
vinklen  v  er  >  z>0),  og  man  finder  endvidere  ved  en  naermere 
Analyse  (se  Fig.  3),  at  de  Skaeringspunkter  mellem  K±  og  K^  (z\ 

hvori  Vinklen  v  er  >  vQt  ved  en  »meget 
lille*  Forskydning  As  af  z  kun  forskydes 
smaa  Buestykker  A/t  og  A/2  paa  K±  og 
K<Z,  der  er  af  h0jst  »samme  St0rrelses- 
orden*  som  Forskydningen  A0,  og  at  de 
til  z  svarende  Punkter  (/t ,  /J  i  E*  der- 
for ogsaa  (fordi  A// :  A//  er  begraenset)  kun 
undergaar  Forskydninger  af  denne 
Storrelsesorden  As.  Heraf  slutter  man, 
p.  at  den  til  det  betragtede  lille  Rektangel 

R  svarende  Punktmaengde  R*  i  E*  kan 
indesluttes  i  et  begraenset  Antal  N  smaa  ligestore  Kvadrater  (de 
sorte  Kvadrater  paa  Fig.  2),  hvis  Sider  er  af  samme  Storrelses- 
orden  som  Rektanglets  Diameter  d,  d.  v.  s.  som  er  <  k-d,  hvor  k, 
ligesom  IV,  kun  af haenger  af  v0  (d.  v.  s.  af  e),  men  ikke  af  Rekt- 
anglets Beliggenhed,  og  Maalet  af  denne  Punktmaengde  R*  er 
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derfor  <I  N(kd)*>  altsaa  <  c-a,  hvor  a  angiver  Arealet  af  Rekt- 
anglet  J?  og  e  =  N&  kun  afhaenger  af  6.  Har  den  givne  Rekt- 
angelsamling  i  s-Planen  det  samlede  Areal  A,  vil  den  tilsvarende 
Punktmaengde  i  E*  derfor  have  et  Maal  <c*A,  og  dette  Maal 
kan  altsaa  gores  vilkaarlig  lille  (<C  e  :  2)  ved  blot  at  vselge  Tallet 
A  tilstraekkelig  lille  (<C  8 :  2<r).  Hermed  er  Beviset  for  Betingelsen 
JB  fuldfert 

5.  I  en  senere  Af  handling  skal  jeg  komme  udforligt  tilbage 
til  det  her  behandlede  Problem  og  bl.  a.  ogsaa  betragte  Addi- 
tion af  et  vilkaarligt  Antal,  »,  konvekse  Kurver  —  hvorved  de 
omhandlede  Sandsynligheder  defineres  som  Maalet  af  Punkt- 
maengder  i  et  ;*-dimensionalt  Rum  —  samt  -angive  eksplicite 
Udtryk  for  de  optraedende  Punktsandsynligheder. 
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Jdgangspunktet  for  Unders0gelserne  i  den  foreliggende  Afhandiing  er  nogle 
Arbejder  af  mig  for  en  Raekke  Aar  tilbage  vedrerende  den  Riemannske  Zetafunktion. 
I  disse  Arbejder  blev  det  vist,  ved  Hjaelp  af  Laeren  om  Diofantiske  Approxima- 
tioner,  at  Spergsmaalet  om  Fordelingen  af  Zetafunktionens  Vserdier  paa  det  ncjeste 
hang  sammen  med  visse  rent  geometriske  Sporgsmaal  om  Addition  af  konuekse  Kur- 
ver. Undersegelserne,  som  delvis  blev  udf0rt  i  Samarbejde  med  Professor  Courant  i 
Gottingen,  forte  vel  til  Resultater,  der  beskrev  den  paagaeldende  Vaerdifordeling  i 
store  Track,  men  de  blev  ikke  den  Gang  fort  saa  fuldstaendig  igennem,  som  Meto- 
derne  tilled;  dog  fik  jeg  Lejlighed  til  i  et  Foredrag  paa  den  skandinaviske  Matema- 
tikerkongres  i  Helsingfors  1922  at  angive  Hovedlinierne  for  en  saadan  afsluttende 
Undersegelse.  Arbejdet  blev  imidlertid  afbrudt  ved,  at  jeg  kom  ind  paa  andre  Pro- 
blemer,  og  f0rst  for  et  Aarstid  siden  har  jeg  genoptaget  det.  Det  drejede  sig  i  forste 
Linie  om  et  geometrisk  Forarbejde  vedrerende  Addition  af  konvekse  Kurver  med 
givne  Sandsynlighedsfordelinger.  Jeg  var  saa  heldig  til  dette  Arbejde  at  kunne  knytte 
Hr.  Jessen  som  Medarbejder.  For  det  oprindelige  Formaal,  Anvendelsen  paa  Zeta- 
funktionens Teori,  vilde  det  have  vaeret  tilstrakkeligt  at  gennemfore  disse  geometriske 
Undersogelser  for  visse  specielle  Typer  af  konvekse  Kurver.  Naar  det  foreliggende 
Arbejde  imidlertid  ikke  indskraenker  sig  til  at  behandle  saadanne  specielle  Kurver, 
men  har  en  langt  videregaaende  Karakter,  skyldes  det  Hr.  Jessen,  hvem  det  er  lyk- 
kedes  paa  naturlig  Maade  at  afgraense  et  Omraade  af  almindelige  konvekse  Kurver, 
for  hvilke  de  paagaeldende  Undersogelser  kunde  gennemfores,  uden  at  dette  forte  til 
Komplikationer  i  Beviserne,  ja  snarere  medferte  sterre  Overskuelighed.  Af  handlingen 
har  herved  faaet  en  vaesentlig  anden  Karakter  end  oprindelig  taenkt,  og  turde,  som 
den  foreligger,  paaregne  en  vis  almindelig  geometrisk  Interesse,  ganske  uafhaengig 
af  Anvendelserne  indenfor  Funktionsteorien.  Ogsaa  Gennemf0relsen  af  en  Raekke 
geometriske  Enkeltunders0gelser  skyldes  udelukkende  Hr.  Jessen,  ligesom  det  er 
ham,  der  har  foretaget  Udarbejdelsen  af  den  hele  Afhandiing  og  paataget  sig  alt 
Arbejdet  med  Tegningen  af  de  talrige  Figurer  og  Korrekturlaesningen. 

I  nogle  folgende  faelles  Arbejder  vil  Hr.  Jessen  og  jeg  udferligt  behandle  An- 
vendelserne af  de  her  vundne  Resultater  paa  Problemet  om  Zetafunktionens  Vaerdi- 
fordeling, der  som  ovenfor  naevnt  var  det  oprindelige  Udgangspunkt  for  vort  Arbejde. 
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KAPITEL  I. 
Om  konvekse  Kurver, 

JF orinden  vi  paabegynder  Behandlingen  af  vort  egentlige  Emne:  Addition  af 
konvekse  Kurver  med  givne  Sandsynlighedsfordelinger,  skal  vi  i  dette  Kapitel  (tildels 
uden  Reviser)  give  en  kort  Oversigt  over  de  Saetninger  om  konvekse  Jordankurver, 
som  vi  isser  kommer  til  at  anvende  i  del  f01gende. 

Almindelige  Betnaerkninger  om  konvekse  Kurver. 

1.  Ved  en  Jordankurve  forstaas  en  lukket  kontinuert  Kurve  uden  Dobbeltpunk- 
ter,  eller  praecisere:  en  Punktmaengde,  der  kan  afbildes  enentydig  og  kontinuert  paa 
en  Cirkelperiferi.  En  Jordankurve  deler  som  bekendt  Maengden  af  alle  de  af  Planens 
Punkter,  der  ikke  er  beliggende  paa  selve  Kurven,  i  to  Omraader,  et  indenfor  Kurven 
og  et  udenfor  Kurven  beliggende  Omraade,  for  hvilke  Kurven  selv  er  den  faelles 
Begraensning,  Betegnes  Kurven  «,  vil  vi  for  disse  Omraader  anvende  Betegnelserne 
/(«)  og  Y(ft>).  Med  7(w)  og  y(o>)  vil  vi  betegne  de  afsluttede  Msengder,  som  fremgaar 
af  /(«)  og  Y((o)  ved  Tilfojelse  af  Begrsensningen  «. 

En  ret  Linie  kaldes  8t0ttelinie  for  en  afsluttet  Punktmaengde  i  Planen,  naar  den 
indeholder  mindst  et  Punkt  af  Maengden,  og  denne  er  belig- 
gende belt  i  den  ene  af  de  to  afsluttede  Halvplaner,  som 
begraenses  af  Linien.  En  lukket  Polygon  kaldes  konveks, 
naar  enhver  Linie,  som  forbinder  to  paa  hinanden  folgende 
Vinkelspidser,  er  Stottelinie  for  Polygonen ;  denne  Definition 
udelukker  ikke,  at  tre  eller  flere  paa  hinanden  f01gende  Vin- 
kelspidser i  Polygonen  ligger  paa  ret  Linie.  En  Jordankurve 
kaldes  konveks,  naar  enlwer  Polygon,  der  opstaar  ved  at  man 
forbinder  en  R&kke  efter  hinanden  f0lgende  Funkier  Plt  P2,  . . ., 
Pn,  PJI  +  I  =  PI  af  Kurven,  er  konveks  (se  Fig.  1). 

Lad  der  vaere  givet  en  konveks  Jordankurve  o>,  Det  er 
en  simpel  F01ge  af  Konveksiteten,  at  der  i  ethvert  Punkt  P  af  Kurven  tindes  en 
Halvtangent  til  hver  Side,  bestemt  som  Graensestilling  for  en  Halvlinie,  der  udgaar 
fra  P,  og  som  indeholder  et  Punkt  af  Kurven,  der  fra  en  bestemt  Side  konver- 
gerer  mod  P.  De  to  Halvtangenter  i  Punktet  P  danner  en  Vinkel  mindre  end  eller 
lig  med  /r,  hvori  Kurven  er  beliggende.  Er  Vinklen  lig  med  ?r,  falder  Halvtangen- 
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terne  i  hinandens  Forlaengelse  og  danner  Kurvens  Tangent  i  P,  som  er  en  Stette- 
linie  (og  den  eneste  Stettelinie)  til  Kurven  gennem  P.  I  modsat  Fald  bar  Kurven  et 
Knaek  i  Punktet  P,  og  der  fmdes  uendelig  mange  St0ttelinier  til  Kurven  gennem 
P,  Har  en  konveks  Jordankurve  i  ethvert  af  sine  Punkter  P  en  bestemt  Tangent,  vil 
denne  variere  monotont,  naar  Punktet  gennemlober  Kurven;  omvendt  vil  en  Jordan- 
kurve, som  i  ethvert  Punkt  bar  en  bestemt  Tangent,  sikkert  vaere  konveks,  naar 
Tangenten  varierer  monotont  med  Reringspunktet,  En  Stettelinie  lil  en  Jordankurve 
to  er  altid  tillige  St0ttelinie  for  Omraadet  /(«). 

Analoge  Defmitioner  og  Saetninger  til  de  her  angivne  kan  opstilles  for  vilkaar- 
lige  kontinuerte  Kurver.  Man  viser  let,  at  en  lukket  kontinuert  Kurve  (defineret  som 
det  entydige  og  kontinuerte  Billede  af  en  Cirkelperiferi),  naar  den  er  konveks,  (d.  v.  s. 
naar  enhver  indskreven  Polygon,  bvis  Vinkelspidser  svarer  til  en  Raekke  efter  hinanden 
f01gende  Punkter  paa  Cirkelperiferien,  er  konveks),  og  naar  den  ikke  netop  reducerer 
sig  til  et  Punkt  eller  til  et  ret  Liniestykke,  aldrig  vil  kunne  indeholde  andre  Dobbelt- 
punkter  end  saadanne,  som  fremkommer  ved,  at  et  Punkt  paa  Kurven  svarer  til  en 
hel  Bue  paa  Cirkelperiferien,  og  derfor  som  Punktmaengde  betragtet  vil  kunne  opfattes 
som  en  konveks  Jordankurve.  Dette  er  Grunden  til,  at  vi  i  det  felgende  hyppigt  taler 
om  konvekse  Jordankurver  blot  som  lukkede  konvekse  Kurver. 

2.  En  Punktmaengde  kaldes  konveks,  naar  den  med  hvilkesomhelst  to  Punkter 
tillige  indeholder  det  Liniestykke,  der  forbinder  dem.  En  konveks  Jordankurve  er, 
opfattet  som  Punktmaengde,  ikke  konveks.  Vi  vil  imidlertid  vise,  at  en  nedvendig  og 
tilstrcekkelig  Betingelse  /or,  at  en  Jordankurve  w  er  konveks,  er  dent  at  det  af  den  begmn- 
sede  indre  Omraade  /(«)  er  en  konveks  Punktmaengde. 

Betingelsen  er  nedvendig.  Lad  «  vaere  en  konveks  Jordankurve.  Vi  betragter  samt- 
lige  Stettelinier  til  Kurven  og  de  af  dem  begraensede  afsluttede  Halvplaner,  hvori 
Kurven  er  beliggende.  Hver  af  disse  er  en  konveks  Maengde.  Det  samme  gaelder 
derfor  om  den  ligeledes  afsluttede  Maengde  Af,  der  udgores  af  de  faelles  Punkter 
for  samtlige  Halvplaner.  Ethvert  Punkt  af  Kurven  tilhorer  M,  thi  det  tilhorer  alle 
Halvplanerne.  Det  er  et  Randpunkt  for  M,  thi  det  er  et  Randpunkt  for  mindst  en 
af  Halvplanerne  bestemt  ved  en  Stottelinie  gennem  Punktet.  Et  Punkt  af  /(«)  vil, 
tillige  med  en  vis  Omegn,  tilh0re  samtlige  Halvplaner  og  vil  altsaa  ogsaa  vaere 
indre  Punkt  af  M.  Heraf  f01ger  imidlertid,  at  ethvert  Punkt  P  af  Y(<»)  maa  falde 
udenfor  M.  Tilh0rte  det  nemlig  Af,  kunde  vi  forbinde  det  med  et  Punkt  Q  af  /(o>). 
Da  dette  tillige  med  en  vis  Omegn  tilh0rer  M,  vilde  alle  Punkter  af  Liniestykket 
PQ,  undtagen  maaske  P,  vsere  indre  Punkter  af  M.  Nu  ligger  der  paa  PQ  mindst  et 
Punkt  af  0;  dette  maatte  altsaa  vaere  indre  Punkt  af  M  i  Modstrid  med,  hvad  vi 
ovenfor  viste.  Heraf  felger  da,  at  Jordankurven  <w  maa  vaere  identisk  med  Randen 
af  den  konvekse  Maengde  M,  Omraadet  7(w)  med  Maengden  af  indre  Punkter  i  Af, 
Omraadet  Y(o))  med  Maengden  af  Punkter  udenfor  Af.  Nu  indeholder  et  Liniestykke, 
der  forbinder  to  indre  Punkter  af  A/,  lutter  indre  Punkter  af  M.  Omraadet  /(«)  er 
altsaa  en  konveks  Punklmaengde, 
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Betingelsen  er  tilstrcekkelig.  Lad  o>  vaere  en  Jordankurve,  og  lad  /(<»)  vaere  en 
konveks  Maengde;  w  er  Begraensningen  for  denne  Maengde.  Man  viser  uden  Vanske- 
lighed,  ved  Hjaelp  af  Konveksiteten,  at  der  gennem  hvert  Punkt  af  w  gaar  en  ret 
Linie,  som  ikke  indeholder  noget  Punkt  af  /(«).  Denne  Linie  vil  vaere  St0ttelinie 
for  w.  Lad  nu  Pj,  P2,  »  fi»i  P/i  +  i  =  PI  vaere  en  Polygon,  som  fremkommer  ved, 
at  man  forbinder  en  Raekke  efter  hinanden  felgende  Punkter  af  Kurven,  Vi  vil  vise, 
at  denne  er  konveks.  Lad  PyPv  +  i  vaere  en  Side  i  Polygonen.  Enten  er  den  rette 
Linie  PvPv+i  St0ttelinie  for  at  og  altsaa  ogsaa  for  Polygonen,  eller  den  er  ikke 
Stettelinie  for  w;  i  saa  Paid  indeholder  Kurven  kun  de  to  Punkter  Pv  og  Pv± t  af 
Linien;  var  der  nemlig  et  tredje  Punkt,  maatte  et  af  de  tre  Punkter  ligge  mellem 
de  to  andre,  og  Stettelinien  til  Kurven  gennem  dette  Punkt  maatte  vaere  den  betrag- 
tede  Linie  mod  Forudsaetning.  Buen  PV  +  \PV  paa  Jordankurven,  som  rummer  Poly- 
gonen, falder  altsaa  sikkert  belt  i  den  ene  af  de  afsluttede  Halvplaner,  som  begraen- 
ses  af  Linien  PvPv+i>  og  denne  er  sikkert  en  Stettelinie  for  Polygonen.  Hermed  er 
den  opstillede  Saetning  bevist. 

Af  Beviset  kan  vi  aflede  en  simpel  F01gessetning.  Bemaerker  man,  at  der  ved 
Beviset  for,  at  den  angivne  Betingelse  er  n0dvendig,  kun  er  anvendt  den  ene  Egen- 
skab  ved  Jordankurven  w,  at  der  gennem  hvert  af  dens  Punkter  gaar  en  Stettelinie  til 
Kurven,  ser  man,  at  denne  Egenskab  ved  en  given  Jordankurve  er  tilstrcekkelig  til  at 
sikre,  at  Kurven  er  konveks. 

Da  ethvert  konvekst  Omraade,  som  er  beliggende  belt  i  det  endelige,  begraen- 
ses  af  en  Jordankurve,  ser  man,  ved  Anvendelse  af  den  beviste  Saetning,  at  den 
ovenfor  givne  Definition  af  en  konveks  Jordankurve  er  identisk  med  folgende:  En 
konveks  Kurve  er  Begrcensningen  for  et  konvekst  Omraade,  der  er  beliggende  helt  i 
det  endelige. 

I  Tilslutning  til  den  forste  Definition  defmerer  man  Laengden  af  en  lukket 
konveks  Kurve  som  evre  Graense  for  Laengden  af  alle  indskrevne  konvekse  Poly- 
goner.  Denne  Storrelse  eksisterer  altid.  Paa  tilsvarende  Maade  defmeres  en  Buelaengde 
paa  Kurven  og,  almindeligere,  et  (linesert)  JoRDAN'sk  Maal  for  Punktmaengder  paa 
Kurven.  Det  plane  JoRDAN'ske  Maal  for  en  lukket  konveks  Kurve  er  Nul.  Ved  Arealet 
af  en  lukket  konveks  Kurve  vil  vi  i  det  f01gende  stedse  forstaa  Arealet  (d.  v.  s. 
det  plane  JoRDAN'ske  Maal)  af  det  af  Kurven  begraensede  Omraade.  Dette  Maal 
eksisterer  altid. 

Addition  af  konvekse  Kurver.1 

3.  Lad  der  i  en  Plan  med  fastlagt  Begyndelsespunkt  0  vaere  givet  et  endeligt 
Antal  Punkter  P0,  Plf  . . .,  PN.  Ved  Summen  P  =  j?  Pn  af  disse  Punkter  vil  vi  paa 

n-O 

saedvanlig  Maade  forstaa  Endepunktet  P  for  den  Vektor  OP,  der  bestemmes  som 


1  Dette  Afsnit  gengiver  i  sammentnengt  Form  de  vigtigste  Resultater  af  en  udferligere  Afhand- 
ling  af  H.  BOHR:  Om  Addition  af  uendelig  mange  konvekse  Kurver.  D.  Kgl.  Danske  Vidensk.  Selsk. 
Forhandlinger  1913. 


F3.   Dan.  VM.  Selsk.  Skr.  Nat.  Math.  Afd.  (8)  12,  no.  3  (1929). 


332  8 

Sum  af  Vektorerne  OP0,  OP1?  . . .,  OPjy,  Betegner  M0,  Mit  . . .,  MN  et  endeligt  Antal 
af  Punktmaengder  i  Planen,  vil  vi  ved  Summen  M  af  disse  Punktmaengder  forstaa 

N 

Maengden  af  samtlige  Punkter  P  =  JT  Pn,  hvor  Punkterne  P0,  Plf  . . .,  PJV  tilherer 

n-O 

hver  sin  af  de  givne  Maengder.  Det  til  et  givet  Punkt  Psymmetriske  Punkt  m.  H.  t. 
Begyndelsespunktet  betegner  vi  —  P.  Subtraktion  af  Punktet  P  skal  vaere  ensbetydende 
med  Addition  af  Punktet  —P.  Den  til  en  given  Maengde  M  symmetriske  Msengde 
m.  H.  t.  Begyndelsespunktet  betegner  vi  paa  tilsvarende  Maade  —  M\  —  M  er  den  Punkt- 
maengde,  der  fremkommer,  naar  M  drejes  180°  om  Begyndelsespunktet  0.  Subtraktion 
af  Maengden  M  skal  vaere  ensbetydende  med  Addition  af  Maengden  —  M.  Er  P  et 
givet  Punkt  og  M  en  given  Maengde,  vil  Punktmaengden  P  +  M  fremgaa  af  M  ved 
den  ved  Vektoren  OP  bestemte  Parallelforskydning;  Maengden  P~Mvil  fremgaa 
af  Af  ved  en  Drejning  paa  180°  omkring  Midtpunktet  af  Liniestykket  OP.  Af  Reglerne 
for  Vektorers  Addition  felger  umiddelbart  at  den  indferte  Addition  af  Punktmaengder 
tilfredsstiller  saavel  den  kommutative  som  den  associative  Lov. 

4.  Lad 

(1)  «0,    Wj,    .  ..,    0)^,    .     , 

vaere  en  Felge  af  konvekse  Kurver.  Vi  vil  betragte  den  Felge  af  Punktmaengder 

N 

/2\  5"=          \   =       4-  2    =     >    w 

^LJ 

n-O 

som  fremkommer,  idet  Kurverne  adderes  i  den  opskrevne  Raekkefelge.  For  ethvert 
n  fremgaar  Maengden  In  + 1  af  den  foregaaende  Maengde  2n  ved  Addition  af  Kurven 
wn  +  i;  en  nedvendig  og  tilstraekkelig  Betingelse  for,  at  et  vilkaarligt  Punkt  P  i  Planen 
tilherer  2n  +  i»  er  derfor  den,  at  Kurven  P~wn  +  i  indeholder  mindst  et  Punkt  af  2n. 

Punktnmngderne  2n,  n  =  0,  1 ,  .  . ,  JV,  ...  er 
alle  begrcensede.  Vi  vil  vise,  at  de  er  afsluttede 
Mcengder,  som  hver  for  sig  enten  bestaar  af  et 
enkelt  afsluttet  konvekst  Omraade  l(yn)  eller  afet  af- 
sluttet  konvekst  Omraade  ](yn)  minus  et  aabent  kon- 
vekst Omraade  /(/„).  Idetforste  Tilfcelde  (Fig.  2  a)  be- 
j?ig  2.  grcenses  2n  «/"  en  enkelt  konveks  Kurve  yn ,  i  det  andet 

Tilfcelde  (Fig.  2b)  af  to  konvekse  Kurver  yn  og  in. 
For  n  =  0  er  denne  Saetning  sikkert  rigtig;  Kurverne  y0  og  /0  falder  sammen 
med  o>0.  For  at  vise  Saelningens  almindelige  Gyldighed  antager  vi  den  rigtig  for  et 
eller  andet  n  og  viser  herudfra  dens  Rigtighed  ogsaa  forn  +  1.  Komplementaer- 
maengden  In  til  2n  bestaar  enten  af  et  enkelt  Omraade  y(f/n),  hvor  gn  er  en  lukket 
konveks  Kurve,  eller  af  to  Omraader  Y(yn)  og  I(in),  hvor  yn  og  in  er  lukkede  kon- 
vekse Kurver,  af  hvilke  den  ferste  omslutter  den  sidste.  Betingelsen  for,  at  et  Punkt 
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P  tilh0rer  Komplementaermaengden  li  +  i  til  In  1 1,  er  den,  at  Kurven  P~-a>n  +  i  til- 
horer  2j.  Dette  er  muligt  paa  tre  vaesentlig  forskellige  Maader: 

1.  den  Ran  tilhore  Omraadet  /(in); 

2.  den  kan  tilh0re  Omraadet  Y(yn),  idet  den  omslutter  yn; 

3.  den  kan  tilhcre  Omraadet  Y(yn)  uden  at  omslutte  i/n. 

Den  ferste  Mulighed  bortfalder,  saafremt  2«  kun  hestaar  af  det  ene  Omraade  Y(yn). 
I  det  forste  Tilfselde  tilh0rer  7(P-wn  +  i)  Omraadet  7(in);  i  det  andet  Tilfaelde  til- 
h0rer  F(P—  oj/,4 1)  Omraadet  Y(yn)>  medens  endelig  i  det  tredje  Tilfselde  7(P— «n  +  i) 
tiiherer  Y(yn). 

Medens  der  altid  fmdes  Punkter  P,  for  hvilke  den  tredje  Mulighed  indtraeffer, 
vil  det  afhaenge  af  de  givne  Kurver,  om  der  fmdes  Punkter,  for  hvilke  den  f0rste 
eller  den  anden  Mulighed  indtraeffer,  og  disse  to  Muligheder  kan  aldrig  forekomme 
samtidig;  den  f0rste  fordrer  nemlig,  at  Arealet  af  cnn  +  i  skal  vaere  mindre  end  Arealet 
af  /„,  medens  den  anden  Mulighed  fordrer,  at  det  skal  vaere  st0rre  end  Arealet  af 
i/n;  falder  Arealet  af  wn-f  i  mellem  Arealerne  af  ift  og  f/n,  har  vi  et  Eksempel  paa  et 
Tilfaelde,  hvor  alene  den  tredje  Mulighed  indtrsefler. 

Msengden  af  Punkter,  for  hvilke  den  tredje  Mulighed  indtrseffer,  danner  et 
Omraade,  som  vi  vil  vise  er  det  ydre  Omraade  for  en  konveks  Jordankurve.  Komple- 
mentsermsengden  M  til  dette  Omraade  er  en  afsluttet  Punktmaengde,  Betiugelsen  for, 
at  et  Punkt  P  tilh0rer  M,  er  den,  at  7(P  — wn  +  0  ikke  tilhorer  Y({/n),  at  altsaa 
/(P—  wn  i  i)  og  I(ijn)  har  mindst  et  faelles  Punkt.  M  er  saaledes  beliggende  helt  i 
det  endelige.  Lad  (se  Fig.  3)  Pi  og  P2 
vsere  to  vilkaarlige  Punkter  af  M,  og  lad 
/(Pi  -  wn  +  i)  og  7(P2  -  (on  i  i)  have  hen- 
holdsvis  Punktet  Ql  og  Punktet  Q2  fsel- 
les  med  7((/n).  Lad  P  vsere  et  Punkt 
af  Strsekningen  PtP2.  Punktmaengden 
7(P— wn.+  i)  indeholder  saavei  Punktet 
Qi+(P-Pi)  som  Punktet  Q2+(P-P2), 
f01gelig  ogsaa  det  Liniestykke,  der  for- 
hinder  dem.  Dette  Liniestykke  skaerer 
Liniestykket  ()L()2  i  et  Punkt  Q,  som 
er  et  faelles  Punkt  for  7(P—  wn  +  i)  og 
7(l/n).  P  tilh0rer  altsaa  M.  Punktmacng- 
den  M  er  folgelig  konveks  og  begrsenses 
af  en  konveks  Jordankurve;  betegner  vi 
dennef/n  f  i,  er  M  identisk  medMaengden 
/0/n  +  i),  Omraadet  Y(yn  +  i)  med  Maengden  af  Punkter,  for  hvilke  den  tredje  af  de 
angivne  Muligheder  indtraeffer, 

Indtrasffer  for  samtlige  Punkter  P  af  XH  i  denne  tredje  Mulighed,  er  X  +  i 
identisk  med  VOy/i  +  iX  -n  +  i  f01gelig  med  det  afsluttede  Omraade  I(yn  +  i\  Findes 
der  derimod  Punkter,  for  hvilke  en  ten  den  f0rste  eller  den  anden  Mulighed  ind- 


Fig.  3. 
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trseffer,  vil  den  af  disse  udgjorte  Maengde  aabenbart  were  et  aabent  konvekst  Omraade, 
som  tilherer  /(i/n  +  i);  Begraensningen  for  dette  Omraade  vil  vaere  en  konveks  Jordan- 
kurve  in  +  if  som  falder  belt  indenfor  yn  +  i»  og  2n  +  i  vil  vaere  sammensat  af  de  to 
Omraader  Y(yn  +  i)  og  /(ia  +  i)*  Hermed  er  den  opstillede  Saetning  bevist. 

Findes  der  i  Planen  ingen  Punkter,  for  hvilke  den  ferste  eller  den  anden 
Mulighed  indtraeffer,  men  vel  Punkter,  for  hvilke  Kurven  P—W/I+I  enten  tilherer 
Omraadet  J(/n)  eller  tilherer  Omraadet  Y(yn)t  idet  den  omslutter  yn,  vil  det  vaere 
praktisk  at  medregne  den  af  disse  Punkter  udgjorte  Msengde,  der  bestaar  enten  af 
et  enkelt  Punkt  eller  af  Punkterne  af  et  afsluttet  Liniestykke,  til  Begraensningen  for 
2n+i  som  en  Rand  i  det  Indre.  Dette  Tilfselde  danner  en  Overgang  mellem  de  to 
mulige  Typer  af  Maengder  2n+i.  Et  Punkt  P  af  2n+  1  vil  med  denne  udvidede  Defini- 
tion af  Randen  da  og  kun  da  vaere  et  indre  Punkt  for  2n+i,  naar  Kurven  P~o)n+i 
indeholder  indre  Punkter  af  2n  (eller  for  /?  =  0  skaerer  w0). 

Betegner  bn,  n  =  0,  1,  .  .  .,  N,  .  .  .  en  Bue  paa  Kurven  «n,  kan  man  paa  til- 

N 

svarende  Maade  betragte  de  Maengder  2'Q  =  bQt  I\  =  60  +  &i»  .  .  .,  2'N  —  £  bn,  .  .  ., 

n-O 

som  fremkommer  ved  Addition  af  Buerne  b0,  b{,  .  .  .,  fyv,  ....  Man  viser  let,  at  disse 
Punktmaengder  vil  vaere  sammenhaengende  Maengder  maalelige  i  JoRDAN'sk  Forstand. 
Denne  Bemaerkning  kommer  vi  senere  til  at  anvende. 

5.  Lad  P0,  Plt  .  .  .,  PN,  .  .  .  vaere  en  Felge  af  Punkter  i  Planen,  Den  uendelige 

OP 

Raekke  V  Pn  skal  da  siges  at  vaere  konvergent,  og  dens  Sum  at  vaere  Punktet  P, 

7i»0  N 

saafremt  det  ved  Raekkens  Afsnit  bestemte  Punkt  £  Pn  for  N  ->  oo  naermer  sig  til 

n«=0 

det  entydig  bestemte  Graensepunkt  P.  Lad  A/0,  Aflf    ..,%,...  vaere  en  Feige  af 

00 

Punktmaengder  i  Planen.  Den  uendelige  Raekke  JT  Mn  skal  siges  at  vaere  konver- 

ot>  n-O 

gent,  saafremt  enhver  uendelig  Raekke  £  Pn,  hvor  Pn»  n  =  0,  1,  .  .  ,  N,  .  .  .  er  et 

n~0 

Punkt  af  Maengden  A/n,  er  konvergent;  Maengden  M  af  de  ved  disse  Raekker  frem- 
stillede  Punkter  skal  betegnes  som  den  givne  Raekkes  Sum. 

OD 

Er  2  Mn  konvergent,  er  det  muligt  svarende  til  ethvert  Tal  e  >  0  at  bestemme 

n-O 

et  positivt  belt  Tal  JV0  =  Af0  (e),  saaledes,  at  for  ethvert  Tal  N  >  JV0  og  ethvert 

N  +  p 

positivt  belt  Tal  p  Maengden  V  Mn  er  beliggende  belt  indenfor  en  Cirkel  med 

n-N+l 

Begyndelsespunktet  0  som  Centrum  og  Radius  i;  vi  udtrykker  dette  ved  at  sige,  at 

OP 

den  uendelige  Raekke  £  Pn,  hvor  Pn  gennemleber  Punktmaengden  Mn,  er  ligelig  kon- 

n-O 

vergent.  I  modsat  Fald  maatte  der  nemlig  eksistere  et  bestemt  Tal  e  >  0  og  en  Felge 
af  hele  positive  Tal  N,  <  Ni  +  pl  <  N2  <  JV2+pa  <  .  <NR<  NR  +  PR  <  ...  saa- 


ledes,  at  Maengderne  V  Afn,  r  =  1,  2,  ...,/?,..     alle  indeholdt  Punkter  udenfor 

/i-A^r-M 
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eller  paa  Randen  af  Cirklen  med  0  som  Centrum  og  Radius  e\  men  dette  vilde 

00 

umiddelbart  fere  til  Konstruktion  af  en  divergent  Raekke  JT*  Pn,  hvor  Pn,  n  =  0,  1,  .  .  ., 
N9  ...  tilherte  Maengden  Mn.  n"° 

Lad  (fo.n  betegne  0vre  Graense  for  Afstanden  fra  Begyndelsespunktet  til  et  Punkt 

N+f 

af  Maengden  Y  Mn  og  lad  ds  betegne  0vre  Graense  for  <fjv,p,  naar  p  gennem!0ber 

n^tf+l 

de  hele  positive  Tal;  da  udsiger  den  fundne  Saetning,  at  St0rrelsen  SN  konvergerer 
mod  Nul,  naar  N  vokser  ud  over  alle  Graenser.  Heraf  f01ger  specielt,  at  den  st0rste 
Afstand  fra  Begyndelsespunktet  til  et  Punkt  af  Maengden  Mn  vil  konvergere  mod 
Nul  for  n  -*  oc. 

Endvidere  f01ger  let,  at  hvis  JT  Mn  er  konvergent,  og  enhver  af  Punktmamg- 

n  =  0  oo 

derne  Mn  er  beliggende  belt  i  det  endelige,  da  vil  Punktmamgden  M  =  £  Mn  lige- 

n-O 

ledes  vaere  beliggende  belt  i  det  endelige.  Forudsaetter  man  yderligere  om  Punkt- 
msengderne  Mn,  at  de  er  afsluttede  Maengder,  viser  man  let,  at  ogsaa  Maengden  M 
er  en  afsluttet  Punktmaengde. 

6.  Lad  w0,  wlf  .  .  ,  ow,      .   vaere  en  F01ge  af  lukkede  konvekse  Kurver,  og 
lad  Raekken 

(3) 


vaere  konvergent.  Kurverne  wn  er  belt  i  det  endelige  beliggende  afsluttede  Punkt- 
maengder.  Summen  2  af  Raekken  (3)  er  derfor  ligeledes  afsluttet  og  beliggende  belt 

N 

i  det  endelige.  Vi  vil  vise,  at  Punktmcengden  2  ligesom  Raekkens  Afsnit  IN  =  £  con 

n-O 

enten  bestaar  af  et  enkelt  afsluttet  konvekst  Omraade  I(y)  eller  af  et  afsluttet  konvekst 
Omraade  I(y)  minus  et  aabent  konvekst  Omraade  I(i). 

Lad  Qn,  n  =  0,  1,      .,  N,        vaere  et  fast  Punkt  paa  Kurven  wrt.  I  Stedet  for 
at  addere  Kurverne  wn  vil  vi  addere  de  parallelforskudte  Kurver  «},  =  o>n—  -Qn,  som 

00 

alle  gaar  gennem  Begyndelsespunktet.  Idet  Raekken  £  Qn  er  konvergent,  bar  vi' 


n-0  n-0  n=«0 


Raekken  £  wn  er  altsaa  konvergent,  og  dens  Sum  2'  fremgaar  af  2  ved  en  Parallel- 


n-O 


forskydning.  Afsnittene  i  Raekken  £  w'n  betegner  vi  2J,,  2\,    .  ,  2^t  .,  .  ;  de  danner 


n~0 


en  voksende  F01ge  af  Masngder.  Ethvert  Punkt  i  Planen,  som  for  et  eller  andet  n 
tilh0rer  2'n,  vil  ogsaa  tilh0re  I'\  Punktmaengden  2'  vil  derfor  kunne  bestemmes  som 
det  afsluttede  Hylster  for  Graensemaengden  for  2'n  for  n  ->  oo. 
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Komplementaermaengden  2'*  til  2'  udg0res  af  de  Punkter  i  Planen,  som  tillige  med 
en  vis  Omegn  tilherer  Komplementaermaengden  2'n*  til  2'n  for  alle  n  =  0, 1,  . . .,  Nt  . . ., 
Punktmaengden  2'n  bestaar  enten  af  et  enkelt  Omraade  Y(y'n),  hvor  y'n  er  en  kon- 
veks  Jordankurve,  eller  af  to  Omraader  Y(y'n)  og  /(/n),  hvor  y'n  og  i'n  er  konvekse 
Jordankurver,  af  hvilke  den  ferste  omslutter  den  sidste.  Omraaderne  Y(y'n)  danner 
en  aftagende  Folge.  Et  Punkt  P,  som  tilherer  samtlige  Maengder  2'n* ,  kan  enten  til- 
h0re  samtlige  Omraader  Y(y'n)  eller  samtlige  disse  Omraader  til  et  vist  Trin  og  der- 
naest samtlige  Omraader  I(i'n).  Det  kan  ikke  f0rst  tilhore  et  Omraade  I  (in)  og  dernaest 
for  et  st0rre  n  et  Omraade  Y(y'n).  Maengden  2y*  af  Punkter,  som  tiilige  med  en  vis 
Omegn  tiih0rer  samtlige  Omraader  V(y'n),  vil  vaere  komplementser  til  det  afsluttede 
Hylster  for  den  Maengde,  som  bestaar  af  samtlige  Punkter,  som  for  et  eller  andet  n 
tilh0rer  l(y'n).  Denne  Maengde  er  konveks;  betegner  vi  dens  Begraensning  y  vil  2'y* 
vaere  idenlisk  med  det  ydre  Omraade  for  den  konvekse  Kurve  i/.  Tilhorer  ethvert 
Punkt  af  2'*  samtlige  Omraader  Y(y'n),  er  2'*  identisk  med  2'y\  Punktmaengden  I1 
f01gelig  med  det  afsluttede  konvekse  Omraade  l(y').  I  modsat  Fald  bestaar  2'*  for- 
uden  af  Omraadet  Y(y')  af  en  Punktmaengde  21*  bestaaende  af  de  Punkter,  som 
tillige  med  en  vis  Omegn  tilherer  samtlige  Omraader  Y(y'n)  til  et  vist  Trin  og  der- 
naest samtlige  Omraader  /(in),  Denne  Maengde  vil  vaere  den  aabne  Kaerne  for  Maengden 
af  Punkter,  som  tilh0rer  samtlige  Omraader  Y(y'n)  til  et  vist  Trin  og  dernaest  samt- 
lige Omraader  I(i'tt).  Denne  Maengde  er  sikkert  konveks;  betegner  vi  dens  Begraens- 
ning  z",  er  Omraadet  7(0  identisk  med  Maengden  2\*.  Maengden  2'  bestaar  i  dette 
Tilfaelde  af  det  afsluttede  Omraade  J(y')  minus  det  aabne  Omraade  7(z"). 

Hermed  er  den  opstiliede  Saetning  bevist. 

Et  Punkt  i  Planen,  som  tillige  med  en  vis  Omegn  tilh0rer  samtlige  Maengder 
2'n,  vii  vaere  et  indre  Punkt  af  I'.  Benytter  man  dette  som  Definition,  opnaar  man 
i  saerlige  Tilfaelde,  hvor  2  begraenses  af  en  enkell  konveks  Kurve,  i  Lighed  med 
ovenfor  en  Udvidelse  af  Randen  af  2  til  ogsaa  at  omfatte  et  afsluttet  Liniestykke  i 
det  Indre  af  2. 

7.  Vi  vil  endnu,  med  sserligt  Henblik  paa  en  senere  Anvendelse  (§  47),  fore- 

00 

tage  en  Almindeligg0relse  af  Begrebet  Sum  af  en  uendelig  Raekke  ]?  o>n  til  ogsaa  at 
omfatte  visse  dwergente  Rvekker. 

Lad  os  for  ethvert  N  og  ethvert  positivt  Tal  p  med  2N,N+p  betegne  Sum- 

fl-f p  oo 

men^wn  af  Kurverne  WNH-I,       ,  w\+j,.  De  Raekker^wn,  som  vi  vil  betragte, 

n«N+l  n»0 

er  dem,  for  hvilke  det  er  muligt  svarende  til  ethvert  tilstraekkelig  stort  N  (d.  v.  s. 
ethvert  N  >  NQ)  at  bestemme  et  belt  Tal  jo0  =  pQ(N)  og  et  positivt  Tal  QN,  som  kon- 
vergerer  mod  Nul  for  N  -+  oo,  saaledes  at  for  ethvert  p  >  p0  Maengden  2ytx+p  inde- 
holder  Punkter  af  den  afsluttede  Cirkelskive  7V  med  Centrum  i  Begyndelsespunktet 
og  Radius  ##,  For  konvergente  Raekker  er  denne  Betingelse  sikkert  opfyldt;  vaelger 
vi  QN  =  in  (se  §  5)  vil  endda  for  ethvert  p  samtlige  Punkter  af  ^N,N+P  tilh0re  TAT, 
For  ethvert  JV>  N0  betragter  vi  Maengden  i'Sv  af  Punkter  af  2x,  hvis  Afstand 
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fra  Randen  for  IN  opfattet  i  den  i  §  4  angivne  udvidede  Betydning  er  sterre  end 
20N5  for  tilstrekkelig  store  N  eksisterer  denne  Maengde  og  er  en  aaben  Maengde 
begraenset  enten  af  en  enkelt  konveks  Kurve  J/N  eller  af  to  konvekse  Kurver  I/N  og  IN- 
Betegner  P  et  Punkt  af  IN,  indeholder  for  ethvert  Punkt  Q  af  P+/N  og  ethvert 
p>/)0  Maengden  Q  — IN,  AMP  Punkter  af  IN.  Cirkelskiven  P+FN  tilherer  altsaa 
del  Indre  af  samtlige  Maengder  IN+P  med  p  >  p0.  Da  ^N+ p  -*  0  for  p  ->  oo  felger 
heraf,  at  Maengden  IN  tilhorer  samtlige  Maengder  IN+P  fra  et  vist  Trin.  Heraf  felger 
nu  uden  Vanskelighed  ved  Hjaelp  af  den  i  forrige  Paragraf  anvendte  Betragtning, 
at  der  vil  eksistere  en  bestemt  Graensemaengde  2'  for  IN  for  JV  ->  oo  bestemt  ved 
Maengden  af  Punkter,  som  for  et  eller  andet  N  tilherer  den  tilsvarende  Maengde  IN 
og  bestaaende  enten  af  et  enkelt  aabent  konvekst  Omraade  (som  nu  ikke  behever 
at  vaere  begrsenset)  eller  af  et  aabent  konvekst  Omraade  minus  et  afsluttet  konvekst 
Omraade,  som  specielt  kan  udarte  til  et  Punkt  eller  til  et  ret  Liniestykke.  Denne 
Maengde  I'  vil  vaere  identisk  med  Maengden  af  Punkter,  som  tillige  med  en  vis 
Omegn  tilherer  det  Indre  for  samtlige  Maengder  IN  fra  et  vist  Trin;  thi  ethvert 
Punkt,  for  hvilket  dette  er  Tilfaeldet,  vil  aabenbart  for  et  tilstraekkelig  stort  N  til- 
here  IN.  Det  afsluttede  Hylster  for  den  fundne  Graensemaengde  I'  betegner  vi  som 

00 

Summen  I  af  den  uendelige  Rcekke ]?  wn ;  Randen  for  I'  skal  vsere  Randen  for  I. 

n  =  0 

Af  Karakteriseringen  af  de  indre  Punkter  for  I  fremgaar,  at  den  indferte  Sum  for 
konvergente  Raekker  stemmer  overens  med  den  saedvanlige. 


KAPITEL  II. 
Indledende  Definitioner  og  Saetninger  om  Sandsynlighed. 

Inden  vi  i  naeste  Kapitel  afgraenser  det  Omraade  af  plane  konvekse  Kurver, 
som  vi  vil  l«gge  til  Grund  for  Undersegelsen  af  Sandsynligheder  ved  Addition  af 
konvekse  Kurver,  skal  vi  i  dette  Kapitel  indfere  nogle  af  de  Begreber,  som  kommer 
til  at  spille  en  Rolle  i  det  felgende.  Vi  vil  defmere,  hvad  vi  vil  forstaa  ved  en  Sand- 
synlighedsfordeling  paa  en  konveks  Kurve,  og  vi  vil  se,  hvorledes  man  ved  Addition 
af  konvekse  Kurver,  paa  hvilke  der  er  givet  bestemte  Sandsynlighedsfordelinger,  kan 
komme  til  at  tale  om  Sandsynlighedsfordelinger  paa  de  ved  Additionen  fremkomne 
Punktmaengder,  samt  indenfor  visse  Graenser  undersege  disses  Egenskaber.  Disse 
Betragtninger  gennemferes  naturligst  for  almindelige  konvekse  Kurver.  Da  vi  imid- 
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iertid  kun  kommer  til  at  anvende  dem  paa  Kurver  af  det  afgraensede  Omraade,  bar 
vi  ikke  lagt  Vaegt  paa  at  give  Undersogelsen  vaesentlig  sterre  Almindelighed,  end  det 
for  disse  Anvendelser  er  nedvendigt. 


Fig.  4. 


Buesandsynllghed  og  Maengdesandsynllghed  paa  en  konveks  Kurve, 

8.  Vi  betragter  en  konveks  Jordankurve  «  (se  Fig.  4).  Lad  der  vaere  givet  en 
Funktion  f(b)  defmeret  for  enhver  Bue  b  paa  «,  o>  selv  medregnet,  for  bvilken  det 
gaelder,  at  dens  Vaerdi  er  den  samme,  enten  vi  betragter  en  aaben  Bue  eller  de  Buer, 
der  fremkommer  af  den  ved  Tilfejelse  enten  af  et  af  Ende- 
punkterne  eller  af  begge.  Funktionen  siges  at  vaere  kontinuert, 
saafremt  stedse  f(b')  konvergerer  mod  f(b),  naar  den  variable 
Bue  b'  konvergerer  mod  den  faste  Bue  b  paa  «.  Den  siges  at 
vaere  additiv,  saafremt  stedse  f(b{)  +  f(b^)  =  f(bQ),  naar  b{  og  b% 
er  to  Buer,  der  ligger  i  hinandens  Forlaengelse  og  tilsammen 
udg0r  Buen  bQ.  Der  findes  Funktioner  af  den  betragtede  Art, 
der  er  saavel  kontinuerte  som  additive,  f.  Eks.  Buelaengden 
paa  Kurven. 

Lad  os  nu  om  en  saadan  Funktion  yderligere  antage,  at 
den  stedse  er  positiv,  og  at  dens  Vaerdi  svarende  til  selve  Kurven  er  1.  Lad  os 
betegne  den 

w(b). 

Denne  Funktion  bestemmer  da,  hvad  vi  vil  kalde  en  kontinuert  Buesandsynlighed  paa 
den  givne  konvekse  Kurve,  som  fremkommer,  idet  vi  for  enhver  Bue  b  af  w  betegner 
den  tilsvarende  Funktionsvaerdi  w(b)  som  Sandsynligheden  for,  at  et  vilkaarligt 
Punkt  P  af  w  falder  paa  Buen  b. 

Da  Funktionen  er  additiv  og  stedse  positiv,  maa  vi  for  enhver  aegte  Bue  b  paa 
w  have  0  <  w(b)  <  I.  Visheden  for,  at  Punktet  P  tilherer  w,  er  udtrykt  i  Forud- 
saetningen  w(w)  =  1.  Additiviteten  giver  Udtryk  for  Reglen  om  Sandsynligheders 
Addition,  idet  den  viser,  at  Sandsynligheden  for,  at  et  Punkt  P  af  w  enten  tilhorer 
den  ene  eller  den  anden  af  to  Buer  bt  og  &2»  der  ^88er  l  hinandens  Forlaengelse, 
er  Summen  af  Sandsynlighederne  for,  at  det 
tilharer  hver  af  de  to  Buer. 

Lad  os  betragte  et  bestemt  Punkt  P0  af 
w  (se  Fig.  5),  og  lad  Punktet  Pi  gennem!0be 
Kurven  i  en  bestemt  Retning  fra  P0  til  P0. 
For  enhver  Stilling  af  Pl  betragter  vi  Sand- 
synligheden for,  at  et  vilkaarligt  Punkt  af 
a)  tilhorer  den  allerede  gennem!0bne  Bue 
P0Pt.  Denne  Sandsynlighed  er,  opfattet 
som  Funktion  af  Pt,  kontinuert  og  stedse 
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voksende.  Den  vokser  fra  0  til  1,  naar  Pt  gennemleber  w.  Lad  os  nu  betragte 
en  Cirkel  c  med  Omkreds  1,  paa  hvilken  der  er  givet  et  fast  Punkt  Q0,  og  lad 
Qi  vaere  et  Punkt,  som  gennem!0ber  c  i  en  bestemt  Retning  fra  Q0  til  Q0.  Lader 
vi  dette  Punkt  folges  med  Punktet  P1$  saaledes  at  Laengden  af  den  af  Qt  gennem- 
10bne  Bue  stadig  er  lig  med  den  til  Buen  P^  paa  w  svarende  Sandsynlighed, 
opnaar  vi  en  enentydig  og  kontinuert  Afbildning  af  w  paa  c,  Til  enhver  Bue  paa  w 
svarer  ved  denne  Afbildning  en  Bue  paa  Cirklen,  hvis  Laengde  er  den  til  den  givne 
Bue  svarende  Sandsynlighed.  Omvendt  ser  man,  at  enhver  enentydig  og  kontinuert 
Afbildning  af  Kurven  w  paa  en  Cirkel  med  Omkreds  ,1  vil  definere  os  en  Bue- 
Sandsynlighed  paa  Kurven  af  den  betragtede  Art.  Indforer  vi  som  Parameter  0  paa 
Cirkelperiferien  Laengden  af  Buen  QQ  Ql  fra  det  faste  Punkt  Q0  til  det  variable  Punkt 
Qi,  fremkommer  en  Afbildning  af  Kurven  paa  Parameterintervallet  0  <  8  <  1,  som 
lige  saa  vel  som  Afbildningen  paa  Cirklen  er  egnet  til  Beskrivelse  af  Buesandsyn- 
ligheden  paa  Kurven. 

9.  Denn«  Fremstilling  af  Sandsynlighedsfordelingen  paa  Kurven  giver  Anledning 
til  Betragtning  af  Sandsynligheder  svarende  ikke  blot  til  Buer,  men  almindeligere  til 
alle  Punktmaengder  paa  Kurven,  for  hvilke  den  tilsvarende  Msengde  af  Parameter- 
vaerdier  er  maalelig,  idet  Sandsynligheden  svarende  til  en  saadan  Msengde  m  ligefrem 
saettes  lig  med  Maalet  w(rri)  af  denne  Punktmaengde.  Ved  maalelig  forstaar  vi  her  som 
ogsaa  stedse  i  det  folgende  maalelig  i  JoRDAN'sk  Forstand,  ved  en  Punktmaengdes  Maal 
dens  JoRDAN'ske  Maal.  Naar  vi  opererer  med  dette  Maal  og  ikke  med  det  langt  mere 
fintmaerkende  LEBESGUE'ske,  skyldes  det  dels,  at  det  om  alle  de  Maengder,  vi  kommer 
til  at  betragte,  gaelder,  at  de  er  maalelige  allerede  i  JoRDAN'sk  Forstand,  dels,  at  den 
foreliggende  Undersogelse  som  en  Unders0gelse  over  kontinuerte  Funktioner  bevaeger 
sig  paa  klassisk  Grund  og  ikke  paa  noget  Punkt  forudsaetter  de  LEBESGUE'ske  Teorier. 
Idet  Maalet  for  et  Liniestykke  simpelthen  er  Liniestykkets  Laengde,  ser  vi,  at  denne 
nye  Definition  fremtraeder  som  en  naturlig  Udvidelse  af  den  oprindelige.  Den  indf0rte 
Maengdefunktion  betegnes  som  en  Mcengdesandsynlighed  paa  den  givne  konvekse  Kurue. 

Maengdesandsynllgheder  i  Planen. 

10.  Lad  der  i  en  Plan  med  fastlagt  Begyndelsespunkt  0  vaere  givet  en  F01ge 

(1)  00,  »n  ••  •»  «V  •  •  • 

af  konvekse  Jordankurver.  Vi  vil  betragte  de  ovenfor  definerede  Punktmaengder 

N 

(2)  20  =  w0,  ^  =  «0  +  »i,       ,  2N  =)>  <»„,    . . , 

n-0 

der  fremkommer,  naar  Kurverne  adderes  i  den  opskrevne  Raekkefolge. 

Lad  os  antage,  at  der  paa  hver  af  Kurverne  CD/,  er  givet  en  Msengdesandsyn- 
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lighed  wn(m)  af  den  ovenfor  betragtede  Art  bestemt  ved  en  Afbildning  af  Kurven 
paa  et  Parameter-interval  0  <  0n  <  1.  Dette  forer  umiddelbart  til  en  Afbildning  af 
hver  af  Maengderne  IN  paa  Enhedsterningen  ()N  (0  <  9n  <  1)  i  det  tilsvarende 
00,  Olt  . . .,  0N-Rum,  idet  vi  lader  et  Punkt  P  af  IN  svare  til  et  Punkt  (00,  0t,  . . .,  0lV) 
af  QN»  naar  de  til  Koordinaterne  9n  for  dette  Punkt  svarende  Punkter  Pn  af  de 
enkelte  Kurver  wn  bar  Summen  P.  Hvert  Punkt  af  Q$  faar  ved  denne  Afbildning 
netop  et  tilsvarende  Punkt  i  IN,  medens  (for  N  >  1)  den  overvejende  Del  af  IN'S 
Punkter  svarer  til  flere  Punkter  af  QN. 

Ved  Hjaelp  af  denne  Afbildning  kan  vi  nu  defmere  en  Mwngdesandsynlighed  i 
Sx-Planen.  Lad  os  betragte  en  Punktmaengde  M  i  denne  Plan,  Svarende  til  denne 
betragter  vi  Maengden  J2  af  Punkter  i  QN,  bvis  tilsvarende  Punkt  i  IN  tilhorer 
Maengden  Af.  Saafremt  denne  Msengde  &  er  maalelig  (i  JoRDAN'sk  Forstand),  beteg- 
ner  vi  dens  Maal 

WN  (M) 

som  Sandsynligheden  for,  at  det  vilkaarlige  Punkt  P  af  I.v  tilherer  M.  Vi  bar  stedse 
0  <^  WN  (M)  <  1.  Til  2s  selv  svarer  selve  Qx,  som  er  maalelig  og  bar  Maalet  1. 
Dette  udtrykker  Visheden  for,  at  Punktet  P  tilherer  IN.  Endvidere  gaelder  Reglen 
om  Sandsynligheders  Addition.  Har  vi  to  Maengder  M{  og  Af2  i  iN-Planen  uden  noget 
faelles  Punkt,  til  hvilke  der  svarer  bestemte  Sandsynligheder  WN(M{)  og  Ur\(M2), 
vil  der  til  Foreningsmaengden  A/0  =  Ml  +  M2  af  de  to  Maengder  svare  den  bestemte 
Sandsynlighed  ^v(M0)  =  WN  (Mt)  +  WN  (A/2).  Thi  til  Af0  svarer  en  Delmaengde  /.% 
af  (/x,  der  kan  dannes  som  Foreningsmaengde  af  de  til  Mt  og  A/2  svarende  Maengder 
IJt  og  £2.  Disse  er  begge  maalelige  og  bar  intet  Punkt  faelles.  Heraf  folger  imidlertid 
at  ogsaa  £0  er  maalelig,  og  at  dens  Maal  WN(MO)  er  Summen  WN  (M^  H-  Wx  (A/2) 
af  Maalene  for  J^  og  £2. 

Af  Hensyn  til  en  senere  Anvendelse  bemaerker  vi,  at  Maengdesandsynligheden 
WN  (M) ,  ligesom  Punktmaengden  IN  selv,  er  uaf  hsengig  af  den  Orden,  hvori  vi  bar 
adderet  Kurverne  a>0,  wt,  .  ,  O>N.  Punktmsengden  Q  i  den  N+  1-dhnensionale  Enheds- 
terning,  hvis  Maal  vi  benyttede  som  Definition  paa  Sandsynligheden  for,  at  et  Punkt 
P  af  2$  tilherte  Maengden  M  i  IV-Planen,  vil  nemlig  ved  Omordning  af  Kurverne 
blive  erslattet  med  en  Maengde  /2*  kongruent  med  £.  Thi  Omordningen  af  Kurverne 
«o»  wi»  »  MN  svarer  simpelthen  til  en  Omordning  af  Koordinaterne  00,  0lf  .  ,  0\. 
De  to  Maengder  /2  og  ^*  vil  felgelig  samtidig  vaere  maalelige  og  altid  med  samme  Maal. 

11.  Af  Reglen  om  Sandsynlighedernes  Addition  fremgaar  ferst  rigtig  det  beret- 
tigede  i  at  kalde  de  betragtede  Maengdefunktioner  W^(M)  Sandsynligheder.  Den  viser 
tillige,  at  vi  kan  faa  et  Overblik  over  Sandsynlighedsfordelingerne,  selv  om  vi  ind- 
skraenker  os  til  kun  at  betragte  saerlig  simple  Punktmaengder  i  Planen,  idet  vi  altid 
ved  Sammensaetning  af  disse  kan  naa  til  mere  komplicerede.  Vi  vil  gennemf0re 
Betragtningerne  for  det  Tilfaelde,  at  disse  Punktmaengder  er  Rektangler,  idet  vi  herved 
forstaar  Punktmaengder,  som  i  et  passende  retvinklet  Koordinatsystem  (XY)  kan 
fremstilles  ved  Uligheder  af  Formen  x0  <  x  <  xlt  i/0  <  y  <  yt. 
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Vi  vil  alene  betragte  det  Tilfaelde,  hvor  ingen  af  Kurverne  wn  indeholder  rette 
Liniestykker.  Lad  der  i  Planen  vaere  givet  et  fast  retvinklet  Koordinatsystem  (XY)t  og 
lad  os  undersoge  Ma3ngdesandsynlighederne  Ws(M)  for  akseparallelle  Rektangler 
R(XQ  <  x  <  xit  i/0  <  y  <  y{)  i  dette  System. 

Vi  vil  vise,  at  der  for  ethvert  N  eksisterer  en  bestemt  Rektangelsandsynlighed 
Wiv(fl),  defineret  for  alle  de  betragtede  Rektangler,  om  hvilken  det  gaelder,  at  der  til 
ethvert  Tal  t  >  0  svarer  et  Tal  d  >  0,  saaledes  at  for  ethvert  Rektangel,  hvis  Area!  er 
mindre  end  d,  den  tilsvarende  Sandsynlighed  er  mindre  end  e.  Heraf  vil  spedelt  f01ge, 
at  Fimktionen  Wjv(/0  er  kontinuert,  d.  y.  s,  at  1V\  (/?')•  vil  konvergere  mod  Wiv(/?), 
naar  R'  er  et  akseparallelt  Rektangel,  der  konvergerer  mod  R.  Thi  R'  vil  gaa  over 
i  R  ved  Addition  eller  Subtraktion  af  (hejst)  fire  akseparallelle  Rektangler,  hvis 
Areal  konvergerer  mod  Nul,  Endvidere  vil  vi  vise,  at  W\(/?)  da  og  kun  da  er  positiv, 
naar  R  i  sit  Indre  indeholder  et  Pnnkt  af  2s.1 

Vi  ferer  Beviset  for  den  opstillede  Ssetning  ved  Induktion.  Lad  os  f0rst  betragte 
Tilfaeldet  A7  —  0,  hvor  Maengden  20  er  identisk  med  den  konvekse  Kurve  w0,  Enheds- 
taerningen  Q0  med  Intervallet  0  <  00  <  1.  Punktmxngden  &  af  Q0,  som  svarer  til 
et  Rektangel  R  i  i'0-Planen,  bestaar  0jensynlig  af  et  endeligt  Antal  Intervaller,  thi 
de  Punkter  af  w0,  som  tilherer  R,  danner  et  endeligt  Antal  (hejst  fire)  Buer  paa 
Kurven.  Sandsynligheden  W0(ft)  eksisterer  altsaa  sikkert.  Lige  saa  klart  er  det,  at 
denne  Sands}nlighed  maa  vsere  mindre  end  en  vilkaarlig  positiv  St0rrelse  e,  naar 
blot  Rektanglets  Areal  er  mindre  end  en  tilsvarende  positiv  Storrelse  d.  Thi  er  Rekt- 
anglets  Areal  mindre  end  d,  er  mindst  en  af  dels  Sider  mindre  end  |/<J,  og  6  kan 
vselges  saa  lille,  at  Sandsynligheden  svarende  til  de  h0jst  to  Buer,  som  en  Parallel- 
strimmel  af  Bredden  ]/i  bar  fa3lles  med  a>0,  er  mindre  end  *  uafhaengig  af  Paral- 
lelstrimlens  Beiiggenhed.  Dette  f0lger  af  vor  Forudsaetning,  at  «0  ingen  rette  Linie- 
stykker indeholder.  Heraf  f01ger  ogsaa,  at  W0(/?)  da  og  kun  da  er  posiliv,  naar  R  i 
sit  Indre  indeholder  Punkter  af  wn. 

Vi  antager  nu  Ssetningen  riglig  for  et  eller  andet  N  og  vil  herudfra  vise  dens 
Rigtighed  ogsaa  for  N+l.  Lad  (se  Fig.  6)  R  betegne  et  bestemt  akseparallelt  Rekt- 
angel. Vi  betragter  den  tilsvarende  Punktmangde  Q  i  den  JV-f  2-dimensionale  Enheds- 
terning  QN+I*  Vi  skal  vise,  at  denne  PunktmaBngde  er  maalelig.  Samtidig  vil  vi 
angive  et  Udtryk  for  dens  Maal  W#  +  i(/?)  ved  Hjcelp  af  Funktionen  WN*  Punkt- 
macngden  SN  +  \  bestemmes  som  2s  + 1  =  ^N  +  WJV  +  I.  Lad  P  betegne  Midtpunktet  af 
R  og  lad  Ptf+i  vaere  et  Punkt  af  ow  +  i.  De  Punkter  af  2s,  som  ved  Addition  af 
Punktet  PS  +  I  giver  Punkter  af  Jjv  +  i,  som  tilhorer  /?,  maa  alle  tilh0re  det  Rektangel 
/?  — PN  +  I,  som  fremkommer  af /?,  naar  man  parallelforskyder  det  Vektoren— Ofiv+i. 
Genneml0ber  PJV  +  I  Kurven  wjy  +  i,  vil  Midtpunktet  P—Pjv  +  i  for  dette  Rektangel 
gennem!0be  Kurven  P— oi\  +  i.  For  ethvert  Punkt  P— PN  +  I  af  denne  Kurve  betragter 


1  Det  felgende  Bevis  er  hentet  fra  en  Af  handling  af  H.  BOHR  og  R.  COURANT:  Neue  Anwendungen 
der  Theorie  der  Diophantischen  Approximationen  auf  die  Hiemann'sche  Zetafunktion.  Journ.  f.  Math. 
Bd.  144.  (1914),  hvor  det  dog  kun  er  gennemfert  for  et  specielt  Tilfselde, 
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vi  nu  den  tilsvarende  Rektangelsandsynlighed  Wjv(fl— PN  +  I).  Denne  Sandsynlighed 
er  if01ge  vor  Antagelse  en  kontinuert  Funktion  af  Rektanglet  /?— PN  +  I,  felgelig  ogs,aa 
af  dets  Midtpunkt  P—  PK  +  I-  Det  vil  atter  sige,  at  den  er  en  kontinuert  Funktion 
af  Parameteren  QN  +  \  for  Punktet  PN  +  I  paa  ow  +  r.  Vi  vil  vise,  at  dens  Integral 

11 

r  


netop  bestemmer  Rektangelsand- 
synligheden  Wv+i(/0. 

Lad  os  med  Ai  og  Ati  betegne 
henholdsvis  det  indre  og  det  ydre 
Maal  for  Punktmaengden  &  .  For 
at  vise,  at  £  er  maalelig  med 
Maalet  /,  er  det  tilstraekkelig  at 
vise,  at  for  ethvert  e  >  0 


andets  udenfor  R. 
Vektoren  —  OPjv  +  i. 
ethvert  PJV+I 

(3) 


Thi  da  At<Ag  felger  heraf  A,= 

For  at  vise,  at  dette  er  Tilfael- 
det,  betragter  vi  to  med  R  fast 
forbundne   akseparallelle   Rekt- 
angler  ft  og  Ry,  ligeledes  med 
Fig.  6.  Midtpunkt  P,  af  hvilke  det  f0r- 

stes  Rand  falder   indenfor,  det 

?f— P.Y-hi  ogfly  —  Ptf  +  i  betegner  disse  Rektangler  parallelforskudt 
Ifelge  Antagelse  kan  vi  vaelge  ft  og  Ry  saa  naer  ved  /?,  at  for 


€ 

~~  2 

Lad  os  nu  betragte  en  Rsekke  efter  hinanden  folgende  Punkter  P^  v  P*,f  p  .   . , 
t'^v^l  =  K-xi  P^  Kurven  w\  +  i.  Lad  os  med  //"fty  +  i  (u  =  1,  2,  . . . ,  /n) 

I          A  T  1  AT**  *'(*  ^    T    i     \|-  »J  >/ 


betegne  Sandsynligheden  svarende  til  Buen 


paa  w\f  i.  Storrelsen 


"N+l 


i"-1 


giver  os  en  Tilnsermelsesvaerdi  for  Integralet  /,  Vi  bestemmer  nu  Punkterne  P^, 
^xi,     . ,  PV  , ,.  ^v xil  =  PlV4.i  saaledes,  at  for  det  ferste 


(4) 
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for  det  andet  Rektanglet  jR-PN+1,  for  ethvert  Punkt  PN+l  af  Buen  P£+IP£*I 
(t*  =  1,  2,  .  ,  m)  paa  WN+I,  indeholder  Rektanglet  ty—P^  svarende  til  Buens 
Begyndelsespunkt  PJJ+1,  medens  det  indeholdes  i  Rektanglet  jR  —  P^+1.  Dette  sidste 

vil  altid  vsere  Tilfaeldet,  naar  blot  Lsengden  af  hver  Bue  PjJ+1  PJJ^  paa  «N+l  er 
mindre  end  den  mindste  Afstand  fra  et  Punkt  af  Randen  for  R  til  et  Punkt  af 
Randen  for  Rt  eller  Ry. 

Da  er  det  indre  og  ydre  Maal  for  den  Del  af  £,  for  hvilken  Koordinaten  BN+l 
svarer  til  Punkter  af  Buen  PjJ+1  P^+1,  mindst  lig  med  WN(^— PJJ41)y^+1> 
hejst  lig  med  WN(R tf—P^  ,  t)  -/^JV-H.  F01gelig  er 


U-l  jU-1 

Ved  Anvendelse  af  (3)  folger  heraf 


og,  ved  Hjaelp  af  (4), 

I 

hvormed  Eksistensen  af  W,\+i(/?)  og  samtidig  Identiteten 


er  bevist 

Heraf  f01ger  umiddelbart  den  anden  Del  af  den  opstillede  Saitning;  thi  er 
WN(R)<£  for  ethvert  Rektangel,  hvis  Areal  er  mindre  end  d,  er  ogsaa  WN+I(R)<( 
for  ethvert  saadant  Rektangel.  Anderledes  formuleret  udsiger  denne  Del  af  Ssetningen, 
at  Rektangelsandsynligheden  gaar  ligelig  mod  Nul  med  Rektanglets  Areal.  Den  sidste 
Bemaerkning  viser  da,  at  Ligelighedsgraden  ikke  forringes  ved  Overgang  fra  N  til 
jV+1;  en  en  Gang  opnaaet  Regelmcessighed  i  Sandsynlighedsfordelingen  bevares  under 
den  fortsatte  Addition  af  konvekse  Kurver. 

Endelig  viser  Identiteten  (5)  Rigtigheden  af  den  i  Saelningens  sidste  Del  udtalte 
Paastand,  at  WN+I(#)  da  og  kun  da  er  positiv,  naar  R  i  sit  Indre  indeholder 
Punkter  af  SN+I.  Thi  dette  er  ensbetydende  med,  at  mindst  et  af  Rektanglerne 
R—PN+I  i  sit  Indre  indeholder  Punkter  af  SN,  altsaa  ifelge  Forudssetning  ensbety- 
dende med,  at  den  kontinuerte  Funktion  Wjv(/?--Ptf.fi)  under  Integraltegnet  for 
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mindst  en  Vaerdi  af  Parameteren  fyv+i  er  positiv.  Men  del  er  netop  Betingelsen  for, 
at  Integrate!  er  positivl.  Hermed  er  den  opstillede  Ssetning  fuldstsendig  bevist. 

Forudsaetningen  om,  at  de  betragtede  Kurver  ikke  indeholder  rette  Liniestykker, 
er,  som  man  kan  vise,  uden  Betydning  for  Eksistensen  af  Rektangelsandsynlig- 
hederne  Wx(R).  Derimod  er  den  n0dvendig  for  i  Almindelighed  at  sikre  os,  at  disse 
bliver  kontinuerte. 

Vi  skal  i  Kapitel  IV  vende  tilbage  til  Sp0rgsmaalet  om  Sandsynlighedsfordelin- 
ger  ved  Addition  af  konvekse  Kurver,  men  under  speciellere  Forudsaetninger  end  de 
hidtil  anvcndte,  Udfra  den  Antagelse,  at  Sandsynlighederne  paa  de  enkelte  Kurver 
er  differentiate  Maengdefunktioner  med  kontinuerte  Differentialkvotientcr,  og  folgclig 
lader  sig  fremstille  som  Integraler  af  kontinuerte  »Punktsandsynligheder«,  vil  vi 
vise,  at  ogsaa  de  paa  Grundlag  af  disse  indferte  Maengdesandsynligheder  i  Planen 
bliver  differentiable  med  kontinuerte  Differentialkvotienter  og  saaledes  ogsaa  kan 
fremstilles  som  Integraler  af  kontinuerte  Punktsandsynligheder,  Dette  bliver  dog, 
som  det  allerede  fremgaar  af  den  sidste  Bemaerkning,  forst  muligt,  naar  vi  giver 
Afkald  paa  at  betragte  vilkaarlige  konvekse  Kurver,  Afgraensningen  af  Kurveomniadet 
giver  Anledning  til  almindeligere  Betragtninger  over  lukkede  konvekse  Kurver.  Da 
disse  er  af  en  ret  afrundet  Karakter,  bar  vi  af  systematiske  Grunde  samlet  dem  i 
et  selvstaendigt  Kapitel  III. 


KAPITEL  III. 

Afgraensning  af  Kurveomraadet. 
Indre  og  ydre  Radius  for  en  konveks  Jordankurve. 

12.  Lad  (se  Fig.  7)  w  vaere  en  konueks  Jordankurve  uden  Kmvk,  som  ikke  inde- 
holder noget  ret  Linmtykke.  I  ethvert  Punkt  P  af  Kurven  findes  en  bestemt  Tangent  /, 
som  kun  bar  det  ene  Punkt  P  fajlles  med  Kurven,  og  som  varierer  kontinuert  med  P. 
Vi  betragter  samtlige  Cirkler,  som  rorer  t  i  P,  og  som  falder  paa  sain  me  Side  af  / 
som  or,  deres  Centrer  udfylder  Halvnormalen  n  til  /  i  P.  Som  Graensetilfoelde  med- 
regnes  blandt  Cirklerne  Punktet  P  selv  og  Linien  /.  Blandt  de  af  disse  Cirkler,  som 
bar  den  Egenskab,  at  deres  Indre  tilhorer  det  Indre  af  w,  findes  en  storste,  som  vi 
betegner  ;'/(P);  dens  Radius  betegner  vi  0/(P);  o/(P)  vil  normalt  vaere  et  positivt 
Tal,  men  kan  i  udartede  Tilfaelde  vaere  Nul.  Paa  samme  Maade  findes  der  blandt 
de  af  Cirklerne,  bvis  Ydre  tilhorer  det  Ydrc  af  w,  en  mindste,  som  vi  betegner 
Yy(P)\  dens  Radius  betegner  vi  (>y(P);  Qy(P)  vil  normalt  vaere  endelig,  men  kan  i 
udartede  Tilfselde  vaere  uendelig.  Vi  lader  nu  P  gennemlobe  <o  og  bestemmer  nedre 
Graense  n  for  alle  p/(P),  0vre  Graense  ry  for  alle  Qy(P).  St0rrelserne  /•/  og  ry  betegnes 
henholdsnis  som  indre  og  ydre  Radius  for  den  givnc  Kurve  w. 
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Ved  den  fortsatte  Undersegelse  af  Sandsynlighedsfordelinger  ved  Addition  af 
konvekse  Kurver  vil  vi  indskranke  os  til  at  betragte  saadanne  Kurver,  hvis  Radier 
tilfredsstiller  Betingelserne 

(1)  0<rt;   ry<oc. 


Disse  Kurver  skal  siges  at  udgore  Klassen  K. 

Gennem  ethvert  Punkt  P  af  en  Kurve  af 

Klassen  K  kan  der  (se  Fig.  8)  laegges  to 

egentlige  Cirkler  c,(P)  og  cy(P)  med  Radier 

/'/  og  ry,  saaledes  at  ethvert  indre  Punkt  for 

c,-(P)  er  indre  Punkt  for  «,  ethvertydre  Punkt 

for  cff(P)  er  ydre  Punkt  for  «,  og  dette  er 

ikke  muligt  for  nogen  storre  Radius  end  r, 

og  nogen  mindre  Radius  end  ry1.  Omvendt 

vil  enhver  Jordankurve  w,  for  hvilken  dette 

er  Tilfaeldet,  tilhore  Klassen  K  og  vil  have 

de  tilsvarende  Radier  r,  og  ry;  thi  i  ethvert  pig  7 

Punkt  P  af  o>  vil  Cirklerne  c,  (P)  og  cg(P) 

have  samme  Tangent,  og  denne  Tangent  vil  va?re  en   St0ttelinie  for  w;  men  en 

Jordankurve,  som  bar  den  Egenskab,  at  der  gennem  hvert  af  dens  Punkter  gaar 

en  Sl0ttelinie  til  Kurven,  er,  som  vi  i 
1     §  2  har  set,  konveks.  Betingelserne  (1) 
udelukker,  at  Kurven  kan  have  Kmek 
eller  indeholde  rette  Liniestykker. 

Ved  de  felgende  Betragtninger  over 
Kurver  af  Klassen  K  vil  vi  stedse 
komme  til  at  anvende  den  her  givne 
Definition  af  indre  og  ydre  Radius. 
Drejer  det  sig  imidlertid  om  at  afgore, 
hvorvidt  en  paa  Forhaand  forelagt 
Kurve  er  af  Klassen  K,  kan  Defini- 
tionen  virke  noget  upraktisk.  Vi  vil 
derfor  nejere  se,  hvad  det  er  den 
da?kker,  og  saaledes  naa  til  andre 
Bestemmelser  af  Radierne  n  og  ry. 

Oskulationscirkler  og  Krumnings- 
cirkler. 

13.  Lad  w  vsere  en  konveks  Jordan- 
kurve uden  Knaek,  som  ikke  indeholder  rette  Liniestykker.  Bestemmelsen  af  dens  indre 
og  ydre  Radius  efter  den  ovenfor  givne  Definition  fordrer  en  Betragtning  af  Kurvens 


Fig.  8. 


rulle 


1  Klnematisk  er  Hadierne  r,  og  ry  bestemt  henholdsvis  som  Radiui  i  den  sterste  Cirkel,  som  kan 
i  <",  og  som  Radius  i  den  mindste  Cirkel,  hvori  u>  kan  rulle. 
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Forleb  »i  det  Store«;  vi  vil  vise,  hvorledes  denne  Betragtning  gennem  Indferelsen 
af  Begreberne  Oskulationscirkel  og  Krumningscirkel  kan  erstattes  med  en  Betragt- 
ning af  Kurvens  Forl0b  »i  det  Smaa«. 

Lad  P  vaere  et  Punkt  af  o>,  /  Tangenten  i  P.  Som  Oskulationscirkel  til  «  i 
Punktet  P  betegnes  enhver  Cirkel,  der  kan  fremkomme  som  Graensecirkel  for  en 

F01ge  af  Cirkler,  der  r0rer  t  i  P,  og  som  inde- 
»          x  holder  et  Punkt  af  w  forskellig  fra  P,  der 

konvergerer  mod  P.  Findes  der  saadanne  F01- 
ger  af  Cirkler,  hvis  Radier  enten  gaar  mod  Nul 
eller  vokser  ud  over  alle  Graenser,  regner  vi 
enten  Punktet  P  selv  eller  Tangenten  /  for 
Oskulationscirkel  i  Punktet. 

Vi  vil  vise,  at  indre  og  ydre  Radius  for  den 
givne  Kurve  bestemmes  henholdsvis  som  nedre 
og  0vre  Grcense  for  Eadierm  i  samtlige  Kurvens 
Oskulationscirkler,  at  der  m.  a.  0.,  naar  disse 
Graenser  betegnes  henholdsvis  tf  og  r°,  gaelder 
de  to  Relationer 

Fig-9'  (2)          ',  =  *'.•";. 

Vi  vil  n0jes  med  at  bevise  den  f0rste  Relation. 

Lad  (se  Fig.  9)  P  vaere  et  vilkaarligt  Punkt  af  w,  /Tangenten  i  P;  vi  betragter 
Cirklen  c/(P)  med  Radius  r,,  som  r0rer  /  i  Pog  falder  paa  samme  Side  af  /  som  o>. 
Den  aabne  Cirkelskive  /(c/(P))  tilh0rer  Omraadet  /(w).  Lad  c(P)  med  Radius  r(P) 
vaere  en  Oskulationscirkel  til  «  i  Punktet  P  bestemt  som  Graensestilling  for  en  F01ge 
af  Cirkler  c*(P),  der  r0rer  M  P,  og  som  indeholder  et  Punkt  P*  af  w,  der  konver- 
gerer mod  P.  For  Radius  r*(P)  i  enhver  af  disse  Cirkler  bar  vi 


heraf  f01ger  imidlertid  straks  ved  Granseovergangen,  at  ogsaa 

r(P)>n. 

Da  dette  gaelder  for  enhver  Oskulationscirkel  til  w,  er  tf  >  rr 

Vi  vil  nu  vise,  at  ogsaa  omvendt  r^  <  r..  Lad  os  (se  Fig.  10)  for  et  vilkaar- 
ligt Punkt  P  af  w  betragte  den  Cirkel  c?(P)  med  Radius  r°,  som  rarer  Tangenten  / 
til  w  i  P  og  falder  paa  samme  Side  af  /  som  w;  vi  vil  vise,  at  det  Indre  af  denne 
Cirkel  tilh0rer  Omraadet  /(«);  hermed  vil  Beviset  for  den  opstillede  Saetning  vaere 
fuldf0rt. 

Lad  q  vaere  en  Cirkel  med  Radius  ?</p  som  r0rer  c°(P)  indvendigi  P.  Fjer- 
ner.  vi  Punktet  P  af  q,  fremkommer  den  »opskaarne«  Cirkel  q,  Ethvert  Punkt  af 
I(tf(P))  tilh0rer  for  en  passende  Vserdi  af  Q  denne  opskaarne  Cirkel.  Den  af  w  begraen- 
sede  afsluttede  konvekse  Maengde  7(w)  bar  /  til  St0ttelinie.  Lad  Q  vaere  et  Punkt 
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af  den  opskaarne  Cirkel  q.  Halvlinien  h  fra  Pgennem  Q  bar  et  afsluttet  Liniestykke 
PR  faelles  med  /(«).  Naar  Q  gennemlober  den  opskaarne  Cirkel  q  fra  P  til  Pt  vil 
PR  efterhaanden  optage  ethvert  Punkt  af  7(o>)  og  bortset  fra  P  hvert  Punkt  netop 
en  Gang.  R  vil  altsaa  gennemlebe  Kurven  w  opskaa- 
ret  i  Punktet  P.  Vi  betragter  nu  Liniestykket  QR 
regnet  med  Fortegn  positivt  bort  fra  P.  Dei  varierer 
kontinuert  med  Q.  Vi  vil  vise  1.  at  det  i  mindst  et 
Punkt  er  positivt;  2.  at  det  aldrig  bliver  Nal.  Heraf 
vil  folge,  at  QR  bar  konstant  Fortegn  og  altsaa 
stedse  er  positivt;  men  det  vil  atter  sige,  at  Q  stedse 
er  indre  Punkt  af  7(o>)  og  felgelig  ligger  indenfor  <w. 
1.  (Fig.  11).  Lad  P'  og  Q'  vaere  to  Punkter  af 
w  og  q  forskellige  fra  P  med  den  faelles  PrqjektionT" 
paa  t.  Lad  P*,  Q\  T  konvergere  mod  P.  Da  er 


(P7T 

~ 


1*2 


Vi  kan  altsaa  bestemme  et  positivt  Tal  €  saaledes,  at 
T*Q*  >  T'P*  naar  blot  PT <  f.  De  saaledes  bestemte  Punkter  P*  falder  udcnfor  q\  lad 
R  vaere  et  af  dem,  og  lad  Halvlinien  h  fra  Pgennem  R  skaere  q  i  Q;  da  er  QR  positiv. 
2.  (Fig,  12).  For  at  vise,  at  q  og  w  kun  bar  det  ene  Punkt  P  faelles,  betragter 
vi  i  Almindelighed  Maengden  D  af  faelles  Punkter  for  q  og  w.  Denne  Maengde  er 

afsluttet;  den  maa  vaere  endelig,  thi  i  modsat  Fald 
havde  den  et  Forlsetningspunkt,  i  hvilket  q  og  w 
havde  samme  Tangent,  og  hvori  q  var  en  osku- 
lerende  Cirkel  for  o>;  men  det  kan  ikke  indtraeffe. 
Lad  os  nu  antage,  at  D  indeholdt  andre  Punkter 
end  P.  Lad  S  vsere  et  saadant,  hvis  Afstand  fra 
P  er  den  mindst  mulige.  En  af  Buerne  PS  paa 
q  er  <  TC  og  indeholder  kun  de  to  Punkter  P  og 
S  af  D.  Vi  betegner  den  q*.  Linien  PS  bar  kun 
de  to  Punkter  P  og  S  ftelles  med  at.  Disse  Punkter 
begraenser  to  aabne  Buer  w*  og  &/*  paa  w ,  hvoraf 
den  ene,  w*,  falder  paa  samme  Side  af  Linien  PS 
som  </*,  den  anden,  w",  paa  den  modsatte  Side. 
I  Omegnen  af  P  falder  <w*  udenfor  qi  den  falder 
altsaa  belt  udenfor  q,  Gennem  S  tnekkes  en  Linie 

s  parallel  med  t.  Halvtangenten  til  w*  i  Punktet  5  kan  ikke  falde  udenfor  Paral- 
lelstrimlen  /,  s;  thi  da  Tangenten  til  <u  i  S  er  Stettelinie  for  w,  vilde  dette  medfore, 
at  Buen  w$*  tilhorte  den  aabne  Parallelstrimmel  t,  si  i  Omegnen  af  P  falder  denne 
Bue  udenfor  q,  i  Omegnen  af  S  vilde  den  falde  indenfor  q\  den  vilde  folgelig 
have  et  Punkt  fselles  med  q,  som  laa  P  naermere  end  S,  men  et  saadant  eksisterer 


Fig.  11. 
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ikke.  Heraf  f01ger  da,  at  Baen  o>*  tilh0rer  den  aabne  Parallelstrimmel  t,  s.  Vi  betragter 
nu  et  Punkt  [T,  som  gennemlober  den  afsluttede  Bue  w".  Gennem  (7*  trsekker  vi  en 
Halvlinie  u*  parallel  med  den  faelles  negative  Halvtangent  for  q*  og  0*  i  P.  Den 
skaerer  q*  i  et  Punkt  V*.  Lsengden  af  Liniestykket  J7*V*  er  en  kontinuert  Funktion 
af  IT;  den  er  positiv  for  alle  indre  Punkter  af  Buen,  Nul  i  P  og  S;  den  antager  da 

sit  Maksimum  i  et  indre  Punkt  U  af  Buen. 
Del  tilsvarende  Punkt  V  er  et  indre  Punkt 
af  q*.  Parallelforskyder  vi  nu  w*  Stykket  (7V 
til  Stillingen  w\t  komniei"  U  til  at  falde  i  V, 
og  alle  Punkter  U*  i  en  vis  Omegn  af  U 
kommer  til  at  falde  indenfor  eller  paa  q. 
Tangenten  til  q  i  V  bliver  Tangent  til  w*. 
Nu  viser  imidlertid  et  Ra3sonnement  n0jagtig 
som  det  under  1.  anstillede,  at  alle  Punkter 
af  «J  i  en  vis  Omegn  af  V  tvaert  imod  fal- 
der  udenfor  q.  Hermed  er  vi  naaet  til  en 
Modstrid,  og  Beviset  for  den  opstillede  Saet- 
ning  er  fuldf0rt. 

14.  Lad  P  va?re  et  Punkt  af  den  givne 
Kurve  «,  /  Tangenten  i  P.  Lad  P*  vaere  et 
Punkt  af  o>  forskellig  fra  P,  som  kon  verge  re  r 
mod  P,  og  lad  /*  vaere  w's  Tangent  i  P*.  Vi 

pp* 

betragter  Forholdet  -TT/>\  me^em  Korden  PP 
og  Totalkrumningen  Z  (//*)  for  den  forsvindende  Bue  PP*  af  «.  Som  Krumningscirkel  til 
w  i  Punktet  P  betegner  vi  da  enhver  Cirkel,  der  r0rer  /  i  P  og  falder  paa  samme  Side 
af  t  som  w,  og  hvis  Radius,  der  betegnes  som  Krumningsradins  i  Punktet,  kan  frem- 

komme  som  Graensevaerdi  for  Sterrelsen 


Fig.  12. 


PF 


Begreberne  Oskulationscirkel  og  Krumningscirkel  er  ikke  sammenfaldende.  Vi 
vil  imidlertid  vise,  at  det  i  fuldkommen  Analogi  med  den  ovenfor  beviste  Saetning 
gaelder,  at  indre  og  ydre  Radius  i  den  givne  Kurue  w  bestemmes  som  nedre  og  0nre 
Grcense  for  samtlige  Kurvens  Krumningsradier1.  Betegner  vi  disse  Graenser  if  og  rjj, 
gaelder  m.  a.  0.  de  to  Relationer 
(3)  /v-/f;  /•,  =  !•*. 

Vi  vil  n0jes  med  at  bevise  den  f0rste  Relation. 

Er  rt  =  0  bar  vi  sikkert  if  >r..  Vi  vil  vise,  at  det  samme  er  Tilfaeldet  naar 
r,>0.  Lad  (se  Fig,  13)  P  vsere  et  vilkaarligt  Punkt  af  w,  /  Tangenten  i  P.  Vi 
betragter  Cirklen  c/(P)  med  Radius  r/,  hvis  Indre  7(c,(P))  tilh0rer  /(w).  Dens  Cen- 
trum Ai  falder  paa  Halvnormalen  n  til  /  i  P.  Gennem  Ai  traekkes  en  Linie  /,  parallel 

1  Smlgn.  W.  BLASCHKE,  Kreis  und  Kugel,  (1916),  S.  114-17. 
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med  /,  Lad  R  og  S  vsere  de  Punkter  af  »,  hvori  Tangenten  er  vinkelret  paa  /;  lad 

P*  vsere  et  Punkt  af  Buen  RPS  forskellig  fra  P,  og  lad  f  og  n*  betegne  Tangenten 

og  Normalen  til  w  i  P*.  n  og  /?*  skserer  hinanden  i  et  Punkt  Q*.  Lad  nu  yderligere 

P*  falde  paa  samme  Side  af  /,•  som  P.  Vi  be- 

tragter  Cirklen  c,(P*)  med   Radius  r,,  hvis 

Indre  /(a(P*))  tilhorer  7(w);  den  skaerer  ikke 

/.   Dens  Centrum  A*  falder  derfor  paa  den 

modsatte  Side  af  fc  som  /.  Nu  falder  A*  tillige 

paa  en  Cirkel  a*  med  Centrum  P*  og  Radius 

/•,.  Da  P*A,  >  r,  vil  samtlige  Punkter  af  denne 

Cirkel,  som  falder  paa  modsat  Side  af  tt  som 

/,  falde  paa  samme  Side  af  n  som  P*.  Halv- 

linien  /?*,  som  gaar  gennem  A*,  skaerer  folgelig 

/?  i  et  Punkt  paa  Forhengelsen  af  PAi  ud  over 

Ait  og  vi  liar  PQ*  >  r,.  Lader  vi  nu  P*  kon- 

vergere  mod  P,  faar  vi 


PP*  .        PP* 

lim  inf     ;-*T  =  lim  inf  ----- 
/  (// )  Z.  (nn 

,.      .  „        PP 


PQ* 


Fig.  13 


PQ' 


Men  da  P  var  et  vilkaarligt  Punkt  af  w,  f01ger 
heraf  straks,  at  /f  >  rr 

Vi  vil  nu  vise,  at  ogsaa  omvendt  r*  <^  r.;  her- 
med  vil  Beviset  for  den  opstillede  Ssetning  vsere 
fuldfort.  If01ge  den  foregaaende  Saetning  er  dette 
ensbetydende  med,  at  /f  <  r°r  Vi  viser  Rigtig- 
heden  af  denne  Relation,  idet  vi  viser,  at  enlwer 
Oskulationscirkel  til  en  konveks  Kurve  tillige  er 
Knimningscirkel  til  Kurven  i  samme  Punkt1. 

Lad  (se  Fig.  14)  P  vsere  et  Punkt  af  Kurven 
med  Tangenten  /,  c(P)  en  Oskulationscirkel  i 
Punktet  bestemt  som  Grsensestilling  for  en  Folge 
af  Cirkler  c*(P),  som  rorer  /  i  P,  og  som  gaar 
gennem  et  Punkt  P*  af  Kurven,  som  konver- 
gerer  mod  P.  Centrerne  A*  for  disse  Cirkler 

falder  paa  den  indadrettede  Halvnormal  n  til  Kurven  i  Punktet  P.  Radius  r(P)  i  c(P) 
fremkommer  som  Graensevaerdi  for  Radius  r*(P)  =  PA*  i  c*(P)>  naar  P*  konvergerer 
mod  P.  Da  A*P=  A*P*  vil  der  svarende  til  ethvert  af  de  betragtede  Punkter  P*  findes 
et  indre  Punkt  P**  af  Buen  PP*,  hvis  Afstand  fra  A*  er  enten  mindst  mulig  eller 


c*(P) 


Fig.  14. 


1  J.  HJELMSLEV,  Cber  die  Grundlageu  der  kinematischen  Geometric,  Acta  math.  47,  (1925),  S.  155. 
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st0rst  mulig.  Lad  Tangenten  i  dette  Punkt  vaere  /**;  den  indadrettede  Halvnormal 
JIM  i  P"  gaar  gennera  A\  Naar  P*  konvergerer  mod  P,  vil  ogsaa  P"  konvergere 
mod  P,  og  vi  faar 

>.Dv  _  ..       */n\  _  r  _  i*  _  ]•  _  r         * 

r(P)  =  Urn  r  (?)  -  lira     -  -  '™  ^WP)  ~        ^O  ~        Z(O' 


Altsaa  er  r(P)  Krumningsradius,  c(P)  Krumningscirkel  til  Kurven  i  Punktet  P,  og 
den  opstillede  Saetning  er  bevist, 

15.  Af  de  beviste  Saetninger  felger  specielt,  at 

(4)  f^l-'f- 

For  enhver  lukket  konveks  Kurve  uden  Kncek,  som  ikke  indeholder  rette  Liniestykker, 
er  nedre  og  0ure  Grcense  for  Oskulationscirklernes  Radier  lig  med-  nedre  og  evre  Grcense 
for  Krumningscirklernes  Radier.  Vi  vil  vise,  at  den  samme  Saetning  gaelder  for  vil- 
kaarlige,  aabne  eller  afsluttede,  konvekse  Buer. 

En  konveks  Bue  uden  Knaek,  som  ikke  indeholder  rette  Liniestykker,  kan  altid 
deles  i  simple  Buer,  d.  v.  s.  Buer,  hvis  Totalkrumning  er  mindre  end  eller  lig  med 
n.  Vi  kan  derfor  n0jes  med  at  bevise  Saetningen  for  saadanne  Buer.  Endvidere  kan 
vi  nejes  med  at  betragte  afsluttede  Buer;  thi  en  aaben  Bue  vil  altid  vsere  sammensat 
af  en  F01ge  af  afsluttede  Buer.  Beviset  fores  nu  simpelthen  saaledes,  at  vi  viser,  at 
en  afsluttet  simpel  Bue  altid  vil  vaere  Del  af  en  konveks  Jordankurve,  som  kan 
vselges  saadan,  at  evre  og  nedre  Graense  for  Radierne  i  Krumningscirklerne  og 
Oskulationscirklerne  er  de  samme  for  Jordankurven  som  for  den  givne  Bue.  Lad 
Buen  vaere  b,  dens  Endepunkter  A  og  B.  Er  dens  Totalkrumning  netop  nt  vil  vi  ved 
til  Buen  at  feje  den  Bue  b't  der  fremgaar  af  b  ved  en  Drejning  paa  180°  omkring 
Midtpunktet  af  Liniestykket  AB,  faa  en  Jordankurve  af  den  0nskede  Art.  Er  Buens 
Totalkrumning  mindre  end  ;r,  kan  den  samme  Metode  anvendes,  naar  vi  blot  forst 
gennem  en  passende  Forlamgelse  af  Buen  ved  Hjaelp  af  kongruente  Buer  bar  for- 
0get  dens  Totalkrumning  til  n. 

Lad  os  paa  en  konveks  Jordankurve  «  betragte  de  to  eventuelt  flertydige 
Funktioner  r°(P)  og  rk(P)  af  det  variable  Punkt  P  paa  Kurven,  som  bestemmer 
Radierne  benholdsvis  i  Oskulationscirklerne  og  i  Krumningscirklerne  i  Punktet  P. 
For  ethvert  Punkt  P  af  w  vil  Vjerdierne  r°(P)  udgere  en  Delmaengde  af  Vaerdierne 
r*(P).  Lad  os  betragte  Funktionen  r°(P);  for  enhver  aaben  Bue  b  paa  w  bestemmer 
vi  nedre  og  evre  Graense  rf(6)  og  r°y(b)  for  r°(P),  naar  P  gennemleber  b.  Lad  P0 
vaere  et  bestemt  Punkt  af  Kurven  o>;  0vre  Graense  for  tf(b)  for  samtlige  Buer  b,  som 
indeholder  P0,  betegner  vi  £°(P0),  nedre  Graense  for  r°(b)  over  disse  Buer  betegner 
vi  P°(P0).  Funktionerne  0°(P)  og  P°(P)  er  entydige  Funktioner  paa  Kurven  w.  De 
betegnes  henholdsvis  som  den  nedre  og  den  0vre  Limesfunktion  for  Funktionen  r°  (P)  . 
Paa  tilsvarende  Maade  defmeres  Limesfunktionerne  qk(P)  og  Pfc(P)  for  Funktionen 
r*(P).  For  enhver  Bue  b  paa  01  er 
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F0lgelig  er  for  ethvert  Punkt  P  af  w 

(5)  <?°(P) 


Funktionerne  r°(P)  og  rk(f)  har  m.  a.  0.  de  samme  Limes  funktioner,  Omvendt  er 
denne  Egenskab  ved  disse  Funktioner  tilstraekkelig  til  at  sikre,  at  de  paa  enhver  Hue 
har  samme  0vre  og  nedre  Graense.1 

Saetnlnger  om  Skaerlngspunkter  og  Skgringsvlnkler. 

16*  Lad  der  i  en  Plan  med  fastlagt  Begyndelsespunkt  0  were  givet  to  konvekse 
Jordankurver  w  og  o>*  af  Klassen  K  (§  12)  med  de  tilsvarende  Radier  n  og  ry  og 
r*  og  r*,  og  lad  os  antage,  at 

(6)  ^  ',>';><. 

Lad  P  vaere  et  variabelt  Punkt  i  Planen;  for  enhver  Stilling  af  Punktet  P  betragter 
vi  den  Kurve  P+o>*,  som  (§  4)  fremgaar  af  w*  ved  Parallelforskydningen  OP. 

Vi  vil  vise  felgende  Saetning:  Kurverne  <w  og  P-fw*  har  stedse  hojst  to  Punkter 
fcelles.  R0rer  de  hinanden,  er  R0ringspunktet  det  eneste  fcelles  Punkt,  og,  omvendt,  har 
Kuruerne  kun  et  fcelles  Punkt,  rerer  de  hinanden  i  dette  Punkt. 

Vi  indforer  for  Kurven  P+w*  den  afkortede  Betegnelse  «'. 

Lad  os  forst  betragte  det  Tilfaelde,  hvor  Kurverne  w  og  «'  kun  har  et  Punkt 
Q  faelles.  «'  kan  ikke  indeholde  saavel  et  Punkt  R  af  /(o>)  som  et  Punkt  S  af  F(w), 
thi  i  saa  Fald  vilde  der  paa  liver  af  de  aabne  Buer  RS  paa  «'  findes  et  Punkt  af  w. 
w'  maa  altsaa,  bortset  fra  Punktet  Q,  enten  helt  tilhere  Omraadet  /(«)  eller  Omraadet 
y(w).  Men  heraf  folger  umiddelbart,  at  co  og  «'  i  Punktet  Q  har  samme  Tangent. 

Har  omvendt  co  og  <a'  Punktet  Q  faelles,  og  har  de  i  dette  Punkt  samme  Tan- 
gent t,  kan  de  kun  have  det  ene  Punkt  Q  faelles.  Falder  Kurverne  paa  hver  sin  Side 
af  /,  er  dette  indlysende.  Falder  de  paa  samme  Side  af  /,  betragter  vi  (Fig.  15)  de 
to  Cirkler  a(Q)  og  c'g(Q)  med  Radier  r,  og  rj,  som  r0rer  /  i  Q,  og  som  falder  paa 
samme  Side  af  /  som  w  og  a/,  w'  tilherer  den  afsluttede  Cirkelskive  I(c'y(Q));  da 
r*<n  tilh0rer  denne  bortset  fra  Punktet  Q  den  aabne  Cirkelskive  /(cKQ)),  som 
alter  tilh0rer  /(<»).  w'  tilh0rer  altsaa  bortset  fra  Punktet  Q  Omraadet  /(w)  og  har 
saaledes  kun  det  ene  Punkt  Q  faelles  med  co. 

Vi  gaar  nu  over  til  at  betragte  det  Tilfaelde,  hvor  w  og  w  har  mere  end  et 
faelles  Punkt.  Kurverne  kan  ikke  have  samme  Tangent  i  noget  af  de  faelles  Punkter. 
Heraf  folger  straks,  at  Kurverne  maa  have  et  endeligt  Antal  Punkter  faelles.  I  modsat 


1  Med  Hensyn  til  Reekkevidden  af  de  i  dette  Afsnit  beviste  Stetninger  bemaerkes  det,  at  Forud- 
satningen  om  den  betragtede  Kurve  w,  at  den  hverken  maatte  have  Knaek  eller  indeholde  rette  Linie- 
stykker,  forsaavidt  er  uv«sentlig,  som  man  ved  passende  Deflnitioner  let  kan  opnaa,  at  Resultaterne  bliver 
almengyldige.  Man  maa  blot  i  Stedet  for  Tangenter  betragte  Stattelinier  til  Kurven,  i  Stedet  for  R0rings- 
punkter  Stettepunkter,  og  man  maa  tage  Hensyn  ti),  at  der  gennem  et  Punkt  af  Kurven  kan  gaa  flere 
Stettelinier,  paa  en  Stettelinie  til  Kurven  kan  ligge  flere  Stattepunkter. 
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Fig.  15. 


Paid  havde  nemlig  Miengden  af  fselles  Punkter  et  Fortaetningspunkt,  som  ligeledes 

var  et  faelles  Punkt  for  o>  og  &/,  men  i  dette  Punkt  havde  Kurverne  samme  Tangent. 

For  at  vise  at  Antallet  af  Skseringspunkter 
netop  cr  to,  antager  vi,  i  den  Hensigt  at  naa 
til  en  Modstrid,  at  der  var  flere,  altsaa  mindst 
tre.  Disse  Punkter  deler  w  i  lige  saa  mange 
Buer.  Hojst  en  af  disse  Buer  bar  en  Total- 
krumning  >  TT.  Der  vil  altsaa  sikkert  fmdes 
to  paa  hinanden  folgende  Buer  QR  og  RS 
(se  Fig.  16),  som  begge  bar  en  Totalkrum- 
ning  <  /r.  Ingen  af  disse  Buer  bar  noget 
indre  Punkt  fselles  med  «'.  Bortset  fra  Ende- 
punkterne  maa  Buerne  f01gelig  liver  for  sig 
enten  tilhore  Omraadet  /(«')  eller  Omraadet 
V(w');  °£  de  maa  tilhore  hver  sit  af  de  to 
Omraader,  thi  ellers  havde  w  og  «/  i  Punktet 
R  samme  Tangent.  Lad  os  antage,  at  ciet  er 
Buen  QR  paa  w,  som  bortset  fra  Endepunk- 
terne  tilherer  V(w').  Vi  betegner  den  b.  Sam- 

tidig  med  denne  Bue  betragter  vi  den  Bue  QR  paa  «/,  som  ikke  indeholder  S.  Vi 

betegner  den  //.  Linien  QR  liar  kun  de  to  Punkter  Q  og  R  faelles  med  M  og  o/; 

den  deler  hver  af  Kurverne  i  to 

Buer,  en  paa  hver  Side  af  Linien, 

Buerne  b  og  b'  falder  paa  samme 

Side  af  Linien  QR,  nemlig  begge 

paa  den  modsatte  Side  af  QR 

som  S. 

Lad  T  v«re  et  indre  Punkt 

af  Liniestykket  QR,  h  en  Halv- 

linie,  som  udgaar  fra  Punktet, 

og  som  er  rettet  hid  i  den  Halv- 

plan,  begrsenset  af  Linien  QR, 

hvori  b  og  b'  ligger.  Da  Total- 

krumningen  for  Buen  b  er  <  71, 

kan  h  vyelges  saaledes,  at  den 

ikke  er  parallel  med  noqen  Tan- 
gent til  b.  7'tilh0rer  saavel  /(w) 

som  /((*>').  Halvlinien  h  vil  derfor 

sksere  b  og  b'  hver  i  netop  et  Punkt.  Disse  Punkter  betegner  vi  U  og  U'.  De  er 

indre  Punkter  af  b  og  b'.  Punkterne  Tt  U,  U'  er  indbyrdes  forskellige.  De  felger  efter 

hinanden  i  Ordenen  T,  U',  U  paa  h,  thi  det  afsluttede  Liniestykke  TU'  tilhorer 

/(«/),  medens  U  tilh0rer  F(O)').  Vi  lader  nu  T  gennemlobe  det  aabne  Liniestykke 


Fig.  16. 


F3.   Dnn.  Vid.  Sebk.  Skr.  Nat.  Math.  AJd.  (8)  12,  no.  3  (1929). 


29  353 

QR,  medens  vi  holder  Retningen  af  h  fast.  Laengden  af  Liniestykket  UU'  er  da  en 
kontinuert  Funktion  af  T.  Konvergerer  T  mod  et  af  Liniestykkets  Endepunkter, 
f,  Eks.  Q,  vil  denne  Funktion  konvergere  mod  Nul.  Thi  Buen  b  falder  paa  samme 
Side  af  sin  Tangent  t  i  Q  som  T.  Det  betragtede  Liniestykke  UU1  er  derfor  en  Del 
af  Liniestykket  TQ\  hvor  Q*  er  Skseringspunktet  mellem  h  og  /,  og  dette  Liniestykke 
konvergerer  mod  Nul,  naar  T  konvergerer  mod  Q.  Funktionen  bar  et  Maksimum, 
som  den  antager  for  et  Punkt  T0  af  QR.  Lad  de  tilsvarende  Punkter  paa  b  og  b' 
vaere  UQ  og  (7'0.  Vi  parallelforskyder  nu  Kurven  w  Stykket  £/0(/'0  til  Stillingen 
«!.  Herved  feres  U0  over  i  Punktet  r'0,  medens  Punkter  af  o>  i  en  vis  Omegn  af 
(70  fores  over  i  Punkter  indenfor  eller  paa  «'.  Kurverne  «'  og  wt  faar  altsaa 
samme  Tangent  i  Punktet  (7J,,  Men  da  felger  det  af  Raesonnementet  ovenfor,  at  WL 
bortset  fra  Punktet  U'Q  falder  belt  udenfor  «'.  Hermed  er  vi  naaet  til  en  Modstrid, 
og  Beviset  er  fuldfert.1 

17.  Vi  vil  mermere  unders0ge,  for  hvilke  Punkter  P  i  Planen  Kurverne  w  'og 
P  +  w*  bar  enten  0,  1  eller  2  Punkter  faelles.  Vi  vil  vise  f01gende  Saetning: 

Mcengden  af  Punkter  P,  for  hvilke  w  og  P+w*  har  netop  et  folks  Punkt,  bestaar 
af  to  Jordankurver  «,-  og  wy,  hvor  wy  omslutter  w,\  For  ethvert  Punkt  P,  som  tillwrev 
enten  /(w,)  eller  V(<wtf),  har  w  og  P+ w*  intet  Punkt  fcelles;  for  ethvert  Punkt  P,  som 
tillwrer  saavel  V(w,)  som  7(wy),  har  w  og  P  +  w*  to  Punkter  fcelles. 

Mcengden  af  Punkter  P,  for  hvilke  w  og  P+w*  bar  netop  et  faelles  Punkt,  beteg- 
ner  vi  ML.  Lad  Pt  vaere  et  Punkt  af  M{,  og  lad  w  og  Pt  +  w*  have  det  fselles  Punkt 
P.  Ifolge  Saetningen  ovenfor  vil  w  og  Pi  +  w*  i  Punktet  P  have  samme  Tangent  /, 
Kurven  P— «*,  som  fremgaar  af  Pt  +  w*  ved  en  halv  Omdrejning  omkring  Midt- 
punktet  af  Liniestykket  PPt,  gaar  gennem  Pt;  dens  Tangent  tL  i  P{  er  parallel  med  /. 

Lad  omvendt  (se  Fig.  17)  P  vaere  et  Punkt  af  w  med  Tangenteh  /,  og  lad  os 
paa  Kurven  P—  w*  bestemme  de  to  Punkter,  hvori  Tangenten  er  parallel  med  /.  I 
det  ene  Punkt  P,  falder  P— o>*  paa  modsat  Side  af  sin  Tangent  /,  som  w  af  t,  i  det 
andet  Punkt  Py  paa  samme  Side  af  Tangenten  ty  som  w  af  /,  Da  tilherer  saavel 
P,  som  Py  Maengden  M{.  Thi  Kurverne  Pi  +  w*  og  Py-f  o>*  rorer  begge  w  i  Punktet 
P  og  bar  folgelig  kun  delte  ene  Punkt  faelles  med  w. 

Lader  vi  P  variere  kontinuert  paa  o»,  vil  Pi  og  Py  variere  kontinuert.  Gennem- 
10ber  P  Kurven  w,  vil  P/  og  Py  gennem!0be  to  lukkede  Kurver  uden  Dobbeltpunkter, 
m,  a.  0.  to  Jordankurver  w,  og  ojy.  w,  og  wy  har  ingen  faelles  Punkter;  tilsammen 
udger  de  Macligden  A/t. 

Mrengden  af  Punkter  P,  for  hvilke  w  og  P+w*  ikke  har  noget  faelles  Punkt, 
betegner  vi  A/0,  Maengden  af  Punkter,  for  hvilke  disse  Kurver  har  to  faelles  Punkter, 
betegner  vi  M2.  Saavel  Af0  som  M2  er,  som  man  uden  Vanskelighed  ser,  aabne 

1  Vor  Forudsajtning  (6)  om  Kurverne  «>  og  w*,  at  r  >  r*,  kan  (smlgn.  §  14)  siges  at  udtrykke, 
at  Kurven  <o  er  »helt  igenncm«  svagere  krummet  end  Kurven  <«*.  Hensigten  med  Beviset  ovenfor  er 
at  gere  den  (i  og  for  sig  ikke  overraskende)  Kcndsgerning  ejensynlig,  at  af  to  simple  konveksc  Buer  med 
falles  Endepunkter  'den  starkest  krummede  falder  udenfor  den  svagere  k  rum  mode 
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Punktmaengder.  Ethvert  Randpunkt  for  M0  eller  M2  vil  felgelig  tilh0re  Mlt  Vi  vil 
vise,  at  Ml  er  den  faelles  Begraensning  for  M0  og  Ma, 

Vi  betragter  paany  (Fig.  17)  de  to  Punkter  Pi  og  Py  af  «/  og  wy,  som  svarer 
til  et  vilkaarligt  Punkt  P  af  w  raed  Tangenten  t.  Kurverne  P,  +  w*  og  Py  +  w*  r0rer 
begge  /  i  P.  Den  f0rste  falder  paa  samme  Side  af  /  som  o>,  den  anden  paa  den 
modsatte  Side.  At  Pf  er  Randpunkt  for  M0  felger  af,  at  Pj  +  w*  tilherer  en  afsluttet 


M 


Fig.  17. 

Cirkelskive  med  Radius  r*.  som  r0rer  t  i  P,  denne  bortset  fra  Punktet  P  atter  en 
aaben  Cirkelskive  med  Radius  n,  som  ligeledes  r0rer  t  i  P,  og  som  tilh0rer  Omraadet 
/(w).  En  lille  Forskydning  af  P/  +  &>*  vinkelret  paa  /  og  bort  fra  /vil  derfor  bringe 
Kurven  indenfor  a).  At  Pi  er  Randpunkt  for  A/2  felger  af,  at  en  lille  Forskydning  af 
Pi  +  w*  den  modsatte  Vej  vil  bringe  Kurven  til  Skoering  med  «.  At  ogsaa  Pv  er 
Randpunkt  saavel  for  M0  som  for  M2  f01ger  af,  at  en  lille  Forskydning  af  PB  +  w* 
vinkelret  paa  /  og  bort  fra  /  vil  bringe  den  udenfor  co,  medens  en  lille  Forskyd- 
ning den  modsatte  Vej  vil  bringe  den  til  Skaering  med  CD. 

Det  fremgaar  af  disse  Betragtninger,  at  Kurven  o>;  begraenser  en  Delmaengde  afM0, 
nemlig  Maengden  Mo,/  af  Punkter  P,  for  hvilke  Kurven  P+  w*  tilh0rer  /(w);  thi  for  et 
Randpunkt  P,  for  denne  Maengde  gaelder  det  ejensynlig,  at  P/  +  w*  bortset  fra  et  Punkt  P 
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af  W  tilh0rer  /(«),  og,  omvendt,  tilhorer  P,  +  w*  bortset  fra  et  Punkt  P  af  w  Omraadet 
/(w),  er  Pi  et  Randpunkt  for  MO,J,  Nu  er.  Mo.i  en  begraenset  Maengde;  f01gelig  er 
Mo,  /  =/(«,•).  Paa  tilsvarende  Maade  ses,  at  o>y  begr&nser  en  anden  Delmaengde  af  M0, 
nemlig  Maengden  Mo,y  af  Punkter  P,  for  hvilke  P  +  w*  tilhorer  Y(w).  Nu  er  Af0,y 
ikke  begraenset;  f01gelig  er  Mo,y  =  r(wy).  De  to  Maengder  Mo,/  og  M0,y,  d.  v.  s.  de  to 
Omraader  /(«/)  og  V(wy),  udg0r  tilsammen  A/0;  de  bar  ingen  Punkter  faelles;  f01ge- 
lig  er  /(«/)  en  Delmaengde  af  7(wy);  men  heraf  folger,  at  wy  omslutter  o>,.  Endelig 
ser  vi,  at  M2  vil  bestaa  af  samtlige  Punkter,  som  hverken  tilh0rer  f(<»f)  eller  V(wy), 
d.  v.  s.  af  samtlige  Punkter,  som  tilli0rer  saavel  y(«/)-som  /(wy).  Hermed  er  den 
opstillede  Ssetning  fuldstaendig  bevist. 

18.  Vi  vil  nu  vise,  at  Kurverne  o>,  og  (oy  cr  konvekse  Kurver  af  Klassen  Kt  Iwis 
Radier  r/,/,  ri,y  og  ry,/,  ry,y  tilfredsstiller  Betingelsernc 


Vi  vil  n0jes  med  at  gennemfore  Beviset  for  Kurven  wr-. 

Lad  Pj  vaere  et  vilkaarligt  Purikt  af  w/;  del  svarer  til  et  Punkt  P  af  w.  Tan- 
genterne  /  til  w  i  P  og  //  til  P  —  o>*  i  P,  er  parallelle.  Paa  den  Halvnormal  «/  til  /, 
i  P,,  som  falder  paa  samme  Side  af  /,  som  w  af  /,  bestemmer  vi  de  to  Punkl^r 
At,  i  og  Aity,  hvis  Afstand  fra  P,  er  henholdsvis  rt  —  r*  og  r  —r*.  Omkring  /I/,,  oj> 
Ai,y  beskrives  to  Girkler  cf-,i(P/)  og  Ci,y(P,)  med  Radier  rt  —  r*  og  r  —  r*.  De  rerer 
/,  i  P,.  For  at  vise  den  opstillede  Saetning  er  det  (smlgn,  §  12)  tilstraekkeligt  at  vise 
1.  at  /(cf,,(Pf))  tilhorer  /(o>,),  2.  at  V(c,-,y(P,))  tilhorer  Y(wi). 

1.  (Hg.  18).  Cirklen  c,(P)  med  Radius  /•,,  som  gaar  gennem  P,  og  for  hvilken 
/(ci(P))  tilh0rer  7(w),r0rer  /  i  P.  Dens  Centrum  A,  falder  paa  Halvnormalen  n  til 
/  i  P  paa  samme  Side  af  t  som  w.  Paa  Kurven  w*  betragler  vi  Punktet  P*  =  P  —  P/ 

jned  Tangenten  /*  =  P  —  ft  •  =  /—  P«.  Cirklen  c*(P')  med  Radius  r*,  som  gaar  gennem 
V,  og  for  hvilken  V(cJ(P*))  tilh0rer  V(w'),  r0rer  /'  i  P*.  Dens'  Centrum  ^  falder 
paa  Halvnormalen  n*  til  /*  i  P*  paa  samme  Side  af  /*  som  w*.  Liniestykket  OA*  er, 
som  en  simpel  Betragtning  viser,  lig  og  parallel  med  Liniestykket  A,,,  Ai. 

Lad  nu  Q  vaere  et  Punkt  af  /(c,,,(P,));  vi  skal  vise,  at  det  tilh0rer  /(w,).  Det 
betyder  if01ge  det  foregaaende,  at  Kurven  ()-f  w*  skal  tilh0re  /(w),  Kurven  Q-f  w* 
tilh0rer  den  afsluttede  Cirkelskive  /((Hc*(P*)),  hvis  Centrum  er  (J  +  AJ.  Dette 
Punkts  Afstand  fra  A,  er  lig  med  Afstanden  fra  Q  til  .4,.,,  som  er  mindre  end  rt  —  r*. 
Cirkelskiven  f(()-fc*(P*))»  hvis  Radius  er  r*,  tilh0rer  altsaa  den  aabne  Cirkelskive 
/(ci(P)),  hvis  Radius  er  r,;  denne  tilh0rer  atter  7(w).  F01gelig  tilh0rer  Q  +  <o*  Omraadet 
/(to),  og  Punktet  ()  er,  som  vi  vilde  vise,  et  indre  Punkt  for  wj. 

2.  (Fig.  19).  Cirklen  cy(P)  med  Radius  ry,  som  gaar  gennem  P,  og  for  hvilken 

1  Man  viser  yderligere,  hvad  vi  dog  ikke  kommer  til  at  anvende  i  det  felgende,  at 
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F(cy(P))  tilh0rer  y(w),  rarer  /  i  P;  dens  Centrum  Av  falder  paa  Halvnormalen  n 
til  M  P  paa  samme  Side  af  /  som  w.  Cirklen  c'(P')  med  Radius  r*.  som  gaar  gen- 
nem  P*,  og  for  hvilken  7(c*(P*))  tilh0rer  7(w').  ™rer  f  i  P*.  Dens  Centrum  A\  falder 
paa  Halvnormalen  n*  til  f  i  P*  paa  samme  Side  af  f  som  o>*.  Liniestykket  OA*  er 
lig  og  parallel  med  Liniestykket  AttV  Ay. 

Vi  skal  vise,  at  Omraadet  Y(cttg(Pt))  tilhorer  Omraadet  y(o>/),  eller  at  «/  tilherer 

den   afsluttede   Cir- 
kelskive    7(Cf,y(P«)). 

Lad  P/ vsereet  Punkt 
af  a),-.  Vi  skal  vise, 
at  dets  Afstand  fra 
At,v  h0jst  er  lig  med 
ry  —  r*  eller,  hvad  der 
kominer  ud  paa  det 
samme,  at  Afstanden 
fra  Punktet  Pj.  +  Aj 
til  Punktet  Ay  i  det 
h0jeste  er  lig  med 
ry  —  F*.  Dette  er  ens- 
betydendemed,atden 
aabne  Cirkelskive 
7(P;-fc*(P*))  tilh0- 
rer/(cy(P)).Nutilh0- 
rer  den  aabne  Cirkel- 
skive /(P;.  + c('(P*)) 
Omraadet /(Pi- -f  0*). 
Da  P!  er  et  Punkt  af 
ei>,,tilh0rer/(Pi+ft)*) 
y;  +  c!(P'))  den  aabne 


Fig.  18. 


Omraadet 


som  atter  tilh0rer 


).  F01gelig  tilh0rer  /(PJ  +  c*(P' 
Cirkelskive  /(cff(P)),  og  Beviset  for  den  opstillede  Ssetning  er  fuldf0rt. 

19.  Vi  betragter  paany  Maengden  M2  af  Punkter  P  i  Planen,  for  hvilke  Kur- 
verne  w  og  P-j-w*  bar  to  Punkter  faelles.  Lad  (Fig.  20)  P  vaere  et  vilkaarligt  Punkt 
af  denne  Msengde;  de  faelles  Punkter  for  o>  og  P  +  w*  betegner  vi  P'=  P  +  Pf/  og 
P"=  P  +  P'";  P*'  og  P*"  er  Punkter  af  «*,  Punkterne  P'  og  P"  er  sikkert  begge 
Skaeringspunkter  for 'w  og  P  +  w*;  som  Skaeringsvinkler  betegner  vi  de  konvekse 
Vinkler  p  og  p"  mellem  de  indadrettede  Halvnormaler  til  w  og  P  +  w*  i  Punkterne 
P'  og  P".  Den  mindste  Afstand  fra  P  til  Begraensningen  for  M2  d.  v,  s,  til  et  Punkt 
af  wi  eller  wy  betegner  vi  d\  den  er  lig  med  den  mindste  Forskydning  af  Kurven 
P  +  o>*,  som  bringer  den  til  at  r0re  w.  Vi  vil  vise,  at  der  for  ethvert  Punkt  P  af 
A/2  gaelder  de  to  Relationer 


(8) 


sin  p 


T,< 


rrr, 
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Vi  kan  n0jes  med  at  bevise  den  ferste  Relation.  Vi  betragter  Cirklerne  a(P') 
og  Cy(P')  med  Radier  n  og  ry,  som  rerer  eo  i  P'  og  falder  paa  samme  Side  af 
Tangenten  i  P'  som  o>  selv.  Deres  Centrer  betegner  vi  henholdsvis  Aj  og  Ay.  End- 
videre  betragter  vi  Cirklen  c*  (P")  med  Radius  /•*,  som  r0rer  «*  i  P*'  og  falder  paa 
samme  Side  af  Tangenten  til  w*  i  P*'  som  «'.  Dens  Centrum  betegner  vi  A*'.  Girklen 


Fig.  19. 

cJ(P")  bar  sit  Centrum  i  Punktet  P  +  A*';  den  skaerer  a(Pf)  og  cy(P')  i  P1 
under  Vinklen  p', 

Vi  parallelforskyder  Cirklen  P  +  c;(P")  langs  Liniestykket  P  +  A'y'  A'.,  til  den 
kommer  til  at  rore  a(P')  indvendig.  Herved  kommer  P  +  ce>*  til  at  falde  indenfor 
«,  P  folgelig  til  at  falde  indenfor  an.  Lamgden  d't  af  Forskydningen  er  derfor  mindst 
lig  med  Afstanden  di  fra  P  til  o><,  Ved  Betragtning  af  Trekanten  P  +  A"  P'  A'.,  hvori 
'  ' 


Vinklen  ved  P'  er  p  og  Siden  P  +  A*y'Af.  har  Lsengden  d'.  +  r.-r\  faas  nu 


;sin/)'=|/(2ri.+  c(;)(2r(-2r''- 


hvoraf,  da  d[  >  di  >  d 


hvor  k.  — 


MI  :«• 
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Paa  samme  Maade  ses,  at  den  Parallelforskydning  d'y  af  Cirklen  P  +  c*(P") 
langs  Forlaengelsen  af  Liniestykket  A'g  P  +  A*'  ud  over  P-M*',  som  bringer  den  til 
at  rare  cy(P')  udvendig,  vil  bringe  P-fV  til  at  falde  udenfor  w  og  felgelig  P  til 
at  falde  udenfor  o>y,  saaledes  at  dy  bliver  starre  end  eller  lig  med  Afstanden  dv  fra 


Fig.  20. 


P  til  wy.  Ved  Betragtning  af  Trekanten  P  +  4*'  P'  Ay,  hvori  Vinklen  ved  P'  er  p 
og  Siden  P  +  A*g'  A'y  bar  Laengden  f^^~^  faas  "u 


hvoraf,  da  dy  >  dy  >  d  og  d'y  <  2r* 


hvor  k  =  -r--^ . 


Nu  er  for  ethvert  Punkt  P  af  Ma  i  hvert  Paid  den  ene  af  St0rrelserne  2r*  - 
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og  2r*-dy  storre  end  f.  Eks.  J.  Thi 

,..71, 

1.  er  p  <  -  har  man 

W+r-ry  <!»  +  !»  <r't 
altsaa  </,'+/•,-  rj  <  ^  +  r,.  og  2/-J-J;  >  ^;  og 

2.  er  /)'  >  -  har  man 


Da  nu  ry  ^  rf  >  r*  har  man  kt  >  kg.  Det  fremgaar  da  af  de  fundne  Uligheder,  at 
for  ethvert  Punkt  P  af  M2 


sin  p 


m-m 


hvormed  den  opstillede  Ssetning  er  bevist, 


Parallelkurver  til  en  konveks  Kurve. 

20.  Lad  (se  Fig.  21)  «  vsere  en  konveks  Jordankurve  af  Klassen  K  med  Radierne 
r«  og  rg.  Lad  P  v#re  et  vilkaarligt  Punkt  af  Kurven  med  Tangenten  t.  Normalen  n 
til  /  i  P  taenkes  orienteret  saaledes,  at  den 
regnes  positiv  bort  fra  w.  Lad  d  va3re  et  vil- 
kaarligt  reelt  Tal.  Med  P(d)  betegner  vi  det 
Punkt  af  n,  hvis  Afstand  fra  P  regnet  med 
Fortegn  iOverensstemmelse  med  denangivne 
Orientering  er  d.  Gennemleber  P  Kurven  w, 
vil  P(<5)  gennemlobe  en  Kurve  w(d),  som  vi 
betegner  Parallelkurven  til  w  /  Afstanden  d.  Vi 
har  w(0)  =  o>;  er  d  negativ,  betegnes  co(d) 
som  en  indre  Parallelkurve  til  w;  er  d  positiv, 
betegnes  w(<J)  som  en  ydre  Parallelkurve  til  w. 

Lad  Q  vsere  et  positivt  Tal  mindre 
end  n,  og  lad  os  betragte  Parallelkurverne 
w(—  $)  og  ft>(^).  Cirklen  o>*  med  Centrum 
0  og  Radius  #  er  en  konveks  Jordankurve 
af  Klassen  K  med  Radierne  Q,  Q.  Betingelsen  for  Anvendelsen  af  Betragtningerne  i 
det  foregaaende  Afsnit  er  derfor  tilstede.  Nu  er  Punkterne  P(—  Q)  og  P{^)  ensbety- 
dende  med  hvad  vi  ovenfor  betegnede  P,-  og  Ptf,  Kurverne  w(—^)  og  w(^)  feigelig 
med  de  konvekse  Kurver  o>/  og  wy,  som  tilhorer  Klassen  K.  Radierne  n(—^)t  rg(--Q) 


Fig  2i. 
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og  Fi(g),  ry(g)  i  Kurverne  w(~^)  og  «(?)  tilfredsstiller  Relationerne 

(9a)  Ft-g<Ft(—g);  ry(-Q)<ry-Q 

(9b)  ri-f(?<    rt(g)  ;     Fv(g) 


Som  vi  skal  se,  gaelder  i  disse  Relationer  stadig  Lighedstegnet. 

Tangenterne  t(—g)  og  t(q)  til  w(—  Q)  og  ro(p)  i  Punkterne  P(—g)  og  P(0)  er 
parallelle  med  t\  n  er  folgelig  Normal  til  samtlige  Kurver  w(d),  hvor  —  r/  <  d  <  /•/. 
Anderledes  udtrykt  betyder  dette,  at  Parallelkurverne  «  (<J)  til  w  for  —  r,-  <  d  <  r,  ?  r 
indbyrdes  parallelle.  Den  indre  Parallelkurve  til  M(^)  i  Afstanden  ^<  /•,•(#)  er  selve 
Kurven  «;  vi  bar  derfor  de  til  (9a)  analoge  Relationer 


som  i  Forbindelse  med  (9b)  viser,  at 


Ved  gentagen  Anvendelse  af  dette  Resultat  ser  man  let,  at  ogsaa  de  ydre  Parallel- 
kurver  w(d)  hvor  d  >  n  er  konveksc  Jordankurver  af  Klassen  K  med  Radierne 
n  +  h  fg  +  i.  Nu  er  den  ydre  Parallelkurve  til  w(—  ^)  i  Afstanden  ^  netop  Kurven  c«. 
F01gelig  bar  w  Radierne  ri(—g)  +  g  og  Fg(—g)  +  Q,  og  vi  faar 


Hermed  er  vist,  at  Kurven  w(S)  for  elhuert  i  >  —n  er  en  konveks  Jordankurve  af  Klas- 
sen  K  med  Radierne  n  +  6,  rg-\-d.  Man  viser  uden  Vanskelighed,  at  ogsaa  de  indre 
Parallelkurver  w(i)  for  d<  —  ry  er  konvekse  Jordankurver  af  Klassen  K,  og  at  de 
bar  Radierne  —  d—  ry,  —d—ri. 

Betegner  d  et  positivt  Tal  mindre  end  r,-,  vil  samtlige  Parallelkurver  m(i)  for 
~d<d<:d  udfylde  en  afsluttet  Kurvering  begraenset  af  Kurverne  w(—d)  og  w(d). 
Gennem  hvert  Punkt  af  denne  Kurvering  gaar  kun  en  af  de  betragtede  Parallel- 
kurver; thi  af  to  af  disse  Kurver  vil  stedse  den  ene  vaere  ydre  Parallelkurve  til 
den  anden;  Kurverne  vil  derfor  ikke  have  noget  faelles  Punkt. 

Et  specielt  Tllfaelde  af  konvekse  Kurvers  Addition. 

21.  Vi  vil  anvende  de  foregaaende  Betragtninger  paa  et  specielt  Tilfselde  af 
konvekse  Kurvers  Addition,  som  kommer  til  at  spille  en  vaesentlig  Rolle  ved  Bestem- 
melsen  af  kontinuerte  Punktsandsynligheder  i  Planen. 

Vi  taenker  os  givet  tre  konvekse  Kurver  a>0,  a>p  a>2  af  Klassen  K,  hvis  tilsva- 
rende  Radier  TO,/,  ro,B;  ri,t,  ri,y;  rzttt  r%,y  tilfredsstiller  Betingelserne 

00)  /V>_2ri,y;  n,i^2i\y, 


og  vil  undersoge  de  Maengder  2Q  -  wQt  Ii  =  (oQ-rw{t  22  =  wo  +  Wi  +  w^,  som  frem- 
kommer  ved  Kurvernes  Addition. 
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Betingelsen  for,  at  et  Punkt  P  i  Planen  tilherer  21?  er  den,  at  Kurverne  «0  og  P  —  wt 
har  mindst  et  Punkt  faelles,  Nu  har  -^  og  wt  som  kongruente  Kurver  de  samme 
Radier;  vi  kan  derfor  anvende  den  ovenfor  beviste  Saetning  og  ser,  at  2{  er  en 
afsluttet  Kurvering  begraenset  af  to  konvekse  Kurver  w<  og  «tf  af  Klas,sen  K,  hvis 
Radier  r/,/,  r/,y;  %,,  ry,y  tilfreds- 
stiller  Betingelserne  p 

(11)  r°''     a»--;'''' ''•»-- r°'» 

Lad  (se  Fig.  22)  P0  vaere  et 
Punkt  af  w0;  Kurven  P0  +  »i  inde- 
holder  netop  et  Punkt  P/  af  w/  og 
et  Punkt  Py  af  wy;  Tangenterne 
//  og  /y  til  PO  +  W!  i  disse  Punkter 
er  parallelle  med  Tangenten  /0  til 
(t)Q  i  P0;  de  er  tillige  Tangenter 
henholdsvis  for  «/  og  oiy.  &H  falder 
paa  den  modsatte  Side  af  tt  som  Ptf . 
Den  kortesle  Afstand  fra  Py  til  w, 
er  derfor  mindst  lig  med  Afstanden 
mellem  /,  og  fy,  som  er  storre  end 
eller  lig  med  2/x,-.  Afstanden  mel- 
lem Kurverne  w,  og  wy  er  derfor 
mindst  lig  med  denne  Storrelse.  Nu 
er  Sum  men  af  Afstandene  fra  et 
Punkt  P  i  Planen  til  Kurverne  w, 
og  wy  mindst  lig  med  Afstanden 

mellem  w,  og  o>y.  Ethvert  Punkt  i  Planen  har  derfor  fra  mindst  en  af  disse  Kur- 
ver en  Afstand  storre  end  eller  lig  med  n,/. 

Ved  Addition  af  Kurven  w2  til  Maengden  2t  fremkommer  Maengden  22.  Betin- 
gelsen for,  at  et  Punkt  P  i  Planen  tilhorer  22,  er  den,  at  Kurven  P-u>2  indeholder 
mindst  et  Punkt  af  ^ . 

Vi  betragter  forst  Maengden  af  Punkter  P  af  Ja,  for  hvilke  Kurverne  w,  og 
P  — w2  har  mindst  et  Punkt  faelles.  Da  ifolge  (11)  r/,/>2f2,y  vil  denne  Maengde 
vaere  en  afsluttet  Kurvering  begraenset  af  to  konvekse  Kurver  mn  og  w.-y  af  Klassen  K, 
hvis  korteste  Afstand  er  mindst  2r2,/,  og  hvis  Radier  r,-,,,,  r«,tf;  %„  r,-tf,y  tilfreds- 
stiller  Betingelserne 


Fig.  22. 


(12a) 


0,i  +  r2,«- 


Paa  samme  Maade  vil  Msengden  af  Punkter  P  af  22,  for  hvilke  Kun'erne  wy 
og  P  —  w2  har  mindst  et  Punkt  faelles,  vaere  en  afsluttet  Kurvering  begraenset  af  to 
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konvekse  Kurver  wy/  og  «yy  af  Klassen  K,  hvis  korteste  Afstand  er  mindst  2r2|/, 
og  hvis  Radier  ry/,f,  ry/,y;  ryy,f,  ryy,y  tilfredsstiller  Betingelserne 


'y,iT/2,j  .^  lyy.j,     fyy,y  <  fy, y  -jr  ty y  . 

Randen  af  Maengden  2a  udgores  af  de  to  Kurver  ««  og  o>yy;  thi  er  P  et 
Punkt  af  en  af  disse  Kurver,  vil  P— «a  indeholde  netop  et  Punkt  af  2l  og  vil 
ved  en  vilkaarlig  lille  Forskydning  kunne  bringes  helt  udenfor  Sit  ligesom 

omvendt  ethvert  Punkt  P, 
for  hvilket  P-ft>2  indeholder 
et  Punkt  af  2l  uden  at  inde- 
holde noget  indre  Punkt  af  2P 
tilhorer  enten  con  eller  o)yy.  Be- 
tegner  P/  og  Py  to  til  hinanden 
svarende  Punkter  af  «/  og  wy, 
vil  Kurven  P,-f  a>2  indeholde  to 
Punkter  P/,  og  P,tf  henholdsvis 
af  ton  og  w/y,  medens  Kurven 
Py  +  o)2  vil  indeholde  to  Punk- 
ter Pyf-  og  Pyy  henholdsvis  af 
My,-  og  wyy.  Tangenterne  /,-,,  ttyt 
^y»»  'yy  til  (on,  w/y,  o>y,',  «yy  i 
disse  Punkter  vil  vaere  indbyr- 
des  parallelle.  (Fig.  23). 

Som  det  fremgaar  af  Rela- 
tionerne  (10),  vil  w,y  falde  paa 
den  modsatte  Side  af  sin  Tan- 
gent t^  som  Py,-,  og  Afstanden 
fra  Py/  til  w,y  vil  mindst  vaere 

Pig.  23.  Jig  med  2r2,,.  Kurven  wy/  om- 

slutler  derfor  <%,  og  Afstanden 

mellem  w/y  og  wtf,  er  mindst  lig  med  2r2,,-.  Samtlige  Punkter  Paf  22,  for  hvilke  Kurven 
P— ft>2  hverken  skaerer  w/  eller  wy,  d.  v.  s.  for  hvilke  P— fc>2  indeholder  lutter  indre 
Punkter  af  i'lf  udger  den  af  Kurvern'e  w/y  og  wy/  begnaensede  aabne  Kurvering. 

De  indre  Radier  i  Kurverne  w«,  w,y,  wy,-,  wyy  er  alle  st0rre  end  eller  lig  med 
rz.il  betegner  d  et  positivt  Tal  mindre  end  r2,/,  vil  derfor  Msengden  af  Punkter,  hvis 
Afstand  fra  en  af  disse  Kurver  er  mindre  end  eller  lig  med  d,  tilhere  en  af  de 
afsluttede  Kurveringe,  som  begraenses  af  Kurverne  Mu(—d)  og  w//(cf),  <%(—  d)  og 
wig(d),  ft»y,-(-~cf)  og  Myi(d),  <tiyg(~d)  og  Wyy(cf).  Man  indser  let,  at  disse  Kurveringe 
gaar  helt  fri  af  hinanden,  og  at  de  to  og  to  i  det  mindste  har  Afstanden  2f2,,  —  2cf. 


a 
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KAPITEL  IV. 
Punktsandsynlighed. 

Vi  vender  nu  tilbage  til  de  i  Kapitel  II  indf0rte  Sandsynlighedsfordelinger  i 
Planen.  Vi  betragtede  dengang  en  Felge  «0,  «lt  . .  ,  WN,  . . .  af  lukkede  konvekse 
Kurver,  paa  hvilke  der  var  givet  kontinuerte  Buesandsynligheder,  og  viste,  hvorledes 
dette  ferte  til  Betragtning  af  i  det  store  og  hele  kontinuerte  Rektangelsandsynlig- 
heder,  svarende  til  de  ved  Kurvernes  Addition  fremkomne  Punktmsengder.  Behand- 
lingsmaaden  gav  tillige  Anledning  til  Indferelse  af  Sandsynligheder  svarende  til 
almindeligere  Punktmaengder,  saavel  paa  de  enkelte  Kurver  som  i  Planen.  Vi  skal 
nu  i  dette  Kapitel  paa  speciellere  Grundlag  gennem  Indferelsen  af  Begrebet  Punkt- 
sandsynlighed give  en  udferligere  Behandling  af  disse  Sandsynlighedsfordelinger. 

Punktsandsynlighed  paa  en  konveks  Kurve. 

22.  Lad  der  paa  en  konveks  Jordankurve  w  vaere  givet  en  kontinuert  Funk- 
tion  f(P)  af  det  variable  Punkt  P  paa  Kurven;  vi  antager  om  Funktionen,  at  den 
stedse  er  storre  end  eller  lig  med  Nul  uden  dog  nogensinde  at  vaere  Nul  for  samt- 
lige  Punkter  af  en  Bue  paa  »,  og  at  dens  Integral  $(U/(P)cf(»  over  Kurven  er  1.  Funk- 
tionen /(P)  defmerer  da  en  kontinuert  Buesandsynlighed  paa  Kurven  af  den  tid- 
ligere  (§  8)  betragtede  Art,  som  fremkommer,  idet  vi  for  enhver  Bue  b  paa  o>  beteg- 
ner  Funktionens  Integral  \bf(P)db  over  Buen  som  Sandsynligheden  w(b)  for,  at  et 
vilkaarligt  Punkt  af  w  tilhorer  b.  Denne  Funktion  af  Buen  b  er  nemlig  saavel  kon- 
tinuert som  additiv,  den  er  stedse  positiv,  og  dens  Vaerdi  w(w)  svarende  til  Kurven 
selv  er  1.  Endvidere  er  den  differentiabel,  d.  v.  s.  der  eksisterer  for  ethvert  Punkt  P 
af  ft>  en  entydig  bestemt  Grsensevaerdi  for  Forholdet  mellem  Sandsynligheden  sva- 
rende til  en  Bue,  der  konvergerer  mod  Punktet,  og  Buens  Lsengde.  Denne  Graense- 
vserdi,  som  er  Funktionens  Differentialkvotient  i  Punktet,  er  netop  f(P).  Omvendt 
vil  enhver  kontinuert  Buesandsynlighed,  som  er  differentiabel  med  en  kontinuert 
Differentialkvotient,  vaere  bestemt  paa  den  angivne  Maade  ved  Hjaelp  af  denne.  Funk- 
tionen f(P)  betegnes  som  en  kontimiert  Punktsandsynlighed  paa  Kurven  <0. 

23.  Som  ovenfor  f0res  vi  gennem  en  Afbildning  af  Kurven  o>  paa  et  Para- 
meterinterval  0  <  B  <  1  til  Betragtning  af  Sandsynligheder  svarende  ogsaa  til  saa- 
danne  Punktmaengder  paa  Kurven,  for  hvilke  den  tilsvarende  Msengde  af  Parameter- 
vaerdier  er  maalelig  i  JoRDAN'sk  Forstand,  idet  Sandsynligheden  svarende  til  en 
saadan  Maengde  ssettes  lig  med  Maalet  for  denne  linesere  Punktmaengde.  Disse  Sand- 
synligheder kan  ogsaa  bestemmes  ved  Hjaelp  af  Punktsandsynligheden  f(P).  Til  en 
Punktmaengde  paa  w  sarnmensat  af  et  endeligt  Antal  Buer  svarer  en  Maengde  af 
Parametervserdier  sammensat  af  et  endeligt  Antal  Intervaller,  altsaa  sikkert  en  maale- 
lig Maengde;  folgelig  vil  der  til  den  givne  Maengde  paa  Kurven  svare  en  Sandsyn- 
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lighed  bestemt  som  Summen  af  Integralerne  af  f(P)  over  de  enkelte  Buer,  hvoraf 
Maengden  er  sammensat.  Denne  Sum  belegner  vi  naturligt  som  Funktionens  Inte- 
gral over  den  givne  Maengde.  Lad  os  nu  betragte  en  viikaarlig  Punktmaengde  m  paa 
Kurven  w.  Vi  definerer  det  indre  og  ydre  (JoaoAN'ske)  Integral  af  Funktionen 
f(P)  over  Msengden  m  som  henholdsvis  0vre  og  nedre  Graense  for  Funktionens  Inte- 
gral over  saadanne  Punktmaengder,  sammensat  af  et  endeligt  Antal  Buer  af  «,  som 
henholdsvis  tilherer  og  indeholder  m.  Er  de  to  Integraler  ligestore,  betegaer  vi  deres 
fselles  Vaerdi  simpelthen  som  Funktionens  Integral  ]mf(P)dm  over  Maengderxm,  Det 
ses  straks,  at  de  Punktmaengder  paa  w,  for  hvilke  vi  ad  denne  Vej  faar  defineret 
Integraler,  er  de  samme  som  dem,  for  hvilke  vi  ovenfor  fik  defineret  Sandsynlig- 
heder,  og  at  for  disse  Maengder  Integral  og  Sandsynlighed  stedse  stemmer  overens. 

Punktsandsynligheder  i  Planen.  Definition. 

24.  Vi  betragter  nu  en  F01ge 

(1)  w0,  «!,    .  ,  wjv, 

af  konvekse  Jordankurver  af  Klassen  K  (se  §  12),  om  hvis  Radier 

(2)  ro,i,  fo.y;   ri,i,  /xy;    ..   ;  /x,,  rjv,y; 

vi  antager,  at  de  konvergerer  mod  Nul,  naar  N  vokser  ud  over  alle  Graenser. 

Lad  der  paa  de  enkelte  Kurver  «/,  vaere  givet  kontinuerte  Punktsandsynlig- 
lieder  fn(Pn).  Gennem  de  tilsvarende  Afbildninger  af  Kurverne  paa  Parameterinter- 

valler  0  <  tin  <  1  fores  vi  (se  §  10)  til  Afbildning  af  de  ved  Kurvernes  Addition  frem- 

jV 

komne    Punktmaengder  2$  —  £  «n   paa   Enhedsterninger  Qx  (0  <  Qn  <  1)  i  de 

n-O 

tilsvarende  00,  0t,  . .  ,  0jv-Rum  og  dermed  til  Indforelse  af  plane  Sandsynligheds- 
fordelinger  Wn(M)  svarende  til  disse  Msengder. 

Vi  vil  vise,  hvorledes  disse  Maengdesandsynligheder  for  alle  N  fra  et  vist  Trin, 
paa  tilsvarende  Maade  som  Sandsynlighedsfordelingerne  paa  de  enkelte  Kurver,  lader 
sig  bestemme  ved  Hjaelp  af  kontinuerte  Punktsandsynligheder  i  Planen. 

Lad  os  betragte  en  kontinuert  Funktion  F(P)  af  det  variable  Punkt  P  i  Planen, 
om  hvilken  det  er  givet,  at  den  ikke  antager  negative  Vaerdier.  Vi  definerer  det  indre 
Integral  ,/«(M)  af  denne  Funktion  over  en  given  Punktmaengde  M  i  Planen  som  ovre 
Graense  for  Funktionens  Integral  over  alle  Punktmaengder,  sammensat  af  et  endeligt 
Antal  Rektangler,  som  tilhorer  Ma3ngden,  Paa  tilsvarende  Maade  definerer  vi,  naar 
M  er  begraenset,  det  ydre  Integral  Jy  (M)  af  Funktionen  over  Maengden  M  som  nedre 
Grsense  for  Funktionens  Integral  over  alle  Punktmaengder,  sammensat  af  et  endeligt 
Antal  Rektangler,  som  indeholder  Maengden;  er  M  ikke  begraenset,  kan  denne  Defi- 
nition ikke  anvendes;  vi  definerer  da  Integralet  Jy(M)  som  0vre  Graense  for  det  ydre 
Integral  af  F(P)  over  alle  begraensede  Delmaengder  af  M.  For  begraensede  Punkt- 
maengder er  de  to  Integraler,  det  indre  og  det  ydre,  altid  endelige;  derimod  kan  de 
for  ubegraensede  Maengder  antage  Vaerdien  uendelig.  Er  for  en  given  Punktmaengde 
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Af  det  indre  og  det  ydre  Integral  ligestore  og  endelige,  betegner  vi  Funktionen 
som  integrabel  (i  JoRDAN'sk  Forstand)  over  den  givne  Maengde;  den  faelles  Vaerdi 
J(M)  for  de  to  Integraler  betegner  vi  da  som  det  JoRDAN'ske  Integral  Jj  F(P)dM 
af  Funklionen  F(P)  over  Maengden  M.  Er  i  dette  Tilfselde  N  en  vilkaarlig  Del- 
maengde  af  M,  har  man 


Denne  Relation  viser,  at  man  i  de  Tilfoelde,  hvor  F(P)  er  integrabel  over  hele  Pla- 
nen,  simplere  end  ud  fra  den  ovenfor  givne  Definition  kan  bestemme  det  ydre 
Integral  af  F(P)  over  en  vilkaarlig  Punktmaengde  i  Planen  som  den  komplementsere 
Vserdi  til  det  indre  Integral  af  F(P)  over  Komplementaermaengden. 

Hvad  angaar  Mcengdesandsynlighederne  WN(M),  er  det  mi  vort  Mad  at  vise,  at  de 
for  die  N  >  N0,  hvor  NQ  er  et  Tal,  som  dene  afhcenger  af  den  givne  F01ge  af  kon- 
vekse  Kurver,  er  fuldstcendig  bestemt  som  Integraler  af  kontinuerte  Pnnktsandsynligheder, 
d.  v.  s.  at  der  for  ethvert  N  >  JV0  findes  en  kontinnert  Funktion 

fiv(P) 

af  det  variable  Pnnkt  P  i  Planen,  som  ikke  antager  negative  Vcerdier,  og  som  er  inte- 
grabel netop  over  de  Mcenyder,  for  hvilke  den  tilsvarende  Sandsynlighed  Wx(M)  er  defi- 
neret  og  med  denne  Sandsynlighed  til  Integral.  Skriver  vi 

(3) 

vil  vi  herved  udtrykke  den  fuldstcendige  Identitet  mellem  de  to  Matngdefnnktioner 
og  jj    FN(P)dM  ogsaa  med  Hensyn  til  Defmitionsomraade. 

En  saadan  Funktion  Fjv(P)  vil  altid  vaere  integrabel  over  hele  Planen  med 
Integralet  1;  for  alle  Punkter  udenfor  eller  paa  Randen  af  2jv  vil  den  have  Vaer- 
dien  Nul. 

25.  Findes  der  for  et  bestemt  N  en  kontinuert  Punktsandsynlighed  Ftf(P),  vil 
denne  ojensynlig  vsere  entydig  bestemt  ved  Betingelsen  (3);  den  vil  endda  V3ere 
entydig  bestemt  allerede  ved  den  svagere  Betingelse 

(4) 

som  fremgaar  af  (3),  naar  vi  lader  M  betegne  Rektangler  alene,  i  hvilket  Tilfselde 
Eksistensen  af  begge  de  betragtede  Maengdefunktioner  er  sikker. 

Vi  vil  derfor  fore!0big  indskraenke  os  til  at  s0ge  denne  Betingelse  opfyldt. 
Senere  skal  vi  vise,  at  en  kontinuert  Funktion  F.v(P),  som  tilfredsstiller  Betingelsen 
(4),  af  sig  selv  vil  tilfredsstille  den  stserkere  Betingelse  (3)  og  altsaa  vil  vaere  en 
kontinuert  Punktsandsynlighed  af  den  0nskede  Art. 

Er  det  for  et  eller  andet  n  lykkedes  at  bestemme  en  kontinuert  Funktion 
Fn(P)  saaledes,  at 
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for  ethvert  Rektangel  R  i  Planen,  og  saetter  vi 
(5)  Ffl+i(P)  -  \  fn(P- 


vil  Fn  +  i(P)  ligeledes  vaere  en  kontinuert  Funktion  af  P,  og  vi  vil  have 


Heraf  folger,  at  dersom  Betingelsen  (4)  kan  opfyldes  for  el  bestemt  X  —  Af0,  da  vil 
den  ogsaa  kunne  opfyldes  for  ethvert  N  >  NQ,  og  Funktionerne  F#(P)  vil  vsere 
bestemt  udfra  Fjv0(P)  ved  Hjaelp  af  Relationen  (5).  Vor  Opgave  er  den  at  vise,  at 
der  iindes  et  N  =  Ar0,  for  hvilket  Betingelsen  kan  opfyldes. 

Antager  vi  dette  bevist,  falger  af  Relationen  (5)  i  Forbindelse  med  den  tidligere 
(§  11)  beviste  Saetning,  at  for  ethvert  N  Sandsynligheden  MA  (ft)  >  0,  naar  blot  R  i 
sit  Indre  indeholder  Punkter  af  2,\,  den  ikke  hell  uinteressante  Egenskab  ved  Sand- 
synlighederne  FN(P),  at  de,  ihvert  Fald  for  N>  NQ  +  2,  er  positive  i  del  Indre  af 
de  tilsvarende  Msengder  I\  (og  ikke  blot  positive  eller  Nul),  fortidsat  at  vi  opfatter 
Randen  af  2s  i  den  i  §  4  angivne  udvidede  Betydning.  Thi  af  Fy(P)  =  0  folger  for 
et  saadant  Af  af  (5)  FA-  — i(P— /\)  =  0  for  alle  Punkter  PN  af  MA-  og  allsaa 
FN-2fP~(P\  +  P\-i)j  =  0  for  alle  Punkter  Pjv  +  P4v  i  af  den  ved  Addition  af 
Kurverne  ION  og  w,v  i  fremkomne  Punktmacngde  o>\  +  w\  i.  For  indre  Punkter  P 
af  UN  indeholder  imidlertid  Punktmacngden  P— (WN  +  WN  i)  sikkert  Rektangler,  som 
hell  tilherer  ^2. 

Punktsandsynligheder  i  Planen.  Konstruktion. 

26.  Vi  vil  f0rst  betragte  del  Tilfaelde,  hvor  de  til  Kurverne  w0l  Mlt  w2,  wi{ 
svarende  Radier  tilfredsstiller  Betingelserne 

(6)  ro.<>2nitf;   ntl>2r2>y;   rtti  ^  2r3.yt 

et  Tilfa3lde  for  hvilket  vi  tidligere  (§  21)  liar  undersegt  Punktmaengderne  i'0l  2lt  i'2. 
Vi  vil  vise,  at  Betingelsen  (4)  i  dette  Tilfcelde  kan  tilfredsstilles  allerede  for  Ar  =  3, 
Beviset  er  elemental,  men  ret  kompliceret;  det  beror  paa  en  direkte  Kon- 
struktion af  en  Funktion  F3(P),  som  bar  den  enskede  Egenskab.  Som  vi  skal  se, 
kan  vi  allerede  for  A*  =  1  angive  en  Funktion  Ft(P),  som  viser  sig  at  vaere  diskon- 
tinuert  paa  visse  Kurver,  men  som  dog,  naar  vi  opererer  med  en  passende  Inte- 
graldefmition  (den  CAUCHv'ske),  tilfredsstiller  Betingelsen  (4).  Paa  denne  Funktion 
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anvender  vi  Betragtningen  ovenfor  og  faar  bestemt  en  Funktion 


som  ligeledes  bliver  diskontinuert  paa  visse  Kurver,  og  som,  idet  vi  stadig  opererer 
med  den  C/vucHY'ske  Integraldefinition,  tilfredsstiller  Betingelsen  (4)  for  JV  =  2.  Som 
F01ge  af  Integra  tionen  bliver  F2(P)  svagere  diskontinuert  end  Ft(P).  Ved  fornyet 
Anvendelse  af  den  samme  Betragtning  denne  Gang  paa  Funktionen  F2(P)  forsvinder 
al  Diskontinuitet;  Funktionen 


F3(P)=     F2(P-P3)</03 

«>0 

riser  sig  at  vaere  en  kontinuert  Funktion  af  P,  som  tilfredsstiller  Betingelsen  (4). 

Konstruktion  af  Ft(P). 

27,  Lad  os  betragte  Punktmaengden  2t  =  w0  +  «i,  begraenset  af  de  to  konvekse 
Jordankurver  <ai  og  wy,  Vi  vil  definere  en  Funktion  Fj(P)  af  det  variable  Punkt  P 
i  Planen.  Tilh0rer  P  enten  /(w,) 
eller  Y(u>y)  (d.  v.  s.  tilharer  P  ikke 
i'i),  bar  Kurverne  «0  og  P  —  wt 
intet  Punkt  fcelles;  vi  saetter  da 
Ft(P)  =  0.  Tilhercr  P  saavel  V(w,) 
som  /(wy)  (d,  v.  s,  er  P  et  indre 
Punkt  af  Jj),  skaerer  Kurverne  «0 
og  P  —  wt  hinanden  i  to  Punkter 
(se  Fig.  24);  betegner  vi  disse 
P'o-P-P;  ogP'^P-P';,  er 
Pi  og  Pi'  de  to  Punkter  af  wlf  som 
ved  Addition  henholdsvis  til  Punk- 
terne  P'0  og  P'0'  af  w0  giver  P;  idet 
Vinklerne  mellem  w0  og  P  —  W!  i 
P'0  og  P'o  betegnes  henholdsvis  p 
og  p",  vil  vi  definere  Funktions- 
vaerdien  i  Punktet  P  som 


(7) 


F,(P)  = 


sin  / 


sin  p" 


Fig.  24 


her    betegner   /o(P'0)    og 

Punktsandsynlighederne  paa  w0  i 

Punkterne  P^  og  JPJ,  og  ^(Pi)  og  /j(Pj)  betegner  Punktsandsynlighederne  paa  »t  i 

Punkterne  Pi  og  PJ.  Tilh0rer  Punktet  P  endelig  enten  w,  eller  wy  (d.  v.  s.  er  P  et 
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Randpunkt  for  2t),  r0rer  «0  og  P-  wt  hinanden  i  et  Punkt  P0  =  P  —  Pt;  vi  saetter 
da  Ft(P)=oc. 

Den  hermed  defmerede  Funktion  Ft(P)  er  kontinuert  undtagen  paa  Kurverne 
MI  og  Wy.  Vi  vil  vise,  at  den,  naar  vi  opererer  med  en  passende  Integraldefmition, 
tilfredsstiller  Betingelsen  (4),  d,  v.  s.  at  dens  Integral  over  ethvert  Rektangel  R  i  Pla- 
nen  er  lig  med  den  til  Rektanglet  svarende  Sandsynlighed  W{(R). 

28.  Lad  (XY)  vaere  et  vilkaarligt,  men  fast  retvinklet  Koordinatsystem  i  Planen, 
og  lad  os  betragte  de  akseparallelle  Rektangler  i  dette  System.  Vi  vil  definere,  hvad 

vi  vil  forstaa  ved  Integralet 

JJ  Fi(P)dR  af  Ft(P)over  et 

Rektangel  R  \  Systemet. 

Lad  cf  betegne  et  positivt 
Tal,  som  konvergerer  mod 
Nul.  For  enhver  Vaerdi  af  d 
betragter  vi  (Fig.  25)  Maeng- 
foy  den  A(d)  af  Punkter'i  fl,  hvis 
Afstand  fra  w;  og  wy  er  storre 
end  cf.  Paa  Maengden  A(d)  er 
FX(P)  ligelig  kontinuert  og 
begraenset.  For  ethvert  Punkt 
P  af  A(d)  betragter  vi  det 
akseparallelle  Kvadrat  med 
Diagonalen  d,  som  har  sit 
Midtpunkt  i  P.  A(d)  vil  til- 

h0re  en  Punktmaengde  B(d)  sammensat  af  et  endeligl  Antal  af  disse  Kvadrater; 

den  faelles  Del  for  R  og  B(d)  betegner  vi  R(d).  Punktmaengden  R(d)  er  sammensat 

ld\ 


Fig.  25. 


af  et  endeligt  Antal  akseparallelle  Rektangler;  den  tilh0rer  Al-l;  f01gelig  er  Ft(P) 

w 
ligelig  kontinuert  og  begraenset  paa  Maengden  fi(cf),  og  vi  kan  tale  om  Integralet 


af  Ft(P)  over  denne  Maengde.  Da  Ft(P)  aid  rig  er  negativ,  vil  Integralet  7(d),  naar 
d  konvergerer  mod  Nul,  naerme  sig  til  en  bestemt  Graensevaerdi,  som  maaske  kan 
vaere  uendelig,  og  som  vi  betegner  som  Integralet 


Fi(P)dR 


af  F^P)  over  Rektanglet  R;  man  ser  let,  at  den  Vilkaarlighed,  som  er  tilstede  i 
Definitionen  af  Maengderne  R(d)t  er  uden  Betydning  for  Integralets  Vaerdi. 
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29.  For  at  vise  at  Integralet  /  altid  er  lig  med  den  til  Rektanglet  R  svarende 
Sandsynlighed  W^R),  betragter  vi  for  enhver  af  Mtengderne  R(d)  den  tilsvarende 
Sandsynlighed  Wt(R(d))  bestemt  som  Maalet  for  den  Punktmsengde  Q(d)  i  Enheds- 
kvadratet  Qi(0<00<!»  0  <  Sl  <  1)  i  00,  0rPlanen,  der  svarer  til  R(d).  Vi  vil 
vise,  at  W{(R(d))  —  I(d).  Hermed  vil  Beviset  vaere  fuldfert;  thi  idet  d  konvergerer 
mod  Nul,  vil  £(cf)  konvergere  mod  en  Maengde,  som,  bortset  fra  en  Msengde  af 
Maalet  Nul  hidr0rende  fra  de  Buer  af  w,-  og  u>yt  som  tilherer  R,  er  lig  med  den  til 
R  svarende  Delma3ngde  &  af  Q{.  Wl(R(d))  vil  folgelig1  konvergere  mod  U^OR),  og 
Rigtigheden  af  Identiteten 


vil  vaere  bevist. 

Sandsynligheden  Wl(R(d))  vil  vaere  beslemt  som  Summen  af  Sandsynlighederne 
svarende  til  de  enkelte  Rektangler,  hvoraf  R(d)  er  sammensat;  paa  samme  Maade 
vil  I(d)  vaere  bestemt  som  Summen  af  Integralerne  af  F^P)  over  disse  Rektangler. 
For  at  vise  at  /(</)  =  Wi(R(d))  er  det  derfor  tilstraekkeligt  at  vise,  at  for  ethvert  af 
disse  Rektangler  Integral  og  Sandsynlighed  stemmer  overens.  For  de  Rektangler, 
som  tilhorer  enten  /(«,-)  eller  Y(ft)y),  er  saavel  Integral  som  Sandsynlighed  lig  med 
Nul.  Tilbage  staar  da  blot  at  vise,  at 


naar  (se  Fig.  26)  /?0  er  et  akseparallelt  Rektangel,  som  tilhorer  2{  og  bar  en  posi- 
tiv  Afstand  fra  w*  og  wy, 

Funklionen  F{(P)  er  for  ethvert  indre  Punkt  P  af  2{  defineret  som  Summen 
af  de  to  Led 

-/y     og 


sn  p  sn  p 

Det  ligger  derfor  naer  ved  Integrationen  af  Ft(P)  at  integrere  ledvis.  For  at  kunne 
gore  dette  maa  vi  imidlertid  ferst  nejagtig  defmere  de  to  Funktioner  F[(P)  og  Fi'(P), 
d.  v.  s.  vi  maa  angive  en  Metode  til  samtidig  for  alle  Punkter  P  at  sondre  mellem 
Punkterne  P'0  og  P'0'.  Vi  taenker  os  hertil  fastlagt  en  Omlobsretning  paa  o>0  (f.  Eks. 
bestemt  ved  voksende  00)  og  indferer  den  Vedtsegt  stadig  at  lade  PJ,  vsere  Begyndel- 
sespunktet,  PjJ  Endepunktet  af  den  Bue  af  w0,  der  falder  indenfor  Kurven  P—  MI. 
De  derved  bestemte  Funktioner  FJ(P)  og  F't'(P)  er  begge  ligelig  kontinuerte  og 
begra?nsede  paa  Rektanglet  /?0,  og  vi  har 


1  Medens  der  i  den  LEBESGUB'ske  Maalteori  gilder  den  almindelige  Saetning,  at  Graensemeengden 
for  en  voksende  Folge  af  maalelige  Mangder  altid  er  maalelig  paany,  og  at  dens  Maal  er  Grrensevaerdien 
for  de  givne  Msngders  Maal,  udsiger  den  tilsvarende  Ssetning  i  den  JORDAN 'ske  Teori  kun,  at  saafremt 
Graensemtengden  for  en  voksende  Felge  af  maalelige  Mtengder  paany  er  maalelig,  da  vil  dens  Maal 
vaere  Grcenseveerdien  for  de  givne  Mrengders  Maal. 
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\\  F;(P)e//U  \\  F'[ 

*  *#o  '  *% 


Vi  betragter  nu  (Fig,  26)  den  til  ft0  svarende  Delmsengde  £0  af  Qv  Ethvert 
Punkt  P  af  /?0  kan  paa  to  Maader  bestemmes  som  en  Sum  af  to  Punkter  P0  og  P{ 
henholdsvis  af  w0  og  w1$  nemlig  som  Sum  af  Punkterne  P'0  og  P\  og  som  Sum  af 
Punkterne  PJ  og  P{\  del  svarer  derfor  til  to  Punkter  (fl'0,  #i)  og  (%  ,  0J)  af  £0, 


(1,0) 


Fig.  26. 


Vor  Vedtiegt  giver  os  en  tilsvarende  Deling  af  &0  i  to  Maengder  /^  og  &J,  den  ferste 
bestaaende  af  Punkterne  (^'0,  S\)t  den  anden  af  Punkterne  (%,  #J).  «;  og  fij  bar 
en  positiv  mindste  Afstand;  de  er  derfor  begge  maalelige.  Betegner  vi  deres  Maal 
H',1  W  og  ff  J(«0,  er 


Vi  vil  vise,  at 


hvormed  Beviset  vil  vare  fuldfert,  Vi  kan  nejes  med  at  bevise  den  ferste  Relation, 
Punktmaengden  <>Q  er  afbildet  enentydig  og  kontinuert  paa  Rektanglet  /?0.  Lad 
(^,  S{)  vaere  del  Punkt  af  Q'Q,  som  svarer  til  det  vilkaarlige  Punkt  P  af  /?0.  Til 
de  rette  Liniestykker  ^  =  f)\  og  ^0  =  ^  gennem  (dj,,  ^i),  som  er  parallelle  hen- 
holdsvis med  ^-Aksen  og  med  0rAksen,  svarer  de'to  Kurver 
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gennem  P;  deres  Tangenter  i  Punktet  P  skaerer  hinanden  under  samme  Vinkel  p 
som  Tangenterne  til  «0  og  P  —  o^  i  Punktet  P'0;  til  Bueelementerne  rf(w04-P't)  og 
rf(Pi+wt)  i  Punktet  P  svarer  Linieelementer  </00  =  A  (P'0)  rf(«0  +  ^i)  og  ^i  = 
/t(Ft)  cf(P'0  +  o)i)  i  Punktet  (0i,  0i).  Anvender  vi  derfor  ved  Bestemmelsen  af 

F{(P)dRQ  Planelcmentet  i/fl0  -=  c/(w0  +  F1)(/(P'0-hw1)  sin//,  faar  vi 


s 


Hermed  er  den  opstillede  Saetning  bevist, 

30.  Lad  d  vaere  et  positivt  Tal  mindre  end  /x,-.  Funktionen  Fj(P),  som  er  lig 
med  F^P)  for  alle  Punkter  P,  hvis  Afstand  fra  wt  og  &>y  er  st0iTe  end  d,  men  som 
i0vrigt  er  lig  med  Nul,  er  en  begra?nset  Funktion  af  Punktet  P.  Den  er  kontinuert 
undtagen  paa  Parallelkurverne  w,-(cf)  og  <wy(—  d)  til  »,  og  wy.  Begge  disse  Kurver 
er  konvekse  Jordankurver;  Funktionen  Fj(P)  er  derfor  integrabel  over  ethvert 
Rektangel  R  i  Planen,  og  dens  Integral 


(8)  Wf  («)  =       Fl(P)dR 

JJR 

er  en  kontinuert  Funktion  af  R.  Man  viser  uden  Vanskelighed,  at  denne  Funktion, 
naar  d  konvergerer  mod  Nul,  vil  konvergere  mod  Funktionen 


Betegner  /?0  et  Rektangel,  som  indeholder  ^\,  liar  vi  for  ethvert  Rektangel  R 


denne  Ulighed  viser,  at  Wi(R)  konvergerer  ligelig  mod  W^R). 

31.  Funktionen  Ft(P)  er  kontinuert  i  hele  Planen  undtagen  paa  Kurverne 
MI  og  wy,  f01gelig  ligelig  kontinuert  og  begraenset  paa  enhver  afsluttet  Punktmaengde, 
som  ikke  indeholder  noget  Punkt  af  disse  Kurver.  Derimod  er  Ft(P)  ikke  begraenset 
paa  den  aabne  Punktmaengde,  der  udgores  af  samtlige  Punkter,  som  ikke  tilherer 
to,  eller  wy.  Vi  vil  imidlertid  vise,  at  Funktionen 


hvor  d  betegner  den  mindste  Afstand  fra  P  til  et  Punkt  af  w/  eller  wy,  er  en 
begraenset  Funktion  paa  denne  Maengde,  at  der  m.  a,  0.  findes  en  positiv  Konstant 
K{,  saaledes  at 
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(9)  ft(P) 

for  ethvert  Punkt  P,  der  ikke  folder  paa  an  eller  wy. 

For  Punkter,  som  enten  tilhorer  /(«/)  eller  Yfay),  er  Ft(P)  =  0.  Vi  kan  derfor 
n0jes  med  at  betragte  Ft(P)  for  Punkter,  som  samtidig  tilhorer  F(w,)  og  /(<wy), 
d.  v.  s.  for  indre  Punkter  af  2lt  For  saadanne  Punkter  bar  vi 

F,(P)  |/d  = 
Nu  er  ifolge  §  19 


sin/)  sin/) 


hvor  /:  =  I/  —  -  —  ~  er  uafhaengig  af  Punktet  P,  Betegner  ^0  og  yt  0vre  Graense 
r  /"oj  —  ri,g 

for  de  kontinuerte  Funktioner  /"o(P0)  og  /i(Pi),  bar  vi  altsaa 


hvormed  Ssetningen  er  bevist. 

Konstruktion  af  Fa(P). 

32.  Vi  vender  os  nu  til  Betragtning  af  Punktmaengden  ^2  ~  ^1  +  ^2-  Betingelsen 
for,  at  et  Punkt  P  i  Planen  tilherer  2Z,  er  den,  at  Kurven  P  —  ws  indeholder  Punkter 
af  2l.  Lad  d  vsere  et  positivt  Tal  mindre  end  n,t.  Vi  betragter  den  ovenfor  indforte 
Funktion  Fi(P),  som  er  lig  med  Fj(P)  for  alle  Punkter  hvis  Afstand  fra  w,  og  wv 
er  st0rre  end  d,  men  som  iovrigt  er  lig  med  Nul.  For  ethvert  Punkt  P  i  Planen 
vil  Funktionen 


hvor  P  —  P2  gennemleber  Kurven  P  —  «2,  vaere  en  begra3nset  og  stykkevis  kontinuert 
Funktion  af  Parameteren  02  for  P2  paa  w2;  dens  Integral 

(10) 

som  er  lig  med  Kurveintegralet 


vil  fremstille  en  i  hele  Planen  kontinuert  Funktion  af  Punktet  P. 
Vi  vil  vise,  at  Integrate! 

(11) 


af  denne  Funktion,  naar  d  konvergerer  mod  Nul,  konvergerer  ligelig  mod  Rektangel- 
sandsynligheden  W2(/?). 
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W2(/?)  bestemmes  ved  Integrate! 


Da  Funktionen  P/(P  —  P2)  er  begraenset,  indser  man  om  dette  Integral  let,  at  det 
er  lig  med  Integralet 


•Jo 
af  den  kontinuerte  Funktion 


Vi  har  altsaa 


Naar  r/  konvergerer  mod  Nul,  konvergerer  W^(R-  P2)  som  ovenfor  vist  ligelig  mod 
Hektangelsandsynligheden  W^jR—  P2).  W^(/?)  konvergerer  altsaa  ligelig  mod  Integralet 


som  netop  fremstiller  Rektangelsandsynligheden  \\\(R). 

33,  Naar  d  konvergerer  (monotont)  mod  Nul,  vil  Funktionen  Rl(P)  konver- 
gere  monotont  mod  en  Funktion  F2(P)  fremstillet  ved  det  CAUcnv'ske  Integral 

(12)  F2(P) 

af  den  stykkevis  kontinuerte,  men  ikke  altid  begraensede  Funktion  /^(P  —  Pa).  Funk- 
tionen F2(P)  fremstilles  ogsaa  ved  Kurveintegralet 


Vi  vil  vise,  at  F2(P)  konvergerer  ligelig  mod  F2(P)  paa  enhver  afslutiet  Punktmawgde, 
Iwis  Afstand  fra  Kuruerne  w//,  o)^,  wyr-,  wyy  er  storre  end  Nul. 

Lad  A  vaere  en  afsluttet  Punktmsengde,  hvis  Afstand  a  fra  Kurverne  w,,-,  a)iy, 
Myt,  atyy  W  storre  end  Nul.  Vi  skal  vise,  at  F'unktionen 

F,(P)-Fi(P) 

konvergerer  ligelig  mod  Nul  paa  Ma3ngden  .4.  For  Punkter  P,  som  tilhorer  enten 
/((«/,-)  eller  V(wyy),  er  for  alle  d 

F2(P)  =  F$(P)  -  0; 

Fa(P)  — Fg(P)  er  allsaa  konstant  lig  med  Nul.  Vi  kan  derfor  i  det  folgende  nejes 
med  at  betragte  F2(P)  — /^(P)  for  Punkter  af  A,  som  tilhorer  ^'2. 


Ill  ;iO*  FlJ.   Dan.  TO.  fifffefc.  Mr.  AV/.  Jlf/i/A, /«//.  (8)  12,  no.  3  (11)25)). 
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Lad  P  v?ere  et  Punkt  afA,  som  tilh0rer  22;  Kurven  P  —  <w2  tilhorer  hell  eller 
delvis  It,  Enhver  Forskydning,  som  bringer  den  til  at  r0re  «/  eller  wff,  er  storre 
end  eller  lig  med  a.  Falder  P  mellem  Kurverne  eo/y  og  wtf/,  tilhorer  P-~  a>2  belt  J4; 

dens  Afstand  fra  w/  og  wy  er  mindst  a;  for 

ethvert  d  <  a  er  folgelig 


begge 
P— 


Falder  P  mellem  <»//  og  a)/y  eller  mellem  MV{ 
og  wyy,  tilhorer  Kurven  P  — «2  kun  delvis  2t;  i 
det  forste  Tilfselde  skserer  den  w,,  i  det  andet 
Tilfselde  (oy.  Vi  vil  nojes  med  at  betragte 
det  forste  Tilfcelde  (Fig.  27).  F2(P)~/^(P) 
kan  bestemmes  som  Integralet  af  Funktionen 
F2(P-P2)/2(P2)  over  den  Del  af  P-~w2,  som 
falder  mellem  Kurven  w,  og  dens  ydre  Paral- 
lelkurve  wf(d)  i  Afstanden  d.  For  ethvert  d  <  a 
skserer  wt(d)  Kurven  P— w2  i  to  Punkter.  Mel- 
lem Kurverne  w,  og  wj(d)  afskaeres  derfor  to 
Buer  P—  &2,°g  ^~^2  af  P— w2.  En  Parallel- 
kurve  o),-(<J)  til  w,  vil,  naar  0  <  d  <  d,  skaere 
disse  Buer  hver  i  et  Punkt;  betegner  vi  Skaeringspunkterne  P-~P'z(d)  og 
,  Skaeringsvinklerne  p'(d)  og  p"(f),  faar  vi 


OI.Y<J)     (^/fflfy) 

«          t 


Fig.  27. 


sinj/'tf) 


Vi  vil  vise,  at  de  to  Integraler  hver  for  sig  konvergerer  Hgelig  mod  Nul  med  d  paa 
den  (afsluttede)  Delmaengde  At  af  A,  som  falder  mellem  Kurverne  MU  og  w/y. 

Lad  os  f.  Eks.  betragte  det  forste  Integral.  Lad  <?2  betegne  0vre  Graense 
for  den  kontinuerte  Funktion  f^(Pz)  paa  w2,  og  lad  g  betegne  den  positive  nedre 
Grense  for  den  ligeledes  kontinuerte  Funktion  sin />'(<$)  af  P  og  6,  naarPgennem- 

lober  Msengden  A,  og  d  Intervallet  0  <  d  <~.  For  ethvert  d,  som  tilhorer  Intervallel 
0  <  d  <,  - ,  og  ethvert  Punkt  P  af  At  bar  vi 


sinp'(<5)  ^'^' 

For  ethvert  Punkt  P  af  A*  og  ethvert  d  $     bar  vi  altsaa 


men  heraf  f01ger  straks,  at  Integralet  konvergerer  ligelig  rr>6d  Nul  med  d. 


F3.   Dan,  Vid.  Seltk.  Str.  Nat.  Math.  Afd.  (8)  12,  no.  3  (1920). 
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34.  Af  den  hermed  beviste  Saetning  folger  specielt,  ai  Funktionen  F2(P)  erkon- 
tinuert  i  ethvert  Punkt  P,  som  ikke  falder  paa  Kurverne  co«,  w/y,  wyf,  wvy.  Har  Rekt- 
anglet  R  en  positiv  Afstand  fra  disse  Kurver,  bestemmes  Integralet 


af  FS(P)  over  R  som  Graensevserdi  for  Integralet 


naar  d  konvergerer  mod  Nul.  Dette  Integral  konvergerer  imidlertid  som  ovenfor 
vist  mod  Rektangelsandsynligheden  WZ(R).  Vi  har  altsaa 


Denne  Relation  kan  udvides  til  at  gaelde  for  vilkaarlige  Rektangler  i  Planen,  naar 
man  benytter  en  Integraldefmition  analog  med  den  ovenfor  ved  Betragtningen  af 
Fj(P)  anvendte.  Funktionen  F2(P)  bestemmer  saaledes  faldstcendig  Rektangelsandsyn- 
ligheden  W2(R).  Dette  kommer  vi  dog  ikke  til  at  benytte  i  det  folgende. 

35.  Funktionen  F2(P)  er  ikke  begraenset  paa  den  aabne  Punktmaengde,  der 
udgores  af  samtlige  Punkter,  som  ikke  tilherer  w«,  w<y,  wyf,  wtfy;  den  er  derfor  ingen 
kontinuert  Funktion  af  P  i  hele  Planen.  Vi  vil  imidlertid  vise,  at  den  er  vaesentlig 
svagere  diskontinuert  end  Funktionen  F^P). 

Paa  Msengderne  /(w«)  og  y(wyy)  er  F2(P)  lig  med  Nul.  Vi  behever  derfor  blot 
at  betragte  Funktionen  paa  Maengden  12- 

Lad  a  vaere  et  fast  positivt  Tal  mindre  end  ^-'.  Vi  betragter  Maengden  A2  af 

Punkter  af  22»  bvis  Afstand  fra  Kurverne  w«,  w/y,  wyr-,  wyy  er  storre  end  a.  Paa  denne 

Maengde  er  F2(P)  begraenset.  Ethvert  Punkt  af  22,  som  ikke  tilhorer  A2,  har  fra  en  og, 

da  Kurverne,  som  vist  i  §  21,  to  og 

to  mindst  har  Afstanden  2f2,< ,  kun  fra 

en  af  Kurverne  «»•,  w/y,  wyi',  wyy  en 

Afstand  mindre  end  a;  det  tilhorer 

derfor  en  og  kun  en  af  de  afsluttede 

Kurveringe  £«,  Qfy,  fi« ,  0Jy,  som 

begraenses  henholdsvis  af  Kurverne 

w«  og  (0n(a),  (0iV(—  a)  og  w/y(a), 

<*gi(—a)  og  «yi(a),  wyy(-a)  og  wffy 

(se  Fig.  28).  Vi  vil  vise,  at  Fa(P)  er 

begrcenset  i  Kurveringene  J2JJ  og  Q^yt 

medens  den  i  Kurveringene  Qfg  og  h«t 

tilfredsstiller   en  Relation  af  Formen  Fig.  28. 


F3.   Dan.  Vid,  Sd»k,  Skr.  Nat.  Math.  Afd,  (8)  12,  no.  3  (1929). 
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(13)  F2(P)<K2  +  Lalog, 

hvor  d  betegner  Afstanden  fra  P  henholdsvis  til  w/y  og  <%•,  og  K2  og  L2  er  uafhcen- 
gige  af  P.1 

F2(P)  bestemmes  ved  Integralet  af  Funktionen  /^(P  —  P2)  fa(P%)  over  den  Del 


;<d) 


af  Kurven  P  —  o>2,  som  tilhorer  2t.  Lad  A{  betegne  Maengden  af  Punkter  af  2t, 
hvis  Afstand  fra  w,-  og  o>y  er  storre  end  a.  Paa  Maengden  At  er  f\(P)  begranset; 
Integralet  af  /^(P  —  P2)  fa(Pi)  over  den  Del  af  P  —  «2,  som  tilhorer  4t,  er  folgelig 
ogsaa  begrsenset.  Vi  kan  derfor  n0jes  med  at  betragte  Integralet  af  t\(P  ~-  P%)  ^(Pz) 
over  den  Del  af  P  —  «2,  som  tilh0rer  de  afsluttede  Kurveringe  fi"  og  fijj,  som 
begrsenses  henholdsvis  af  Kurverne  an  og  (Oi(a)  og  af  Kurverne  wp(—  a)  og  wy;  da 
Afstanden  mellem  Kurverne  ft),-(a)  og  wy(—  a)  er  mindst  2ri,f*-2a  >  2r2,y,  indeholder 
P  —  <»2  h0jst  Punkter  af  den  ene  af  disse  Kurveringe.  Tilhorer  P  enten  ttf.  eller  /J"y 
indeholder  P—  w2  Punkter  af  £f,  tilhorer  P  derimod  fJJ.  eller  ^  indeholder  P—  w2 

Punkter  af  £jj,  Vi  vil  n0jes  med  at  betragte  de 
Tilfaelde,  hvor  P~o)2  indeholder  Punkter  af  U" 

' 

Vi  vil  f0rst  vise,  at  F2(P)  er  beyrtrnset  i  Kurve- 
ringen  fij1..  Lad  (se  Fig.  29)  P  vaere  et  Punkt  af 
,Q?.;  dets  Afstand  d  fra  w,/  er  h0jst  lig  med  a. 
Kurven  P  —  w2  indeholder  ingen  Punkter  af  Ar 
Vi  betragter  Parallelkurverne  wi(8)  til  w,  for 

0  <  d  <  cf;  den  indre  Radius  r,,,  -fd  i  enhver  af 
disse  Kurver  w,-((5)  er  storre  end  r^.y.  P—  w2  r0rer 
derfor  o?i(rf)  indvendig  i  et  Punkt  P  —  Pz(d\  me- 
dens  den  skajrer  hver  af  Kurverne  wj(d),  0  <  d  <  d 

1  to  Punkter  P-P'2(d)  og  P-P2(d);  Skserings- 
vinklerne  betegner  vi  p'(d)  og  p"(<5)-  Punkterne 
P-P'zW    og    P-P2'(<*)    taBnkes   hver   for   sig 
at   variere    kontinuert    med    d.    F2(P)    bestem- 

mes da  som  Sum  af  de  to  Integraler 


P-u>f 


Fig  29 


Vi  vil  vise,  at  disse  hver  for  sig  er  begraensede,  Lad  os  f.  Eks.  betragte  det  f0rste. 

Den  mindste  Forskydning,  som  bringer  Kurven  P  —  w2  til  at  r0re  Parallel- 
kurven  wi(d)  til  w/,  har  St0rrelsen  cf—  d. 

If01ge  §  19  er  da  for  ethvert  Punkt  P  af  fig  og  ethvert  d  <  d 


1  I  det  folgende  anvendes  uafbrudt  de  almindelige  Sffitninger  i  §  16  om  Skaering  mellem  kon- 
vekse  Kurver  og  i  §  20  om  Parallelkurver  til  konvekse  Kurver.  Vi  overlader  det  til  Lseseren  i  hvert 

enkelt  Tilfaelde,  udfra  Relationerne  (11)  og  (12)  1  §  21  og  Relationen  a  <  ~',  at  konstatere,  at  Betin- 
gelserne  for  Anvendelsen  af  disse  Seetninger  er  tilstede. 


F3.   Dan.  Vid.  Selsk.  Skr .  Nat,  Math,  Afd.  (8)  12,  no.  3  (1929). 
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„  ,    „_    _  .  — 

hvor  /  =  I/  -    *'  __ — —  er  uafhsengig  saavel  af  P  som  af  <f ;  naar  som  ovenfor  < 
betegner  0vre  Graense  for  Funktionen  fa(Pz)>  har  vi  da 


hvormed  Ssetningen  er  bevist. 

Vi  gaar  nu  over  til  Betragtning  af  Funktionen  F2(P)  i  Kurveringen 


Lad 


P  vsere  et  Punkt  af  Qf  ,  som  ikke  falder  paa  Kurven 
er  hojst  lig  med  a.  Vi  antager  f0rst  (se 
Fig.  30),  at  P  falder  indenfor  <w/w.  Kur-  tuf-  (a) 

ven   P  —  w2    r0rer   den   indre    Parallel-  ^ 

kurve  wt(—  (/)  til  wt  udvendig  i  et  Punkt 

P-P2(~rf).    Da  rf  <  a  <  /22'1   sk^rer 

P  —  w2  samtlige  Parallelkurver  o)/(^), 
0  <  d  <  a,  og  den  mindste  Forskyd- 
ning,  som  bringer  den  til  at  r0re  en  af 
disse  Kurver  o>,(d),  har  St0rrelsen  d  +  d. 
Idet  vi  iovrigt  anvender  de  samme  Be- 
tegnelser  som  ovenfor,  faar  vi  Integra- 

let  af  ^i(P-P2)/2(^2)  over  den  Del  af 
P  —  oj2,  som  tilhorer  ^?,  bestemt  som 
Sum  af  de  to  Integraler 


.  Afstanden  cf  fra  P  til 


•f- 
P 


Fig.  30 


og 


snip 


Vi  vil  vise,  at  disse  hver  for  sig  tilfredsstiller  en  Relation  af  Formen  (13).  Lad  os 
f.  Eks.  betragte  det  forste  Integral.  Man  viser  ganske  som  ovenfor,  at  for  ethvert 
af  de  betragtede  Pimkter  P  og  ethvert  6,  0  <  d  <  a, 


Heraf  faas  imidlertid  straks 


hvormed  Saetningen  er  bevist. 


F3.  Dan.  Vid.  Selak,  Skr.  Nat.  Math.  Afd.  (8)  12,  no.  3  (1929). 
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Falder  P  (se  Fig.  31)  udenfor  e%,  rerer  P— w2  den  ydre  Parallelkurve  w,(cf) 
til  wf  udvendig  i  et  Punkt  P— P2(rf);  den  skaerer  Paralielkurverne  «i(<J)  for  </<  d  <  a. 

Integralet  af  ^(P-P^)  /a(P8)  over 
den  Del  af  P— w2,  som  tilhorer 
£jfl,  bestemmes  som  Sum  af  de 
to  Integraler 


OJj(d)  (D'L(a) 


sm/> 


og 


Fig.  31. 


Nu  er  i  dette  Tilfaelde 


101  gel  ig  er 


-  </• 

smp'(i)        ' 


som  er  en  Relation  af  Formen  (13).  Henned  er  den  opstillede  Saetning  fuldstsen- 
dig  bevist. 

Konstruktion  af  F8(P), 

36.  Paa  Grundlag  af  de  foregaaende  Resultater  er  vi  nu  i  Stand  til  at  vise 
Eksistensen  af  en  kontinuert  Funktion  F3(P),  hvis  Integral  over  ethvert  Rektangel 
R  i  Planen  er  lig  med  den  til  Rektanglet  svarende  Sandsynlighed  W8(/?). 

Vi  betragter  den  ovenfor  indf0rte  (kontinuerte)  Funktion  F^(P),  hvis  Integral 


naar  d  konvergerer  mod  Nul,  konvergerer  ligelig  mod   Rektangelsandsynligheden 
WZ(R).  Funktionen 

(14) 


som  ogsaa  bestemmes  ved  Kurveintegralet 


er  en  kontinuert  Funktion  af  P  i  hele  Planen, 


P3.   Dan.  Vid.  Sd«k.  Skr.  Nat.  Math.  Afd.  (8)  12,  no.  3  (192fl). 
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Integralet 


(15) 

af  denne  Funktion  vil  konvergere  ligelig  mod  Rektangelsandsynligheden  W%(R)t 
naar  d  konvergerer  mod  Nul.  Thi  idet 


»'  tJjR         I/O  t>0 

\  rffl,((  ^(P)d(ft-P,)  =  \ 

Jo      JJ_  Jo 


Jo      JJK_Pt  Jo 

vil  W^(R),  naar  d  konvergcrer  mod  Nul,  konvergere  ligelig  mod  Integralet 


men  dette  Integral  fremstiller  nelop  Funktionen  W%(R). 

37,  Naar  d  konvergerer  (monotont)  mod  Nul,  konvergerer  Fjj(P)  monotont 
mod  en  Funktion  F3(P),  der,  som  man  let  ser,  fremstilles  ved  Integralet 

(16)  ^(P) 

af  den  stykkevis  kontinuerte,  men  ikke  altid  begra?nsede  Funktion  F2(P—  P3),  Vi 
vil  vise,  at  Fj(P)  i  hele  Planen  konvergerer  ligelig  mod  F3(P).  Herat'  vil  straks 
f01ge,  at  F3(P)  er  en  i  hek  Planen  kontinuert  Funktion  af  Punktet  P,  hvis  Integral 


«'fi 
over  elhvert  Rektangel  R  i  Planen,  som  Grsensevaerdi  for  Integralet 


Fi(P)dR, 

R 


er  lig  med  den  tikvarende  Sandsynlighed  W$(R). 
Fremstiller  vi  F3(P)  ved  Kurveintegralet 

JpFl(P-P8)/,(Pg)d(P-«1)f 
faar  vi  for  Differensen  F8(P)  — Fj(P)  Udtrykket 


Da  saavel  Fa(P)  som  Fj(P)  er  Nul  i  Omraaderne  /(«„•)  og  Y(wvv)t  kan  vi  nejes 
med  at  integrere  over  den  Del  af  P  — w8,  som  tilherer  ^2-  Hvad  vi  skal  vise  er,  at 
den  angivne  Differens  konvergerer  ligelig  mod  Nul  med  cf, 


F3.   Don.  Vid.  Selsk.  Skr.  Nat.  Math,  Afd.  (8)  12,  no.  3  (1929). 
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Lad  <p3  betegne  0vre  Graense  for  Funktionen  /3(P3),  og  lad  «  vaere  et  (variabelt) 
positivt  Tal  mindre  end  det  i  §  35  indferte  Tal  a.  Lad  A%  betegne  Mamgden  af  Punkter 
af  22,  nv^s  Afstand  fra  Kurverne  «„•,  w,-y,  o)tf,,  wtftf  er  storre  end  «;  et  Punkt  af  22, 
som  ikke  tilherer  Alt  tilherer  en  og  kun  en  af  de  fire  Kurveringe  /JjJ,  ££,  U^,  &am, 
som  begraenses  henholdsvis  af  Kurverne  w«  og  ««(«),  wjy(—  «)  og  wjy(«),  wy/(~«) 
og  wyj(a),  <%(—  «)  og  Wyy  .  Den  Del  af  P~  u>3,  som  tilherer  disse  Kurveringe, 
betegner  vi  P—  o>3(«),  den  Del  af  P—  w3,  som  tilherer  A^  betegner  vi  P  —  wj(«). 
Da  er 

F,(P)-Fj(P)  < 


Vi  vil  vise,  at  det  sidste  Integral,  hvori  d  ikke  indgaar,  konvergerer  Hgelig  mod  Nul 
med  «,  Hermed  vil  den  opstillede  Saetning  vaere  bevist;  thi  er  e  >  0  et  givet  Tal, 
og  bestemmer  vi  f0rst  «  saaledes,  at  for  alle  P 


og  dermest,  hvad  der  er  muligt,  da  F£(P)  konvergerer  ligelig  mod  F2(P)  paa  Maeng- 
den  A^  ,  cf0  saa  lille,  at,  naar  d  <  cf0  , 

\{Ft(P-Pj-Fi(P-Pt))d(P-*\(a))  <  •-'-  , 
Jp-wjfa)  ^9a 

er  for  ethvert  Punkt  P  i  Planen  og  ethvert  d  <  d0 

Ft(P)-Fi(P)<i; 
men  det  betyder  netop,  at  F3(P)  —  Ff(P)  konvergerer  ligelig  mod  Nul  med  cf. 


38.  Kurven  P~-o)3  indeholder  hojst  Punkter  af  en  af  Kurveringene  .(^,  -Qjy, 
"»V  -QBD;  F~wa(a)  tilh0rer  altsaa  heit  en  af  disse  Kurveringe.  Ved  Beviset  for,  at 
Integralet 


konvergerer  ligelig  mod  Nul  med  «,  vil  vi  nojes  med  at  betragte  de  Tilfselde,  hvor 
P—  w3(«)  tilhorer  enten  ^  eller  Q"y-t  de  to  andre  Tilfaelde  behandles  paa  til- 
svarende  Maade. 

Vi  betragter  f0rst  (Fig,  32)  det  Tilfaelde,  hvor  P~w8(«)  tilh0rer  fi||.  F2(P)  er 
som  ovenfor  vist  begraensel  i  Kurveringen  ]^{J,  Hvad  vi  skal  vise  er  derfor  blot,  at 
Integralet 


F3,  Dan.  Vid.Selsk.Skr.  Nat.  Math.  Afd.  (8)  12,  no.  3  (1929). 
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som  er  lig  med  Laengden  af 
den  eller  de  Buer  af  P  — w3,  der 
tilh0rer  /J^,  konvergerer  ligelig 
mod  Nul  med  a. 

Lad  d0  vsere  den  mindste, 
d{   den    st0rsle   Afstand    fra   et 
Punkt  af  P--oj3(«)  til  Kurven    &/.(#> 
«„.  En   Parallelkurve  ««(d)  til 


n  vil,  naar  d0  <  (5  < 


sksere 


Fig   32. 


P  -»)3(a)  i  to  PunkterP-Pg  (d) 

og  P  -P'3'(d)  under  Vinkler/(d) 

og  p"(d).  Betegnelserne  taenkes  valgt  saaledes,  at  P-P^(d)  og  P-P^'(d)  hver  for 

sig  varierer  kontinuert  med  d.  Da  er 


rffp-»8(«))  = 


,  sin  p"  (d)  ' 


De  to  sidste  Integraler  konvergerer  ligelig  mod  Nul  med  «;  lad  os  f.  Eks.  fare 
Beviset  for  det  forste.  Den  mindste  Forskydning,  som  bringer  Kurven  P—  w3  til  at 
r0re  w«(^),  hvor  (50  <  d<  dlt  er  storre  end  eller  lig  med  det  mindste  af  Tallene 
t  —  d0  og  dl--6  og  derfor  ogsaa  st0rre  end  eller  lig  med 


F01gelig  er,  som  det  fremgaar  af  Unders0gelsen  ovenfor,  for  ethvert  d 


hvor  mt  er  en  Konstant,  som  hverken  afha3nger  af  «  eller  af  P.  Vi  faar  derfor 


hvoraf  straks  f01ger,  at  Integralet  konvergerer  ligelig  mod  Nul  med  «. 

Vi  gaar  nu  over  til  at  betragte  det  Tilfselde,  hvor  P— <»3(a)  tilh0rer  J2"y  (se 
Fig.  33).  Vi  bestemmer  de  Parallelkurver  wty(d)  til  wfy,  som  skserer  P— w3(«); 
nedre  og  0vre  Graense  for  de  tilsvarende  Vaerdier  af  d  betegner  vi  d0  og  dj.  Saavel 
d0  som  dj  kan  vaere  negative  Tal.  Benytter  vi  de  sarrime  Betegnelser  som  ovenfor, 
faar  vi 


*-»,(«) 


-dd  + 


(\(P~P'; 
L     sin />"(<! 


~P'3'(d)) 


dd. 
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De  to  sidste  Integrator  gaar 
ligelig  mod  Nul  med  a;  vi  vil 
nejes  med  at  betragte  det  fer- 
ste<  kad  os  fore!0big  antage, 
at  <?0  og  dl  bar  samme  For- 
tegn,  at  de  f.  Eks.  begge  er 
positive,  eller  at  en  af  dem, 
f.  Eks,  (J0,  er  lig  med  Nul. 
For  ethvert  d,  d0  <  d  <  dlf  er 


Fig.  33 

sinp'(<$)          ^  "I{" 

hvor  my,  som  ovenfor  m,,  er  uafhaengig  saavel  af  a  som  af  det  betragtede  Punkt  P. 
Felgelig  er 


eller,  idet  vi  ssetter  d  == 


71 

S^ 
2log-r-g     (/x.  Alle 
o       sin  j? 

Leddene  indenfor  Parentesen  konvergerer  mod  Nul  med  St0rrelsen  dt  —  d0;  folgelig 
konvergerer  det  betragtede  Integral  ligelig  mod  Nul  med  «.  Har  d0  og  d{  modsat 
Fortegn  viser  Omskrivningen 


at  Integralet  ogsaa  i  dette  Tilfsdde  konvergerer  ligelig  mod  Nul  med  a.  Hermed  er 
Beviset  for  den  opstillede  Saetning,  og  dermed  Konstruktionen  af  en  kontinuert 
Punktsandsynlighed  i  Planen,  fuldfort 

39.  Vi  gaar  nu  over  til  at  betragte  det  almindelige  Tilfselde,  hvor  vi  om  Radi- 
erne  /•„,/  og  rn>v  i  de  konvekse  Kurver  <*>n  kun  forudsaetter,  at  de  konvergerer  mod 
Nul,  naar  n  vokser  ud  over  alle  Grsenser.  Hvad  vi  skal  vise  er,  at  der  flndes  et 
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Tal  N  =  ]V0,  som  alene  afhaenger  af  de  givne  Kurver,  og  for  hvilket  Betingelsen 
(4) 


kan  tilfredsstilles.  Dette  er  imidlertid  en  umiddelbar  Felge  af  del  allerede  opnaaede 
Resultat.  Vi  behover  blot  at  vselge  NQ  saa  stor,  at  der  blandt  Kurverne  «0,  wlt  .  .,  WN, 
findes  fire  <*/0,  w'p  w'2»  w'3,  hvis  tilsvarende  Radier  tilfredsstiller  Betingelserne 


Adderer  vi  da  Kurverne  w0,  wj,  .  .  ,  WAT,  i  en  saadan  Orden  «'0,  wi,  ..,  wjv,,  at 
disse  fire  Kurver  bliver  de  forste,  vil  de  tilsvarende  Sandsynligheder  W'n(R),  n  = 
0,  1,  .  ,  N0,  for  n  ^  3  kunne  fremstilles  som  Integraler  af  kontinuerte  Funktioner 
Fn(P).  Nu  er  (§  10)  WNt(R)  =  W'N.(R)i  WN.(R)  vil  altsaa  kunne  fremstilles  som 
Integral  af  den  kontinuerte  Funktion  Fjv,(P)  =  F'x9(P). 


Punktsandsynligheder  i  Planen*  Demonstration. 

40.  Vi  bar  hidtil  alene  beskseftiget  os  med  Opfyldelsen  af  Betingelsen 

(4) 

d.  v.  s.  med  Bestemmelsen  af  kontinuerte  Funktioner  Fjv(P),  hvis  Integral  over  ethvert 
Rektangel  i  Planen  er  lig  med  den  til  Rektanglet  svarende  Sandsynlighed  W$(R). 
Hvad  vi  har  vist  er,  at  der  fra  et  vist  Trin  eksisterer  saadanne  kontinuerte  Funk- 
tioner Fjv(P). 

Vi  vil  nu  vise,  at  en  Funktion  Fjv(P),  som  tilfredsstiller  Betingelsen  (4),  af 
sig  selv  vil  tilfredsstille  den  staerkere  Betingelse 

(3) 

at  den  m.  a.  0.  vil  vsere  integrabel  netop  over  de  Punktma3ngder  M  i  Planen,  for 
hvilke  den  tilsvarende  Sandsynlighed  Wjv(M)  er  defineret  og  med  denne  Sandsyn- 
lighed til  Integral.  Dette  vil  betyde,  at  de  i  det  foregaaende  Afsnit  konstruerede  Funk- 
tioner FN(P)  er  kontinuerte  Punktsandsynligheder  svarende  til  Mawgdesandsynlig- 
hederne  WN(M). 

At  Eksistensen  af  Integralet 

J(M)  = 

af  Funktionen  FN(P)  over  en  Maengde  M  i  2#- Planen  medforer  Eksistensen  af  en 
ligesaastor  Sandsynlighed  WN(M),  er  en  simpel  Folge  af  Integralets  Definition  i  For- 
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bindelse  med  Afbildningen  af  Ma>ngden  2$  paa  Enhedsterningen  QN  i  det  tilsva- 
rende  00,  0t,  .,  fl^-Rum.  Thi  J(M)  er  bestemt  som  0vre  Graense  for  Integralerne 
J,  af  FN(P)  over  saadanne  Punktmsengder  MI,  sammensat  af  et  endeligt  Antal  Rekt- 
angler,  som  tilh0rer.A/;  til  disse  Maengder  svarer  Delmsengder  12t  af  QN,  som  til- 
herer  den  til  M  svarende  Maengde  12,  og  som  er  maalelige  med  Maalet  J,;  det  indre 
Maal  for  12  er  saaledes  mindst  lig  med  J(M).  Paa  den  anden  Side  ser  man  ved 
Anvendelse  af  den  samme  Betragtning  paa  Komplementaermsengderne  til  M  og  12,  at 
det  ydre  Maal  for  12  h0jst  er  lig  med  J(M)  (smlgn.  §  24),  Men  dette  i  Forbindelse 
med  det  foregaaende  Resultat  viser,  at  12  er  maalelig  og  bar  Maalet  J(M). 

Beviset  for,  at  ogsaa  omvendt  Eksistensen  af  Sandsynligheden  Wx(M)  sva- 
rende til  Maengden  M  medferer  Eksistensen  af  et  ligesaastort  Integral,  for!0ber  ikke 
slet  saa  simpelt.  Lad  den  til  M  svarende  Punktmsengde  i  QN  vaere  12;  dens  Maal 
m(12)  bestemmer  Sandsynligheden  WN(M).  m(12)  bestemmes  som  0vre  Graense  for 
Maalene  m(12,')  af  de  Delmsengder  12j  af  12,  som  lader  sig  sammensaette  af  et  endeligt 
Antal  akseparallelle  Parallellepipeder.  Ved  den  entydige  Afbildning  af  QN  paa  2V 
afbildes  hvert  af  disse  Parallellepipeder  paa  en  Maengde  fremkommen  ved  Addition 
af  N+l  konvekse  Buer  tilh0rende  Kurverne  w0,  a»lf  ,  aw,  altsaa  (§4)  sikkert 
paa  en  begraenset  maalelig  Punktmaengde.  Maengderne  12;  afbildes  derfor  paa  maale- 
lige Delmaengder  M,  af  M.  Funktionen  F#(P),  som  er  kontinuert  og  folgelig  ogsaa 
begraenset,  er  sikkert  integrabel  over  enhver  maalelig  Maengde  i  Planen,  specielt 
over  Maengderne  Af,.  De  tilsvarende  Integraler  J/  er  if01ge  den  ovenfor  beviste  Saet- 
ning  lig  med  Maalene  /«(&/)  for  de  til  Maengderne  M,  svarende  Delmaengder  12,  af  12. 
Hver  af  disse  Maengder  &i  indeholder  den  tilsvarende  Maengde  12j.  m(12)  kan  altsaa 
bestemmes  som  0vre  Graense  for  alle  m(12j),  d.  v.  s.  for  alle  ,/;.  Det  indre  Integral 
af  Fjv(P)  over  Maengden  M  er  derfor  mindst  lig  med  /?)(£).  Ved  Anvendelse  af  den 
samme  Betragtning  paa  Komplementaermaengderne  til  M  og  12  ses,  at  det  ydre  Inte- 
gral af  Fjv(P)  over  M  h0jst  er  lig  med  m(12).  Heraf  folger  imidlertid  at  F.v(P)  er 
integrabel  over  M  med  Integralet  /n(12). 

Indf0rer  man  svarende  til  enhver  Punktmaengde  M  i  Planen  en  indre  Sand- 
synlighed  Ws,i(M)  og  en  ydre  Sandsynlighed  Wy,y(M)  for  at  et  vilkaarligt  Punkt  af 
JN  tilh0rer  M,  bestemt  henholdsvis  som  det  indre  og  det  ydre  Maal  for  den  til 
Maengden  svarende  Delmaengde  af  QN,  vil  disse  Sandsynligheder,  som  man  ved  den 
ovenfor  anvendte  Betragtning  let  viser,  kunne  fremstilles  henholdsvis  som  det  indre 
og  det  ydre  Integral  af  F#(P)  over  Maengden  M.  Denne  Bemaerkning,  som  vi  senere 
kommer  til  at  anvende,  viser  os  den  egentlige  »Grund«  til  Identiteten  af  de  to  Funk- 
tioner  WK(M)  og  ^MFN(P)dM. 

Af  den  beviste  Saetning  i  Forbindelse  med  den  tidligere  Bemaerkning  (§  25),  at 
Sandsynlighederne  Fjv(P)  for  alle  N>  N0-f  2  er  positive  i  det  Indre  af  de  tilsva- 
rende Maengder  IN  (og  ikke  blot  positive  eller  Nul),  f01ger  uden  Vanskelighed  om 
Maengdesandsynlighederne  Wjv(M),  at  de  for  disse  Vaerdier  af  N  vil  vaere  definerede 
for  de  og  kun  de  Maengder  M  i  Planen,  som  har  en  maalelig  Maengde  af  Punkter 
faelles  med  2jv.  Detle  gselder  for0vrigt  ogsaa  for  N  ~  NQ  og  N  =  Ar0  + 1  (og  af 
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samme  Grund),  da,  som  man  udfra  del  foregaaende  Afsnits  Delinitioner  let  viser, 
allerede  den  der  indf0rte  Funktion  F3(P)  er  positiv  i  det  Indre  af  den  tilsvarende 
Msengde  I3. 

Idet  vi  sam  men  fatter  de  opnaaede  Resultater,  liar  vi  bevist  folgende  Saetning: 

Adderer  man  en  F0lge 

0)0,      fc)t,          .       ,      Mtf, 

af  konvekse  Kurver  wn  af  Klassen  K,  hvis  Radier  r/M-  og  /'n.j/  koiwergerer  mod  Ntil, 
naar  n  vokser  ud  over  alle  Grwnser,  og  er  der  paa  Kurverne  g'wet  kontinuerte  Punkt- 
sandsynligheder  fn(Pn),  da  ml  de  til  Punktmwngderne 


svarende  Mcengdesandsijnligheder 

W0(M),  11'!  (M),       ,  W'x(Af), 

i  Planen  fra  et  vist  Trin  (d.  u.  s.  for  alle  N  >  iV0)  kunne  fremstilles  som  Integraler  af 
kontinuerte  Punktsandsynligheder  Fs(P).  Disse  ml  mrre  positive  for  indre  Pnnkter  af  dc 
tilsvarende  Mwngder  -\  og  vil  vwre  bestemt  ndfra  Fy9(P)  ved  Hjivlp  af  Relational 


hvor  PI,  t  betegner  det  Punkt  af  (Dn^\,  som  svarer  til  Parametenwrdien  Wn, 


KAPITEL  V. 

Sandsynlighedsfordelinger  ved  Addition  af  uendelig 
mange  konvekse  Kurver. 

Vi  betragter  paany  en  F01ge  w0,  Mlt  ,  MX,  af  konvekse  Kurver  wn  af 
Klassen  K,  hvis  Radier  rn,i  og  rn,y  konvergerer  mod  Nul  for  n  ->  GO.  Lad  der  paa 
hver  af  disse  Kurver  vaere  givet  en  kontinuert  Punktsandsynlighed  /n(Pn);  de  til 
Punktmsengderne  SN  svarende  Maengdesandsynligheder  W\-(M)  kan  da,  som  vi  bar 
set,  for  alle  N  fra  et  vist  Trin  JV0  fremstilles  som  Integrator  af  kontinuerte  Punkt- 
sandsynligheder  Fx(P)  i  Planen.  Vi  vil  nu  vise,  hvorledes  denne  Fremstillmg  i  saer- 
lige  Tilfaelde  kan  give  Anledning  til  Indf0relse  af  en  Msengdesandsynligbed  W(M)  og 
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en  Punktsandsynlighed  F(P)  bestemt  ved  de  givne  uendelig  mange  konvekse  Kurvers 
Addition.  Vi  betragter  ferst  det  saerlig  simple  Tilfaelde,  hvor  den  uendelige  Raekke 


(0 


er  konvergent;  de  opnaaede  Resultater  overferes  dernaest  paa  et  mindre  overskueligt, 
men  for  Anvendelserne  nok  saa  vigtigt  Tilfaelde,  hvor  Raekken  (1),  til  Trods  for  at 
den  ikke  mere  forudsaettes  konvergent,  dog  paa  naturiig  Maade  kan  tilordnes  en 
Sum;  endelig  anvendes  de  opnaaede  Resultater  paa  et  specielt  Eksempel. 

Saiidsynllghedsfordelinger  paa  en  ved  en  konvergent  Raekke  fremstillet 

Plinktmaengde. 

00 

41.  Lad  Raekken  £®n  vaere  konvergent,  og  lad  den  have  Summen  2.  Punkt- 

n-O 

sandsynlighederne  F#(P)  bestemmes  udfra  Sandsynligheden  F,v0(P)  ved  Hjaelp  af 
Relationen 

(2)  F,+i(P)  = 

Vi  vil  vise,  at  de  for  N  ->  ex;  konvergerer  ligelig  mod  en  Graensefunktion  F(P). 

Vi  benytter  ved  Beviset  det  almindelige  Konvergensprincip,  idet  vi  viser,  at 
ovre  Graense  for  St0rrelsea 


naar  p  gennemlober  de  hele  positive  Tal  og  P  Planens  Punkter,  konvergerer  mod  Nul 
for  N  ->  oo. 

Lad  p  vaere  et  bestemt  positivt  belt  Tal.  For  ethvert  Tal  n,  tf<  n  < 
og  ethvert  Punkt  P  i  Planen  er  if01ge  (2) 


hvor  Pn+i  =  Pi-f-i(P)  tilherer  wn+i.  F01gelig  er  for  ethvert  Punkt  P  i  Planen 


hvor  PN,N+P  =  PJV,AT+/I(P)  tilhorer  Maengden  ^'N,N+P  — 

n 

FN(P)-FN+P(P)  =  F*(P)-FN(P-PN,N+ 

0vre  Gr«nse  \FN(P)-FN+P(P)\  =  0vre  Graense  \FN(P)~ 
P,P  I'.P 

Den  storste  Afstand  fra  Begyndelsespunktet  0  til  et  Punkt  af  Maengden 
betegner  vi  dN,N+p't  saetter  vi 
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dff  =  0vre  Graense  ^N.N-HP 
er  da  * 

0vre  Granse  |FN(P)-FN(P--PN,N.fp)|  <  0vre  Grsense  |FN(P)-FN(P/)|> 
P,P  P 

hvor  P'  er  et  vilkaarligt  Punkt,  hvis  Afstand  fra  P  er  hejst  <Jjv.  Nu  er  if01ge  (2) 
for  ethvert  n  >  NQ 


0vre  Gr«nse|Fn.i(P)-Fn  +  i(P')|  5  «vre  Grense  |Fn(P)-Fn(P')|. 

PP'  <  efv  PP'  <  <?> 

Vi  liar  derfor  for  ethvert  N  >  N0 

0vre  Grsense  |Fjv(P)-FN(P')|  <  0vre  Grsense  |  FNo  (P)  -  FNo  (P')  | 

PP'<efv  PP'<tTA 

og  endelig 

0vre  Gr^nse  |FN(P)-FN,./,(P)|  <  0vre  Grense  |  FNo  (P)  -  FNo  (P')  |  . 
P,P  PP'<</\. 

oo 

Nu  er  den  konvergente  Rsekke  JTPn,  hvor  Pn,  n  =  0,  1,  .  .  ,#,...  gennem- 

n»0 

lober  Kurven  wn,  ifelge  §  5  %%  konvergent;  det  betyder,  at  Storrelsen  djv  konver- 
gerer  mod  Nul  for  N  ->  oo.  Da  Funktionen  FNO(P)  er  kontinuert  i  hele  Pianen  og 
lig  med  Nul  i  alle  Punkter  udenfor  den  begraensede  Maengde  2^Qt  er  den  ligelig 
kontinuert.  Storrelsen 

0vre  Gr«nse|FN0(P)--FNo(P')| 


konvergerer  derfor  mod  Nul  for  JV->  oo.  Det  samme  gaelder  da  ogsaa  Sterrelsen 

0vre  Graense  |  FN  (P)  -  FN+P  (P)  |  , 

P,P 
og  Beviset  er  fuldfort. 

42,  Graensefunktionen  F(P)  for  Fjv(P)  er  en  i  hele  Pianen  kontinuert  Funk- 
tion  af  Punktet  P.  Parallelforskyder  vi  Kurverne  wn  til  nye  Stillinger  wj,  paa  en 
saadan  Maade,  at  Forskydningerne  danner  en  konvergent  Rsekke,  vil  Summen  2'  af 

X 

den  nye  Raekke  £  wfn  og  den  tilsvarende  Funktion  F'(P)  fremgaa  af  i'  og  F(P) 

n=0 

ved  en  og  samme  Parallelforskydning.  Dette  er  en  F01ge  af  den  ensartede  Ligelig- 
hed  i  Kontinuiteten  af  Funktionerne  FN(P),  som  fremgaar  af  Relationen  (2).  Vaelges 
Forskydningerne  specielt  saaledes,  at  Kurverne  wn  kommer  til  at  gaa  gennem  Be- 
gyndelsespunktet,  indser  man  uden  Vanskelighed  om  Funktionen  F(P),  at  den  er 
lig  med  Nul  for  alle  Punkter  udenfor  eller  paa  Randen  af  Maengden  2t  ogsaa  i  det 
Tilfaelde,  hvor  2  bestaar  af  et  enkelt  afsluttet  konvekst  Omraade,  men  (se  §  6)  bar 
en  »indre  Rand«.  Derimod  er  F(P),  som  det  let  fremgaar  af  den  tilsvarende  Egen- 
skab  ved  Funktionerne  Fjv(P),  sikkert  positiv  i  ethvert  indre  Punkt  af  2.  Integraletaf 
F(P)  over  Mcengden  2  er  lig  med  1;  thi  bestemmer  vi  et  Rektangel  R  saa  stort,  at 
det  indeholder  samtlige  Msengder  2#0,  2N0+i»  .  •  »  2»  bar  vi 
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nu  er  for  ethvert  N>NQ 
altsaa  er  ogsaa 


j  $/(««-!. 


Funktionen  F(P)  betegnes  som  en  kontinnert  Panktsandsynlighed  svarende  til  Punkt- 
maengden  2. 

43.  Svarende  til  en  given  Puuktmaengde  M  i  Planen  betragter  vi  for  ethvert 
*V>N0  den  indre  Sandsynlighed  Wnti(M)  og  den  ydre  Sandsynlighed  WN,V(M) 
for,  at  et  vilkaarligt  Punkt  af  IN  tilherer  M  (se  §  40);  disse  Sandsynligheder 
bestemmes  henholdsvis  som  det  indre  Integral  JN,J(M)  og  det  ydre  IntegralJjv.y(M) 
af  Funktionen  F#(P)  over  Maengden  M.  Naar  N  yokser  ud  over  alle  Graenser  kon- 
vergerer  disse  Integraler  henholdsvis  mod  det  indre  Integral  Ji(M)  og  det  ydre  Inte- 
gral Jy(M)  af  Funktionen  F(P)  over  Maengden  M.  Thi  betegner  M0  den  faelles  Del 
for  Msengden  M  og  det  ovenfor  betragtede  Rektangel  R,  bar  man  for  ethvert  N 

JN.iW  =  JN.iW  og  MM)  =  JKM0) 
og  for  de  ydre  Integraler 

^yW  =  J^(M0);  J,(M)  -  JV(MQ). 
Nu  er  for  ethvert  N  >  NQ 


hvor  m(K)  betegner  Arealet  af  Rektanglet  R.  Men  da  felger  det  straks  af  den  ligelige 
Konvergens,  at  JN,/(MO)  og  JN,»(MO)  for  N  ->  oo  konvergerer  henholdsvis  mod 
J/(M0)  og  Jp(M0).  Graensevaerdierne 

(3)  W/(M)  =  lim  WNti(M)  og  Wg(M)  =  lim  WNtV(M) 

JV->oo  N->OD 

for  WN,I(M)  og  WN>V(M)  for  N->  ex  betegnes  henholdsvis  som  den  indre  og  den 
ydre  Sandsynlighed  for,  at  et  vilkaarligt  Punkt  af  2  tilherer  M.  Er  de  to  Sandsyn- 
ligheder ligestore  betegner  vi  deres  faelles  Vserdi  W(M)  som  Sandsynligheden  for,  at 
et  vilkaarligt  Punkt  af  2  tilherer  M.  Af  Integralfremstillingen 

Wt(M)  -  Ji(M),  Wg(M)  =  Jy(Af) 

for  de  to  Sandsynligheder  fremgaar  umiddelbart,  at  Maengdefunktionen  W(M) 
bestemmes  som 

(4) 
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Vi  betegner  den  som  den  til  Punktmaengden  2  svarende  Mcengdesandsynlighed  [  Planen. 
Dens  Deflnitionsomraade  er  Maengden  af  maalelige  Delmsengder  af  2  foreget  med 
vilkaarlige  Maengder  udenfor  I. 
For  ethvert  Rektangel  R  er 

W(R)  =  lim 


derimod  gaelder  den  almindeligere  Relation 

W(M)  =  lim  WN(M)     . 

N->* 

kun,  forsaavidt  de  indgaaende  Sandsynligheder  er  defmerede.  Indferelsen  af  indre 
og  ydre  Sandsynlighed,  som  tillader  Opstillingen  af  de  for  alle  Maengder  gyldige 
Relationer  (3),  er  saaledes  nodvendig  for  en  naturlig  Definition  af  Msengdesand- 
synligheden  W(M). 

44,  Den  hermed  opnaaede  Indferelse  af  en  Maengdesandsynlighed  i  Planen 
svarende  til  en  ved  Addition  af  uendelig  mange  konvekse  Kurver  fremkommen 
Pimktmaengde  og  Sammenhsengen  mellem  denne  og  en  tilsvarende  Punktsandsynlig- 
hed  beror  paa  den  i  foregaaende  Kapitel-  paaviste  Sammenhaeng  mellem  de  tilsva- 
rende Sandsynligheder  ved  Addition  af  et  endeligt  Antal  Kurver.  Punktsandsynlig- 
heden  er  her  blevet  det  afgerende  Begreb,  som  betinger  Maengdesandsynlighedens 
Indforelse.  I  Modsaetning  hertil  kunde  man  enske  en  Behandling,  hvorved  Maengde- 
sandsynligheden  blev  fremhsevet  som  det  oprindelige  Begreb,  og  hvor  Muligheden 
af  /  scerlige  Tilfcelde  'at  fremstille  denne  som  Integral  af  en  Punktsandsynlighed  i 
hojere  Grad  end  ovenfor  kom  til  at  fremtraede  som  Undersegelsens  Resultat.  Dette 
opnaar  man  ved  f01gende  almindeligere  Belragtning: 


(1) 

n-O 

vaere  en  konvergent  Raekke,  hvis  enkelte  Led  er  konvekse  Jordankurver,  og  lad  der 
paa  disse  vaere  givet  kontinuerte  Buesandsynligheder  wn(bn)  bestemt  gennem  Afbild- 
ninger  af  Kurverne  paa  Parameterintervaller  0  <  ^n  <  1.  Den  naturlige  Vej  til  Ind- 
ferelse  af  en  Maengdesandsynlighed  paa  den  ved  Raekken  (1)  fremstillede  Punkt- 
maengde  2  er  da  den,  at  man  gennem  en  Afbildning  af  Maengden  2  paa  Enheds- 
terningen  Q(0<0n<l)»  i  det  uendeligdimensionale  SQt  Olt  ...,  BN,  ...  -Rum 
tilordner  enhver  Maengde  M  i  I-  Planen  en  Delmaengde  £  af  Q  bestaaende  af  samt- 
lige  Punkter  (00,  0t,  .  .  .,  0N,  .  .  .),  hvis  tilsvarende  Punkt  af  2  tiiherer  M,  og  saa, 
saafremt  denne  Maengde  Q  er  maalelig,  betegner  dens  Maal  /n(£)  som  Sandsynlig- 
heden  W(M)  for,  at  et  vilkaarligt  Punkt  af  2  tilherer  M  (smlgn.  §  10). 

Naar  vi  ikke  straks  fra  Begyndelsen  bar  anvendt  denne  Definition  er  Grunden 
den,  at  Begreberne  »  maalelig  Maengde«,  »Punktmaengdes  Maal«  er  saa  lidet  bearbej- 
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dede,  ja,  maaske  naeppe  endda  kan  siges  at  have  nogen  praecis  Betydning,  hvor 
Talen  er  om  Punktmaengder  i  et  uendeligdimensionalt  Rum.  Imidlertid  giver,  som 
vi  nu  skal  vise,  den  ovenstaaende  Undersegelse  Anledning  til,  at  man  indferer  et 
saadant  Maal. 

Lad  £  betegne  en  vilkaarlig  Delmsengde  af  den  uendeligdimensionale  Enheds- 
terning  Q;  med  QN  betegner  vi  Projektionen  af  denne  Maengde  paa  den  N+  1-dimensio- 
nale  Enhedsterning  QN>  d,  v.  s.  Maengden  af  Punkter  (00,  Blt  .  .  .,  #N),  hvor  00,  Bl9  .  .  ., 
BN  er/de  N+\  ferste  Koordinater  til  et  Punkt  af  £.  Lad  mv(QN)  betegne  det  saed- 
vanlige  (JV+1-dimensionale)  JoRDAN'ske  Maal  for  Maengden  fijv;  Talfelgen 


er  da  stadig  aflagende;  vi  betegner  dens  Graensevaerdi 

mg(Q)  =  lira   %(#N) 

N->-» 

som  det  ydre  JORDAN'S/:*  Maal  for  Punktmcengden  Q.   Det  indre  JoRDAN'ske  Maal 
mi(£)  for  n  defmeres  ved  Relationen 


For  enhver  Punktmaengde  8  er  m0(Q)-\-my(Q  —  Q)  >  1,  thi  Projektionerne  af  Q  og 
Q  —  Q  paa  QN  (som  godt  kan  have  Punkter  faelles)  udfylder  tilsammen  hele  QN; 
heraf  f01ger  Relationen  mg(£)  >  n\i(ti).  Er  my(£)  =  mi(tt)  betegner  vi  Punktmaeng- 
den  Q  som  maalelig  i  JoRDAN'sk  Forstand;  den  faelles  Vaerdi  m(Q)  for  de  to  Maal 
betegner  vi  da  som  Punkttncengdens  Maal1. 

Er  nu  (1)  en  viikaarlig  konvergent  Rsekke,  og  er  der  paa  de  enkeite  Kurver 
(Dn  givet  kontinuerte  Buesandsynligheder,  giver  den  indferte  Maaldefmition  straks  en 
Sandsynlighedsfordeling  W(M)  svarende  til  Raekkens  Sum  I.  Der  gaelder  da,  som 
vi  vil  vise,  den  Saetning,  at  naar  Kuruerne  a>n  er  Kurver  af  Klassen  K,  hvis  Radier 
konvergerer  mod  Nnl  for  n-^oo,  og  naar  Sandsynlighederne  wn(bn)  kan  fremstilles 
som  Integraler  af  kontinuerte  Punktsandsynligheder  fn(Pn),  da  vil  ogsaa  Mcengdesand- 
synligheden  W(M)9  saaledes  som  den  nu  er  defmeret,  kunne  fremstilles  som  Integral  af 

1  Det  indferte  indre  og  ydre  Maal  for  Delmaengder  af  den  uendeligdimensionale  Enhedsterning 
Q  kan  defineres  paa  en  anden  Maade,  som  slutter  sig  naermere  til  den  ssedvanlige  Definition  for  et 
Rum  af  endelig  mange  Dimensioner.  Betegner  vi  som  et  uendeligdimensionalt  Interval  enhver  Punkt- 
miengde,  som  defineres  ved  et  endeligt  Antal  Uligheder  af  Formen  an  <  On  <  fin  suppleret  med  Ulig- 
hederne  0  <  On  <  1  for  de  0vrige  Koordinaters  Vedkommende,  vil  nemlig,  som  man  uden  Vanskelighed 
viser,  indre  og  ydre  Maal  for  en  vilkaarlig  Delmaengde  &  at  Q  vaere  bestemt  henholdsvis  som  0vre  og 
nedre  Graense  for  Maalet  af  alle  Maengder,  sammensat  af  et  endeligt  Antal  Delintervaller  af  Q,  som 
henholdsvis  tilherer  og  indeholder  ^;  Maalet  for  en  saadan  Maengde  beregnes  imidlertid  simpelthen 
som  Summen  af  Maalene  for  de  enkeite  Intervaller,  hvoraf  den  er  sammensat,  og  disse  er  igen  hver 
for  slg  bestemt  som  Produktet  af  de  tilsvarende  Differenser  /?n  —  an.  I  denne  Formulering  viser  vor 
Definition  af  indre  og  ydre  Maal  sig  som  den  svagest  mulige;  men  samttdig  som  den,  hvorl  Endelig- 
heden  i  de  JoRDAN'ske  Bestemmelser  er  starkest  fremheevet,  idet  den  er  udstrakt  ogsaa  til  Intervallets 
Definition. 
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en  kontinuert  Punktsandsynlighed,  d.  v.  s.  der  vil  eksistere  en  Funktion  F(P),  kontinaert 
i  hele  P/anen,  som  er  integrabel  netop  over  de  Punktmcengder  M,  for  hvilke  W(M)  er 
deflneret  og  med  denne  Sandsynlighed  til  Integral;  og  disse  Sandsynligheder  vil  vcere 
de  samme  som  de  i  foregaaende  Paragraf  definerede. 

Vi  viser  denne  Saetning,  idet  vi  viser,  at  for  enhver  Punktmaengde  M 

Wi(M)  =  mi(Q);   Wy(M)  =  m^fl), 

naar  Wi(M)  og  WV(M)  betegner  de  ved  Relationerne  (3)  deftnerede  Sandsynligheder, 
og  Si  er  den  til  M  svarende  Delmaengde  af  Q.  Det  er  tilstrsekkeligt  at  bevise  den 
anden  af  disse  Relationer;  den  ferste  henf0res  hertil  ved  Betragtning  af  Komplementaer- 
maengderne,  Lad  sora  ovenfor  M0  betegne  den  Del  af  M,  som  tilherer  Rektanglet  R; 
da  er  Wy(Af)  =  Wg(MQ);  til  MQ  som  til  M  svarer  i  Q  Maengden  J2;  hvad  vi  skal 
vise  er,  at  Wtf(M0)  =  mv(Q).  Idet 


WV(M0)  =  lira  Wjv,ff(M0);    mg(Q)  =  lim  mg(QN) 

N-*»  N-»-oo 

er  dette  ensbetydende  med  at  vise,  at  der  til  ethvert  e  >  0  svarer  et  N  —  N(e)  saa 
stort,  at  Differensen 


er  numerisk  mindre  end  e. 

Lad  (for  et  vilkaarligt  N)  IN,*  betegne  Summen  af  den  (konvergente)  uende- 

lige  Rsekke  ^t»n.  Den  sterste  Afstand  ^N  fra  Begyndelsespunktet  til  et  Punkt  af 

n  -N+  1  oo 

Maengden  Iw«  konvergerer  mod  Nul  for  N->oo.  Er  X"pn  et  Punkt  af  2,  som  til- 

N  n»0  N 


h0rer  M0,  vil  Punktet      Pn  af  2u  tilhore  M0—  SN,*;  er  omvendt       Pn  et  Punkt 

n-O  n-0^ 

af  IN,  som  tilherer  MQ—  IN.OD,  vil  det  kunne  skrives  paa  Formen  P~-/,Pn,  hvor 

•  *  n-TF+l 


Punktet  P=  2,Pn  tilhorer  Af0.  Til  Punktmaengden  M0~Ijv,«  i  ^N-Planen  svarer 

n-O 

derfor  ved  Afbildningen  af  IN  paa  QN  Punktmaengden  £#•  Vi  bar  altsaa  my(^N) 
=  Wjv,»(M0—  JN,»)  og  faar,  idet  vi  benytter  Integralfremstillingen  for  WN,V(M),  for 
Differensen  /ntf(]2N)~^,y(M0)  Udtrykket 


N,  v     o  ~"  N,  «  —  «N,  y     0. 

Lad  SN  betegne  et  vilkaarligt  Punkt  af  IN,«;  da  er  sikkert 
JN,  u  (M0  —  IN,  «)  >  JN,  y  (A/o  ~*  ^N). 

Lad  endvidere  if  >  0  vaere  valgt  saa  lille,  at  for  hvilkesomhelst  to  Punkter  P  og  P', 
hvis  Afstand  er  mindre  end  4', 


hvor  m(K)  som  ovenfor  betegner  Arealet  af  Rektanglet  R.  Da  er  ogsaa  for  ethvert 
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for  hvilkesomhelst  to  saadanne  Punkter..  Vaelger  vi  nu  Nt  ^  JV0  saa  stor,  at  IJN  <  if 
naar  blot  N>  Nit  er  for  ethvert  saadant  N 


JN,  y  (M0  —  SN)  >  JN,  y  (M0)  —  s 
og  folgelig 


Vi  vil  AU  vise,  at  ogsaa  omvendt 

JN,y(M0-2N,oo)-JN,y(M0)  <  * 

for  alle  tilstraekkeligt  store  N. 

Funktionsfelgen  FN,(P),  FN,+I(P),  ^  ,  FN(P),  .  .  er  ligelig  begraenset;  dens 
0vre  Graense,  sohi  for0vrig  er  lig  med  Maksimum  for  Funktionen  Fjv,(P)i  betegner 
vi  K.  Vi  bestenlmer  nu  en  Punktma3ngde  M0,tf,  sammensat  af  et  endeligt  Antal 
Rektangler,  som  indeholder  M0,  samtidig  med  at  den  indeholder  Begraensningen  for 
M0  i  sit  Indre,  og  for  hvilken 

m(Mo>y)~/J1y(M0)<~. 

For  at  indse  at  dette  er  muligt,  kan  man  gaa  saaledes  frem,  at  man  forst  bestem- 
mer  en  Maengde  Mo,y,  sammensat  af  et  endeligt  Antal  Rektangler,  som  indeholder 
M0,  og  for  hvilken 

m(Mo,y)-my(M0)<       . 


og  dernaest,  hvis  Rektanglernes  Antal  er  A,  erstatter  hvert  af  dem  med  et  ligedannet 
og  koncentrisk,  hvis  Areal  er  T-TTT  storre.  Disse  nye  Rektangler  vil  da  danne  en 

2  Art 

Maengde  Mo,tf  af  den  enskede  Art.  Vi  har  ejensynlig  for  ethvert  N>  N0 


Lad  nu  ^"  betegne  den  positive  nedre  Grsense  for  Afstanden  fra  et  Punkt  af  A/0  til 
Begraensningen  for  Mo.y,  og  lad  N2  >  N0  vaere  valgt  saa  stor,  at  r/N  <  rf'  for  alle 
AT>  Nt.  Da  tilherer  for  ethvert  saadant  N  Punktmaengden  MO~^N,OO  Maengden  Mo,y, 
og  vi  har 


.  f. 
Vselger  vi  altsaa  N  lig  med  det  st0rste  af  Tallene  N{  og  JV2,  har  vi 
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og  Beviset  er  fuldfert1. 

Almlndeliggerelse  til  vlsse  Tllfaelde  af  dlvergente  R&kker. 

45.  Behandlingen  af  Sandsynlighedsfordelinger  ved  Addition  af  konvekse  Kur- 
ver  kan  siges  at  have  faaet  sin  naturlige  Afslutning  gennem  den  foregaaende  Under- 
sogelse,  forsaavidt  som  Forudsaetningen  om,  at  den  uendelige  Raekke 


OP 

(1)  J^« 


n-0 


er  konvergent,  frembyder  sig  af  sig  selv.  Vi  vil  imidlertid  vise,  at  allerede  en  vaesent- 
lig  svagere  Forudsaetning  er  tilstraekkelig  til  at  sikre  den  ligelige  Konvergens  af 
Funktionsfelgen  FNo(P),  FNo+i(P),  .  .  ., 


Vi  beviser  f0rst  en   Hjaelpesaetning  om   Sammenscetning  af  Punktsandsynlig- 
heder.  For  ethvert  fast  N  og  ethvert  positivt  helt  Tal  p  bestemmes  Punktmaengden 

*       N+D  N  N+f 

2jv+p  =  ^Tfi>n  som  Sum  af  de  to  Punklmaengder  SN  =  J£wn  °g  SN.N+P  ==^wn, 

n  -  0  n  -0  n  -  JV+1 

(5) 


Antager  vi  N  >  1V0,  vil  der  paa  Punktmaengderne  ^'N  og  JN+P  vaere  givet  bestemte 
Punktsandsynligheder  Fu(P)  og  fjv+p(P).  For  alle  p  fra  et  vist  Trin  /)0  (som 
afhaenger  af  N)  vil  den  ved  Afbildningen  af  iMaengden  SN.N+P  paa  Enhedsterningen 
0/v,jv+p»  0  <  6n  <  1,  i  det  p-dimensionale  ^N+I»  ,  ^N+p-Rum  deiinerede  Maengde- 
sandsynlighed  WN,N+P(M)  i  2jv,N+p-Planen  kunne  fremstilles  som  Integral  af  en 
kontinuert  Punktsandsyniighed  Fjv,N+/»(P);  vi  vil  vise,  at  der  for  ethvert  saadant 
p  >  PO  gaelder  Relationen 


(6)  FN+P(P)  =  5J/;'w(P-PA', 


hvor  PN,N+P  betegner  det  Punkt  af  IN,N+P,  der  bestemmes  som  Sum  af  de  til 
Parametervaerdierne  0N+i,  .  .  .,  0jy+p  svarende  Punkter  af  Kurverne  WN+I»  .  .  ., 


1  I  det  almindelige  Tilfaelde,  hvor  vi  paa  Kurverne  wn  kun  taenker  os  givet  kontinuerte  Bue- 
sandsynligheder  wn(fa),  indser  man  ved  en  lignende  Betragtning  som  den  ovenfor  anvendte  om 
Mtengdesandsynligheden  W(M),  at  den  1  alle  Tilfaelde,  hvor  blot  Kurverne  o>n  ikke  indeholder  rette 
Linlestykker,  nejagtig  som  Mjengdesandsynlighederne  WN(M)  (se  §  11)  vil  vsere  defineret  for  ethvert 

Rektangel/?  i  Planen,  og  at  Rektangelsandsynligheden  W(R)  (der  bestemmes  som  lim  WN(R))  vil  vsere 

N->« 

en  i  hele  Planen  kontinuert  Funktion  af  A,  som  da  og  kun  da  er  positlv,  naar  R  i  sit  Indre  indehol- 
der Punkter  af  E.  Denne  Benuerkning  (som  vi  dog  ikke  skal  udfere  ntermere)  vlser  Anvendeligheden 
af  det  indferte  Maal  ogsaa  i  Tilfeelde,  hvor  der  ikke  er  Tale  om  nogen  Punktsandsyniighed, 
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Den  ved  Integralet  fremstillede  Funktion  af  P  er  kontinuert  i  hele  Planen.  For 
at  vise,  at  den  er  lig  med  /^(P),  er  det  tilstrsekkeligt  at  vise,  at  dens  Integral 
over  ethvert  Rektangel  R  er  lig  med  Rektangelsandsynligheden  WN+P(/?).  Nu  er 


5  i  dR  ]  yW-JVW  FN,N+P(PN,N+P) 

\\d2N, N+p  ))FN(P-PN,N+p)FN,N+p(PN,N+p)dR 

\  \  WN(R  —  PN,N+P)  FN,N+P(PN,N+P)  cf^N,N+P. 

Hvad  vi  skal  vise  er  derfor  blot,  at  dette  sidste  Integral 

ff 
/  =  \\WN(/?-PJV,N 


er  lig  med  WN+P(^),  hvilket  er  ensbetydende  med,  at  der  for  ethvert  positivt  Tal 
s  skal  gaelde  Uligheden 


Funktionen  FN,N+P(P)  er  Nul  for  alle  Punkter,  som  ikke  tilherer 
Vi  bar  derfor 


/  = 


hvor  RQ  er  et  Rektangel,  som  indeholder  ^JV,N+P.  Da  Funktionen  WN(R—P)  er 
kontinuert,  er  det  muligt  at  dele  /?0  i  et  endeligt  Antal  smaa  Rektangler  R\t  /?J,  . . . ,  fl™ 
med  Midtpunkter  Pl,  Pa,  . . . ,  Pm  saaledes,  at  for  ethvert  Punkt  P,  som  tilherer  et 
af  disse  Rektangler  fi^» 


Da  er  ejensynlig 

eller 
(7) 


^-i 


For  Rektangelsandsynligheden  WN+P(/?)  bar  vi,  som  man  ser  ved  gentagen 
Anvendelse  af  Formlen 
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Fremstillingen 

(8)  WN+P(R)  =  (•••     WN(R-PNlN+P)dON+i  . 

•'o 


De  til  Rektanglerne  /?£(/*  =  1,  2,  .  .  .,  m)  svarende  Delmsengder  J^  af  QNN+p  er 
maalelige  Maengder  med  Maalet  WN,N+P(RQ)\  de  bar  to  og  to  intet  Punkt  faelles 
og  udfylder  tilsammen  QNiN+p;  for  ethvert  Punkt  (0jv+i,  .  .  .,  ^N+P)  af  tf  er 


Nu  er  ifelge  (8) 


ved  Anvendelse  af  Middelvaerdisaetningen  faas  heraf 


som  i  Forbindelse  med  (7)  giver  os  den  segte  Relation 

\l-WN+p(R)\<e. 
Hermed  er  den  opstillede  Hjselpessetning  bevist. 

46.  Ved  Hjalp  af  Formlen  (6)  faar  vi  for  Sterrelsen 


hvor  vi  antager  ]V>  ^P0,  p  >/>0  =  p0W»  Udtrykket 


Lad  IN  vaere  et  vilkaarligt  positivt  Tal,  og  lad  FN  betegne  den  afsluttede  Cirkelskive 
med  Centrum  i  Begyndelsespunktet  og  Radius  ?N.  Integralet  af  FN,N+P(PN,N+P) 
over  den  Del  af  ^N,NH-P,  som  tilherer  TN,  er  lig  med  Sandsynligheden 
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for,  at  et  vilkaarligt  Punkt  af  ^N.N+P  tilherer  /N,  Integralet  af  FN,N-fp(PN,jv+p)  over 
den  Del  af  ^N,N+P,  som  ikke  tilherer  /#,  er  lig  med  1  —  WN.N+P^N).  Vi  bar  derfor 


0vre  Grsense  \ 
0vreGramse|JFJV(P)--FN(P')|  WNtN+p(rN)  + 


0vreGramse  |  FN(P)  -  FN(P')  \  (l  - 
Nu  er,  som  Folge  af  Formlen 


Jo 
0vre  Granse|FN(P)~FN(P')|^0vre  Graense 


Endvidere  er 

0vre  Graense  |Fjv(P)-FN(P')|  <  0vre  Graense  FN(P)  <  0vre  Graense  FNo(P)  =  K. 

PP1   >   (>y  P  P 

Idet  WN.N+P(FN)  <  1,  faar  vi  da 

0vreGrssnse  |FN(P)-FN^(P)|  <  0vre  Graense  |FNo(P)~FNo(P')|-f  If  (I-WN,N+P(^))' 

P  PP'  <  ()v 

Heraf  felger  umiddelbart,  at  det  for  at  sikre  den  ligelige  Konvergens  af  Funk- 
tionsfelgen  Fjv0(P),  FNo+i(P),  .  .  .,  FN(P),  .  .  .  er  tilstraekkeligt  at  forlange,  at  der 
skal  knnne  tilordnes  ethuert  Tal  N>NQ  to  positive  Tal  QN  og  r/N,  som  begge  konver- 
gerer  mod  Nal  for  N  -*  oo,  saakdes  at  for  ethuert  p  >  p0  = 

(9)  i 


hvor  Fx  betegner  den   afsluttede  Cirkelskive  med  Centrum  i  Beggndelsespunktet  og 
Radius  QN, 

Thi  antager  vi  denne  Betingelse  opfyldt,  og  bestemmer  vi  svarende  til  et  vil- 
kaarligt Tal  «  >  0  et  Tal  N  =  N(e)  saa  stort,  at  samtidig 

0vre  Grense  |  FNo  (P)  -  FNo  (P')  |  <  ~ 


hvad  der  er  muligt  som  F01ge  af  den  ligelige  Kontinuitet  af  Funktionen  Fjv0(P), 
er  for  etbvert  p  >  /?0  = 


0vre  Graense  |  FN  (P)  -  FN+P  (P)  |  <  £  . 
p  ^ 

For  hvilkesomhelst  to  Tal  Wj  og  Nt  st0rre  end  eller  lig  med  N+pQ  og  for  ethvert 
Punkt  P  i  Planen  er  da 
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men  det  er  netop  Betingelsen  for  den  ligelige  Konvergens  af  Funktionsfolgen  Ftf0(P), 


Den  angivne  Betingelse  er  specielt  opfyldt,  naar  den  uendelige  Reekke  JTwn  er 
konvergent.  Thi  saetter  vi  n"0 


«w  =  *N  ="  0vre 

hvor  <JN,N+P  som  ovenfor  betegner  0vre  Graense  for  Afstanden  fra  Begyndelses- 
punktet  til  et  Punkt  af  Maengden  2N,N+P,  vil  QN  konvergere  mod  Nul  for  N-+  oo  og 


vil  vaere  konstant  lig  med  Nul.  Vi  skal  imidlertid  senere  ved  et  Eksempel  vise,  at 
Betingelsen  ogsaa  kan  vaere  opfyldt  i  Tilfselde,  hvor  Rsekken  JTw,,  er  divergent. 

n-O 

47.  Lad  os  nu  antage  den  fundne  Betingelse  opfyldt.  Da  ^N.->  0  for  N-+  oot 
kan  vi  bestemme  et  Tal  Nt  saa  stort,  at  for  alle  N>Nit  ^N  <  1.  For  ethvert  saa- 
dant  N  og  ethvert  p  >  p0  =  p0(JV)  er  da  ifolge  (9) 

WN,N+p(rN)  >  0 

« 
og  Punktmaengden  SN,N+P  indeholder  sikkert  Punkter  af  FN.  Raekken^a)n  falder 

n-O 

altsaa  ind  under  de  i  §  7  betragtede  uendelige  Raekker,  som  det  var  muligt  paa 
naturlig  Maade  at  tilordne  en  bestemt  Sum;  denne  Sum  betegner  vi  som  ovenfor  2. 
Graensefunktionen  F(P)  for  Funktionsfelgen  FNO(P),  FNO+I(P)»  -,  PN(P),  •  .  - 
er  en  i  hele  Planen  kontinuert  og  begrsenset  Funktion  af  Punktet  P;  den  er  aldrig 
negativ.  Vi  vil  vise,  at  den  er  positiv  netop  for  de  indre  Punkler  af  Msengden  2, 
d.  v.  s.  for  de  og  kun  de  Punkter,  som  tillige  med  en  vis  Omegn  tilherer  det  Indre 
for  samtlige  Maengder  SN  fra  et  vist  Trin.  At  ethvert  Punkt  Q,  for  hvilket  F(Q)  >  0, 
er  indre  Punkt  for  2  er  klart;  thi  for  alle  Punkter  P  i  en  vis  Omegn  af  Q  er  som 

Felge  af  Kontinuiteten  F(P)  >  ~  F(Q),  altsaa  som  Felge  af  den  ligelige  Konvergens 

2 

for  alle  N  fra  et  vist  Trin  Fjv(P)  >  0,  hvad  der  netop  er  ensbetydende  med,  at  den 
betragtede  Omegn  tilherer  det  Indre  af  IN-  At  ogsaa  omvendt  F(Q)  >  0  for  ethvert 
indre  Punkt  Q  af  2  folger  af  Betingelsen  fra  §  46;  vaelger  vi  nemlig  N  saa  stor, 
at  den  afsluttede  Cirkelskive  Q  +  Tjv  med  Centrum  Q  og  Radius  QN  tilherer  det 

Indre  for  Msengden  2x  samtidig  med  at  ^N<n»  er  for  ethvert  p^/>o==PoW 
iblge  (9)  WNtN+p(rN)>£,  altsaa  er  ifelge  (6)  FN+P(Q)  >|fif,  naar  vi  med  g 
betegner  den  positive  nedre  Graense  for  FN(P)  paa  Q  +  r^.  Men  heraf  felger  ved 
Graenseovergangen  p->  oc  at  F(Q)  >-flff  hvormed  Beviset  er  fuldf0rt. 
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Vi  vil  vise,  at  Integrate  af  Funktionen  F(P)  udstrakt  over  Punktmcengden  2, 
som  er  lig  med  Integralet  udstrakt  over  hele  Planen,  er  lig  med  1. 

Lad  C  med  Radius  r  vsere  en  afsluttet  Cirkelskive  med  Centrum  i  Begyndel- 
sespunktet.  Vi  bar 


Hvad  vi  skal  vise  er,  at  Integralet  ((  F(P)dC  for  r  -+  oo  konvergerer  mod  1,  at 
der  m.  a.  0.  til  ethvert  selv  nok  saa  lille  positivt  Tal  ^  svarer  et  r  =  r(^)  saa  stort,  at 

(10) 

hvor  C  =  C(ij)  er  Cirklen  med  Radius  r(^). 

Som  F0lge  af  vor  Forudsaetning  kan  vi  bestemme  et  Tal  AT  saa  stort,  at  for 
ethvert  />>/>0 


hvor  FN  er  den  afsluttede  Cirkelskive  med  Centrum  0  og  Radius  QN>  Lad  dx  betegne 
den  sterste  Afstand  fra  Begyndelsespunktet  til  et  Punkt  af  Maengden  2jv;  vi  vil  vise, 
at  Betingelsen  (10)  er  opfyldt,  naar  vi  ssetter  r  =  C/N-}-^N.  For  ethvert  Punkt  Q  af 
FN  er  da  Punktmsengden  2jv  +  0  en  Delmsengde  af  C,  og  vi  bar 


Lad  2*NtN+P  betegne  den  Del  af  2N,N+P,som  tilherer  FN',  som  Folge  af  Relationen 
(6)  i  §  45  er  for  ethvert  p  >  pQ 


\  \  d2N, 

M^^ 


Heraf  f0lger  imidlertid  umiddelbart  ved  Graenseovergangen  p  ->  oo,  at 

do) 


hvormed  den  opstillede  Saetning  er  bevist. 

Funktionen  F(P)  betegnes  som  en  kontinuert  Punktsandsynlighed  svarende  til 
Punktmaengden  Z 
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48.  Lad  M  betegne  en  vilkaarlig  Punktmaengde  i  Planen;  vi  vil  vise,  at  Sand- 
synlighederne  WN.iW  og  Wjv,y(M)  som  ovenfor  for  N-+OO  konvergerer  mod  bestemte 
Graensevaerdier 

Wi(M)  =  lira  WNli(M)  og   Wy(M)  =  lira  WN,y(M) 

N->oo  JV->-oo 

bestemt  henholdsvis  som  del  indre  Integral  Jt(M)  og  det  ydre  Integral  Jy(Af)  af 
Funktionen  F(P)  over  Maengden  M.  Er  M  begraenset,  folger  dette  straks  af  Ulig- 
hederne 

<  0vre  Gramse  \FN(P-F(P)\  -mv(M), 

p 

hvor  JN,iW  =  WN>i(M)  og  JN>V(M)  =  Wv,y(M)  betegner  det  indre  og  det  ydre 
Integral  af  Fx(P)  over  Maengden  M  og  mv(M)  det  ydre  Maal  for  M.  Er  M  ubegraen- 
set,  kan  vi  gaa  saaledes  frem:  Lad  r\  betegne  et  vilkaarligt  lille  positivt  Tal;  sva- 
rende  til  dette  bestemmer  vi  som  ovenfor  et  positivt  belt  Tal  N  og  en  Cirkel  C  med 
Centrum  i  Begyndelsespunktet  saa  stor,  at  for  ethvert  p^/>o== 


VC 

Betegner  vi  med  M0  den  faelles  Del  for  M  og  C,  er  da 
(11)  JN+P,I(M) 

Samtidig  er  ifolge  (10) 
(12) 


Nu  er  A/o  begra3nset;  bestemmer  vi  derfor  et  Tal  />i>p0  saa  stort»  at  ^or  ethvert 


faas  ved  Hjselp  af  (11)  og  (12)  for  enhver  saadan  Vaerdi  af  p 


Disse  Uligheder  viser,  at  JN+P,i(M)  og  JN+P,U(M)  for  p  ->  oo  konvergerer  henholds- 
vis mod  Ji(M)  og  Jy(M). 

St0rrelserne  Wt(M)  og  WV(M)  betegnes  henholdsvis  som  den  indre  ogden  ydre 
Sandsynlighed  for,  at  et  vilkaarligt  Punkt  af  2  tilherer  M.  Er  de  to  Sandsynligheder 
ligestore,  betegner  vi  deres  faelles  Vaerdi  W(M)  som  Sandsynligheden  for,  at  et  vil- 
kaarligt Punkt  af  I  tilhorer  M;  Mgngdefunktionen  W(M),  der  betegnes  som  den 
til  Maengden  2  svarende  Mcengdesandsynlighed  i  Planen  bestemmes  paany  ved  Inte- 
gralfremstillingen 

(4) 
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og  er  som  den  tidligere  Msengdesandsynlighed  defineret  for  de  og  kun  de  Maengder 
M,  som  af  2  indeholder  en  maalelig  Maengde.  Til  en  Fremstilling  af  W(M)  ved 
Hjaelp  af  et  uendeligdimensionalt  Maal,  saaledes  som  del  i  §  44  er  sket  for  de 
konvergente  Raekker,  er  der  derimod  ingen  Anledning  i  det  foreliggende  Tilfselde, 
hvor  Punktmaengden  2  ikke  umiddelbart  fremtraeder  som  Billede  af  den  uendelig- 
dimensionale  Enhedsterning. 

Eksempel. 

49.  Vi  vil  anvende  de  foregaaende  Betragtninger  paa  et  specielt  Tilfaelde,  hvor 
de  givne  Kurver  er  definerede  ad  analytisk  Vej. 
Den  analytiske  Funktion 

(13)  y=LogX 

af  den  komplekse  Variable  X  antager  for  X  =  0  og  for  X  =  oo  Vaerdien  Y  =  oo, 
Saetter  vi  ievrigt 


faar  vi 

(/  =  logfl;  V= 

Funktionen  (13)  afbilder  derfor  den  langs  den  negative  Halvakse  opskaarne  X-Plan 
paa  en  Parallelstrimmel  —  n  <  V  <  n  i  V-Planen;  ved  Afbildningen  gaar  Cirkler 
R  =  /?0  over  i  rette  Liniestykker  U  =  I70,  medens  Halvlinier  0  =  00  gaar  over  i 
rette  Linier  V  —  V0;  Afbildningen  er  konform. 
En  Cirkel 


(14)  X  =  I~ 

i  X-Planen  gaar  ved  Afbildningen  over  i  en  Kurve 

(15)  F=Log  (l~re27"9) 

i  F-Planen  uden  Dobbeltpunkter.  Er  r  <  1  er  denne  Kurve  lukket  og  tilherer  den 
af  Linierne  V  =  —  -  og  V  —  -  begraensede  Parallelstrimmel;  er  r  =  1  bar  Kurven 

disse  Linier  til  Asymptoter,  men  lukker  sig  i  det  uendelig  fjerne  Punkt;  er  endelig 
r  >  1  er  Kurven  en  aaben  Bue,  hvis  Endepunkter  falder  paa  Linierne  V  =  —n  og 
V=-n. 

Lad  os  nu  antage  r  <  1,  Ligningen  (15)  fremstiller  da  (se  Fig.  34)  en  konveks 
Jordankurve  w;  thi  som  Felge  af  den  konforme  Afbildning  bar  Kurven  i  det  vil- 
kaarlige  Punkt  Y  en  bestemt  Tangent,  hvis  Vinkel  med  den  med  [/-Aksen  parallele 
Linie  gennem  Punktet  er  lig  med  Vinklen  mellem  Cirkeltangenten  i  det  tilsvarende 
Punkt  X  og  dette  Punkts  Radiusvektor.  Denne  Vinkel,  hvis  Gradantal  er  det  halve 
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af  Gradantallet  for  den  af  Radiusvekfor  paa  Cirklen  afskaarne  Bue,  varierer  mono- 
tont,  naar  X  gennemlober  Cirklen  (14).  Det  samme  gaelder  derfor  Tangenten  til 
Jordankurven  (15),  som  altsaa  er  konveks.  Foruden  at  vaere  symmetrisk  omkring 
Linien  V=  0  er  Kurven  w  symmetrisk  om  den  derpaa  vinkelrette  Linie  U  = 
log  I/I  — r2;  thi  til  en  Spejling  af  F-Planen  i  denne  Linie  svarer  en  Spejling  af  X-Pla- 
nen  i  Cirklen  R  —  |/1  —  r2;  men  ved  denne  Spejling  gaar  Cirklen  (14)  over  i  sig  selv. 
Til  voksende  Vaerdier  af  0  svarer  en  bestemt  Omlobsretning  paa  Kurven  ca. 
Vinklen  mellem  den  positive  [/-Akse  og  den  i  Overensstemmelse  med  denne  Omlobs- 
retning orienterede  Tangent  til  o>  i  det  vilkaarlige  Punkt  Y  =  F(0)  bar  Sterrelsen 

arg—-.  Nu  er  som  F01ge  af  Relationerne  (14)  og  (15)  ikke  alene  Funktionerne  X 

dY         dY 

og  F,  men  ogsaa  R  og  0,  -j- ,  arg  —  o,  s.  v.  differentiable  Funktioner  af  den  reelle 
du          du 

Variable  0.  Kurven  w  bar 
derfor  i  Punktet  Y  en  be- 
stemt Krumningsradius  (§  14) 
bestemt  som  Graensevaerdi  for 
Forholdet  mellem  Korden  1 4  Y  \ 

og  Totalkrumningen  ,/  arg  — 
du 

for  den  til  Parameterinterval- 
let  (0,  0  +  //0)  svarende  for- 
svindende  Bue  F,  Y  +  4Y  af 
o>.  Thi  for  //0->  0  vil  dette  Forhold  konvergere  mod  Forholdet  mellem  den  numeriske 


Fig.  34. 


Vardi 


5(1 
d9 


af  Differentialkvotienten  -7-  og  Differentialkvotienten 
du 


cfarg 


dT 
dB 


dB 


i  Punktet 


,  . ,  .dY      1   .  dY     dX    1 

0.  Idet  —  =  --,  bar  man-—  =  --  •  -  =  -/ 

dx    x  de     de  x 


,  hvoraf  dels 


dS 


R 


dY         n 

dels  arg  —  =  — -  +  2^0— 2;r0  og  altsaa 
6  de          2  5 

for  Krumningsradius  Udtrykket 

I  /vl 
Urn 


rfarg 


_ 

de 


de 


=  2^— 27r-r-.  Vi  faar  derfor 


(16) 

Nu  er  ifelge  (14) 


Ved  Differentiation  faas  heraf  to  lineaere  Ligninger  til  Bestemmelse  af  —  og  —  ; 

f  du          (in 

man  faar 


rdT 
1  du 


/?cos2;r0  =  1  —  rcos2;r0 
/?sin  2^0  =    -rsin  2flr0. 


dQ 

dB  '' 


r  cos  2^0  cos  2;r0  +  r  sin  2^0  sin  2nr0         cos  2;r0  —  R 
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Indsaettes  dette  i  (16),  faar  man  for  Krumningsradius  Udtrykket 


COS27T0* 

Indre  og  ydre  Radius  i  den  givne  Kurve,  der  (se  §  14)  bestemmes  som  nedre  og 
0vre  Graense  for  samtlige  Krumningscirklers  Radier,  bliver  derefter  henholdsvis 

r 

(17)  n  =  r  og  rv 


J/l-r2' 

for  enhver  Vaerdi  af  r  er  0  <  rn  ry  <  oo;  Kurven  tilherer  derfor  den  i  §  12  afgran- 
sede  Kurveklasse. 

Ved  Hjaelp  af  Parameterfremstillingen  (15)  er  der  defmeret  en  kontinuert  Bue- 
sandsynlighed  paa  Kurven  w;  som  man  ser,  er  denne  Sandsynlighed  differentiabel; 


dens  Differentialkvotient 
paa  Kurven. 


de_ 
dY 


M 

—  — -—  fremstiller  en  kontinuert  Punktsandsynlighed 


50.  Lad  der  nu  vaere  givet  en  Felge 
(18)  r0,rlf  .   .,  rN,  ... 

af  positive  Tal  rn  mindre  end  1,  som  konvergerer  mod  Nul  for  n  -+  oc.  De  tilsva- 
rende  Kuruer  w,,,  hvis  Parameterfremstillinger  er 


er  Jconvekse  Kurver  af  Klassen  K\  deres  Radier 

rn.,  =  rn  og  r..,  =  ^= 

konvergerer  mod  Nul  for  n  ->  oo.  Betingelserne  for  Anvendelsen  af  Betragtningerne 
i  forrige  Kapitel  er  saaledes  tilstede.  N 

For  enhver  Vserdi  af  N  fremkommer  Punktmaengden  SN  =2Wn  som 
forraad  for  Funktionen  nBS° 

N 
i 

,,0i,  -   .,  ON)  =^ 

naar  de  Variable  00,  0lf  . . .,  0jv  uafhaengig  af  hinanden  gennemleber  Intervallet  (0, 1), 
eller,  hvad  der  kommer  ud  paa  det  samme,  naar  Punktet  (00,  0t,  . . .,  ON)  gennem- 
leber Enhedsterningen  QN  i  det  JV+1-dimensionale  00f  0U  . . .,  0N-Rum.  Den  indre 
og  ydre  Sandsynlighed  Wxti(M)  og  WN,y(M)  for  at  et  Punkt  af  SN  tilh0rer  en  given 
Punktmaengde  M  i  Planen  bestemmes  henholdsvis  som  det  indre  og  ydre  JoRDAN'ske 
Maal  for  M^ngden  n  af  Punkter  (00,  Bit  . . .,  0jy)  af  QN,  for  hvilke  Sjv(00i  Bit  . . .,  0jy) 
tilherer  M,  For  alle  N  fra  et  vist  Trin  NQ  fremstilles  disse  Sandsynligheder  hen- 
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holdsvis  som  del  indre  og  ydre  Integral  over  Maengden  Af  af  en  kontinuert  Punkt- 
sandsynlighed  Fu(Y)  i  Planen. 
Er  den  uendelige  Raekke 


(20) 

n-O 

konvergent,  d.  v.  s.  er  Rcekken 

06 

(20  JTr. 

n-O 

konvergent,  vil  Punktsandsynlighederne  Fjv(F),  som  det  fremgaar  af  den  almindelige 
Unders0gelse  i  §§  41—43,  for  N  ->  oo  konvergere  mod  en  kontinuert  Punktsand- 

00 

synlighed  F(Y)  paa  den  ved  Rsekken  (20)  fremstillede  Maengde  2  =  Y^n. 

Er  Raekken  (21)  divergent,  er  ogsaa  den  uendelige  Raekke  (20)  divergent;  vi 
kan  derfor  ikke  umiddelbart  udsige  noget  om  Eksistensen  af  en  Graensefunktion  for 
Funktionsfolgen  FNO(V)»  FNQ+i(Y)t  . ..,  Fjv(F),  ....  Vi  vil  imidlertid  vise,  at  der 
ogsaa  i  dette  Tilfaelde,  naar  blot  den  uendelige  Rxkke 

(22) 

hvis  Led  er  Kvadraterne  paa  de  givne  Radier,  er  konvergent,  i  den  i  §§  45—48  an- 
givne  Betydning  eksisterer  en  kontinuert  Punktsandsynlighed  F(Y)  bestemt  ved  de 
givne,  uendelig  mange,  konvekse  Kurvers  Addition1. 

For  ethvert  Tal  N  >  N0  og  etbvert  positivt  Tal  p  fremkommer  den  i  §  45 

indforte  Punktmaengde  SN.N+P  ~£Wn  som  Vaerdiforraad  for  Funktionen 

r". 
Log(l-rne27"'9"), 

n-N+l 

naar  Punktet  (0jv+i»  . . .,  6/jv+p)  gennemleber  Enhedsterningen  QN  N+p  i  detp-dimen- 
sionale  0N+i,  . ..,  0N+p-Rum.  Afbildningen  af  SN.N+P  paa  QNJV+p  bestemmer  en 
Maengdesandsynlighed  WN,N+P(M)  i  ^N,N+P-  Planen.  Er  p  ^p0  =  poW»  ^an  denne 


1  I  alle  Tilfaelde,  hvor  Raekkeu  (21)  er  divergent,  falder  Raekken  (20)  ind  under  de  i  §  7  be- 
tragtede  divergeute  Raekker  ^run,  som  det  er  muligt  paa  naturlig  Maade  at  tilltegge  en  bestemt  Sum. 
Summen  £  af  Rsekken  (20)  eksisterer  derfor  uafhangigt  af,  om  R»kken  (22)  er  konvergent,  og  udger, 
som  man  ved  Betragtning  af  Mtengderne  *N  let  viser,  i  alle  Tilfaelde  selve  den  komplekse  Plan. 
Medens  for  konvergente  Backer  (20)  Punktmeengden  S  godt  kan  falde  ind  under  det  i  §  6  na>vnte 
Tilffielde  af  en  afsluttet  konveks  Msengde  med  en  udartet  Rand  i  det  Indre,  er  Tilstedev&relsen  af  en 
saadan  Rand  udelukket,  naar  Raekken  (20). er  divergent.  Funktionen  F(Y)  bliver  derfor  i  dette  Til- 
fcelde  (Konvergensen  af  Rsekkeu  (22)  forudsat)  altid  en  'i  hele  den  komplekse  Plan  positiv  Funktion. 
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Maengdesandsynlighed  fremstilles  som  Integral  af  en  kontinuert  Punktsandsynlighed 
paa  Msengden  IN.N+P- 

Vi  betragterdet  over  den  p-dimensionale  Enhedsterning  QNiN+p  udstrakte  Integral 


Sf 
•••  \  |$N,N+p'( 

• 


af  Kvadratet  paa  den  absolute  Vserdi  af  Funktionen  Sjv,jv+p(0N+i»  .  .  .,  #N+p).  Da 


N+p  \    /      N+p  \ 

2/Log(l-rne-2"''8«) 


_ 

n-N+l  /    \n-W+l 


IN+p  » 
II 
n-NH  m-l 

faas  paa  bekendt  Maade 


j  •••  j  |sw.wt,(flNn,  •    , 

- 


N+ 


n-NU  ;»-l 

hvoraf,  da 


6    " 

m  -I  m  =  1 

N+p 

(23)  j  -  •  -  j  |%N+/,(0N+i,    -  ,  ^N+P)\zdQNN^  <  £  ^r 

Ov-v-i/'  n-JV+1 

Under  Forudsaetning  af,  at  den  uendelige  Rsekke 


(22) 


er  konvergent,  kan  vi  nu  vise,  at  den  i  §  46  angivne  Betingelse  for  den  ligelige 
Konvergens  af  Funktionsfelgen  FN()(Y),  FNOM(V),  .  .|Fjv(F),  er  tilfredsstillet, 
at  der  m.  a.  0.  til  ethvert  N>NQ  svarer  to  positive  Tal  gN  og  f/N,  som  konvergerer 
mod  Nul  for  N->  oo,  saaledes  at  for  ethvert  p>pQ-  po(N) 

hvor  /N  betegner  den  afsluttede  Cirkelskive  med  Radius  ^N,  som  har  sit  Centrum 
i  Punktet  Y  =  0. 
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For  enhver  Vserdi  af  QN  svarer  der  til  den  Del  af  JN,N+P,  som  ikke  tilhorer 
N,  en  maalelig  Delmaengde  &  af  QNtN+p  med  Maalet  1  —  Wjv.N+pOnv);  folgelig  er 


*2      x    ., 


hvor 


konvergerer  mod  Nul  for  N  ->  oo.  Saetter  vi  derfor 


vil  der  for  ethvert  p  >  p0  gaelde  Relationen 


og  ^»N  og  ;/N  vil  konvergere  mod  Nul  for  N  ->  sc.  Hermed  er  Beviset  fuldfort. 


Ill  38*  F3.  Dan.  Vid.  Selalc.  Skr .  Nat,  M ath.  Ajd.  (8)  12,  no.  3  (1929). 
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PAR 

H.  BOHR 

Introduction 

Soient  u  (x)  et  v  (x)  deux  fonctions  reelles  ou  complexes  de 
la  variable  reelle   x,    et  soient    d'une  part   u  (x)  continue 
pour  0  <:  x  <  a ,    et  de  I'autre  v  (x)  continue   pour  O  <  x  <  £, 
a  et  b  etant  deux  nombres  positifs  et  finis  quelconques;  nous 
aurons,  comme  Ton  salt,  liquation  suivante: 

Su(x)dx.\   v(x)dx  =   11  u(x)v(y)da>  (1) 

o  Jo  J  J/Sa.t 

ou  le  champ -#a,b  de  1'integrale  double  du  second  membre  sera 
un  rectangle  aux  angles  opposes  (0,  0),  (a,  6),  ayant  ses  c6tes 
paralieles  aux  axes  du  systeme  de  coordonnees  rectangulaires 
X-Yj    tandis  que   d<o  representera  Pelement  du  plan  X-Y. 
Gonsiderons  maintenant  deux  integrates  convergentes 

rtoo  /»oo 

i  u(x)dx  et  V  v(x)dx 

Jo  Jo 

—  dans  ce  qui  suit  nous  entendrons  to  u  jours,  a  moins  que 
le  lecteur  ne  soit  informe  du  contraire,  par  u(x)  et  par  v(x) 
des  fonctions  continues  pour  x>0  — ;  Tequation  (1)  entralne 
immediatement  liquation  suivante: 

\  u(x)dx  .  \  v(x)dx  ~  lim       \u(x)dx.\  v(x)dx 

Jo  Jo  a »— QC,  6 —  QO  J0  Jo 

=   lim      {{  u(x)v(y)da>  (2) 

a  ••  ao ,  6  «•  oo  J  J/2a,6 
1 
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ou  le  passage  &  la  limite  du  dernier  membre  devra  £tre  effectue 
de  maniere  a  faire  croitre  le  rectangle  R0tb  indeTmiment,  a  et 
b  tendant  tous  les  deux  vers  oo. 

On  salt  que  dans  le  cas  ou  les  deux  integrates  consid^rees 
\  u (x) dx  et  \  v (x)  dx  sont  absolument  convergentes,  en 

Jo  Jo  £»  ,**> 

d'autres  termes:    au   cas   ou   \  \u(x)\dx    et   \  \v(x)\dx    sont 

Jo  Jo 

convergentes,  le  theoreme  exprim£  par  Tequation  (2)  peut  etre 
generalise  comme  il  suit: 

Sn(x)dx.\  v(x)dx  **=  lim   \\  u(x)v(y)da>;  (3) 

0  Jo  S  —  oo  J  Js 

dans  cette  equation  le  champ  S  de  Tintegrale  double  est  une 
aire  finie  quelconque,  coherente  ou  incoherente,  situee  dans 
le  quart  de  plan  positif,  et  le  passage  a  la  limite  doit  se 
faire  de  telle  sorte  que  le  champ  S  croissant  indefiniment 
contienne  &  un  certain  moment  un  carr£  [(0, 0)-(a?,  x)~]  qu'on 
pourra  d'ailleurs  choisir  aussi  grand  qu'on  le  voudra. 

Ge  theoreme  est  d'une  grande  importance  pour  Tanalyse. 
Rappelons  ici  1'application  classique  qu'en  a  faite  Laplace1) 
pour  trouver  la  valeur  de  Tintegrale  absolument  convergente 

,.ao 

V  e~**dx.     Laplace  suppose  que  dans  Pequation 

lim 


le  champ  d'integration  S  est  un  secteur  circulaire  limite  par 
ies  axes  et  par  un  cercle  ayant  son  centre  a  Porigine.  Gela 
pose,  il  trouve  facilement  la  valeur  de  Pintegrale  double.  Et 
si,  ensuite,  on  passe  a  la  limite  en  faisant  croitre  indefiniment 
le  rayon  du  cercle  et  qu'on  extraie  la  racine  carree,  on  trouve 

f*  VK 

immediatement  \  e~x*  dx  —   -_-. 

Jo  £ 

Si,    au   contraire,    Pune   des    deux   integrales   convergentes 

en  question  \  u(x)dx  ou  \  v(x)dx  n'est  pas   absolument  con- 
Jo  Jo  nx 

vergente   mais    wsemi-convergentetf    (lim  \  | u(x) \dx  ==  oo), 

x  —  ao   Jo 

ou  bien ,   si  les  integrales  sont   toutes   les  deux  wsemi-conver- 
J)  Memoires  de  TAcademie  Royale  des  Sciences  (Paris,   1778). 
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gehtes",  1'gquation  (3)  n'a  pas  lieu  g£n£ralement,  et  m&tne  dans 
les  cas  ou  \\  u(x)v(y)da>  tend  vers  une  valeur  limite  finie  et 
deierminee,  le  domaine  S  croissant  indeflniment  d'une  maniere 
determin^e.  cette  valeur  limite  n'est  pas  necessairement  ggale 

fQO  C  ~0 

au  produit  des  deux  integrates  \  u(x)dx    et    \  v(x)dx. 

Abstraction  faite  du  th£oreme  imm£diatement  evident 
qu'exprime  1'equation  (2),  theorem e  qui  ne  permet  probable- 
ment  pas  des  applications  nombreuses,  on  n'a  pas,  que  je 
sache,  etudie  jusqu'ici  les  rapports  qui  auront  lieu  (dans  le 
cas  de  deux  integrates  dont  Tune  au  moins  est  semi-conver- 
gente)  entre  le  produit  \  u(x)dx\  v(x)dx  et  1'integrale  double 

SJo  Jo 

u(x)v(y)da>,   quand   nous   faisons   croitre   le   domaine  S  a 

Pinfini  autrement  que  par  1'accroissement  du  rectangle  Ra,b- 

Dans  ce  qui  suit  je  me  propose  de  montrer  que  pour 
ces  rapports  il  existe  dans  le  cas  oil  Pune  des  deux  integrates 
est  absolument  convergente,  1'autre  semi-convergente,  et  aussi 
dans  le  cas  de  deux  integrates  semi -con  vergentes,  une  suite 
de  th^oremes  generaux.  Ensuite  nous  donnerons  quelques 
exemples  des  applications  a  faire  des  dits  th^oremes  dans  le 
domaine  de  !'„ analyse*. 

GHAPITRE  I 

Multiplioatlon  de  deux  intd^rales  dont  rune  est 
absolument  oonvergente,  Tautre  seml-oonver^ente. 

Theor&me  I.     Soient   U  —   \  u(x)dx  une   int^grale 

Jo 

JKJO 

absolument  convergente  etF—  \  v(x)dx  une  integrate 

Jo 

semi-convergente;  on  aura,  en  posant 
w(x)  —  \  u(y)v(x— y)dy, 

/•oo  Jo 

\  w(x)dx    convergente    et   de  valeur    U.V  ou  bien 

Jo  fOO  *<X>  flfO  «* 

reunissant:  \  u(x)dx.\  v(x)dx  —  \  dx.\  u(y).v(x — y)dy, 

Jo  Jo  Jo  Jo 


en 
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Demonstration:    Posant  s(x)  —  \  u(y)dy,  t(x)  —  \  v(y)dy  et 

Jo  Jo 


il  viendra :   $(*)  .  t  (x)  —  PF(or)  +  £«  (y)  (  J*t?  («)  ^  ]  dy  *)       (1) 
ce  qui  donnera : 


Fig.  I. 


*)  L'equation  (1),  identique  pour  x  =  0,  se  verifie  k  1'aide  d'une  diffe- 
rentiation.      II    vient :    s  (x) .  v  (a?)  -}-  u  (x)  .t(x)  =  w  (x)  -f-  w  (a*) .  <  (a;)  -f- 

\  u  (y)  v  («)  %  —  \  u(y)v(x  —  y)dy  =  v  (a-)  ^  (a;)  -f  t?  (oc)  s  (x)  (identite).     La 

Jo  Jo 

figure  repr£sent£e   ci-contre  (fig.  I)  donne  Tinterpr^tation   g^om^trique  de 

Tequation  (1). 

4 
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|  u.  V—W(x)  |  <  |  U.  V—s(x)  .  t(x)  I  +  \s(x)  .  t(x)—  W(x)\  < 
I  U.  V—s(x)  .  t(x)  I  +  C'l  u(y)  |  .  |  {%(*)  tte  |  dy  < 

vo  «J*  —  y 

|  *7.  F—  s(x)  .<(*)!  +  T|  «(y)  |  .  e(x  —  y)dy,  ou  e(ar)  dSsigne 

•^0 

f*4-» 

la  limite  superieure  de  |\  v(y)dy  \  pour  z^t  ">0,  c(x)  d^crois- 

Jx  +  t 

sant  a  mesure  qu'augmente  x:  lim  c  (x)  —  Ot   d'ou 


|  C7  .  F-  »F(*)  |  <  |17  .  F—  •(*)«(»)  |  +  e  |  «(y)  |  dy  + 


En  d£signant  d'autre  part  par  e1  (x)  la  limite  superieure  de 

|-x    « 

*(y)|  dy,  et(x)  allant  toujours  en  d^croissant:  lim  s^x)  —  0, 

fmm<X> 

il  viendra: 

\U.V—W(x)\  < 


et  par  suite: 

lim  |  C7.  V—W(x)  \  —  0;   lim  fF(o?)  —  (7.  F 

xa»oo  ar  —  oo 

c.  q.  f.  d. 

II  ressort  de  la  fig.  I  que  \  w(t)dt  —  \  \  u(x)v  (y)  da>, 
Tintegrale  double  ayant  pour  champ  la  portion  du  plan  X-Y 
que  delimitent  les  axes  des  coordonnees  et  la  droite  x  +  y  —  z\ 
le  th^or^me  peut  done  s'enoncer  comme  il  suit: 

II  est  permis  de  multiplier  deux  integrales  defi- 
nies,  dont  1'une  est  absolument  convergente  et 
Tautre  semi-convergente,  en  prenant  pour  courbe 
limite  x  -f-  y  —  z^  si  nous  entendons  par  1&  qu*  e  n 
integrant  f(x,  y)  —  -  u(x)v(y)  dans  la  partie  du  quart 
de  plan  positif  que  limite  la  droite  x  ~f-  y  «=•»  z,  le 
r^sultat  obtenu  par  1'integration  aura,  pour  z  crois- 
sant a  rinfini,  une  valeur  limite  egale  au  produit 
U.V  des  integrales  consid^rees. 

5 
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Le  theoreme  I  peut  se  generalise!*  jusqu'a  comprendre  des 
cas  ou  nous  avons  des  courbes  d'un  type  general  determine 
limitant,  avec  les  axes  des  coordonnees,  le  champ  de  Tintegrale 
double  jjjj  u (x) v  (y) do*  dans  le  plan  X-Y.  Pour  etablir  de  telles 
generalisations  nous  avons  a  demontrer  le  theoreme  suivant : 

Soc 
u  (x)  dx   u  n  e   i  11 1  e  g  r  a  1  e 
0  ^» 

absolument    convergente    et    soit    V~=\v(x)dx   une 

f'O 

integrale  semi-convergente;  I'integrale  de  f(x,  y)  = 
u(x)v(y),  qui  a  pour  champ  la  partie  du  plan  que  deli- 
mi  tent  les  axes  et  une  courbe  continue  n'ayant  avec 
une  ordonnee  quelconque  qu'un  seul  point  d'inter- 
section  au  plus,  aura  une  valeur  limite  egale  a  U  .V 
lorsque  la  courbe  s'eloigne  a  i'infini  de  sorte 
qu'elle  renferme  finalement  un  car  re  quelconque 
qu'on  pourra  d '  a  i  1 1  e  u  r  s  choisir  aussi  grand  qu'on 
le  voudra. 

Voici  la  demonstration  de  ce  theoreme.  Les  notations 
employees  sont  celles  dont  nous  nous  sommes  deja  servi  en 
demontrant  le  theoreme  I. 


Fig.  II. 
s  (x)  .  t  (x),  Vim  A  =  U .  V, 

\u (V)  -(\  v(z)dz\dy, 

Jo  ^  «'a:  7 

6 


o, 


Ol.     Ovfrt.Dan.Vid.firlHk.Forh.    1!)O8. 


necnercnes  sur  la  multiplication  ae  aeux  integrates  aennies. 


('*  /  (*/ 

\  «(y)  (\ 

•'a:  \  »>o 


I  C  |  <  £  (0)  .    j  «(y)  |  rfy  S  e  (0)  .  ffl  (*),    lim  C  —  0, 
lim  (A  +  B  +  C)  =    U  .  V,    c.  q.  f.  d. 

II  ressort  avec  evidence  de  cette  demonstration  que  la 
restriction  a  laquelle  sont  assujetties  les  courbes  eonsiderees 
dans  le  theoreme  I  par  opposition  a  celles  du  cas  de  deux 
integrates  absolunient  convergentes  —  restriction  exigeant  que 
les  courbes  ne  soient  coupees  par  aucune  ordonnee  en  plus 
d'un  point  —  ,  peut  etre  attenuee  jusqu'a  adniettre  que  chacune 
des  courbes  soit  au  plus  traversee  par  une  ordonnee  uii 
iiombre  fini  (<.  N  (Const.))  de  fois.  II  est  clair  que  la  restric- 
tion attenuee  n'est  pas  essentiellement  differente  de  la  restric- 
tion premiere. 

CHAPITRE  II 
Multiplication  de  deux  int^grales  semi-convergentes. 

,.oo  ,.» 

Theoreme  III.    Soient  U  =  \  u(x)dx  et  V  =  \  v(jr)dx 

Jo  *'o 

deux  integrates  s  e  m  i  -  c  o  n  v  e  r  g  e  n  t  e  >  e  t   soit  w  (x\   = 

,»r  ^ 

\  u  (y)  v(x  —  y}d\j\   1'  i  n  t  e  g  r  a  1  e  \  w  (x)  dx  aura  la  v  a  1  e  u  r  U.  V  , 

•  'O  *  «'(> 

p  o  u  r  v  u  q  u  '  e  1  1  e  soit  c  o  n  v  e  r  g  e  n  t  e  *). 

Au  lieu  de  donner  ici  une  demonstration  particuliere  de 
ce  theoreme,  nous  allons  enoncer  uri  theoreme  beaucoup  plus 
general  (theoreme  IV,  p.  220)  doiit  on  pourra  deduire  le  theo- 
reme III  com  me  un  cas  particulier. 

En  vue  du  developpement  qui  va  suivre  nous  aurons  tout 
d'abord  a  generalise!1  la  notion  de  convergence  en  introduisant 
celle  de  sommabilite.  A  cet  offet,  nous  introduirons  la 
definition  que  voici  : 

L*30 

l}  Nous  donnerons  plus  loin  (p.  224)  un  exemple  ou  Tintegrale  \  w  (x)  dx 

est  convergente  et  un  autre  exemple  on  elle  ne  1'est  pas.  *  ° 
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Posant  s(x)  —  V  w(y)efy,    on   dira   que   1'integrale 

oo 

\  u(x)dx  est  sommable  avec  la  valeur  de  sommabilite  s 

1  f« 

toutes  les  fois  que  —  \  s(x)dx  (a>Q)    aura,  pour  a  «*  00, 

d  Jo 

la  valeur  limite  s. 

Or   il    est   bien    connu    que    lim  —  \   s  (x)  dx  —  s  lorsque 

1   fa         a  — w    O   Jo 

lim  s  (x)  =  s    tandis  que   —  \  s  (x)  dx    peut   avoir    une    valeur 

jr— .ao  &  Jo 

limite  s  sans  que  s  (x)  ait  pour  x  —  oo  une  valeur  limite 
finie  et  d£terminee  *) ;  il  s'ensuit  que  la  notion  de  sommabilite 
represente  une  application  generalise  de  la  notion  de  con- 
vergence, en  d'autres  termes:  toute  integrale  conver- 
gente  de  valeur  s  est  sommable  avec  la  valeur  s, 
tandis  que  la  reciproque  n'a  pas  lieu. 

Nous  pouvons  maintenant  demontrer  le  theor&me  suivant: 

Theorfcme  IV.    Soient   U=\u(x)dx   et  F—  \  v(x)dx 

Jo  Jo 

deux  integrales  semi-convergentes;  on  aura,  en  po- 

i«X  f  00 

sant   tv(x)  =  \u(y)v(x — y)ofy,  \  w(x)dx   tou  jours   som- 

Jo  Jo 

mable  et  de  valeur  U.  F,  c'est-k-dire  que,  en  po- 
sant  W (x)  — =  \  w (y) dy,  lim  —  \  W (x)  dx  «»C7.Fou  bien, 

Jo  a  — »  oo  &  Jo 

en  reunissant: 
\  u  (x)  dx  .  \  v  (x)  dx  =  lim  —  \  <fcr  .  \  o?y  .  \  u  (z)  .  v  (y — z)  dz. 

Jo  Jo  a  —  oo  &  Jo  Jo  Jo 

Gomme  nous  1'avons  dit  plus  haut,  le  theoreme  III  peut 
£tre  d^duit  imm^diatement  du  theorfeme  IV  dont  ii  n'est  qu'un 
cas  particulier,  car  la  valeur  de  sommabilite  d'une  integrale 
convergente  6tant  egale  a  la  valeur  de  1'integrale,  \  w(x)dx 

Jo 

est  evidemment  egale  a   U.  F  pourvu  qu'elle  soit  convergente. 

*)  Soit  par  exemple  a  (x)  une  fonction  periodique  continue  de  peri  ode  p. 
II  est  aise  de  demontrer  que  lim  —  \  s(x}dx  existe  tou  jours  et  que  cette 

1  f*-hP          a  —  oo       J0 

limite  est  egale  a  — -\  s(x)dx,  c.-k-d.  &  la  fonction  integree  dans  le  champ 
d'une  pgriode  et  divisee  ensuite  par  la  longueur  de  la  periode  p. 
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Avant   de    passer   £  la    demonstration    du   th£or&me  IV    il 
nous  faut  gnoncer  un  theor&me  auxiliaire: 

Soient  lim  s(x)  —  U  et  lim  t(x)  —  F,  nous  aurons,  t(x) 

X  —  00  X  —  00  1  -r 

et  5  (x)  etant  continues  pour  a?  ^  0,   lim  —  •  V  s  (y)  .  £  (x  —  y)  dy 

=  u.v.  *-"x   Jo 

Demonstration  : 


. 

X  Jo  X  «lo 

x 


1    f"«" 

Dans  cette  expression  la  quantity  —  \   s  (y)  dy  a  pour  valeur 

#    Jo 

2 
limite    J7,    lim  s(a?)    6tant    egale    a     U;     la    valeur    limite    de 

z  ar«oo 

1     C"2 

—  \  s  (y)  (^  (x  —  y)  ~-  ^)  ty  est  ^ga^e  a  zero,  car  J*  (y)\  est  moindre 

X   J0  v  / 


que   Const,    pour   tous   les   y,    et,    en    faisant    a:    suffisamment 

x 
grand,  nous  aurons,  pour    tous   les   y  compris   entre   0  et  -^-, 

2t 

\t(x—y)  —  F|   <:   e,    ou    e    designe    une    quantite    aussi    petite 
qu'on  le  voudra.     On  aura  done 


lim  ~ 

X  »•>  00    •*'          «/0 

et,  par  un  raisonnement  tout  a  fait  analogue: 
lim  ~ 


Done: 

lim 

x*»       !_*•'•''«•  •*••*,  vf 

c.  q.  f.  d. 
Gela  pose,  nous  pouvons  demontrer  le  theor&me  IV: 

«QO  ^00  ^jy 

U  =   V    u(x)dx,      V  —    \   v(i»)c?a;,     5(0;)  —   \  u(y)dy, 

Jo  Jo  Jo 
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Sx  l?.c 

v  (y)  dy>    w(x)  —  \  M  (y) » (# — y)  dy ; 
o  Jo 

(I)1) 

\W(x)dx  =  \<(aOs(a— #)<**    (2)1); 

Jo  Jo 

lim   *  CV<»da?  —  lim  -$(x)s(a—x)dx  —    U.V 

a  —  »  «  Jo  a  «  so  <*  Jo 

C.  q.  f.  d. 

Dans  les  integrates  considerees  jusqu'ici  nous  avons  suppose, 
pour  plus  de  simplicity,  que  les  fonctions  a  integrer,  u(x) 
et  v(x),  etaient  continues  pour  x  >  0.  En  vue  du  developpement 
qui  va  suivre,  nous  ferons  remarquer  que  le  theoreme  IV  — 
aussi  bien  que  tous  les  theor&mes  precedents  —  a  lieu  egaie- 

men!    pour   deux   integrates   V  u(x)dx  et  \  v(x)dx    dans    les- 

Jo  Jo 

quelles  u(x)  et  v(x),    sont  continues  pour  x  >  O  niais  infinies 
au     point     x    =    0    de     maniere    toutefois     que     \  \  u  (x)  \  dx 

Jo 
Fa  '  fa  i»a 

=    lim  ^  |  u  (x)  \  dx   et    \  \v(x)\dx    =    lim  \  \v(x)\dx   existent 

(a  etant  un  nombre  positif  et  fini  quelconque) 2). 

Voici  quelques  exemples  des  applications  a  faire,  dans  le 
domaine  de  1'analyse,  des  theor^mes  precedernment  etablis. 

Premier  exemple:  A  1'aide  du  theoreme  IV  on  peut  trouver 
d'une  maniere  bien  simple  la  valeur  de  Tintegrale  semi-con- 

P*  &* 
vergente  \    — :  dx.      Posons,   pour  obtenir   le   carre    de   1'inte- 

Jo  VX  4* 

grale   en   question,    u(x)  =»  v(x)  ««     -^ :;   nous    aurons,    w(x) 

Vx 

l)  (1)  et  (-2)  se  demontrent  par  differentiation.    On  aura,  respectivement, 
les    identites    w  (x)  =  u(x)  .  #(0)-h\  u  (y)  v(x—y)dy  =  w(x)    et 

™  i'a  ^°  l*a 

W(a)  =  «(a)«(0)-f  \  t(sc)  u(a— x)dx  =  I  M(X)  #(a— x)dx  ==    W(a). 


o 

2)  En  examinant  plus  en  detail  les  demonstrations  ci-dessus  donn6es  des 
thdor6mes  I,  II,  III,  IV,  on  voit  aisSment  que  ces  demonstrations  restent 
valables  dans  les  cas  oti  u(x)  et  v(x)  ont,  dans  le  point  0,  des  singularites 
comme  celle  dont  nous  venons  de  parler. 
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-  ...  C 

J 

v 


'•'•'•  ' 

sm#.cos# 


—  it  +  &*.     On  voit  que  \  w(x)dx  —  \  ne^dx  n'est  pas  con- 

Jo  Jo 

vergente.      Cherchons    maintenant    la    valeur.  de  sommabilite 
que    doit   poss^der   notre    integrate    d'apr^s    le   theor&me   IV, 

nous  obtenons:    W(x)  «  \  w(y)dy  —  K  .\<?9dy  =  *^(&*  —  1), 

Jo  Jo  * 

il"  FX*)  dx  —  *  [4  (e*«—  1)  —  al  ,       lim  -  C"  TF(ar)  <fe  —  ?  [—  1  ]  —  *  <. 

Jo  *    L  *  J          a  —  oo  ^*  Jo  * 

/(*°°  61*          \2  ^ 

II   s'ensuit   que   [\    -^=dx]    ***  iri  =  x.e*    d'ou,    puisqu'on 


i      m7i  ^i* 

voit  immediatement  que  \    —  p^-  dx,  le  facteur   de  la  compo- 


&*> 

i      m7i  ^i* 

\    —  p^-  dx,  le 

r 

'V 

Jo 


sante  imaginaire  de'V   —=r_dx,  est  de  signe  positif: 


—         Trt 


Comme  nous  Tavons  dit  dans  Tlntroduction  (p.  214)  la 
methode  dont  nous  nous  sommes  servi  ici  pour  trouver  la 
valeur  d'une  integrale,  methode  qui  consiste  £  Clever  Tinte- 
grale  au  carre  et  a  en  extraire  ensuite  la  racine  carree,  avait 
d£ja  et^  employee  par  Laplace  cherchant  la  valeur  de  Pinte- 
grale  absolument  convergente  \  e~**dx;  mais  les  theor^mes 

Jo 

que  nous  venons  d'^tablir  ont  sensiblement  etendu  le  champ 
d'application  de  cette  methode  .  et  celui  de  toute  methode 
analogue.  A  1'aide  de  ces  theorfcmes  nous  pouvons  multiplier 
les  integrales  que  nous  voudrons,  n'etant  plus  astreints  a  nous 
en  tenir  aux  integrales  absolument  convergentes. 

Consid^rons  maintenant  1'exemple  plus  general  de  la  multipli- 
cation des  integrales  \  «te .  a^-1  dx  et  \  e^.xfi-*  dx,  ces  integrales 

Jo  Jo 

11 


III   39  Ql.    Over*.  Dan.  Vid.  Selak.  Forh.   1908. 


H.  BOHR. 

I?  (  \ 
£tant,  comme  Ton  sail,  semi-convergentes  pour  0<;  p/^\ 

repr^sentant  la  composante  r^elle  de  ?. 


Nous  aurons: 
w(x)    —    (*«(y)f?(* 

Jo 

—  ^.a^+^-^V-'O—  0  £-'<**  — 

Jo 

ou  jB   designe   la    fonction   b£ta   ordinaire.     II  faut    distinguer 
deux  cas,  savoir: 


B(a,fi)  .e<*  .xa  +  P~*  dx  est  une   integrate 
convergente.     Done: 
C*^  a^"1  c?a;  A  **  .  a?^-1  c?o;  —  ^(a,  ft)  \  eix  .  x*  +  #-  *  <fo. 

Jo  »'o  Jo 

II)    7?(cc)  +  ^(/9)   >    1. 

\  w(x)dx  =  B(a,p)  \  e**  .x"-*-^-1  dx   n'est   pas  conver- 

Jo  Jo 

gente.     Toutefois,    d'apr^s  le  theoreme  IV,    Tintegrale   est 
sommable  avec  la  valeur  \  eix  .  o^-1  dx  .  \  eix  .  xP~  i  dx. 

Jo  Jo 

Posant,  en  particulier,    dans   le  cas  II,  a  +  ft  «-    1,  ce  qui 

nous  donne  pour  1  'integrate  non  convergente  \  eix  .  xa+ft  —  *  dx 

r  *« 

=*  \  ef*  dx  une  valeur  de  sommabilite  tr^s  facile  h.  calculer  (la 

Jo 

quantite  B  (a,  /?),  qui  est  independante  de  a;,  peut  ^tre  negligee 
dans  les  calculs,  etant  partout  mise  en  facteur),  il  viendra: 

W(x)  —  ^  e**dx  —  -.  (4*—  1), 

Jo  I 

lim  ~  (°  W(x)dx  —  lira  —  .  [i  (e<«—  1)  —  a]   —  —  -  —  t 
«-«  a  Jo       v  J  a-oo  a.*  L*  v  7         J  ^ 

et  par  suite: 


Jo 

Pour  a  =»=  ^  «=  —  notre  integrate  se  reduit  a  celle  que  nous 
£ 

avons  traitee  plus  haut  (p.  222). 


Gl.    Overs.  Dan.  Vid.  Selak.  Forh.    1908. 


Recherches  sur  la  multiplication  de  deux  integrates  definies.       225 
L'integrale  p(r)  »»  \  eix  xT-*  dx  etant  dans  son  region  de 

vO 

convergence  une  fonction  analytique  de  ;*,  nous  aliens  rnon- 
trer  que  1'equation  fonctionnelle  <p(a).<p(ft)  —  -B(a,^)$0(a+£), 

trouvee  pour  0  <  *J^  <   1   et  R(a)  +  R(ft)  <    1,  peut  <*tre 

M(p) 

utilis^e  pour  la  determination  de  y?(r)-  Posant  ^(^)  —  /Xr)^(r) 
la  susdite  equation  se  transforme  en  celie-ci:  </>  (a)  .  (/>  (ft)  — 
^(a-f-^),  qui  entrafne  comme  consequence  immediate  (la  solu- 
tion <p  (?)  —  0  n'entrant  pas  en  ligne  de  compte,  puisque  nous 

avons  trouve  plus  haut  <p  (  =•  j  «=  I/—  (1  +  *))     ^(r)  **=  eir'r? 

done  ^»  (;-)  —  /"(r)  •  ^^    La  valeur  de  p   (^\   que  nous  avons 

/  1  \  —      ?' 

trouvee    plus    haut,    a   savoir    ^(^)    «*   I/TT  .  ei",    nous   servira 

V  ^  /  rrf 

pour  la  determination  de  la  constante  JK;  il  viendra:  Vit  .e* 
l/w.***;    «T  —  «K;  JT—  ^.  +  4njri  (nentier); 

«rr«  +4war*J1).      Pour    obtenir    une  determination 
univoque    de    K,    c'est-a-dire   pour  trouver  la  valeur  n  a  em- 

ployer il  convient  de  faire  remarquer  que  \  sin  x.  x*—  ldx^  qui 

Jo 

represente  pour  ^  reel  entre  0  et  1  le  facteur  de  la  compo- 
sante  imaginaire  de  \  eix  xf—1  dx,  se  montre  immediatement 

Jo 

positif  pour  toutes  ces  valeurs  de  7-.    Or  /Xr)  etant  egalement 


*)  Dans  1'intggrale  recherchee  f'W  ^  \  «te  .  af^^1  ^a?  nous  supposons 
naturellement  acr—  *  d6fini  par  e^—  i)Lo»x  Ou  Logo?  d^signe  le  logarithme 
reel  du  a:  positif  compris  entre  0  et  oo  .  Mais  si  nous  determinons  ccf—  * 
par  eO'—*)^0**-*-  »!»»')  et  que  nous  fassions  dans  cette  .  hypothese  %p(r} 

=  \  e**  .  <xY—  *  dx,  nous  aurons  ^-(7')  =  ^  W  •  £**?*•?'.    Le  seul  point  ou 

•  o  . 

nous  ayons  dd  tenir  compte  jusqu'ici  de  ce  fait  que  nous  entendoris  par 

ac/*—  *  «(/*—  DLof  *  a  ete  ie  moment  ou,  pour  obtenir  la  determination  de 
^  (J),  nous  avons  employe  la  valeur  positive  de  Vx  =  e$(L°*  *  +  **>**). 
Or  comme  «$•*(*«)**  ==  1,  et  que  par  consequent  ^^  ($)  ==  s^Ci) 
(tandis  que  %2n  +  1  (i)  =  —  ^  (i))»  il  e.st  clair  que  la  connaissance  de  la 
valeur  ?>(£)  ne  peut  nous  fournir  la  fonction  p  (y)  qu'a  un  facteur 
pres. 
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positif  pour  7-  r£el  entre  0  et  1  (de  sorte  que  le  signe  de 
la  composante  imaginaire  de  F(r)  er\*  "*"  ***']  est  d£termin£ 
par  sin  [r(of  +  ^n^)])  H  faut  choisir  n  de  maniere  que 
sin  [  r  (  S  +  ^  n  **)]  so^  positif  pour  toute  valeur  de  7*  reel  entre 

0  et  1,  ce  qui  implique  que  n  soil  egal  a  zero.     Done 
r*>  -KiY 

\  e**.xr~*dx  —  r(r).e~r  *). 

vO 

Sans  entreprendre  ici  une  etude  approfondie  des  questions 
qui  se  rattachent  £  ce  sujet,  nous  ailons  encore  montrer  qu'il 
y  a  des  cas  ou  la  notion  de  sommabilite  peut  nous  etre  utile 
pour  prolonger  une  fonction  analytique,  definie  par  une  inte- 
grale  definie,  jusqu'a  la  faire  depasser  ies  limites  du  domaine 
ou  Tintegrale  est  convergente.  Dans  Ies  cas  de  ce  genre,  on 
n'a  pas  eu,  jusqu'ici,  de  moyen  pour  trouver,  par  la  seule 
consideration  de  1'integrale  divergente,  la  valeur  de  la  fonction 
en  dehors  de  la  region  de  convergence  de  Pintegrale;  on  a 
dii  recourir  &  d'autres  representations  de  la  fonction  en  ques- 
tion. Nous  ailons  voir  qu'&  Taide  du  th^oreme  IV  on  peut 
reconnaitre  immediatement  que  1'integrale  ci-dessus 
consideree  V  eix  .  x^-*  dx^  dont  le  domaine  de  convergence 

Jo 

est  compris  entre  des  droites  perpendiculaires  a  Taxe  r^el 
passant  par  0  et  1  et  qui  est  dans  ce  domaine  egale  a 
r(r).e~*~,  que  cette  integrate,  disons-nous,  est  sommable 
dans  la  region  que  d£limitent  Ies  droites  menees 
par  1  et  2  perpendiculairement  k  1'axe  reel  ayant 
le  prolongement  naturel  de  la  fonction  pour  valeur 
de  sommabilite. 

On  a  en  effet 
I)    pour    0  <  R(T)  <    1       (JV  . 

ix    xr—*  dx  « 


f°° 
\ 

Jo 


J)  La  valeur  de  1'integrale  y'xr—idx  est  deja  connue.  Elle  peut  se 
trouver  a  Taide  du  theoreme  fondarnental  de  Cauchy  sur  1'  integration 
complexe. 
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II)    pour    1    <   B(r)   <    2  .^T-'^      :  B 

00 

«=-  la  valeur   de  sommabilite  de  C  eix  .  x^-*  dx. 

La  fonction  du  premier  membre    (  j  0*""  •  #  ^  -1  )  :  ^  (  "i  '  6f  ) 
^tant  analytique  dans  tout  le  domaine  ou  0  <  R(f)  <  2,  il 

Sao 
e**  .  x^~idx 
0 

a,  pour  1  <C  R  M  <;  2  son  prolongement  naturel  pour  valeur 

****  ?.1JT 

de  sommabilite.    Et  comme  F(^)  .  6    2    est  egalement  analytique 


dans   tout   le   domaine   ou  0  <c  jR  (7-)  <1  2,    cette    valeur   de 

ZLLT 
sommabilite   est  necessairement  ,T      .  e   *    . 


Revenons    de    ces    exemples   a   la   consideration    de    deux 

p°°  r°° 

integrates  semi-convergentes  quelconques  \u(x)dx  et  \v(x)dx. 

•'o  o 

Gonformement  a  ce  que  nous  avons  trouve  pour  la  multiplica- 
tion de  deux  integraies  dont  Tune  est  absolument  convergente, 
Tautre  semi-con  vergente,  nous  pouvons  ici,  en  considerant 
deux  integrates  semi-convergentes  r  g^neraliser  le  theor&me 
{theordme  IV)  qui  a  lieu  pour  la  multiplication  ou  la  courbe 
limite  co'mcide  avec  la  droite  x  -f-  y  «=  z  (Const.)  jusqu'a  lui 
faire  comprendre  les  cas  oil  les  courbes  limites  du  champ 
d'integration  de  1'integrale  double  §  u  (x)  v  (y)  da>,  sont  d'un 
type  general  determine.  Nous  sommes  a  m^me  de  demontrer 
^t  ce  sujet  le  theor&me  suivant: 

Th^or^me  V.  D^signons  par  <p(z)  et  par  <p(z)  deux 
fonctions  d'une  variable  reelle,  z,  qui  soient,  pour 
#2^0,  continues  et  constamment  croissantes  (mettons 
pour  plus  de  sirnplicite,  <p  (0)  —  ^(0)  —  0)  et  qui  admet- 
tent,  pour  z  >  0,  des  fonctions  derivees  continues, 
differ  en  tes  de  zero  et,  par  consequent,  positives:  <p*  (z)  et 
^'(s);  —  definissons  en  outre  une  fonction  W(r)  la 
valeur  qu*on  obtient  par  Tint^gration  de  f  (a?,  y) 
=  u(x).v(y)  dans  le  champ  delimite  par  les  axes  et 

par   la   courbe   ^(a?)-h^(y)  ***  r?   *a   fonction   W  aura, 

15 
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si  elle  tend  pour  r  =  oo  vers  une  valeur  limite  finie 
et  determin^e,  la  valeur  limite  U  .  F,  et  plus  geneYale- 
ment:  on  aura  dans  tous  les  cas: 

lim    ^W(r)dr  —    U  .  V.  ») 

Posant,  en  particulier,  <p  (z)  «=  $  (z)  =**  z  le  theor&me  sera 
evidemment  identique  au  th£or&me  IV. 

Demonstration  du  theor&me  V: 

Transformons    les  deux  integrates  considerees  \  w  (x)  dx  et 

r*/o 
v(y)dy  —  en  posant  x  —  <p  <—  4>  (a)  (la  fonction  inverse  de  y?; 

«"==?>(*))  et  y_0<-0(0)  —  en  $Jf7  («)<*«  et  JVoff)  rf£,  ce 
qui  nous  donne 

et 


le  resultat  que  nous  obtiendrons  en  integrant  la  fonction  /"(#,  i/) 
«=  w(o?).v(y)  dans  le  champ  du  plan  X-Y  que  limite  la 
courbe  p(#)  +  ^(y)  =  *"»  sera  le  m§me  que  donne,  dans  le 
plan  A.B,  1'integration  de  la  fonction  F(a,ft)  =*=*  U(a)  .  V(ft) 
dans  le  champ  limite  par  la  droite  a  -\-  ft  ==  r.  L'identite 
des  resultats  est  due  a  ce  fait  que  dans  la  representation  qui 
aura  lieu  le  rectangle  infiniment  petit  da  .  dp  du  plan  A  .  B 
repondra  a  un  rectangle  infiniment  petit  dx  .  dy  du  plan  X-Y  de 


grandeur       ~-  •  rf«  •  *fl-      «    s'ensuit    que 

etendue  au  champ  M  du  plan  X-Y  est  egale  a 

da.  dj3 


etendue  au  champ  ^V  du  plan  A  .  B,  qui  correspond  a  M.  Et 
comme  nous  avons  demontre  plus  haut  (theoreme  IV)  qu'il 
est  permis  de  multiplier  une  integrate  par  une  autre  integrale 
(dans  Tespece:  \  U(a)da.\  V(ft)dft)  en  prenant  pour  courbe 

*0  ^0 

a)  Aux  cas  ou  f(x)  est  une  fonction  continue  et  ou  lim   —  .  \f(x)  d,r 

a  m*  oo    a      Jo 

est  egale  k  F,  nous  dirons  dans  ce  qui  suit,  pour  plus  de  simplicity,  que 
f(x)  a,  pour  x  ==  oo  ,  la  valour  limite  generalisee  F.  Le  theoreme  V 
peut  alors  s'exprimer  ainsi  :  W(r)  a  pour  valeur  limite  gengralisee 
le  produit  U.  V. 

16 
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iimite  la  droite  a  -j-  ft  —  r,  nous  en  pouvons  conclure 
diatement  a  la  validity  du  th£or&me  V  portant   sur   la   multi- 
plication qui  prend  pour  courbe  Iimite  <p  (x)  +  <f>(y)  —  r.  l) 

Nous   allons   faire  application    du  th£or£me  V  en  nous  en 
servant  pour  trouver  la  valeur  de  Pintegrale  \  eia*  dx.    Posant 

c°° 
u(x)  =  t?(a?)  =  €***   —    (chercharit   le   carre   de   \  eix*  dx)    — 

et  mettant  <p(?)  =*=  <f>(z)  ~**  z*  —  (multipliant  en  prenant  des 
cercles  a?3  -f-  y2  —  r  pour  courbes  Hmites)  T—  on  obtient,  en 
employant  des  coordonn^es  polaires  (p,  8)  : 

?L  -  ~  - 

W(r)  =»  t'  d0.(Vr  fldp.e'(f"«>*0+f"«*'0)  _  C*  dO  .?'  pdp. 

Jo  Jo  Jo  WO 


On    voit   que    W(r)   n'a  pas    de   valeur  Iimite  ordinaire  pour 
r  —  oo  .      La    valeur    Iimite    generalisee    de    W(r)    est,    on    le 

reconnait  imm^diatement,  &-•&-.,(  —  1)  ==*-*-'  ^'rayant  sa  valeur 

2t     2»  1'  Qt 

a  oo  .s 

&**  dx  I 

d'ou,    le  signe   de  la  racine  carree  extraite  etant  facile 


a  trouver,  c'cte  —  n>  (1  +  t). 
Jo  4 

D'apres  le  theor&me  general  sur  la  multiplication  de  deux 
integrates  absolument  convergentes,  th£or&me  qui  peut  s'ex- 
primer  par  Tequation  (3)  (p.  214),  aussi  bien  que  d'aprfes  les 
theor&mes  relatifs  a  la  multiplication  de  deux  integrates  dont 

1)  La  seule  condition  que  nous  avons  impos^e  aux  fonctions  continues 
y>  et  ^  c'etait  d'avoir  pour  les  valeurs  d'argument  superieures  a  zero  une 
fonction  derivee  differente  de  zero.  Si  nous  ne  les  avons  pas  assujetties 
a  la  meme  restriction  pour  z  =  0,  c'est  qu'elle  n'est  pas  necessaire  pour 
notre  demonstration.  On  le  voit  aisement  en  se  rappelant  )a  reniarque 
que  nous  avons  faite  plus  haut  en  ayant  en  vue  ce  point  justement. 
Nous  disions  (p.  222)  que  le  theoreme  IV  avait  lieu  meme  si  les  deux 
integrates  considgrees  avaient  le  point  0  pour  point  singulier.  (La  valeur 
numertque  de  la  fonction  etait  supposee  integrable  pour  x=-}-0).  II  est 
done  perm  is  d'employer  par  exemple  <f>(z}  =  $(z}  ==  z*  (multiplier  en 
prenant  des  cercles  x*  -f-  y*  =  r  pour  courbes  limites)  quoique  ?'($}> 
=  <£'(0)  =  0. 

17 
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1'une  est  absolument  convergente  et  Pautre  senii-convergente, 
theor&mes  £nonc£s  au  chapitre  I,  1'integrale  double  §  u(x)v(y)daj 
^tendue  aux  divers  champs  consideres  par  les  theordmes  en 
question,  a  immddiatement  U .  V  pour  valeur  limite  quand 
le  champ  croit  indefiniment. 

Par  contret  les  theor&mes  IV  et  V  qui  traitent  le  cas  de  deux 
integrales  semi-convergentes,  n'impliquent  pas  que  $«  (x)  v  (y)  dot 
ait  la  valeur  limite   U .  V  quand  le  champ  d'intggration  croit 
&  1'infini  des  diverses  mani&res  indiquees   par   ces   theoremes, 
mais   settlement  que  la   valeur  de   Pintegrale    double    ^oscille 
autour  de  la  valeur   Z7.  F*  de  sorte  qu'on  peut  obtenir  cette 
valeur    par    suite   de   certaines    operations    d'ajustage.      II    en 
r£sulte   qu'en  op^rant  avec   les  theoremes   IV   et   V   nous  ne 
sommes  pas  libres  de  considerer  §u(x)v(y)d&  —  la  fonction 
W — comme  fonction  de  n'importe  quelle  variable1.     Dans  le 
cas  traite   par  le   th^or&me  V   et  dans  celui  du  theor&rne  IV 
qui  n'en  est  qu'un  cas  particulier,   la  variable,  independante, 
de   la    fonction    W  est   la   valeur   de   <p  (x)  -f-  ^  (y) ,    constante 
pour   chaque  courbe.     Or   cette   quantite    n'est   pas   dans   un 
rapport    simple  avec  Timage  geom^trique   et   on   pourrait   se 
demander    par   exemple   si    le   theor&me  V    n'aurait    pas   lieu 
tel  quel   si  on   regardait   la   fonction  W  —   Pintegrale  double 
J  u(x)v(y)da>  etendue  au  champ  limite  par  la  courbe  <p(x)  -\-  <f>(y) 
—  Const.  —  comme   fonction   de   1'abscisse,    que    d^coupe   la 
courbe.    Un  probl&me  qui  s'impose  a  quiconque  voudra  appro- 
fondir  ce  sujet,  est  celui  des  modifications  deter minees  dans  une 
integrate  sommable  par  les   changements  de  la  variable  inde- 
pendante.    Les  questions   qui   s*y   rattachent   ont  ete   trait^es 
par  GES!RO  dans  un  memoire  intitule :  Contribution  £  latheorie 

J)  Reniarquons  &  litre  d'exemple  que,  consideree  comme  fonction  de  x, 

I    _^j 

e*  cos  (e*)  a  la  valeur  limite   generalisee  0  .  (lim  -—  V  ex  .  cos  «•*  .  dx  =  0) 

*  *>Q 

landis  que  consideree  comme  fonction  de  y  =  e*  cette  m&me  quantity  n1a 

1  f 
pas  de  limite  generalisee.  — -  \  y .  cos  y  .  dy  se  comportant  pour  les  a 

**  «lo 
inftniment  grands  comme  sin  a. 
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des  limites"  *).  Cependant  les  resultats  obtenus  par  M.  Ces&ro 
sont  susceptibles  d'amplifications  assez  considerables  mais  qui 
n'entreraient  pas  dans  les  cadres  de  la  pr£sente  etude 2) ;  je  me 
permettrai  seulement  de  donner  ici  un  th£oreme  que  je  dois 
a  une  application  particuliere  de  mes  propres  resultats  au 
problem  e  traite*  ci-dessus : 

Th6or£me  VI.  Soient  a,  &,  iw,  n  des  nombres 
positifs  quelconques.  L'integrale  .  double  W(s) 
=  §u(x)  v(y)  da>  etendue  au  champ  limite  par  la 
courbe  axm  +  by*  -=  r  aura  —  si  nous  prenons  pour 
variable  ind^pendante  1'abscisse  ou  l'ordonne*e  s 
d6coup6e  par  la  courbe  —  la  valeur  limite  gene- 
ra lis£e  U »  F,  quandret,  par  suite,  stendentversoo. 

Autrement  dit:  Urn   *  %W(s)ds  —    U .  V. 

g  mm.  QO     &     O 

Posarit,  en  particulier,  a  =>=*b  =  \,  m  =-=  n  =-=  2,  ce  th^oreme 
enonce  que  si  Von  multiplie  en  prenant  des  cercles  x*  -\-  <y* 
—  Const.,  pour  courbes  limites  on  peut  considerer  le  rayon  du 
cercle  comme  variable  ind^pendante. 

REMARQUES  FINALES. 

Abstraction  faite  des  theor&mes  V  et  VI,  les  propositions 
ci-dessus  donnees  pour  la  multiplication  de  deux  integrales 

ru(x)dx  et  \Tv(x)dx  forment    un    ensemble    tres    analogue  a 
vr  0 

celui  des  th^oremes  connus  qui  ont  lieu  pour  la  multiplication 

OO  QC 

de  deux  series  infinies     X  'ww  et     ^\  'vn,    theoremes  que  nous 

^  ^ 

devons   a  MKRTENS,   STIELTJES,    ABEL    et    CESARO*).      En   intro- 

l)  Darboux,  Bulletin,   1889. 

*)  J'espere  pouvoir  bient6t  publier  mes  recherches  sur  cette  question. 

8)  Cette  analogic  devient  surtout  manifeste  si,  en  inultipliant  les  deux 

series       _^    t*«   et     ^    t>»    on   regard  e   up  .  vq   comme   une    fonction  du 

couple  oe  nombres  (p,  q)  et  qu'on  se  figure  les  couples  de  nombres 
successifs  representes  par  des  points  sur  le  quart  de  plan  positif  d'un 
systeme  de  coordonnees  rectangulaires. 
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duisant  une  nouvelle  notion  —  on  pourrait  la  designer  sous 
le  nom  de  series  &  indices  arbitraires  —  ou  les  series 
infinies  ordinaires  rentreraient  comme  un  cas  particulier  et 
dont  les  integrales  definies  repr^senteraient  un  cas  limite,  11 
devient  possible  de  reunir  sous  un  point  de  vue  comrnun 
la  multiplication  des  series  et  celle  des  integrates.  En  effet 
on  peut  demontrer  que  les  cas  consid^res  par  ces  theoremes 
sont  tels  qu'on  peut  etablir  pour  toute  la  classe  de  series 
a  indices  arbitraires  un  nouveau  theor&me  comprenant  com  me 
un  cas  particulier  le  theoreme  des  series  et  comme  cas 
limite  le  theoreme  des  integrales.  —  En  operant  avec  les 
series  plus  generates  a  indices  arbitraires  au  lieu  des  series 
infinies  ordinaires  on  obtient  de  pouvoir  se  servir  d'un  pro- 
cede  parfaitement  analogue  a  la  transformation  des  integrales 
definies,  on  pourra  done,  au  cas  ou  les  deux  series  coiisiderees 
sont  semi-convergentes,  ampiiiier  la  theorie  de  la  multiplication 
des  series  par  des  theoremes  qui  correspondent  du  tout  au 
tout  aux  deux  theoremes  que  nous  avons  designes  dans  ce 
qui  precede  comme  les  theoremes  V  et  VI. 

Nous  touchons  ici  a  un  sujet  qui  demanderait  des  recher- 
ches  ulterieures ;  jresp6re  pour  ma  part  que  j'aurai  bientot 
Toccasion  d'y  revenir. 
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Om  en  Udvidelse  af  en  kendt  Konvergenssaetning. 

Af  Harald  Bohr. 


Ved  Hjaelp  af  den  Abel'ske  delvise  Summationsformei 
liar  P.  Du-Bois-Reymond*)  bevist  folgende  Konvergens- 
saetning: 

Raekken     Xan  .  bn    er    konvergent,     naar    X#n    og 

00  °  ° 

X   ba  —  ^n  —  1|   er  konvergente. 

i 

Det  skal  her  vises,  hvorledes  denne  Saetning  kan  udvides 
til  folgende  almindeligere  : 

oo 

Er  X<?n   konvergent  og  er 


en    Samling    komplekse    Tal,    der    opfylder    f01gende 
2  Betingelser: 

r=» 

i)          lini          ^n,m=^m          2)      Z  |  ^n/  r  —  -  £n,  r  _  ,  |  <  ^  (for  alle  w) 

;//  konst.  »  =  oo  r=  I 

da  h  a  r  rt'o  <£n,  o  +  ^i  ^n,  i  H  —  •  +  #n  •  ^n,  n   ^or  #  =  oo  en  Graense- 

00 

vaerdi   lig  X^,,  .  £n. 

o 

oo 

Vi    vil    begynde    med  at  vise,    at  Z^n  •  b*  under  de  givne 
Forudsaetninger  er  konvergent. 


*)  Antrittsprogramm,   Freiburg   1871. 
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HARALD   BOHR: 


Lad  os  for  Kortheds  Skyld  betegne 

l*£n,in+l  +  #  m+s  *  ^n,  m+2  H  ----  +  ^m-fp*  ^n,  m+p  |    Hied 


Vi  bar  da,  idet  ^r  =  tf0  +  ai  H  -----  H^r,  og  idet  vi  benytter  den 
Abel'ske  Omskrivning: 

f(n^    /«,  ^)  =   |  am  4.  j   •  <£„,  m  -»-  i   +    •    •    •    +  #  m  4-  P  *  ^n.  m  +  p  |   = 


(*n,  m  +  P  —  1  -  *n,  m  4-p)  (^m  -f  p  —  1  -  -^m)  "T"  ^n,  m  -f  p  (-^m  -|-  p  -  Sm)  \  ^ 
^/In  (  |  ^n,  m-f-i  -  ^D/  m-f  2  I  H  -----  H  |  ^n,  m  ^-  p  —  i  -  ^D,  m-f-p  |    +   |  Ai,  m-f  P  I  )> 

hvor  Mm  betegner  Maksimum  af 

|  Sm  +  1  -  Jm  |  ,  •   -  -  |  Sm  +  p  —  -$Vn  |  -   -   -    Hm    J/m   =   O. 

rtl  =  QG 

Af  Ligningen 

^n,  m-|-p   ==  ^n,  0   +   (^o,  1  -  ^n,  o)   +    •    •    *    +   (^n,  m^-p  -   ^n,  ni  +  p  —  l) 

faas 

|*n.ra+pi<-ff  +   |*o,o|. 

og  folgelig 

f(n,m,p)<Mm(2B-}-  |^n/o|),  hvor  |^n,0  |  er  endelig  «  Konst.) 
for  alle  w,   da  tim  ^0/  0  =  ^0. 

»  =  00 

Der  findes  derfor  sikkert,  naar  e  er  et  vilkaarligt  opgivet 
nok  saa  lille  positivt  Tal,  et  belt  Tal  w',  saaledes  a\.f(n,  *#,/>)  <C  £> 
naar  m  j>  /«'.  For  ethvert  saadant  m  og  et  vilkaarligt  ^T  faar 
man  derfor  ogsaa 

lim  f(n,  m,p)  =  |  am  +  ,  .  ^m  ^  t  +  .  .  .  +  am  +  p  •  bm  +  p  |  <  e  ; 


men    dette    udsiger   netop,    at   Rack  ken  X*?n  .^0    er    konver- 
gent.     Lad  os  kalde  dens  Sum    G. 

Vi    kan    nu    sikkert,    naar    e    atter  betegner  et  vilkaarligt 
positivt  Tal,  finde  et  Tal  ml%  saaledes  at  baade 

/(»,»*!,/)<:-—  og  \G—(a9A0+al6l-\  -----  \-ami  .  ^rai)|<  ~- 

^  »5 

Vi    kan  endvidere  derefter,    idet  m±  jo  er  et  bestemt  fast- 
lagt  Tal,  finde  et  Tal  N>  saaledes  at  for  w>A^f 


G2.    J^y<  Tidsskr.  Mat.  B  20  (1909). 


OM    EN   UDV1DELSE   AF   EN   KENDT   KONVERGENSSJETNING. 

For  ethvert  n^N  haves  nu 

\G  —  (a0  b«,  o  +  at  60fl  +  -  .  .  +  an  •  £„,  „)  |  < 


f(n,  m^  n  —  m^X  3  *  —  =  e- 
Altsaa 


,.,  0 


n,  n)   = 


q.    e.   d. 

Saettes  bn,  m  =  bm  for  alle  M,  faas  Du  Bois-Reymonds 
Saitning. 

Den  ovenfor  opstillede  Graenseovergangssaetning  kan  i  flere 
Tilfaelde  anvendes  med  Fordel.  Her  skal  vises,  hvorledes  man 
ved  Hjselp  af  den  umiddelbart  kan  bevise  de  2  Hovedsaetninger 
for  Multiplikation  af  2  uendelige  Raekker,  der  henholdsvis  skyl- 
des  Mertens  og  Cesaro. 

Den   Merten'ske  Ssetning  hedder: 

00  OO 

Er    U  =  X«n    konvergent    og    er    V=  Xz/n    absolut 


konvergent   \^\  ^n|  =  V<\  samt  saettes 


da  er  £zt>n  konvergent  og  lig    £/• 

o 

Be  vis: 


idet  /r  =  ^/0  +  ^i  H 
Da  nu 


i)     X«n  konvergent;  2)          lim          /„  —  r=  F'; 

0  r  konst.  «—  oo 

3)        |  /„  —  /n«,  |  +  -  -  -   +  |A  —  /«  |   =   i  |  Vr  |  <    ^i 

faas  : 

Hm  ^a  =  w0  •  F  +  »i  F  +  -  •  •  +  #n  -  F  +  •  •  •    =  U  .  V 
q.  e.  d. 

Den     Cesaro'ske     Ssetning    hedder,     idet    der    benyttes 
samme  Betegnelser  som  ovenfor: 
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oo  oo  oo 

Er    £  //  n    o«     2Lz'  n    konvergente,    da    er    £?£/„    sum- 
mabel   med   Vaerdien    £/•   V  d.   v.   s.   da  er 

lim  —  (  WQ  +  Wi  +  .  .      +   W^,)  =  i/-   V. 
ji 

Bevis  :    J^'n  =  ?/(J  /„  +  //x  /„  „  i  +      -  •  //„  /0 

1    r  r  *  '  _i         _i_7/'i      <rf   A>  +  /i  4-  •  •    -f  4 

-  -  [  H'  o  -J-     •  •  -j-  *-^  nj  =  ?/0  ------------- 

/0  +  /'l4---Hh/n--l       ,  ,  /„ 

-r  Wl  -  n        —     -h     .  .        Wn—  • 

Da  nu 
i)  Z«n  konvergent;  2)          lim          ^±A±V  !  ^^JZJ  =   ^; 

r^kon^t.  «-  oo  7/ 

3)      i^L±J_^LL±_-_-.±J'.i    <Konst, 
da   St0rrelsen   bar   Grsensevaerdien   |  V\    for  ;/  =  <3C   faas 


H 

q     e.    d. 

Ved  Unders0geiser  af  Produktra^kken  ordnet  paa  anden 
Maade  end  ved  de  2  ovenfor  omhandlede  Saetninger,  vil  den 
her  givne  udvidede  Konvergenssaetning  ligeledes  kunne  anvcn- 
des  med  Fordel. 
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Nogle  Bemaerkninger   om  fonnel  Regning. 

Af  Harald  Bohr. 


Da  Decent  A.  F.  Andersen  i  sin  Tid  forsvarede  for  den  filo- 
sofiske  Doktorgrad  sin  udmaerkede  Afhandling  wStudier  over 
Cesaro's  Summabilitetsmetode"  —  der,  som  den  senere  Litteratur 
om  summable  Raekker  viser,  har  vakt  megen  Opmaerksomhed  og 
vundet  stor  Anerkendelse  ude  i  Verden  —  diskuterede  Docent 
Andersen  og  jeg  (som  Opponent  ex  auditorio)  bL  a.  nogle  Sp0rgs- 
maal  om  Fordelene  ved  formel  Regning  med  uendelige  Raekke- 
udviklinger.  De  f01gende  Betragtninger  tager  deres  Udgangspunkt 
i  denne  Diskussion.  Jeg  begynder  med  nogle  almindelige  oriente- 
rende  Bemaerkninger,  gaar  derefter  over  til  at  belyse  de  Sporgs- 
maal,  Talen  er  om,  ved  et  specielt  typisk  Eksempel  —  Udledelsen 
af  den  Mobius'ske  Omvendingsformel  —  for  sluttelig  udf0rligt  at 
behandle  en  af  de  interessante  Saetninger  i  Docent  Andersens 
Disputats  omhandlende  Regning  med  Differenser  af  brudden  Orden. 


1°  Naar  man  vii  studere  en  eller  anden  talteoretisk  Funk- 
tion  a(ri),  altsaa  en  vis  Talf01ge  a(l),  a(2),  a(3), -  •  •,  er  det  som 
bekendt  i  talrige  Tilfaelde  bekvemt  at  anbringe  Elementerne  i  Tal- 
folgen  som  Koefficienter  i  en  eller  anden  uendelig  Raekkeudvik- 
ling,  f.  Eks.  at  danne  Potensraekken 

a(l)jt+a(2)jc2+  .  .  .  +a(n)x"+  -  -  - 
eller  den   Dirichletske  Raekke 

«<„+?«+... +-£>+... 
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eller  lignende;  hvilken  Raekketype,  man  med  storst  Fordel  kan 
benytte,  afhaenger  naturligvis  af  Forholdene  i  det  enkelte  Tilfaelde. 

Ved  mange  Unders0gelser  er  den  videre  Fremgangsmaade 
da  den,  at  man  studerer  den  ved  Raekken  fremstillede  Funktion 
f(x)t  altsaa  betragter  x  som  en  (reel  eller  kompleks)  Variabel, 
og  saa  derefter  ud  fra  de  fundne  Egenskaber  ved  denne  Funk- 
tion  /(jc)  soger  at  slutte  tilbage  til  Koefficienternes  Egenskaber, 
f.  Eks.  deres  asymptotiske  Forhold.  Et  fundamental!  Eksempel 
paa  Anvendelsen  af  denne  Metode  er  i  nyere  Tid  givet  ved 
Hardy-Littlewood's  ber0mte  Unders0gelser  indenfor  den  additive 
Talteori.  Men  ogsaa  i  saadanne  Tilfaelde,  hvor  den  betragtede 
Raekke  ikke  konvergerer  —  eller  paa  simpel  Maade  kan  summe- 
res  —  for  nogen  Vaerdi  af  x,  og  hvor  man  altsaa  ikke  kan  betragte 
jc  som  en  Variabel  (et  foranderligt  Tal),  men  blot  som  en  Para- 
meter (et  Bogstav,  man  regner  med  efter  de  saedvanlige  elemen- 
taere  Regneregler),  kan  det  vaere  af  stor  Fordel  og  medf0re  bety- 
delig  Overskuelighed  ved  Udledelsen  af  Formler  at  betragte 
Raekkeudviklinger  som  de  naevnte,  selvom  man  jo  ikke  her  til 
den  enkelte  Raekke  kan  knytte  nogen  Funktion  f(x)  som  Raekkens 
,/Sum«  og  derfor  er  henvist  til  ,,formel"  Regning  med  Raekkerne 
selv.  Det  er  Sporgsmaal  vedr0rende  saadanne  formelle  Regninger, 
jeg  i  det  f01gende  skal  omtale.  Jeg  begynder  med  at  betragte  et 
specielt  typisk  Eksempel,  der  tydeligt  belyser  Sagen. 

2°  Ved  flere  talteoretiske  Unders0gelser  traeffer  man  paa  den 
saakaldte  M0bius'ske  talteoretiske  Funktion  /*(/*)  defineret  ved 

1   for  n  —  1. 

___  .     (  —  ly,  hvis  n  er  et  Produkt  af  m  forskellige  Primtal. 
0,  hvis  n  indeholder  mindst  et  Primtal  i  h0jere  end  lstc 
Potens. 

Betydningen  af  denne  Funktion  haenger  paa  det  n0jeste  sammen 
med  den  saakaldte  M0bius'ske  Omvendingsformel,  som 
udsiger,  at  hvis  a(n)  er  en  eller  anden  talteoretisk  Funktion  og 
b(ri)  den  nye  talteoretiske  Funktion,  der  dannes  udfra  a(n)  ved 
Formlen 


(1) 

din 

hvor  dfn  under  Summationstegnet  angiver,  at  Summen  skal    ud- 
straekkes   over  alle   positive   hele    Divisorer    d   \   n,   da   kan   man 
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omvendt  udfra  b(n)  komme  tilbage  til  a(n)  ved  Formlen 
(2)  «(*>  = 

din 

Denne  Formel  (eller,  om  man  vil,  disse  uendelig  mange  Formler 
svarende  til  n  =  1,  2,-  •  •)  kan  man  naturligvis  uden  st0rre  Vanske- 
lighed  verificere  ved  en  direkte  elementaer  Regning,  men  man 
faar  en  langt  klarere  Forstaaelse  af  den  egentlige  «Grund"  til,  at 
der  gaelder  en  saadan  Formel,  og  sparer  sig  enhver  kedelig  Reg- 
ning ved  paa  den  ovenfor  omtalte  Maade  at  anbringe  de  talteore- 
tiske  Funktioner,  Talen  er  om,  som  Koefficienter  i  en  uendelig 
Raekkeudvikling  hvortil  her  naturligt  anvendes  en  Dirichletsk 
Raekke,  da  der  her  er  Tale  om  Summer  udstrakt  over  et  Tals 
Divisorer,  og  saadan  ne  Summer  jo  af  sig  selv  optraeder  ved  Mul- 
tiplikation  netop  af  Dirichletske  Raekker. 

Vi  danner  altsaa,  udfra  den  givne  talteoretiske  Funktion  a(/i), 

den   Dirichletske  Raekke  ^1  —  —^  og  kommer  da    umiddelbart  ved 

formel    Regning   til   den    nye   Dirichletske    Raekke  ^7  —  -^  9      hvis 

Koefficienter  b(n)  er  bestemt  ved  Formlen  (1),  ved  at  udfore 
Multiplikationen 


Vil    vi    nu    omvendt    komme    fra    Funktionen    b(n)  tilbage  til 
Funktionen  a(n\  maa  vi  se  at  faa  Raekken    ^--~-    udtrykt   ved 


Raekken    ^7—,  altsaa  se   at   faa  Faktoren    ^>?—     skaffet   over 
nx  nx 

paa    den    anden    Side   af    Lighedstegnet    i    (3).       Dette    gores   ved 

f0rst  at  omskrive  Raekken    57  —  til  et  uendeligt  Produkt  paa  den 

-—•  nx 

bekendte  Maade 


P* 

hvor  p  gennemlober  Primtallene  2,  3,  5,-  •  -.     Idet  det  uendelige 
Produkt 
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ved    formel    Udregning    jo    netop    giver  den    Dirichletske    Raekke 


(denne  Formel  77  (l-~)  -  er  for0vrigt   den 

n*  p^  nx 

simpleste  Maade  at  udtrykke  selve  Definitionen  af  den  M0bius'ske 
Funktion  paa),  finder  vi,   naar  vi   i  (3)  dividerer  paa  begge  Sider 

af  Lighedstegnet  med  ^7~.  Formlen 


n*        j-i    n* 

Denne  Formel  giver  os,  naar  vi  formelt  udf0rer  Multiplikationen 
paa  .h0jre  Side  af  Lighedstegnet  og  derefter  saetter  tilsvarende 
Koefficienter  paa  begge  Sider  af  Lighedstegnet  lig  med  hinanden, 
netop  den  M0bius'ske  Omvendingsformel  (2). 

Men,  sp0rger  vi  os  nu,  med  hvilken  Ret  kan  vi  betragte  den 
ovenstaaende  Udledning  ved  Hjaelp  af  formelle  Regninger  med 
uendelige  Raekker  og  Produkter  som  et  virkeligt  Be  vis  for  den 
M0bius'ske  Formel.  Eller  er  der  her  slet  ikke  Tale  om  et  Bevis, 
men  blot  om  en  heuristisk  Betragtning,  som  vel  kan  vaere  over- 
maade  nyttig  til  at  komme  paa  Sporet  efter  Formlen,  men  som 
bagefter  maa  kornplementeres  med  et  virkelig  strengt  Bevis  som 
f.  Eks.  det  direkte  elementaere  Bevis,  jeg  ovenfor  hentydede  til. 
Naturligvis,  hvis  vi  i  vore  Regninger  kunde  opfatte  x  som  en 
Variabel  (og  ikke  blot  som  en  Parameter),  og  de  Raekker,  vi 
regnede  med,  for  tilstraekkelig  store  Vaerdier  af  x  var  absolut  kon- 
vergente,  kunde  vi  let  give  den  ovenstaaende  formelle  Udiedelse 
en  reel  Gyldighed.  Hvad  de  benyttede  ,,Hjaelperaekker"  £(x) 

—  ^L~~x  °g  >7~T  =  ^.^~~~   angaar,  er  der  intetsomhelst  i  Vejen; 
n  c,  \x)  n 

disse  Raekker  er  absolut  konvergente  for  x>l.     Men  nu  Raekken 

V5  —  J.?     Hvis  denne  Raekke  ogsaa  konvergerede  absolut   for  til- 
nx 

straekkelig  store  Vaerdier  af  x  (lad  os  sige  for  jc^>x0>"l)  kunde 
vi  umiddelbart  slutte  saaledes:  For  X>XQ  gaelder  (ikke  blot  for- 
melt) Ligningen 


nx  —  n*  C(jc)""\  n*  n*  n* 


altsaa   idet   vi    multiplicerer   de   to    (absolut   konvergente)    Raekker 
indenfor  Parentesen  paa  h0jre  Side  af  Lighedstegnet 
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/z*         ^w     /z* 

og  heraf  folger  da,  ved  fornyet  Multiplikation  af  de  to  (ligeledes 
absolut  konvergente)  Raekker  paa  h0jre  Side  og  paafolgende  Koeffi- 
cientsammenligning,  den  M0bius'ske  Formel  (2),  idet  vi  benytter 
Entydighedssaetningen  for  Dirichletske  Raekker,  der  udsiger,  at 
hvis  to  for  tilstraekkelig  store  Vaerdier  af  x  konvergente  Dirichlet- 
ske Raekker  fremstiller  den  samme  Funktion,  da  er  de  formelt 
identiske. 

Men    dette    Bevis    kan    jo    ikke    opretholdes,    hvis    den    givne 
Funktion  a(n)  er  saaledes  beskaffen  (f.  Eks.  an  —  n\),  at  Raekken 

51  —  ^  ikke  konvergerer  for  nogen,  selv  nok  saa   stor,  Vaerdi  af 

x.  Og  paa  den  anden  Side  ved  vi  jo,  f.  Eks.  udfra  den  elemen- 
taere  Begrundelse  af  den  M0bius'ske  Omvendingsformel,  at  Gyl- 
digheden  af  denne  Formel  ikke  i  mindste  Maade  afhaenger  af 
a(/i)'s  St0rrelsesorden,  men  at  den  bestaar  for  enhver  talteoretisk 
Funktion  #(/*).  Den  ovenstaaende  Maade  at  omfortne  den  for- 
melle  Udledning  til  et  virkeligt  Bevis,  kan  derfor  ikke  betragtes 
som  fyldestg0rende  eller  naturlig;  man  maa  forlange  et  Bevis, 
som  i  den  Henseende  svarer  til  Forrnlens  Natur,  at  det  slet  ikke 
kommer  ind  paa  Sp0rgsmaalet  om  a(n)'s  St0rrelsesorden,  d.  v.  s. 

er  ganske  uafhaengig  af,   om    Raekken    J^*--  -—     konvergerer    eller 

divergerer.  Og  en  Fortolkning  af  vor  formelle  Udledelse,  der 
tilfredsstiller  dette  Krav,  ligger  da  ogsaa  lige  for.  Vi  beh0ver 


blot  at  bemaerke,  at  naar  en   Dirichletsk   Raekke  51—   dannes    ved 

1  n* 


formel   Multiplikation  af  to  andre   Dirichletske   Raekker  5 .-- n    og 

5. —   bestemmes  Koefficienterne  yn  i  Produktraekken  ved  en  Formel 
n* 

^v '       & 

din  d 

hvor  der  for  et  fast  n  kun  indgaar  et  endeligt  Antal  af  Koeffi- 
cienterne ar  og  fiv.  Det  er  da  nemlig  klart,  at  vi,  naar  vi  skal 
bevise  Formlen  (2)  for  et  fast  n  =•  N  simpelthen  kan  skaere 

5^-~r  af  ved  n  =  N,  d.  v.  s.  kan    n0jes  med,  i    Stedet   for  hele 

ttr 
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,  kun   at  betragte  den    endelige  Raekke 


Og  lad  os  tilfoje,  at  hvis  vi  vilde  g0re  Udledelsen  ganske 
elementaer  —  og  derved  befri  den  for  ethvert  Skin  af  at  have  at 
gore  med  uendelige  Processer  —  kunde  (og  burde)  vi  ogsaa  und- 
lade  at  benytte  os  af  den  ,,tilfaeldige"  Konvergens  af  Rsekkerne 

V7  —  Og   JjT1"^      ved  ogsaa,  omend  naturligvis  kun  ved  den  ende- 
nx  nx 

lige  Fortolkning  af  Resultaterne,  at  taenke  os  disse  Raekker,  og 
de  tilsvarende  Produkter,  skaaret  af  paa  passende  Maade  efter  et 
endeligt  Antal  Led. 

3°  Jeg  skal  nu  sluttelig  gaa  over  til  at  omtale  —  og  dette  er 
som  ovenfor  sagt  Udgangspunktet  og  det  egentlige  Emne  for 
denne  lille  Note  —  hvorledes  man  ved  at  benytte  formel  Regning 
med  Raekkeudviklinger  i  den  ovennaevnte  Forstand  kan  modifi- 
cere  et  (typisk)  af  de  af  Decent  Andersen  givne  Beviser  for 
Regneregler  for  Differenser  af  vilkaarlig  Orden,  saaledes  at  man 
i  visse  Henseender  opnaar  en  storre  Overskuelighed  og  i  hvert 
Fald  sparer  enhver  detailleret  Benyttelse  af  den  nojagtige  St0r- 
relsesorden  af  de  i  den  omhandlede  Differensregning  indgaa- 
ende  Binomialkoefficienter. 

Vi  begynder  med  nogle  Betegnelser.  Lad  €Q,  eit  €2,  •  •  •  vaere 
en  vilkaarlig  Talf01ge  og  A^ev  (v  =  0,  1,  2,  -  -  •)  betegne  Diffe- 
rensen  ev  —  ev  +  \.  Vi  bemaerker,  at  disse  Differenser  kan  karak- 

teriseres  som  Koefficienter  til  —  (v  —  Q,  I,  2-  •  •)  i  Raekkeudviklingen 


Idet  vi  paa  saedvanlig  Maade  betegner  de  itererede  Differenser 
med  4*ev  =  Jl(/llev),  A*fv  =  A*(A*ev\  •  -  -  finder  vi  umiddel- 
bart,  at  Differensen  Arev(v  =  0,  1,  2,-  -  •)  for  et  vilkaarligt  posi- 

tivt  helt  r  kan  karakteriseres  som   Koefficient  til  —  i  Raekkeudvik- 

xr 

lingen 


hvor  P(x)  er  en  (iovrigt  endelig)  Sum  af  Led  med  positive  Eks- 
ponenter,  hvis  Koefficienter  vi  ikke  interesserer  os  for.  Her  er 
forelobig  kun  Tale  om  ren  formel  Regning,  idet  de  enkelte 
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Koefficienter  <4r&v  jo  dannes  ved  Kombination  af  kun  et  endeligt 
Antal  e""  og  et  endeligt  Antal  Binomialkoefficienter.  Det  ligger 
nu  naer  at  definere  ,,Differensen"  4rev  for  et  fuldkommen  vil- 
kaarligt  reelt  Tal  r  ved  den  tilsvarende  Formel 

(I)      (1- 


hvor  Prikkerne  for  det  konstante  Led  paa  hojre  Side  af  Ligheds- 
tegnet  angiver  Leddene  med  positive  Eksponenter,  eller  rettere 
tilkendegiver,  at  vi  ikke  interesserer  os  for  disse  Led  og  derfor 
slet  ikke  taenker  os  dem  dannede.  Idet  vi  til  Afkortning  beteg- 
ner  den  (uendelige)  Binomialraekke  for  (1  —  xf  med  r0  +  r1jc  + 
r2^2+---,  er  den  ovenstaaende  Definition  altsaa  ensbetydende 
med,  at  vi  bar  sat 


(II) 


=  }  '.   ePrP-* 


Dette  er  imidlertid  en  uendelig  Raekke,  og  ved  denne  Definition 
maa  der  derfor  i  F01ge  Sagens  Natur  indfores  Begrebet  Graense- 
overgang.  Vi  vedtager,  at  vi  da  og  kun  da  vil  tillaegge  Sym  bo- 
let  4rev  en  Mening,  naar  Raekken  paa  hojre  Side  af  Lighedstegnet 
i  (II)  er  konvergent  i  den  angivne  Orden  af  Leddene.  Defini- 
tionen  af  ^rev  ved  Ligningen  (II)  (med  Forlangendet  om  Kon- 
vergens)  er  nojagtig  den  af  Andersen  benyttede.  Vi  bar  her 
taget  vort  Udgangspunkt  i  Ligning  (1)  indeholdende  Parameteren 
x  for  paa  naturlig  Maade  at  faa  samtlige  Differenser  4rev  (v  = 
0,  1,  2,  •••)  frem  paa  en  Gang,  nemlig  soni  Koefficienter  i  en 
Raekkeudvikling  dannet  paa  simpel  Maade  udfra  en  Raekkeudvik- 
ling  med  eerne  selv  som  Koefficienter.  Den  i  Ligning  (I)  om- 
handlede  Multiplikation  er  formel  i  den  Forstand,  at  det  ganske 
vist  forlanges,  at  de  ved  Dannelsen  af  Koefficienterne  paa  hojre 
Side  optraedende  Summer  skal  vaere  konvergente,  men  ikke  for- 
langes, at  de  to  Potensraekker  med  Koefficienter  ev  og  4rev  skal 
konvergere  for  noget  x. 

Eks.  Vi  naevner,  efter  Dr.  Andersen,  at  Differenserne  4rev 
(v  ~  0,  1,  2,  •  •  -)  sikkert  eksisterer  i  det  Tilfselde,  hvor  €ernc  er 
begraensede,  |  €?*)<*,  og  r>0.  Thi  i  dette  Tilfaelde  er  jo 
Raekken  2rv  (Binomialraekken  for  (1  —  x)r  i  Punktet  x  =  1)  kon- 
vergent, og  da  alle  Leddene  rv  har  samme  Fortegn  paa  naer  et 
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endeligt  Antal,  er  Raekken  (II)  derfor  ogsaa  konvergent,  endda 
absolut  konvergent. 

Dr.  Andersen  indforer  endvidere,  hvad  ban  kalder  de  ved  n 
afbrudte  Differenser  af  rte  Orden  4rnev  (v  =  0,  1,2,  •••/*), 
hvor  r  ligesom  f0r  er  et  vilkaarligt  reelt  Tal,  medens  n  er  et 
positivt  belt  Tal;  disse  defineres  som  endelige  Summer,  nemlig 
som  Afsnit  i  Raekken  (II) 

(HI) 

For  vort  Formaal  er  det  bekvemt  at  bemaerke,  i  Tilknytning  til 
den  ovenstaaende  Definition  (I)  af  selve  Differenserne  4rev,  at 
disse  afbrudte  Differenser  kan  defineres  ved  Ligningen 


De  afbrudte  Differenser  eksisterer  altsaa  (som  endelige  Summer) 
ligegyldigt,  hvilke  Tal  eerne  end  er.  Vi  tilf0jer  af  Hensyn  til  det 
f01gende,  at  hvis  vi  kun  interesserer  os  for  Differensen  Jrn  e0, 
kan  vi  naturligvis  ligesaavel  skaere  Binomialraekken  af  efter  Led- 
det  med  xn  i  Stedet  for  at  skaere  ,,e-  Raekken"  af  efter  Leddet 

med  —  ,  d.  v.  s.  vi  kan  ligesaavel  karakterisere  «^«o  som  det 
konstante  Led  i  Raekkeudviklingen 


Det  er  klart  udfra  Definitionerne  (II)  og  (III),  at  Jrev  da  og 
kun  da  eksisterer,  naar  den  ved  n  afbrudte  Differens  4rn£V  for 
n-^co  naermer  sig  til  en  bestemt  Graensevaerdi,  og  at  denne  Graense- 
vaerdi  da  netop  bestemmer  os  4rev. 

Den  omhandlede  Saetning  af  Dr.  Andersen   udsiger  nu: 
Hvis  \EV  \<-k  (v  —  0,  1,  2,  -  •  •)>  vil  der  gaelde   Ligningen 

(A)  4*Jrev  ==  Jr+s  ev, 

dersom  r>0,  5>  —  1    og  r+s>0,   d.  v.  s.  de  angivne  Diffe- 
renser eksisterer  og  er  ligestore. 

[Det  interessante  ved  denne  Saetning  ligger  ikke  mindst  deri, 
at  den,  som  vist  af  Dr.  Andersen,  i  en  vis  naermere  praeciseret 
Forstand  er  den  ,,bedst  mulige"  i  sin  Slags]. 
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Medens  Dr.  Andersen  i  sit  direkte  og  i  og  for  sig  meget 
instruktive  Bevis  for  denne  Saetning  arbejder  med  selve  Definitio- 
nen  (II)  for  den  enkelte  Differens  4rev  (og  med  den  tilsvarende 
Definition  (III)  for  den  afbrudte  Differens  ^/£  «*)*),  skal  jeg  neden- 
for  i  rriit  modificerede  Bevis  benytte  Definitionen  af  Differenserne 
ved  Hjaelp  af  Raekkeudviklingen  (I)  og  udnytte  Fordelene  ved  at 
have  en  Parameter  x  indgaaende  i  Regningerne;  derved  opnaaes, 
at  man  ikke  behover  at  benytte  andet  om  de  optraedende  Bino- 
mialkoefficienter  end  netop  det,  at  de  er  Udyiklingskoefficienter 
i  de  uendelige  Raekkeudviklinger  for  Potenser  af  1  —  x. 

Bevis.     Til  Afkortning  saettes  (formelt) 


(1  —  xY  = 

(1—  x)5  = 

(l—xy  =  4,  +  4*  +  4*H----  =  T(x)       (/= 
endvidere  betegner  vi  med  Sn(x)  den  ved  xn  afbrudte  Raekkeud- 
vikling  for  (I  —  x)3 

Sn(x)  —  s0+slx+  -  -  -  +snxn  . 

Det  eneste  angaaende  Binomialkoefficienterne  rv,  sv,  tv,  vi  kom- 
mer  til  at  benytte,  er  de  simple  Kendsgerninger:  1)  Koefficien- 
terne  i  hver  af  de  tre  angivne  Raekker  bar  alle  samme  Fortegn 
fra  et  vist  Trin  af,  lad  os  sige  for  v>c.  2)  Raekkerne  for  (i—  xy 
og  (1—  jc/  er  begge  konvergente,  og  altsaa  absolut  konvergente, 
i  selve  Punktet  1  med  Summen  0,  idet  r  og  /  =  r+s  i  F01ge 
Antagelse  begge  er  >0.  3)  Raekken  for  (1  —  x)s  behover  vel  ikke 
at  vaere  konvergent  i  Punktet  1  (den  er  divergent  for  s<0),  men 
det  gaelder  om  den,  at  dens  Koefficienter  sv  aftager  mod  0  for 
r-^oo;  fordi  s>—  1. 

Ved  Beviset  for  Ligningen  (A)  kan  vi  naturligvis  n0jes   med 
at  betragte  Tilfaeldet  v  =  Or  d.  v.  s.  n0jes  med  at  bevise  Ligningen 


men  ved  bannelsen  af  4s(4reQ)  kommer  vi  dog  undervejs  til  at 
betragte   alle   de   uendelig   mange   Differenser   af  r*e   Orden 


*)  I  et  nylig  udkommet  Arbejde  NComparison  theorems  in  the  theory  of  Ces&ro  sum  inabi- 
lity" (Proc.  Lond.  Math.  Soc.  (2)  vol.  27  pag.  39-71,  se  sacrlig  pag.  58-60)  har  Dr. 
Andersen  givet  sit  oprindelige  Bevis  for  en  lignende  Saetning  en  simplere  Form,  men 
ban  betjener  sig  ogsaa  d£r  af  en  direkte  Bevismetode. 
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(v  =  0,  1,  2,-  -  •)•  Idet  r>0  og  />0  samt  \ev  \<k  ved  vi  (se 
Eksemplet  ovenfor),  at  Differenserne  4rev  og  d*ev  alle  eksisterer, 
og  at  disse  Differenser  er  Koefficienter  i  Raekkeudviklingerne 


Det  gaelder  om  at  vise,  at  ^/s^/re0  eksisterer  og  er  lig  med 
altsaa  at  den  ved  n  afbrudte  Differens  ^^/r£0-v^c0  for  /i->oo. 
Ved  vor  formelle  Regning  er  imidlertid  <Jsn^r€0  det  konstante 
Led  i  Raekkeudviklingen 


eller,  hvad  der  i  F01ge  det  ovenstaaende  er  det  samme,  det  kon- 
stante Led  i  Raekkeudviklingen  for  E(x)  R(x)-Sn(x).  Idet  end- 
videre  */*e0  er  det  konslante  Led  i  Udviklingen  for  -£*(*)  T(x), 
bliver  Differensen  ^/J^/rf0 — J'FQ  det  konstante  Led  ,i  Raekkeud- 
viklingen for 

£(x)R(x)Sn(x)-£(x)  T(x)  =  E(xUR(x)Sn(x)-T(x)); 

her  bar  vi  ved  Udregningen  af  de  forskellige  konstante  Led  kun 
udfort  absolut  konvergente  Regninger,  fordi  S|/v|  og  X|^|  er 
konvergente  (og  |  ev  \  <k\  medens  Sn  (x)  jo  kun  indeholder  et 
endeligt  Antal  Led.  Lad  os  betegne  Raekkeudviklingen  for /?(*)• 

S«(JP)  med 

R(x)Sn(x)  =  TO  +  T!  x+T2x*+-  •  .. 

Idet  t  =  r+s  og  Sn  (x)  er  Binomialudviklingen  for  (1—  x)5  af- 
brudt  efter  Leddet  med  xn,  er  det  klart,  at  TV  =  tv  for  0  ^  v  ^  n. 
Vi  finder  altsaa 

(IV)  /?(*)*.(*)-  r(*)  =  ^Lbv—t^xr. 

v  ^  n  4-  1 

Idet  endvidere  Raekkeudviklingerne  for  (1 — jc/"  og  (1 — */  begge 
er  konvergente  ogsaa  i  Punktet  x  =  \  med  Summerne  /?(!) 
=  7*(1)  =  0,  er  det  klart,  at  denne  sidste  Raekkeudvikling  (IV)  lige- 
ledes  er  (absolut)  konvergent  i  Punktet  x  =  1  med  Summen  0, 
altsaa  at 
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Nu  ved  vi  imidlertid,  at  ^tv  (Restleddet  i  en  konvergent  Raekke) 

r  =  /i  +  1 

QO 

-^0  for  /z->oo;  f01gelig  vil   ogsaaj>/rr--*0   for  /z-^oo    [Vi   tilfojer 

v  —  «-f  1 

for  at  undgaa  Misforstaaelse,  at  rv(v>n)  i  Modsaetning  til  tv  ikke 
blot  afhaenger  af  v,  men  ogsaa  af  n,  fordi  den  ene  Faktor  Sn(x) 
i  Produktet  /?(*)  Sn(x)  jo  er  en  ved  n  afbrudt  Binomialraekke]. 
Den  St0rrelse  dsnJre§  —  ^^o«  v*  s^  unders0ge,  er  som  oven- 
for  angivet  lig  med  det  konstante  Led  i  Raekkeudviklingen  for 
E(x)(R(x)Sn(x)—  F(jc)),  altsaa  i  Folge  (IV)  lig  med 


v  =  0  v  ^  n  4-  1 

OO  00 

Idet   |fv|<A  og   J5£|fc|-^0  er    det    kiart,  at  ^fy/r->0.        Hvad 

v=n-hl  r  =  /i  +  l 

OO 

vi   bar  at  bevise,  er  altsaa    blot,  at  J/^1  £>/  rr  ->  0,  og  dette  er  0jen- 

v  -  n  -f-  1 

synlig  bevist,   naar  vi   bar  vist,  at 

(V)  £\rr\-*0         for  n-^co. 

r  —  n-\-l 

Qraenseligningen   (V)   er  imidlertid   let  at  bevise  udfra  det  ovenfor 
fundne   Resultat 

oo 

^7r->0          for  n-><x>  , 

v  =  n  4-  1 

idet  vi  let  kan  vise,  at  Storrelsen 

(vi)  ZI*-|-|ZT*| 

V^/I+l  7'  =  «4-l 

gaar  mod   0  for  /z-^oo,  ved  at  benytte,  at  alle   Leddene  i  enhver 
af   de   to    uendelige   Raekker   £rv   og   2sv   bar    konstant    Fortegn 

for    y>  c.          Den    (absolut    konvergente)    Proces,    der    f0rer    til 

op 

J^Ty    bestaar   jo    nemlig    deri,  at     vi    (i    en    eller    anden    Orden) 

K^rt-f-| 

danner  Sum  men  af  alle  Produkter  raso  for  hvilke 
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a+fi>n     og     /?  ^  n. 

Disse  Produkter  bar  imidlertid  »naesten  alle"  samme  Fortegn,  idet 
ra  jo  har  konstant  Fortegn  for  a.>c,  ligesom  SQ  bar  konstant 
Fortegn  for  fi>c.  Det  samlede  Bidrag  fra  de  Produkter  raSp 
der  har  ,,ureglementeret"  Fortegn  —  og  dermed  ogsaa  St0rrelsen 
(VI),  eller  rettere  Halvdelen  af  denne  Storrelse  —  er  derfor  nume- 
risk  mindre  end 


Men  denne   sidste    Storrelse   gaar   0jensynlig    mod    0  for  /i-^oo, 

e  c 

idet   ^\  Sg  j  og  ^  |  ra  \  er  Konstanter  (uafhaengige  af  ri),  medens 


-*-0,  fordi  det  er    Restleddet   i    en    konvergent    Raekke,  og 

-*07    fordi    det   er   en    Sum    af   et    endeligt   Antal  (c)  Ledr 
hvoraf  hver  enkelt  gaar  mod  0,  idet  jo  s*->0  for  v-^oo. 
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THE  ARITHMETIC  AND  GEOMETRIC  MEANS 
HARALD  BOHR*. 

Let  n  be  a  positive  integer  and  av  ...,  an  positive  numbers;  then  the 
famous  theorem  of  the  arithmetic  and  geometric  means  states  that 


i.e.  (al+...+an)n^nnal...afl. 

Of  this  theorem  a  number  of  different  proofs  are  known  [cf.  Hardy, 
Littlewood,  and  Polya,  Inequalities  (Cambridge,  1934)].  In  this  note 
I  shall  give  a  new  one.  Even  if  this  proof  is  more  curious  than  simple,  and 
moreover  does  not  show  that  the  sign  of  equality  holds  only  in  the  case 
ax  =  ...  =  an,  it  may  perhaps  be  worth  while  to  indicate  one  more  way  of 
arriving  at  the  classical  inequality  in  question. 

It  is  trivial  that 


since  the  product  on  the  right  side  is  just  one  of  the  terms  of  the  polynomial 
development  of  the  left  side.  We  have  to  prove  that  the  factor  n\  may  be 
replaced  by  nn.  This  can  be  done  by  help  of  the  following  artifice. 

Let  q  >  1  be  another  integer.    From  the  polynomial  development  we 
have  immediately 


Rntt 

Bu*t 
and  hence 


Now  let  #->  oo.    Then  (qn)n/*-+  1,  and  we  get  the  desired  result. 

Maglevaenget  9, 

Charlottenlund,  Denmark. 

*  Received  12  February,  1935;  read  14  February,  1935. 

f  In  fact  the  numerator  (qn)  I  is  evidently  greater  than  {(q—  1)  !  n?-1}",  since  each  of 
then  products  k(k+  n)...{Jfc-f  («-!)"}  0=  1»  •••»  n]  is  greater  than 
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Om  almindelige  Konvergenskriterier  for 
Raekker  med  positive  Led. 

Af  Harald  Bohr. 


Allerede  i  Professor  Norlands  helt  unge  Aar,  da  ban  som 
Student  var  knyllet  til  og  boede  paa  Observatoriet,  var  bans 
videnskabelige  Interesser  sjaeldent  omfattende,  og  ved  udstrakte  og 
dybtgaaende  Studier  lagde  ban  Grunden  til  sit  senere  fremra- 
gende  og  mangesidige  Livsvaeik.  Blandt  den  unge  Student  N0r- 
lunds  Unders0gelser  indenfor  den  rene  Mateniatik  incitog  bans 
Studier  indenfor  Raekkelaeren  en  fremskudt  Plads,  og  paa  dette 
Omraade  kom  vi  i  naer  videnskabelig  Ber0i  ing  nied  hinanden, 
idet  den  af  N0rlund  udviklede  Transformationsteori  for  Fakul- 
tetsraekker  viste  sig  at  staa  i  n0je  Sammenhaeng  med  en  af  mig 
udviklet  Summabilitetsteori  for  de  med  Fakultetsraekkerne  beslaeg- 
tede  Dirichletske  Raekker.  Ved  for  nylig  at  gennemse  nogle  gamle 
Papirer  stodte  jeg  paa  et  ret  omfattende,  ikke  offentliggjort,  Manu- 
skript  fra  disse  tinge  Aar,  som  jeg  havde  benaevnet  »Om  Rajkker 
med  vilkaarlige  Indices",  og  som  netop  bavde  sit  Udgangspunkt 
i  de  f0rnaevnte  Studier  over  Dirichletske  Raekker.  I  det  f01gende 
skal  jeg  give  et  lille  Uddrag  af  et  enkelt  af  Manuskriptets  Kapit- 
ler,  omhandlende  saakaldte  almindelige  Konvergens-  og  Diver- 
genskiiterier  for  Raekker  med  positive  Led,  idet  den  paagaeldende 
Unders0gelse  formentlig  endnu  -kan  fiernbyde  nogen  Interesse 
og  maaske  tillige  kan  vaere  egnet  til  at  genKalde  Stemniuger  fra 
de  svundne  Dage.  1  min  Fremstilling  ska!  jeg  holde  mig  naer 
opad  det  gamle  Manuskript  og  bl.  a.  ogsaa  benytte  Betegnelserne 
clerfra,  selvom  disse  maaske  nok  nu  kan  virke  lidt  selvlavede 
og  antikverede. 

Det  var  den  n0je  Sammenhaeng  mellem  Laeren  om  nendelige 
Raekker  og  uendelige  Integraler,  der  f0ite  mig  til  (f0ist  og  frem- 
mest  med  Henblik  paa  Studiet  af  de  almindelige  Dirichletske 
Raekker  af  Formen  2ane*nS,  hvor  x±  <  x2  •  -  -  <  xn  -v  oo)  at  op- 
stille  Begrebet  uendelig  Raekke  med  vilkaailige  Indices,  der  som 

oo 

specielt    Tilfaelde    omfalter   de    saedvanlige   uendelige   Raekker  2  un 

poo 

og  som  Qraensetilfaelde  de  uendelige  Integraler  ^  u(x)dx. 

Svarende  til  de  til  ,,Indexf01gen«  0,  1,  2,  3,  -  -  -,  og  en  dertil 
knyttet  Funktion  uv,  h0rende  Begreber 
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og     Auvt     m"    -     Uv 


forbundet  ved   Relationerne 

n 
v^l     V  v=l  **0 

indfores  svaiende  til  en  vilkaarlig  monotont  voksende  Indexf01ge 
xo  <  xi  <  X2  '  '  ' >  °g  en  c'crtil  knyttet  Funktion  uXvt  f01gende 
Begreber: 

wSummen   af  Funktionen  u  fra  XQ  til  xn  m.  H.  t.  x0txlt  •  •  -,  xn"f 
nemlig 

og   wDifferenskvotienten  af  u  \   Punktet  xv",  nemlig 


forbundet  ved   Relationen 


samt,  idet  i/  antages  at  vaere  en   positiv   Funktion, 

,,Produktet  af  Funktionen  u  fra  x0  til  ^  m.  H.  t.  x0,xlf  •  •  *,*/,", 
nemlig 

'U  *."...-.)  =  ""^  '^-  •  •«*.('"-*"-i). 

og   wKvotienlroden  af  #  i   Punktet  jr^«,   nemlig 

Xv  —" 


forbundet  ved   Relationen 


Herefter  indf0res  naturligt  (hvad  enten  den  monotone  F01ge  xn 
gaar  mod  en  endelig  Graensevaeidi  eller  mod  co)  Begrebet  uende- 
lig  Rcekke  med  vilkaarlige  Indices  x0,  xt,  •  •  • 
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(forudsat  at  Graensevaerdien  eksisterei),  hvor  det  afg0rende  er,  at 
Summanden  uXft(xn  —  xn_l)  ikke  opfattes  som  det  nic  Led  i  en 
saedvanlig  uendelig  Raekke,  men  at  uxn  opfattes  som  en  Funktion 
af  xn  (og  ikke  af  /z),  og  Faktoren  xn  —  xn—\  som  en  Summa- 
tionsfaktor  (Intervallaengde).  Paa  tilsvarende  Maade  defineres,  for 
en  positiv  Funktion  ut  det  uendelige  Produkt  ined  vilkaarlige 
Indices 

p         u  —    1jm    p  u 

'   (Xo,Xl,-    )     ~~*™     '(*»**•- '•**)' 

n  — >•  oo 

Jeg  skal  n  u  ved  et  typisk  Eksempel  vise  den  Nytte,  man  kan 
have  af  disse  Begreber  indenfor  den  saedvanlige  Raekkelaere,  og 
vaelger  hertil  den  Brug,  man  kan  goie  af  dem  til  Udledelse  af 
saakaldte  almindelige  Konveigens-  og  Divergenskriterier. 

Som     ,/almindelige"     Konvergens-    og     Divergenskriterier    for 

CO 

Raekker  2 vn  med  positive  Led  —  i  Modsaetning  til  »specielle«  — 
betegner  man  Kriterier,  hvori  der  indgaar  „ vilkaarlige  Funktioner" 
paa  en  saadan  Maade,  at  man  ved  Specialisering  af  disse  kan  gore 
Kriterierne  saa  omfattende,  som  man  vil,  i  den  Forstand,  at  man 
kan  g0re  dem  principielt  anvendelige  til  Bed0mmelse  af  Kon- 
vergensen  eller  Divergensen  af  en  hvilkensomhelst  forelagt  Raekke 
med  positive  Led.  Saadanne  almindelige  Kriterier  var  allerede 
tidligt  angivet  af  forskellige  Matematikere,  som  Kummer,  Dini  og 
du  Bois  Reymond,  men  det  var  Pringsheims  Unders0gelser  paa 
dette  Omraade1),  der  saerlig  havde  vakt  Opmaerksomhed  og  Inter- 
esse,  idet  han  mente,  at  det  var  lykkedes  ham  —  i  Modsaetning 
til  tidligere  Foiskere  —  at  udvikle  en  Teori,  der  i  systematisk 
Henseende  maatte  betragtes  som  fuldendt.  I  det  Kapitel  af  det 
gamle  Manuskiipt,  som  jeg  her  skal  give  et  Uddrag  af,  viser 
jeg,  hvorledes  man,  naar  man  laegger  Raekkerne  med  vilkaarlige 
Indices  til  Grund,  kan  komrne  til  de  omhandlede  almindelige 
Kriterier  paa  en,  som  det  forekommer  mig,  saerlig  naturlig  Maade, 
og  tillige  paaviser  jeg,  hvorledes  Pringsheims  Udledelsesmaade 
lider  af  vaesentlige  Mangier,  ikke  mindst  netop  i  systematisk  Hen- 
seende. 

Den  Ide,  der  ligger  til  Giund  for  den  i  Manuskriptet  fore- 
slaaede  Metode  til  Udledelse  af  almindelige  Kriterier  for  Raekker 
med  positive  Led,  er  f01gende:  Medens  man,  naar  Talen  er  om 

')  A.  Pringsheim,    Allgemeine    Theorie    der    Divergens  und   Convergens   von    Reihcn   mit 
positiven  Gliedern,  Mathematische   Annalen   Bd.  35,  1890. 
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et  uendeligt  Integral  {  u(x)dx  (#(#)>0),  ikke  bar  nogen  egent- 
lig  Anledning  til  at  skelne  mellem  wspecielle«  og  »almindelige« 
Konvergens-  og  Divergenskriterier,  idet  man  ved  blot  at  anvende 
en  monoton  Transformation  x  =  <p(/)  paa  Integralet  f  u(x)dx 
kan  g0re  Konvergensen  (eller  Divergensen)  af  det  transformerede 
Integral  (°°tf  (<p  (t))  <p' (t)  dt  vilkaarlig  staerk  eller  svag,  stiller  Sagen 

sig  anderledes  for  en  saedvanlig  uendelig  Raekke  £ unt  der  i  sin 
Stivhed  jo  ikke  tillader  nogen  saadan  monoton  Transformation. 
Men  betragter  man  Raekker  med  vilkaarlige  Indices,  er  Mulig- 
heden  for  en  monoton  Transformation  til  ^indring  af  Konver- 
gensens  (eller  Divergensens)  Styrke  tiaturligvis  umiddelbart  til 
Stede,  ganske  som  ved  Integralerne,  idet  man  jo  kan  transformere 
en  foielagt  Raekke  S^  *  .\  horende  til  Indexfolgen  XQ, x{ ,x2, •  •  • 

over  i  en   Raekke  S,      v      .  horende  til  en  vilkaarlig  anden  Index- 
\yo»yi* ' ' ') 

folge  yQ,yi*y&*  •  •,   hvor   Funktionen   vyn  da  er  bestemt   ved 


-"  y«  -y*-i 

Man  kan  derfor  for  Raekker  med  vilkaarlige  Indices,  ganske  som 
ved  Integralerne,  umiddelbart  faa  et  *,specielt"  Kriterium  omdan- 
net  til  et  walmindeligt«  Kriterium  ved  blot  at  anvende  det  spe- 
cielle  Kriterium,  ikke  paa  selve  den  foielagte  Raekke,  men  paa  den 
Raekke,  der  fremkommer  af  denne  ved  at  underkaste  den  en  vil- 
kaarlig monoton  Transformation. 

Inden  jeg  gaar  over  til  at  belyse  denne  Fremgangsmaade  ved 
nogle  enkelte  typiske  Eksempler,  forudskikkes  nogle  Ord  om 
Konvergens-  og  Divergenskrilerier  for  saedvanlige  uendelige  Raekker 
med  positive  Led.  Man  skelner  saedvanligvis  mellem  Kriterier  af 

1.  Art   og   Kriterier   af    2.  Art.    Begge    Typer   af   Kriteiier  bygger 
paa  en  simpel  Sammenligning  mellem  Leddene  i  den  til  Bedom- 
melse   foielagte    Raekke   2 un   med   de   tilsvarende    Led    i    en  fast 
valgt  konvergent   Raekke  2cm  eller  en  fast  valgt  divergent  Raekke 
Zdn.    Kriteriernes  Form  er  simpelthen: 

/.  Art.  un  ;£  cn  (Kvg.)  un  >  dn  (Dvg.), 

2.  Art.       -^  <  -f*_  (Kvg.)  -£"-  >  ~n~  (Dvg.) . 
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Benyttes  som  konvergent  Raekke  2ca  og  som  divergent  Raekke 
2dn  f.  Eks.  en  Kvotientraekke  2a"  henholdsvis  med  Kvotienten 
a  <  1  og  Kvotienten  as^l,  finder  vi  saaledes: 


^  1  (Dvg.), 

^a<l    (Kvg.) 
_i    1^1  (Dvg.). 

Oanske  svarende  til  Kriterierne  for  en  saedvanlig  uendelig 
Raekke  Z un  (altsaa  en  Raekke  h0rende  til  Indexf01gen  0,  1,2,  -  -  -) 
har  man  for  en  Raekke  $tXoX"...\  me(^  positive  Led,  som  h0rer 
til  en  vilkaarlig  Indexf01ge  x0  <<  jq  <  jr2  •  •  •»  f01gende  Kriterier, 
hvor  cXn  og  dXn  betegner  positive  Tal,  saaledes  at  S.x  /  >  og 
S.  Xirf..v  er  henholdsvis  konvergent  og  divergent, 

/.  Art.  uXn  ^     cXn  (Kvg.)  uXn^     dXn  (Dvg.), 

2.  Art.  MuXm^McXm  (Kvg.)         ^uXn^.^dXn  (Dvg.), 

af  hvilke  Kriterierne  af  1.  Art  er  indlysende,  og  f.  Eks.  Konver- 
genskriteriet  af  2.  Art  umiddelbart  f01ger  af,  at  Uligheden  (1)tf^  ^ 
(1)^r/»  j°  medforer  Uligheden 


Vi    skal    nu    f0rst   opstille    nogle    wspecielle«    Kriterier   for  en 
Raekke   S.       *     .    h0rende    til    den    (vilkaarlig   valgte,    men    faste) 

V*O»    *ll    '  '  '  ) 

lndexf0Ige  (0  <)jc0  <  jtj  •  - -,  derved  at  vi  til  vore  Sammeniig- 
ningsraekker  5(jro  xe  .  og  S,  xf . . .)  vaelger  nogle  saerlig  simple 
Typei  paa  henholdsvis  Jconveigente  og  divergente  Raekker-  Som 
det  simplest  mulige  betragter  vi  (svarende  til  Kvotientraekken 
2an  for  Indexf01gen  0,  1,2,  •••)  Raekketypen  5(jCo  ^...^  der  er 
konvergent  for  a  <  1  (hvad  der  er  indlysende,  hvis  lim  xn  er 
<  oor  og  en  umiddelbar  F01ge  af  Konvergensen  af  C  a*  dx,  der- 
som  lim  xn  =  oo),  medens  den,  dog  kun  saafrentt  xn  -*  oo,  er 
divergent  for  a  ^  1  (idet  jo  a*  ^  1  for  x  >  0).  Herved  faas  da 
de  specielle  Kriterier  for  en  Raekke  5,  x*. . .  y  med  positive  Led 
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/.  Art      uXn  S  a**  (a  <:  1 )  (Kvg.)     aXn  S  a*»  (a^\,  xn-+<x>)  (Dvg.) 

eller 

(Kvg.) 

S  !(*„->  co)  (Dvg.), 


I"/         f  ^ 

I' ""{a 


2.  Art.     WuXn  ^  Ma***  =  a  <c  1    (Kvg.) 

MuXn  ^  Wa-*"  =  a  ^  1   (*„->»)  (Dvg.) 
d.  v.  s. 

^  a  <:  1    (Kvg.) 

^  !(**-*  oo)  (Dvg.). 

Vi  kommer  nu  ti!  det  afgorende  Punkt,  nemlig  Overf0relsen 
af  de  fundne  speciellc  Kriterier  til  almindelige  Kriterier  ved  blot, 
f0r  Knteriernes  Anvendelse,  at  transformer  den  forelagte  Raekke 
Sfa  Xt  .)  ffa  Indexf01gen  XQ,  xit  •  •  •  over  til  en  anden  Indexfolge 
yo>yi>mm'-  Vi  vil  dog  kun  —  andet  har  vi  i  den  foieliggende 
Sammenhaeng  ikke  Brug  for  -  udf0re  dette  i  det  Tilfaelde,  hvor 
den  forelagte  Raekke  er  en  saedvanlig  uendelig  Raekke  Zvn  og 
ikke  en  vilkaarlig  Raekke  S(  xu  .',  vi  antager  med  andre  Ord, 
at  den  givne  Indexf0lge  specielt  er  Indexfolgen  0,  1,2,  •••,  og 
vil  da,  for  Simpelheds  Skyld,  betegne  den  nye  Indexf01ge, 
hvortil  vi  transformerer,  med  *0,jirlf  •  -  •  og  ikke  med  y0,ylt 
Er  2 vn  den  vilkaarli^t  forelagte  saedvanlige  uendelige  Raekke 
med  positive  Led,  hvis  Konvergens  icsp.  Divergens  vi  skal  under- 
s0ge,  transfoi  merer  vi  den  altsaa  om  til  en  Raekke  S,  "  .  v  hvorved 

\-*o»  -*i»  *   *  *  / 


Anvender  vi  nu  paa  den  transformerede  Raekke  S^x  ^  ,  de 
ovenstaaende  simple  specielle  Kriterier,  faar  vi  da  straks  de  f01- 
gende  almindelige  Kriterier  for  Raekken  2vn 


„  , 

(Dvg.). 


^  a  <:  1   (Kvg.) 

•)        A  -4  \  I  „_'„'*_    ~~"~I- _JJI!ZZ±     9     V'^'&V 

"          ^  §/   "  -  -  *    S   1  (Xn  ->«>)(Dvg.). 
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Oriinden  til,  at  disse  Kriterier  er  walmindelige"  er  —  for  at 
fremhseve,  hvad  der  allerede  er  antydet  ovenfor  —  at  den  i  Kri- 
terierne  indgaaende  monotone  F01ge  x0,  xlf  •  •  •  ikke  er  fornd 
bestemt,  men  kan  vaelges  vilkaarligt,  efter  at  Raekken  2vn  er 
forelagt. 

De  ovenfor  udledte  almindelige  Kriterier  er  (i  noget  anden 
Form)  velkendte,  og  findes  f.  Eks.  ogsaa  hos  Pringsheim.  Han 
benaevner  det  f0rste  del  «almindeligste  Kriterium  af  1.  Art";  det 
andet  derimod  fremtraeder  ikke  hos  ham  —  soni  ovenfor  —  som 
det  tilsvarende  Kriterium  af  2.  Art.  Dette  gor  derimod  et  belt 
andet  almindeligt  Kriterium,  det  saaakaldte  Kummerske  Kriterium, 
der  udsiger,  at  2  vn  er  konvergent,  dersom 


—   <pn_  i  —cpn  >  K  >  0 , 
Vn 

hvor  q)n  er  en   vilkaarlig  positiv   Funktion   af  n. 

Den  Maade,  hvorpaa  Pringsheim  udleder  dette,  meget  smukke, 
Kriterium  er  imidlertid,  forekommer  det  mig,  kun  lidet  syste- 
tnatisk,  ja  naermest  ,, lilfaeldig".  Pringsheim  opsliller  som  Type 
paa  et  Konvergenskriterium  af  2.  Art  for  en  R&kke  £  vn  Uligheden 

lim  I — ~~-  —       )  •>  0,   d.  v.  s.   -?nl  —  —  >.  /C>  0 . 

\r«_!       Vn  Cn/  G,_,        Vn  Cn 

Ved  forskcllige  Omfounninger  af  ikke  belt  simpel  Karakter 
beviser  ban  dernaest,  at  dette  Konvergenskriterium  forbliver  gyl- 
digt,  naar  man  deri  erstatter  Tallene  cn  taget  fra  en  vilkaarlig 
konvergent  Raekke  med  Leddene  dn  i  en  vilkaarlig  divergent 
Raekke;  det  vises  med  and  re  Ord,  at  ogsaa  Uligheden 


er  et  Konvergenskriterium.  Og  da  for  en  hvilkensomhelst  F01ge 
af  positive  Tal  <pn  Raekken  ^7  jo  en  ten  rnaa  vaere  konvergent 

eller  divergent,  er  Kummers  Kriterium  denned  udledt.  Prings- 
heim tilf0jer:  »F0rst  gennem  denne  Udledelse  synes  Kriteriets 
sande  Grundlag  og  dets  Stilling  indenfor  hele  Konvergensteoiien 
at  vaere  fuldstaendig  klarlagt".  Dette  forekommer  mig  dog  ikke 
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med  Rimelighed  at  kunne  haevdes.  Selvom  man,  som  det  tilsyne- 
ladende  fremgaar  af  Pringsheims  Fremstilling,  i  den  almindelige 
Type  paa  et  Konvergenskriterium  af  2.  Art  kunde  erstatte  cn  (Led- 
det  i  en  konvergent  Raekke)  med  dn  (Leddet  i  en  divergent  Raekke), 
vilde  Tilladeligheden  af  denne  Ombytning  —  da  et  Konvergens- 
kriterium jo  i  Folge  sin  Natur  beror  paa  en  Sammenligning  af 
Leddene  i  den  forelagte  Raekke  med  Leddene  i  en  konvergent 
Raekke  -  naeppe  kunde  siges  at  give  en  Forklaring  af  Kriteriets 
sande  Orundlag.  Men  hertil  kommer  yderligeie,  at  hele  Prings- 
heims Udledelse  er  baseret  paa,  at  ban,  umotiveret,  bar  givet  sit 

1      v  _i        1 
Udgangskriterium   Formen >/C>0,    i    Stedet    for 

den  naturlige  Form 

J^_  <  _£«_      ci.  v.  s.         l      y«rJ  _  1  g  o, 


og  havde  ban  benyttet  denne  ,/korrekte"  Form,  havde  det  ikke 
vaeret  muligt  at  gaa  frem  som  det  gores  i  bans  Udledelse,  idet 
cn  da  naturligvis  ikke  kunde  vaere  erstattet  med  dn. 

Jeg  skal  nu  til  Slut  vise,  hvad  Kummers  Knterium,  udfra 
det  Synspunkt,  jeg  ovenfor  bar  lagt  til  Gnind,  wegentlig"  udsiger. 

Lad  S,  £  ,  vaere  en  vilkaarlig  (konvergent  eller  diveigent) 
Raekke,  hvori  den  positive  Funktion  uXn,  der  summeres,  antages 
stadig  aftagende,  d.  v.  s.  u^  ne<»ativ.  Raekken  ^/x~~x^l\.\  mec^  P°- 
sitive  Led  vil  da  i  alle  Tilfaelde  vaere  konvergent,  idet  jo 

S(Xo~u(^Xn)  —  uXo~~uXn<uXo     for  alle  n. 

For  en  Raekke  S(jrb  ,£...,»  hvor  den  positive  Funktion  uXft  er  af- 
tagende, faas  derfor  umiddelbart  folgende  specielle  Konvergens- 
kriterium 

iiXft  <c  k( —  u^)    eller  Xn  >  /C>  0; 

herved  er  det  for0vrigt  unodvendigt  at  anf0re  Kravet  om,  at 
uXfl  skal  vaere  aftagende,  d.  v.  s.  ux%  <:  0,  idet  delte  jo  af  sig  selv 
er  opfyUit,  naar  Ultgheden  uXft  <:  k(—  ux*)  er  tilfredsstillet,  da 
uXn  er  posit iv. 
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Vi  skal  vise,  at  dette  overmaade  simple,  specielle,  Kriterium 
for  en  Raekke  med  vilkaarlige  Indices  er  det;  hvorpaa  det  al- 
mindelige  Kummerske  Konvergenskriterium  bygger.  Betegner 
nemlig  2  vn  en  vilkaarlig  forelagt  Raekke  med  positive  Led,  og 
transformeres  den  om  til  $fax">.-y  nvor  *o»  xi>  '  '  '  er  en  v^~ 
kaarlig  monotont  voksende  Talf01ge,  faas  ved  Indsaettelse  af 

uXn  —   ----  -  -  i  ovenstaaende  specielle    Kriterium    det   alminde- 

xn  —  x/r—  i 

lige  Konvergenskriterium 


Xft 

d.  v.  s. 


Xn 


Ar>0. 


Dette  er  imidlertid  netop  Kummers  Kriterium;  saettes  — — — -  —  <pv, 

xv      x\>  ~i 

hvorved    <pv    bliver    en    vilkaarlig    positiv    Punktion,    faar    vi    den 
ovenfor  angivne   Form. 

I  denne  Udledelse  fremtraeder  det  Kummerske  Kriterium  saa- 
ledes  overhovedet  ikke  som  et  normalt  Sammenligningskriteriurn 
af  samme  simple  Natur  som  de  tidligere  udledte,  idet  den  Raekke 
S(x~"i^  r  udfra  nvis  Konvergens  Kriteriet  udledtes,  afhcenger  af 
Funktionen  u,  d.  v.  s.  afhaenger  af  den  Raekke  S,  £  .,  hvis  Kon- 
vergens skal  afgores.  Herved  forstaas  til  lige,  hvorledes  Kunimets 
Kriterium  kan  komme  til  at  indeholde  2  Led  af  Raekken  2vn  (nem- 
lig  baade  v^—i  og  vn),  skont  det  jo  egentlig  naermest  liar  Karak- 
ter  af  et  Kriterium  af  1.  Art,  idet  man  jo  diiekte  sammenlig- 
nede  selve  de  enkelte  Led  uXn  og  — u^  \  de  to  Raekker  S  xu 
og  S(jc o  "(O) I.)  med  hinanden. 
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Erster  Teil. 

In  diesem  Teil,  der,  wie  in  den  einleitenden  Worten  gesagt,  emen 
rein  analytischen  Charakter  tragt,  d.  h.  von  den  zahlentheoretischen 
Anwendungen  prinzipiell  absieht,  wird  die  Theorie  der  Dirichletschen 
Reihen  besprochen,  welche  sich  —  obwohl  ihre  wesentliclie  Bedeutung 
in  ihrer  Stellung  als  besonders  geeignetes  Hilfsmittel  zur  funktionen- 
theoretischen  Behandlung  von  zahlentheoretischen  Aufgaben  zu  ersehen 
ist,  und  sie  immer  noch  ihre  meisten  Problemstellungen  der  analyti- 
schen  Zahlentheorie  verdankt  —  doch  im  Laufe  der  letzten  Jahr- 
zehnte  zu  einem  selbstandigen  Abschnitt  der  allgemeinen  Reihenlehre 
entwickelt  hat.  Das  Referat  ist  in  zwei  Kapitel  eingeteilt,  yon  denen 
das  erste  die  Theorie  der  allgemeinen  Dirichletschen  Reihen  behandelt, 
wahreud  das  zweite  der  fiir  das  Studium  der  Primzahlen  f und  amen - 
talen  speziellen  DiridWefochen  Reihe,  welche  die  Riemannache  Zeta- 
funktion  darstellt,  gewidmet  ist.  Bei  der  Abfassung  ist  mehr  Gewicht 
auf  eine  bequeme  ftbersicht  der  wichtigeren  Resultate  als  auf  strenge 
Vollstandigkeit  gelegt. 


I.  Allgemeine  Theorie  der  Dirichletschen  Reihen.1; 

1.  Definition  einer  Diriohletsohen  Keihe.  Unter  einer  allgemeinen 
Dirichletsclien  Reihe  wird  eine  unendliche  Reihe  der  Form 

(1)  /W-jfoe-*.' 

n  =  l 

verstanden;  hierbei  bedeutet  s  «-«  0  +  it  ein«  komplexe,  unabhangige 
Variable,  die  Koeffizienten  an  sind  beliebige  komplexe  Zahlen,  wah- 
rend  die  Exponentenfolge  {AM}  eine  reelle  monoton  wachsende  Zahlen- 
folge  mit  Aw">  oo  bezeichnet.8)  Fiir  die  folgende  Darstellung  wird  es 
bequem  sein,  die  (unwesentliche)  Annahme  ^  ^  0  zu  machen.  Fttr 
kn  =  n  ist  (1)  eine  Potenzreihe  in  der  Variablen  e~*.  In  dem  beson- 


1)  Betreffs  yieler  Einzelheiten  in  der  Theorie  eei  der  Leser  auf  E.  Landau, 
Handbucb,  and  G.  H.  Hardy- M.  Riesz,  The  general  theory  of  Diri chiefs  series, 
Cambridge  tracts,  Nr.  18  (1915),  verwieeen. 

2)  W.  Schnee,  Cber  irregnlare  Potenzreihen  und  Dirichletsche  Reihen,  Dis- 
sertation, Uerlin  1908,  und  K.  Vaisala,  VeralJgemeinerung  des  Begriffes  der  Di- 
richletschen Beihen,  Acta  Universitatis  Dorpatensis  (1921),  betrachten  auch  Reihen 
mit  komplexen  Exponenten  In  und  untersuchen,  unter  welchen  Bedingungen  solche 
Reihen  sich  ^U-hnlich*'  benehraen  wie  Reihen  mit  reellen  Exponenten. 
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ders   wichtigen   Spezialfall  A^  —  logn   erhalten  wir   die  gewohnlichen 
Dirichletschen  Reihen         w  ^ 

(2)  Vaw  e—  **"  —  V-?  • 

v   /  4^fJ    *  ^£j  rf 

n=rl  n  =  l 

Die  spezielle  Reihe  (2),  bei  welcher  an  =  1  1st  ftir  aile  n,  also  die  Reihe 


definiert  die  Riemannsche  Zetafuriktion,  deren  Theorie  in  einem  beson- 
deren  Kapitel  bebandelt  wird.  Als  ein  anderes  wicbtiges  Beispiel  einer 
gewohnlichen  Dirichletacheu  Reihe  (2)  sei  eine  solche  erwahnt8),  bei 
der  die  Koeffizienten  an  sich  periodiscb  wiederholen  (etwa  mit  der 
Periode  ti),  und  die  Summe  der  Koeffizienten  erstreckt  fiber  eine  Pe- 
riode  gleich  0  ist,  wo  also  k 

(4)  an  ==  am     fiir     m  ^  n  (mod  &),     ^an  =  0. 

n«=l 

Zu  diesem  Typus  gebort  z.  B.  die  Zetareihe  mit  abwechselndem  Vor- 
zeicben 


welche  durch  formale  Multiplication  der  Zetareihe  (3)  mit  dem  Faktor 
1  —  21"**  entsteht.  Andere  wichtige  Typen  gewohnlicher  Dirichlet- 
scher  Reihen  werden  in  Nr.  7  besprochen. 

2.  Die  drei  Konvergenzabszissen.  Eine  DirichletBche  Reihe  (1), 
die  in  einem  Punkte  50  =  rf0  +  ^0  dbsolut  Tconvergiert,  wird  offenbar 
in  jedem  Punkte  s  =  tf  +  i^  mit  <y  ^  <T0  absolut  konvergieren  ;  denn 
es  ist  ja,  s  —  s0  =  s'  gesetzt, 

(6)  ^ane~^*  =«^an€-^'o  .  e-**9' 

nnd  |e-An-'  |  ^  1  far  91(5')  I>  0.  Jede  Reihe  (1)  besitzt  daher  eine  ab- 
solute Konvergenzdbseisse  GA  derart,  dafi  (1)  fiir  <s  >  6A  absolut  konver- 
giert,  fiir  a  <  6A  dagegen  nicht;  hierbei  sind,  den  Werten  +  oo  und 
—  oo  yon  6  A  entsprechend,  diejenigen  Falle  mit  inbegriffen,  wo  die 
Reihe  nirgends  bzw.  tiberall  absolut  konvergiert. 

Tiefer  liegt  der  Satz  von  Jensen4),  daB,  wenn  die  Reihe  (1)  im 
Punkte  <s0  —  <*0  -}-  *^o  konvergiert,  sie  dann  auch  in  der  ganzen  Halb- 
ebene  rf  >  rf0  konvergiert.  Diesen  Hauptsatz  der  Theorie  beweist  Jensen 

8)  G.  Lqjeune  Dirichlet,  Recherches  sur  di  verses  applications  de  1'  Analyse 
infinite'simale  ^  la  Theorie  des  Nombres,  Crelles  J.  19  (1889),  p.  824—869  — 
Werke,  Bd.  lt  p.  411  u.  f. 

4)  J.  L.  W.  V.  Jensen,  Cm  Rekkers  Konyergene,  Tidsskr.  for  Math.  (6)  2 
(1884),  p.  6«-  72. 
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von  (6)  aus,  iudem  er  mit  Hilfe  partieller  (Abelschex)  Summation  nach- 
weist,  daB  bei  festem  $'  mit  5R(s')>0  die  Zahlenfolge  (e~1**'}  eine 
,,konvergenzerhaltende"  1st  in  dem  Sinne,  daB  aus  der  Konvergenz  einer 
Reihe  ^£bn  die  Konvergenz  der  ,,multiplizierten"  Reihe  ^£bne~*»*'  folgt. 
Es  gibt  also  auch  eine  Konvergenedbszisse  GB^^A)  derart,  daB  (1) 
fdr  9  >  <JB  konvergiert,  fttr  tf  <  6 B  divergiert. 

CaJien*),  der  zuerst  die  Dirichletschen  Reihen  einer  systemati- 
schen  Untersuchung  unterworfen  hat,  zeigt,  daB  (1)  in  jedem  Gebiete 
or  >  tfa  +  *>  \s\<K  gleichmdftig  konvergiert  und  sorait  in  der  Kon- 
vergenzhalbebene  <r  >  6 B  eine  regul&re  ancdytische  Function  f(s)  dar- 
stellt.  Im  allgemeinen  konvergiert  aber  eine  Reihe  (1)  nicht  gleich- 
maBig  in  der  yanzen  Halbebene  6  >  0B  +  £>  und  Bohr*)  hat  daher 
die  gleichmafiige  Konvergenzabszisse  GQ  eingefiihrt,  welche  definiert  wird 
ale  die  untere  Grenze  aller  Abszissen  <^0,  fiir  die  (1)  in  der  ganzen 
Halbebene  tf  >  00  gleichmaBig  konvergiert.  Hierbei  ist  oflfenbar 
—  oo  <£  GB  ^  <y<?  ^  6 A  ^  +  <x>,  und  es  konnen  die  drei  Konvergenz- 
abszissen  alle  Werte  tatsachlich  haben;  welche  mit  diesen  Unglei- 
chungen  vertraglich  sind.7) 

Die  drei  Konvergenzabszissen  einer  Reihe  (1)  konnen  leicht  aus 
den  Koeffizienten  und  Exponenten  der  Reihe  bestimmt  werden.  Ftir 
die  Abszisse  0S  gilt  nach  CaJien8)  der  Satz:  Falls  6B  >  0  ist9),  wird 

5)  E.  Cohen,  Sur  la  fonction  £(s)  de  Riemann  et  sur  dee  fonctiona  analogues, 
Ann.  ftc.  Norm.  (3)  11  (1894),  p.  75—164. 

6)  JJ.  Bohr,  a)  Sur  la  convergence  des  series  de  Dirichlet,  Paris  C.  K.  151 
(1910),  p.  376—877;  b)  tJber  die  gleichmafiige  Konvergenz  Dirichletscher  Reihen, 
Crellea  J.  143  (1913),  p.  204—211;    c)  Nogle  Bemserkninger  om  de  Dirichletske 
Reekkerg  ligelige  Konvergens,  Mat.  Tidsskr.  B  1921,  p.  51—65. 

7)  L.  Neder ,   tTber  die  Lage   der  Konvergenzabszissen  einer  Dirichletschen 
Reihe  zor  Beschranktheitaabsziase  ihrer  Summe,   Arkiv  fttr  Mat.,  Aetr.  och  Fys. 
1«  (1922),  No.  20. 

8)  E.  Cohen,  a.  a.  0.  5).     Ein  Teil  dea   Satzes   findet  aich   schon  bei  /.  L. 
W.  V.  Jensen,  Sur  une  generalisation  d'une  the'oreme  de  Cauchy,  Paris  0.  E.  106 
(1888),  p.  838—836. 

9)  Die  Bedingung  0£>0  bedeutet  keine  wesentliche   Einschrankung   der 
Allgemeinheit ,  well  ja  die  Konvergenzabszisse  an,  falls  sie  >  —  oo  ist,  immer 
durch   die   einfache  Transformation  s  —  *'  —  c  um  eine  Konstante  c  vergrOfiert 
werden  kann.    Ausdriicke  far  <SB,  die  im  Falle  <rB<0  oder  sogar  f&r  jede  Lage 
von  <JB  gel  ten,  sind  gegeben  von  S.  Pinchcrle,  Alcune  spigolature  nel  campo  delle 
funzioni  determinant!,  Atti  d.  IV  Congx.  intern,  d.  Mat.  2  (Rom  1908),  p.  44—48; 
K.  Knopp,   t)ber   die   Abszisse    der   Grenzgeraden    einer   Dirichletsohen   Reihe, 
Sitzungsber.  Berl.  Math.  Gee.  10  (1910),  p.  1—7;    W.  Schnee,    Dber   die   Koeffi- 
zientendarstellungsfonnel  in  der  Theorie  der  DLrichletechen  Reihen,  GOtt.  Nachr. 
1910,  p.  1—42;  T.  Kojima,  a)  On  the  convergence-abscissa  of  general  Dirichlet's 
series,  Tdhoku  J.  6  (1914),  p.  134—139;  b)  Note  on  the  convergence-abscissa  of 
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sie  durch  den  Ausdruck 
(7)  tf, 


gegeben;  d.  h.  6B  ist  die  untere  Grenze  aller  positiven  Zahlen  «,  fur 
welche  die  ,,summatorische"  Funktion  Sn  gleich  0(e*n°)  ist.10) 
Aus  (7)  ergibt  sich  sofort,  daft  im  Falle  0^  >0 


Ftlr  die  gleichmafiige  Konvergenzabszisse  60  gilt  schliefilich,  falls 
>  0  ist,  die  entsprechende  Formel11): 


wo  TM,  bei  festem  n,  die  obere  Grenze  von  \^a>me~*mit\  ftir  —  cx>  <  t  <  oo 
bezeichnet.  l 

Fur  Reihen  (1),  bei  denen  die  Exponentenfolge  {An}  hinreichend 
schnell  ins  Unendliche  wachst  (z.  B.  fflr  die  Potenzreihen,  *wo  An  =  n 
ist),  gilt  immer  die  Gleichung  6A  =  &B  (=  &o)>  d.  h.  sie  besitzen  keinen 
bedingten  Konvergenzstreifen.  Die  genaue  notwendige  und  hinreichende 
Bedingung,  die  eine  Exponentenfolge  erfiillen  mufi,  damit  jede  zu  ihr 
gehorige  Dirichletsche  Reihe  der  Bedingung  6A  =  6B  genfigt,  ist 

(8)  lim^-O. 


Dirichlet's  series,  Tdhoku  J.  9  (1916),  p.  28—37;  M.  Fujiwara,  a)  On  the  con- 
vergence-abscissa of  general  Dirichlet's  series,  T&hoku  J.  6  (1914),  p.  140—142; 
b)  t)ber  Konvergenzabszisse  der  Dirichletscheu  Reihe,  Tdhoku  J.  17  (1920), 
p.  344—350;  E.  Lindh  (bei  M  ittag-  Leff  ler)  ,  Sur  un  nouveau  th^oreme  dans  la 
throne  des  series  de  Dirichlet,  Paris  C.  R.  160  (1916),  p.  271—273;  B.  Malmrot, 
Sur  une  formule  de  M.  Fujiwara,  Arkiv  fb>  Mat.,  Astr.  och  Fys.  14  (1919),  No.  4, 
p  1—10. 

10)  Soil    die    Reihe   (1)    noch   in    Punk  ten    auf   der   Konvergenzgeraden 
<j«»  «B(>0)  konvergieren,  ist  es  nach  Jensen,  ft.  a.  0.  8),  notwendig  (aber  nicnt 
hinreichend,   vgl.  Nr.  5),   dafi   die   summatorieche   Funktion  Sn  der  Bedingung 
Sn-*o(e**a*)  genugt. 

11)  FQr  ffewGhnliche  Dirichletoch*  Reihen  (ln=-logn)   bei  H.  Bohr,   Dar- 
stellung    der    gleicbmafiigen    Konvergenzabtzisse     einer     Dirichletschen    Reihe 


-;  als  Funktion  der  Koeffizienten  der  Reihe,  Arch.  Math.  Phys.  (5)  21  (1913), 

««i 

p.  826  —  880,  itir  bclicbige  Dirichletnch*  Reihen  bei  M.  Kuniyeda,  Uniform  con- 
yergence-  abscissa  of  general  Dirichlet's  series,  T6hoku  J.  9  (1916),  p.  7—27.  In 
der  letzten  Arbeit  sind  auch  Formeln  f&r  OG  angegeben,  die  ftlr  jede  Lage  yon. 
*e  gelten.  (Vgl.  Note  9).) 
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Allgemein  gilt  der  Satz11),  dafi  die  maximale  Breite  M  des  bedingten 
Konvergenestreifens  6B  <I  &  £  6A  f&r  alle  zu  einer  gegebenen  Expo- 
nentenfolge  gehorigen  Reihen  (1)  durch  den  Ausdruck 

TUT  1 '  1°£  ** 

M  —  hm  sup  --y— 

n->«          *« 

gegeben  wird.  Fur  die  gewohnlichen  Dirichletachen  Eeihen  (2)  ist 
somit  die  maximale  Breite  M  =  1.  Diese  Breite  1  wird  z.  B.  bei 
jeder  Reihe  (2),  die  den  Bedingungen  (4)  geniigt,  erreicht;  in  der 
Tat  ist  hier  <SA  =  1,  6B  —  0. 

3.  Der  Eindeutigkeitssatz.  Aus  der  einfachen  Bemerkung,  dafi  die 
Funktion  e~**  =  e~a(ry+f'f)  (>l  >  0)  far  0  •>  oo  um  so  schneller  gegen  0 
abnimmt,  je  grofier  der  Exponent  A  ist,  ergibt  sich  leicht:  falls  eine 
DirichletBche  Reihe  (1)  mit  GB  <  oo  die  Bedingung  6A  <  oo  oder  nur 
die  Bedingung  00  <  <x>8c)  erftillt,  dann  uberwiegen  fur  <f  ->  oo  cfre  -4n- 
fangsglieder  der  Reihe  den  Rest,  d.  h.  es  gilt,  bei  jedem  festen  N,  fur 
<y  ->  oo  gleichmafiig  in  t  die  Limesgleichung 

(9)  ^.e-V  ^^a^-^n'  +  o(«-^)5 

n=l  n=l 

hieraus  folgt  sofort,  daB,  wenn  nicht  samtlicbe  Koeffizienten  an  gleich 
0  sind,  die  Summe  ^(5)  bei  hinreicbend  grofiem  K  in  der  ganzen  Halb- 
ebene  6  >Z  von  0  verscbieden  sein  wird.  Ffir  Reihen  (1)  m^  <y^<  oo 
gilt  daber  der  folgende  Eindeutigkeitssatz \  Sind  zwei  DirichletBche 
Reiben  f(s)  «*^taflc"i»»*  und  ^(5)  =^bn  erfn*  gleicbgrofi  in  alien 
Punkten  einer  Zablenfolge  {sn  —  tfw  •+•  «#n)  mit  tf,,  •>  oo,  dann  sind 
die  beiden  Reiben  identiscb;  denn  in  der  DiricMetaohen  Reihe  ^Scn  e~**  *. 
welche  durcb  Subtraktion  von  f(s)  nnd  g(s)  entsteht,  mttssen  ja  alle 
Koeffizienten  cn  gleicb  0  sein. 

Far  eine  beliebige  IHrichletache  Reihe  (1)  mit  <?*  <  oo  gilt  die 
Limesgleichung  (9)  ftir  6  -*-  oo  im  allgemeinen  nicht  gleicbmafiig  in  t, 
wenn  t  das  game  Intervall  —  oo  <  t  <  oo  durchlauft.  Dagegen  gilt 
(9),  wie  von  Perron19)  bewiesen,  gleichmaBig  in  t,  wenn  t  durcb  eine 
Bedingung  der  Form  \t\<e*a  beschrankt  wird,  wo  k  eine  beliebige 
Konstante  bedeutet.  In  diesem  allgemeinen  Fall  finden  wir  daher  den 
folgenden  Eindeutigkeitssatz'.  Wenn  zwei  Dirichletsche  Reihen  mit 


12)  E.  Cohen,  a.  a.  0.  5).   Vgl.  auch  Hardy-Riesz,  a.  a.  0.  1),  p.  9. 

18)  0.  Perron,  Zur  Theorie  der  Dirichletachen  Beihen,  Crelles  J.  134  (1908), 
p.  96 — 143.  Dafi  die  Limesgleichung  (9)  filr  ein  festes  t  gilt,  steht  echon  bei 
Dirichlet,  Vorlesungen  fiber  Zahlentheorie,  herauagegeben  yon  Dedekind,  Braun- 
schweig 1863,  p.  410 — 414.  Vgl.  auch  eine  (in  Math.  ZUchr.  bald  eracheinende) 
Arbeit  von  L.Neder,  &ber  Gebiete  gleichm&fiiger  Konvergenz  Dirichletscher  Beihen. 
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6B  <  oo  in  den  Punkten  einer  Zahlenfolge  { sn }  mit  tfn  ->  <x>  und 
\tn\  <^eka  gleichgroB  sind,  so  sind  die  beiden  Reihen  identisch.  Hier 
kann  die  Forderung  \tn\  <  #**  nicht  weggelassen  werden,  denn  es  exi- 
stieren  tatsachlich  Reihen  (1),  deren  Koeffizienten  nicht  alle  0  sind, 
die  jedoch  eine  Folge  von  Nullstellen  { sn }  mit  cfn  ->•  oo  besitzen.14) 

4.  Die  KoeffizientendarsteUungsformel.  Aus  dem  Eindeutigkeits- 
satze  in  Nr.  3  folgt  so  fort:  wenn  eine  in  einer  gewissen  Halbebene 
a  >  tf0  regulare  analytische  Funktion  f(s)  durch  eine  konvergente 
Dlrichletache  Reihe  darstellbar  1st,  dann  miissen  die  Exponenten  An 
und  die  Koeffizienten  an  dieser  Reihe  aus  der  Funktion  /*($)  eindeutig 
bestimmt  werden  konnen.  Die  tatsachliche  Bestimmung  dieser  beiden 
Zahlenfolgen  {An}  und  {an}  wird  durch  den  unten  folgenden  Satz 
gegeben,  dessen  formate  Herleitung16)  sich  aus  der  bekannten,  fttr 
jedes  positive  c  giiltigen  Formel 


c-M  GO 

1       reaM  d  1 1  fiir  cc  >  0 

"2-jtiJ     s  lOffir«<0 


ergibt,  wahrend  seine  strenge  Begrundung  zuerst  von  Hadamard  und 
Perron1*}  gegeben  wurde.    Dieser  Satz  lautet:  Es  sei  (1)  eine  beliebige 
Dirichletsche  Reihe  mit  der  Konvergenzdbseisse  6B  <  <x>  und  c  eine  po- 
sitive Zahl  >  GB>    Dann  gilt  fiir  jedes  x  im  IntervaUe  A^  <  x  < 
die  Formel  N  e+iv> 

(10)  -i 


Es  ist  also  das  auf  der  rechten  Seite  stehende  Integral  J(x} 
streckenweise  konstant  (fiir  0  <  x  <  oo)  und  die  Exponenten  >LW  sind 
die  Unstetigkeitsstellen  von  J(x),  wahrend  die  Koeffizienten  an  sich 

14)  JET.  Bohr,  Beweia  der  Exiatenz  Dirichletacher  Reihen,  die  Nullatellen  mit 
beliebig  groBer  Abazisae  beaitzen,  Palermo  Rend.  31  (1911),  p.  236  —  243. 

15)  Vgl.  L.  Kronecker,  Notiz  vlber  Potenzreihen  ,  Monataber.  Akad.  Berlin 
(1878),  p.  63—68,  und  E.  Cahen,  ».  a.  0.  6).     Bin   Spezialfall  kommt  schon  bei 
B.  Riemann,  Ueber  die  Anzahl  der  Primzahlen  unter  einer  gegebenen  Grease, 
Monataber.  Akad.  Berlin  1869,  p.  671—680  <-»  Werke,  p.  145—163,  vor. 

16)  J.  Hadamard,   Sur  lea   ae'ries   de  Dirichlet,    Palermo  Rend.  25  (1908), 
p.  326  —  830,  beweiat  den  Satz  unter  der  Annahme,  dafi  die  Reihe  eine  absolute 
Konvergenzhalbebene  beaitzt  (also  tf^<»)  und   O.  Perron,  a.  a.  O.  18)  far  den 
allgemeinen  Fall.     Vgl.  auch  E.  Phragmen,  t)ber  die  Berechnung  der  einzelnen 
Glieder  der   Riemannachen  Primzahlformel  ,   Oefvers.  af  Kgl.  Vetensk.  FOrh.  48 
(Stockholm  1891),  p.  721  —  744  und  H.  v.  Mangoldt,  Auszug  aua  einer  Arbeit  unter 
dem  Titel:   Zu  Riemanns  Abhandhmg  ,,0ber  die  Anzahl  der  Primzahlen  unter 
einer  gegebenen  GrdBeut  Sitzungiber.  Akad.  Berlin  1894,  p.  883—896. 
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als  die  Spriinge  in  den  Punkten  £„  ergeben.17)  In  einer  Unstetigkeits- 
stelle  >tn  selbst  ist  das  Integral  J(x)  wohl  nicht  direkt  kony argent,  es 

hat  aber  einen  Hauptwert,  definiert  durch  lim ^-.  J,  und  dieser  Haupt- 

r~>'°     c-iT 

wert  ist  gleich  dem  Mittelwert  j(J(in  +  0)  +  J(An  —  0)). 

Das  Integral  in  (10)  konvergiert  im  allgemeinen  nur  bedingt.  Bei 
verschiedenen  tTntersuchungen  ist  es  deshalb  bequem,  statt  (10)  die 
Form  el 

^r*«  -,f. 

\^ds—2*«(x  —  A.) 

8  i 


zu  benutzen,  wo  das  Integral  (wenigstens  im  Falle  6G  <  co,  ygl.  Nr.  6) 
absolut  konvergiert.  Die  Formeln  (10)  und  (11)  sind  dbrigens  Spezial- 
falle  der  allgemeinen  Formel18) 


wo  a  ^  1  ist. 

5.  Beaiehung  zwisohen  der  Reihe  auf  der  Konvergenageraden 
und  der  Fnnktion  bei  Annfthemng  an  die  Konvergenzgerade.  In 
den  Punkten  der  Konvergenzgeraden  G  —  <SB  einer  Dirichtefachen  Reibe 
(1)  kann  das  Verhalten  der  Reihe  sehr  verschiedenartig  sein.  Wie 
im  Spezialfall  einer  Potenzreihe  (Aw  =  n)  bestehen  aber  auch  bei  den 
allgemeinen  Dirichletscheu  Reihen  wichtige  Zusammenhange  zwischen 
dem  Verbal  ten  der  Reihe  in  einem  Punkte  der  Konvergenzgeraden  und 
dem  Verhalten  der  dargestellten  Funktion  f(s),  wenn  die  Variable  s 
sich  diesern  Punkte  nahert.  Da  dies  Problem  im  Spezialfall  ln  =  n 
im  Artikel  II  C  4  ausfUhrlich  besprochen  ist,  sollen  hier  nur  einige 
Hauptresultate  erwahnt  werden.  Zuerst  nennen  wir  den  Satz  (Ana- 
logon  zum  Abel-StolzBchen  Satze  ilber  Potenzreihen):  wenn  die  Reihe 
(1)  in  einem  Punkte  S0  der  Konvergenzgeraden  6  «=  6B  konvergiert 
mit  der  Summe  A,  dann  existiert  der  Grenzwert  lim  f(s)  und  ist  =*  A, 
wenn  s  sich  von  rechts  langs  einer  horizontalen  Geraden  oder  sogar 


17)  Eine  andere,  yon  Hadamard  herrubrende  Methode,  um  die  Koeffizienten 
an  einer  DirichletBchen  Reihe  aus  der  durch  die  Reihe  dargestellten  Funktion 
zu  begtimmen,  wird  in  Nr.  9  betprochen^  dieee  letzte  Methode  —  und  nicht  die 
oben  angegebene  —   ist  ubrigene  ale  die  unmittelbare  Verallgemeinerung   der 
Cauchytchen  Methode  zur  Bettimmung  der  Koeffizienten  einer  Potenzreihe  an- 
zuseben. 

18)  J.  Hadamard,  Sur  la  distribution  des  z^roa  de  la  fonction  £(*)  et  sea 
consequences  arithm^tique's,  Bull.  Soc.  math,  France  24  (1B96),  p.  199—  220.'  Wegen 
der  strengen  Begrundnng  im  Falle  *A  —»  «  vgL  0.  Perron,  a.  a.  0.  13). 
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in  einem  der  Halbebene  <5  >  <5B  ganz  angehorenden  Winkelraum  dem 
Punkte  s0  nahert.19)  Dieser  Satz  laBt  sich  natiirlich  nicht  ohne  wei- 
teres  umkehren,  d.  h.  aus  der  Existenz  des  Grenzwertes  folgt  nicht  die 
Konvergenz  der  Reihe  im  Punkte  s0.  Bedingungen ,  unter  welchen 
die  Umkehrung  erlaubt  ist,  wurden  von  Landau,  Schnee,  Littlewood 
und  Hardy -Littlewood  gegeben.20)  Hier  sei  nur  der  tiefliegende  Satz 
von  Litflewood  erwahnt,  wonach  die  Bedingung 

aHe-*»'*  =  0 (-*r^lr1-1-)  (»r  n  ->  oo) 

fur  die  besprochene  Umkehrung  geniigt. 

Von  etwas  anderer  Art  —  weil  Regularitat  im  Punkte  $0  statt 
Grenzwert  fiir  s  ->  S0  vorausgesetzt  wird  —  ist  ein  fiir  verschiedene 
Anwendungen  sehr  wichtiger  Satz  von  M.  Riest*1),  der  als  die  Ver- 
allgemeinerung  eines  Fatouschen  Satzes  tiber  Potenzreihen  (Aw  =  n) 
anzusehen  ist,  und  der  besagt,  daB,  falls  eine  Dirichletsche  Reihe  (1) 
rnit  <JB  >  0  die  Bedingung 

(13)  5n  =  a1  +  ...an  =  o(^n^) 

erflilit,  sie  in  jedem  Punkte  der  Konvergenzgeraden  <7  =  0$,  in  wel- 
cheni  die  Funktion  f(s)  regular  ist,  konvergicrt,  und  zwar  gleichmaBig 
in  jedem  Regularitatsintervall.  Die  Bedeutung  dieses  Satzes  zeigt  sich 

19)  Fiir  Annaherung  lings  einer  horizontalen  Geraden  siehe  Dirichlet-Dede- 
lind,  a.  a.  0.  13),  p,  410—414;  far  Annaherung  im  Winkelraum  E.  Cohen,  a.  a.  0.  5). 

20)  E.  Landau,  a)  Obcr  die  Konvergenz  einiger  Klaseen  von  unend lichen 
Reihen    am    Rande    des    Konvergenzgebietes ,    Moiiatsh    Math.   Phys.    18   (1907), 
p.  8 — 28;   b)   t)ber  einen   Satz  des   Herrn  Littlewood,  Palermo  Rend.  35  (1913), 
p   265—276;    W.  Schnce,  t)ber  Dirichletsche   Reihen,  Palermo  Rend.  27   (1909), 
p.  87 — 116;  J.  Littlewood,  The  converse  of  Abel's  theorem  on  power  series,  Proc. 
London  math.  Soc.  (2)  9  (1910),  p.  434—448;  G.  IL  Hardy  u.  J.  Littlewood,  Tauberian 
theorems  concerning  power  series    and  Dirichlet's  series  whose  coefficients  are 
positive,  Proc.  London  math.  Soc.  (2)  13  (1913),  p   174—191. 

21)  M.  Riesz,  a)   Sur  les  series   de  Dirichlet  et  les   series  entieres,  Paris 
C.  R.  149  (1909),  p   309—312;  b)   Ein  Konvergenzsatz  fiir  Dirichletsche  Reihen, 
Acta  Math.  40  (1916),  p.  349—361.    Ein  Beweis  des  Spezialfalls  An  =  logn  wurde 
Bchon  friiher  (nach  einer  Mitteilung  von  Riesz)  von  E.  Landau,  Cher  die  Bedeu- 
tuug  einiger  neuer  Grenzwertsatze  der  Herren  Hardy  und  Axer,  Prac.  Mat.  Fiz.  21 
(1910),  p.  97—177,  verOffentlicht.    Vgl.  auch  D.Kojima,  On  the  double  Dirichlet 
series,  Reports  Tdhoku  University  9  (1920),  p.  351—400. 

Riesz  hat  bedeutende  Verallgeineinerungen  seines  Sat  tea  in  Aussicht  ge- 
stellt.  VgL  eine  demnachst  in  den  Acta  Univ.  hung.  Francesco-Jos,  erscheinende 
Arbeit.  Eine  besonders  wichtige  dieeer  Verallgemeinerungen  —  wolche  den  Fall 
Summabilitat  statt  Konvergenz  behandelt,  vgl.  Nr.  13  —  ist  in  der  zahlentheo- 
retischen  Arbeit  von  H.  Cramer,  (Jber  das  Teilerproblem  von  Piltz,  Ark.  f.  Mat, 
Astr.  och  Fye.  16  (1922),  No.  21,  nach  einer  Mitteilung  von  Riesz  verttffentlicht. 
Vgl.  auch  A.  Walfi**,  Ober  die  eummatoriachen  Funktionen  einiger  Dirichlet- 
echer  Reihen,  Diss.  Gdttingen  1922,  p.  1—56. 
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schon  darin,  dafi  die  Bedingung  (13),  wie  frtiher10)  erwahnt,  notuendig 
ist,  damit  die  Gerade  6  —  GB  dberhaupt  eine  Konvergenzstelle  der 
Reihe  enthalte. 

An  die  erstgenannten  Satze  schliefit  sich  eine  Reihe  yon  wei- 
teren  Satzen  an,  wo  an  Stelle  der  Konvergenz  der  Reihe  im  Pnnkte 
50  und  der  Existenz  des  Grenzwertes  der  Funktion  bei  Annaherung 
an  diesen  Punkt,  bestimmte  Art  yon  (eigentlicher)  Divergent  der  Reihe 
im  Punkte  s0  und  entsprechende  bestimmte  Art  von  Unendlickwerden 
der  Funktion  bei  Annaherung  an  den  Punkt  tritt.  Solche  Satze,  die 
durch  Vergleich  mit  speziellen  einfachen  Typen  DirichletscheT  Reihen 
abgeleitet  werden,  verdankt  man  besonders  Knopp*2)  und  Schnee2*). 
Als  ein  einfaches  Beispiel  fiir  eine  gewohnliche  Dirichletsche  Reihe 
(2)  sei  der  folgende  Satz  genannt  (wo  es  sich  um  den  Punkt  s0  =  0 
handelt).  Aus  ^  ,.  +  ^  .  -  •.  _  ^  (- >  Q) 

folgt  lim  *"f(s)  =  AT(a  +  1), 

wo  s  durch  positive  Werte  gegen  0  strebt.  Mit  der  viel  schwieri- 
geren  Frage  nach  der  Umkehruny  solcher  Satze  haben  sich  Hardy  und 
Littlewood*4)  beschaftigt.  So  haben  sie  z.  B.  die  Umkehrung  des  eben 
erwahnten  Satzes  in  dem  Falle  bewiesen,  wo  die  Koeffizienten  an 
samtlich  positiv  sind.  Der  weitestgehende  von  Hardy  und  Littlewood 
bewiesene  Satz,  welcher  den  allgemeinen  Typus  Dirtchletscher  Reihen 
(1)  betriflFt  (wo  jedoch  An  :  An  +  1  ->  1  vorausgesetzt  wird)  besagtsib),  daB, 
wenn  eine  Reihe  (1)  mit  der  Konvergenzabszisse  <SB  ==  0  die  Limes- 
gleichung  Hm  saf(s)  =*  A  (a  ^  0) 

erfttllt;  und  ihre  Koeffizienten  an  reell  sind  und  der  ;;einseitigen"  Be- 
dingung an  >  —  Kl%~l(ln  —  ^.i)  geniigen86),  die  Gleichung  gilt: 

lim  *i  +  *i  +  •••««  _       A       . 

n™  V  F(«  +  1) 


22)  K.  Knopp,  a)  Grenzwerte  von  Reihen  bei  der  Annahercmg  an  die  Kon- 
vergenzgrenze,  Dies.  Berlin  1907;  b)  Divergenzcharaktere  gewiseer  Dirichletscher 
Reihen,  Acts  Math.  84  (1911),  p.  165—204;  c)  Grenzwerte  von  Dirichletachen 
Reihen  bei  der  Annaherimg  an  die  Konrergenzgrenze,  Crelles  J.  138  (1910), 
p.  109—132. 

23)  W.  Schnee,  a)  a.  a.  0.  2);    b)  a.  a.  0.  20).     In  der  letzten  Arbeit  gibt 
Schnte  einige  interessante   epezielle   Typen   Dirichletschei  Reihen   an,    die    ala 
,,Vergleich8reihenu  besonders  geeignet  sind. 

24)  Vgl.  inibesondere  6^.  Jff.  Hardy  u.  J.  Littlewood ,  a)  a.  a.  0.  20);  b)  Some 
theorems  concerning  Dirichletf»  series,  Mess,  of  math.  43  (1914),  p.  134 — 147. 

26)  Hier&na  folgt  sofort  als  Corollar,  dafi  der  Satz,  im  Falle  kompleier 
Koeffizienten,  g^ltig  ist,  falls  die  oben  angegebene  ,,emseitige"  Bedingung  durch 
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Hit  den  obigen  Fragestellungen  eng  verwandt  1st  das  Problem 
nach  der  Beziehung  des  Verhaltens  der  Funktion  bei  Annaherung  an 
einen  Punkt  $0  auf  der  Konvergenzgeraden  a  =  6^  und  der  Art  der 
Divergent  der  Reihe  in  einem  Punkte  si9  welcher  links  yon  dieser 
Qeraden  in  derselben  Hohe  wie  $0  gelegen  ist;  der  einfachen  Formu- 
lierung  halber  seien  beide  Punkte  auf  der  reellen  Achse  angenommen, 
und  zwar  $,  =  0  (also  s0  =  <*%  >  0);  so  daB  die  Partialsummen  im 
Punkte  sl  die  Werte  der  summatorischen  Funktion  Sn  =  a±  -f~  '  *  '  an 
ergeben.  Hier  ist  vor  allem  ein  Satz  von  Dirichlet**)  iiber  gewohn- 
liche  Dirichlefache  Reihen  (mit  <y5  =  1)  zu  erwahnen,  der  besagt,  daB  aus 

^L  ->  A  (far  n  -*  oo) 

folgt  f(s)(s  —  1)  -*•  A.  (fiir  zu  1  abnehm.  s) 

Auch  dieser  Satz  laBt  sich  nicht  ohne  weiteres  umkehren27),  und  zwar 
nicht  einmal,  wenn  den  Koeffizienten  der  Reihe  Bedingungen  der  Art 
auferlegt  werden  (z.  B.  daB  sie  alle  positiv  sein  soDen),  welche  beim 
vorhergehenden  Problem  fiir  die  Guitigkeit  des  Umkehrsatzes  genilgten; 
es  laBt  sich  im  allgemeinen  nur  behaupten  28),  daB  aus  f(s)(s  —  1)-+A 

folgt  .  8n  ^   A  ,      ..     .    „  Slt  ^  A 

0  limsup  -£•  ^  A     und      hminf  —*-<*  A. 

n-X»        n  n->oo        n 

Bei  den  obigen  Satzen;  wo  aus  dem  Verhalten  der  Funktion  auf 
das  Verhalten  der  Reihe  geschlossen  wurde,  bezog  sich  die  Aimahme 
iiber  die  Funktion  stets  auf  ihr  Verhalten  in  der  Nahe  eines  einzigen 
Punktes  auf  der  Kouvergenzgeraden.  Von  Landau**)  riihrt  der  folgende 


die  ,,allseitigeu  Bedingung  an  =  ^(Z^"1^  —  *n-i))  ersetzt  wird.  Im  speziellen 
Falle  a  =  0  reduziert  sich  dieser  letzte  Satz  auf  den  oben  erwabuten  Littlewood- 
schen  Satz  (uber  Konvergenz). 

26)  G.  Lqeune  Dirichlet,  Sur  un  theoreme  relatif  aux  series,  J.  de  math.  (2,  1 
(1856),  p.  80—81  =  Werke,  Bd.  2,  p.  196—200.  VerallgemeineruDgen  solcher  Satze 
finden  sich  z.  B.  bei  A.  Pringsheim,  Zur  Theorie  der  Dirichletschen  Reihen,  Math. 
Ann.  37  (1890),  p.  38—60;  A.  Berger,  Recherches  sur  les  valeura  moyennes  dans 
la  theorie  des  nombres,  Nova  Acta  Upsala  (3)  14  (1891),  Nr.  2;    J.  Franel,  Sur 
la  the'orie  des  series,  Math.  Ann.  62  (1809),  p   629— 64U. 

27)  Ware    dies    der    Fall,   so    ,,wiirde   das   ganze  Gebaude   der    Primzahl- 
theorie  mit  groBer  Geschwindigkeit  errichtet  werden  k6nnenu  (Landau^  Hand- 
buch,  Bd.  1,  p.  114). 

28)  O.  Holder,  Grenzwerte  von  Reihen  an  der  Convergenzgrenze,  Math.  Ann. 
20  (1882),  p.  636—649.    Vgl.  auch  JE.  Landau,  tJber  die  zu  einem  algebraiechen 
Zahlkorper  gehdrige  Zetafunktion  und  die  Ausdehnung  der  Tschebjschefachen 
Frimzahlentheorie  auf  das  Problem  der  Vertheilung  der  Primideale,  Crelles  J.  126 
(1903),  p.  64—188. 

29)  E.  Landau,  Beitrage  zur  analytiachen  Zahlentheorie,  Palermo  Rend.  26 
(1908),  p.  169—302.     Eine  Yerscharfung  seines  Satzes  gab  Landau  a.  a.  0.  21). 
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tiefliegende  Satz  her,  in  welchem  Voraussetzungen  iiber  die  Funktion 
bei  Annaherung  an  alle  Punkte  der  Konvergenzgeraden  gemacht  wer- 
den  und  daraus  ein  sehr  genaues  Resultat  tiber  dae  Verhalten  der 
Reihe  (namlich  Umkehrung  des  obigen  Dmcftfefechen  Satzes)  herge- 
leitet  wird:  Es  sei  eine  gewohnliche  Dtriefcfefeche  Reihe  (2)  mit  posi- 
tiven  Koefftzienten  (und  <*s  =  1)  in  alien  Punkten  der  Konvergenz- 
geraden 6  —  1  regular  mifc  Ausnahme  des  Punktes  5  =  1,  wo  sie 
einen  Pol  erster  Ordnung  mit  dem  Residuum  A  besitzt;  ferner  sei 
fur  <*:>!  (und  |*|->oo)  die  Relation  f(s)  —  0(|f|*)  bei  passender 
Wahl  einer  Konstanten  k  erfUllt.  Dann  ist 

,  .      a,  4-  a.  4-  •  •  •  a/i          A 
hm  ^  ^   *    -  £-  «=  A. 


Landau90)  hat  spater  diesen  Satz  auf  beliebige  jWrt'cfttefeche  Reihen 
(1)  fibertragen.  Eine  Verallgemeinerung  dieses  Landauschen  Satzes 
und  andere  ahnliche  Satze  baben  auf  anderem  Wege  Hardy  und  Little- 
wood*1)  gefunden. 

6*  Das  Konvergenzproblem.  In  Nr.  2  wurde  besprochen,  wie  die 
drei  Konvergenzabszissen  <5Aj  6Bj  GO  von  den  Koeffizienten  und  Ex- 
ponenten  der  Reihe  aus  bestimmt  werden  konnen.  Wir  wenden  uns 
nun  zu  einem  viel  schwierigeren  Problem,  dem  sogenannten  Konver- 
genzproblem der  Dirtchletscben  Reihen,  namlich  zur  Frage,  ob  und  in 
welcher  Weise  die  Lage  dieser  Abszissen  (und  vor  allem  der  Konrer- 
genzabszisse  <SB)  mit  einfachen  analytischen  Eigenschaften  der  (lurch 
die  Reihe  dargestellten  Funktion  f(s)  zusammenhangt.  Im  speziellen 
Fall  Aw  «-•  n  (Potenzreihe  in  c~*)  ist  diese  Frage  ja  einfach  dahin  zu 
beantworten,  dafi  die  Reihe  genau  so  weit  konvergiert,  wie  die  Funk- 
tion f(s)  regular  bleibt;  in  der  Tat,  es  liegt  ja  hier  imnier  ein  sin- 
gularer  Punkt  auf  der  Konvergenzgeraden  6  —  <yB  (=  0A  =  ^ff).  Es 
gilt  aber  nicht  nur  in  dem  ganz  speziellen  Fall  An  =  w,  sondern  fUr 
alle  solche  DirichletBche  Reihen  (1),  deren  Exponentenfolge  die  Be- 
dingung 
(14)  lim^-0 

n->»      An 

erfiillt  (wo  also,  nach  Nr.  2,  as  ==:  <SA  ist),  dafi  das  Konvergenzproblem 
in  einfachster  Weise  zu  losen  ist;  die  Funktion  f(s)  braucht  wohl  hier 
nicht  auf  (oder  in  unendlicher  Nahe  links  von)  der  Konvergenzgeraden 

80)  E.  Landau,  Handbuch,  p.  874. 

31)  G.H.  Hardy  u.  J.  Littlewood,  a)  New  proofs  of  the  prime-number  theorem 
and  similar  theorems,  Quart.  J.  46  (1916),  p.  216—219;  b)  Contributions  to  the 
theory  of  the  Riemann  Zetafunction  and  the  theory  of  the  distributions  of  primes, 
Acta  Math.  41  (1918),  p.  119—196. 
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4  =  #B  Singuiaritaten  zu  besitzen,  es  gilt  aber  der  fast  ebenso  ein- 
fache  Satz,  daB  die  Reihe  genau  so  weit  konvergiert,  wie  die  Funk- 
tion  f(s)  regular  und  beschrankt  bleibt,  d.  h.  es  1st  <JB  («=  <r^)  ==  6h, 
wo  tit  (wie  ttberall  im  folgenden)  die  untere  Grenze  dller  Zahlen  tf0 
bezeichnet,  fur  welche  f(s)  in  der  Halbebene  6  >  <y0  regular  ist  und  einer 
VngleicJmng  \f(s)\  <K  =  #O0)  geniigt**)  Fttr  Reihen  (1),  deren  Ex- 
ponentenfolge  ,,sehr"  schnell  ins  Unendliche  wachst,  gilt  ttbrigens, 
daB  die  Funktion  f(s)  iiberhaupt  nicht  iiber  die  Konvergenzgerade 
hinaus  fortgesetzt  werden  kann;  es  laBt  sich  namlich,  wie  zuerst 
Wennberg™)  und  spater  allgemeiner  Carlson  und  Landau**)  und 
Sedssi*5)  gezeigt  haben,  der  Hadamard-Fabrysche  Ltickensatz  f(ir  Po- 
tenzreihen  auf  beliebige  Dirichletsclie  Reihen  iibertragen.  Der  Satz 
lautet  hier,  daB  ftir  jede  zu  einer  Exponentenfolge  mit  An  :  n  ->•  oo 
und  liminf  (A,,^!  —  AJ  >  0  gehorige  Heihe  (1)  die  Konvergenzgerade 
a  =  0B  (=  <jA)  eine  wesentlich  singulare  Linie  ist.*) 

In  anderer  Richtung  —  weil  Voraussetzungen  iiber  die  Koeffi- 
zienten  und  nicht  iiber  die  Exponenten  gemacht  werden  —  liegt  ein 

32)  Dieser  Satz   wurde  suerst  von  11.  Bohr,  a.  a.  0   Ob)  bewiesen.     Einen 
iiuflerst  einiacben  Beweis   gab   E.  Landau,    t)ber   die   gleichnjaBige    Konvergenz 
Dirichletscber   Reihen,   Math.  Ztschr.  11  (1921),  p.  317—318.     Der   Satz   umtaBt 
offenbar  den  fiir  die  Potenzreiben  (A/f  =  n}  giiltigen  Satz  als  Spezialfall,  denh  im 
Falle  \n  =  n  ist  ja  f(s}  periodiwh  mit  der  Periode  2  m,  und  f(s)  wird  daher  vun 
selbst  in  jeder  flalbebene  <s  >  <?0  beschrankt  sein,  wenn  sie  dort  regular  ist. 

Zur  Definition  der  Abszisse  afi  vgl.  auch  die  Arbeit  von  H.  Bohr,  Ein  Satz 
fiber  Diricblotsche  Reihen,  Miinch  *Sitzungaber.  1913,  p.  657 — 562,  worin  bewiesen 
wird,  daB,  falls  die  durch  eine  beliebige  Dirichletache  Heihe  (mit  a  4  «<  oo)  defi- 
nierte  Funktion  f(s)  nur  in  irgendeiner  Viertelebene  <r]><r0,  t>f0  regular  und 
beschrankt  ist,  sie  von  eelbst  in  der  gauzou  Halbebene  <»]>o-0  regular  und  be- 
schrankt bleiben  wird. 

33)  S.  Wennbcrtf,  Zur  Theorie  der  Dirichletschen  Reihen,  Diss.  Upsala  1920 
34;  F.  Carlson  u.  E.  Landau,   Neuer  J3eweis  und  Yerallgemeinerungen  des 

Fabryschen  Liickeusatzes,  Go'tt.  Nachr.  1921,  p.  184—188.  Vgl.  hierzu  auch 
L.Neder,  Ober  einen  Ltickensatz  fiir  Dirichletache  Reiheu,  Math.  Ann.  85  (1922), 
p.  111—114. 

86)  0.  Szasz,  Cbcr  Singuiaritaten  ^on  Potenzreihen  und  Dirichletschen 
Reihen  am  Rande  des  Konvergeuzbereiches,  Math.  Ann.  85  (1022),  p.  99—110 

*)  In  einer  soeben  erscbionenen  interessanten  Abhandlung  von  A.  Ostrowshi, 
ITber  vollstandige  Gebiete  gleicbmaBiger  Konvergenz  von  Folgen  onalytischer 
Funktionen,  Hamburger  Seminar  1  (1922),  p.  327 — 350,  die  sich  all  ge  me  in  mit 
den  Abscbuittsfolgen  einer  DirtchletBclien  Reihe  beschiiftigt,  wird  u.  a.  auch  eiu 
Liickensatz  be\v  iesen ,  wo  die  Exponent  en  folge  { Xn }  nur  ,,ab  und  zuil  groBe 
Lilcken  auf  we  1st;  es  wird  gezeigt,  dafi  die  den  Liicken  eutsprechende  Abschnitts- 
folge  so  weit  konvergiert,  wie  es  von  vornherein  iiberhaupt  gehoffb  werden  konnte, 
d.  h.  so  weit,  wie  die  Funktion  sich  regular  verhalt.  Vgl  hierzu  auch  H.Bohr, 
a.  a.  0.") 
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wichtiger  Satz  von  Landau**),  der  ebenfalls  die  Verallgemeinerung 
eines  bekannten  (  F«?an#sehen)  Satzes  tiber  Potenzreiheu  darstellt  und 
der  besagt,  dafi,  wenn  alle  Koeffizienten  an  positiv  sind,  der  Punkt  0B, 
worin  die  Konvergenzgerade  durch  die  reelle  Achse  geschnitten  wird, 
immer  ein  singularer  Punkt  der  Funktion  ist. 

Fdr  solche  Dirichletsche  Reihen  (1),  ftlr  welche  die  Exponenten- 
folge  {An}  die  Bedingung  (14)  nicht  erfttllt,  z.  B.  far  die  gewohnlichen 
DmcWefechen  Reihen  (2),  stellt  sich  das  Konvergenzproblem  (wenn 
keine  besonderen  Bedingungen  tiber  die  Koeffizienten  gemacht  wer- 
den)  viel  schwieriger,  und  es  scheint  hier  uberhaupt  zweifelhaft,  ob 
es  moglich  ist,  die  Lage  der  Konvergenzgeraden  6  —  6B  durch  ,,ein- 
fache"  analytische  Eigenschaften  der  dargestellten  Funktion  genau  zu 
charakterisieren.87)  Bevor  wir  fiber  die  vorliegenden  Resultate  be- 
richten  konnen,  miissen  einige  charakteristische  Eigenschaften  erortert 
werden,  die  einer  jeden  von  einer  Dirichletschen  Reihe  (1)  dargeetellten 
Funktion  zukommen,  und  die  das  Verhalten  dieser  Funktion  f(s)  fttr 
ins  Unendliche  wachsende  Werte  der  Ordinate  t  betreffen.  Zuerst 
nennen  wir  den  Satz,  daB  jede  solche  Funktion  f(s)  in  der  Halbebene 
6  >  GB  -f-  «  die  Limesgleichung 

(15)  f(8)  -  f(*  +  it}  =  o(\t I)  (fttr  \t\  +  oo) 

erfttllt,  sogar  gleichmafiig  in  (T.38)  Es  bezeichne  nunmehr  hier  (und 
iiberall  im  folgenden)  ^  (^  6B)  die  untere  Grenze  oiler  Abszissen  60, 

36)  E.  Landau,  tlber  einen  Satz  von  Tschebyschef,  Math.  Ann.  61  (1905), 
p.  527 — 550.     Verallgemeinerungen   des  jLandauschen  Satzee   sind  gegeben   von 
M.  Fdcete,  a)  Sur  les  aeries  de  Dirichlet,  Paris  C.  R.  150  (1910),  p.  1083—1036; 
b)  Sur  une  th^oreme  de  M.  Landau,  Paris  C.  R.  151  (1910),  p.  497  —  600. 

Fur  die  von  Landau  betrachteten  Reihen  mit  an>0  ist  offenbar  GA  =  eR\ 
es  §ei  beilaufig  bemerkt,  dafi  das  blofie  Bestehen  dieser  Gleichung  OA  —  OE  nicht 
genfigt  am  zu  scbliefien,  daB  die  Konvergenzgerade  einen  singularen  Punkt  ent- 
halt.  H.  Bohr,  ttber  die  Summabilitat  Dirichletacher  Reihen,  Gdtt.  Nachr.  1909, 
p.  247—262. 

37)  So  kennt  man  z.  B.  keinen  allgemeinen  Satz  iiber  gewtthnlicbe  Dirichlet- 
ache  Reihen  (2),  der  une  aua  einfacben  analytiachen  Eigenschaften  der  durch  die 
Zetareihe  mit  abwechselndem  Vorzeichen  (5)  definierten  ganzen  tranazendenten 
Funktion  t(s)(l  —  2l~«)  dariiber  Aufachlufi  gibt,  dafi  diese  Reihe  eben  die  Kon- 
vergenzabsziaae  <jg  — 0  beaitzt.    Anders  verhalt  es  sich,  wie  aus  den  apateren 
AuifQhrungen   hervorgehen   wird,    mit    der    gleichmafiigen    Kon verge nz aba ziise 
<t0  ^  1  und  der  abaoluten  Konvergenzabezisse  <F^  —  1  dieser  Reihe. 

38)  E.  Landau,  Handbuch,  Bd.  2,  p.  824.     Der  Satz  findet  sich  achon,  wie 
von  Landau  angegeben,  impHzite  bei  0.  Perron,  a.  a.  0.  18).   Wie  von  H.  Bohr, 
Bidrag  tilde Dirichlet'ske  Roekkcrs  Theori,  Habilitationaachrift,  Kopenbagen  1910, 
p.  32,  bewiesen,  laBt  sich  die  Gleichung  /*(*)«.  o(|*|)  durch  keine  Gleichung  der 
Form  f(s)  —  o(\t\°)  mit  a  <  1  eraetzen. 


H.    EncykLMath.  Wi»*.  II  3  (IU23). 


6.  Das  Konvergenzproblem.  737 

fur  welche  f(s)  in  der  Halbebene  <*><*<>  regular  und  von  endlicher 
Grofienordnung  in  bezug  auf  t  ist,  d.  h.  gleich  0(\t  {*)  bei  pasaender 
Wahl  von  k  =  &(^o)-  ^fir  Je(*es  ^es*e  6  >  **•  definieren  wir  alsdann 
die  ,,Groflenordnung"  ft  «=  /*(<*)  von  f(s)  auf  der  vertikalen  Geraden 
mit  der  Abszisse  e  als  die  untere  Grenze  aller  Zahlen  a,  fiir  die 
f(&  -f-  if)  —  0(|£|a)  ist.  Die  somit  fttr  6  >  <ytf  definierte  Furiktion  (1(0) 
ist  nach  (15)  gewifi  <£  1  ftir  ff  >  GB,  und  sie  ist  ferner,  wie  leicht  zu 
sehen89),  immer  ^  0  filr  <f  >  0*5.  Die  genaue  Bestimmung  der  zu  einer 
gegebenen  Din'cftfelschen  Reihe  gehorigen  ft- Funktion  ist  im  allge- 
meinen  ein  sebr  scbwieriges  Problem.  Doch  lafit  sich  mit  Hilfe  der 
bekannten  allgemeinen  Satze  von  Phragmcn  und  Linddof  (Artikel 
II  C  4,  Nr.  10)  liber  das  Verbalten  analytiscber  Funktionen  in  der 
Nahe  einer  wesentlich  singularen  Stelle  (hier  des  Punktes  s  —  cx>) 
leicht  zeigen,  daft  /*(#)  im  ganzen  Definitionsintervall  <f  >  <sf  eine  stetige 
Jconvexe  FunJction  ist,  die  uberall  ^  0  ist,  und  die  mit  abnehmendem  6 
niemals  dbnimmt  Wenn  nicht  nur  <TB  <  cx>,  sondern  auch  6 G  <  oo 
ist  (was  ja  z.  B.  fur  jede  gewobnliche  Dirichletache  Reihe  mit  tf n  <  oo 
der  Fall  ist),  wird  ubrigens  11(0)  gleich  0  sein  fftr  alle  hinreichend 
groBen  tf,  namlich  mindestens  fiir  6  >  GQ. *®) 

Kehren  wir  jetzt  zum  Konvergenzproblem  zurfick.  Landau*1) 
war  der  erste,  der  mit  Erfolg  die  Frage  angegriffen  hat,  inwiefern 
man  aus  der  Kenntnis  der  Grofienordnung  der  durch  eine  Dirichlet- 
sche  Reihe  dargestellten  Funktion  (d.  h.  aus  ihrer  /i-Funktion)  Schliisse 
fiber  die  Lage  der  Konvergenzgeraden  6  =  6B  ziehen  kann.  Das  Pro- 
blem wurde  spater  von  Sdwee**)  in  einer  bedeutsamen  Arbeit  und 
von  Landau**)  selbst  weiter  verfolgt.  Die  Untersuchungen  umfassen 


39)  K.  Ananda-Rau,   Note  on    a   property   of  Dirichlet's  series,   London 
math.  Soc.  (2)  19  (1920),  p.  114-116;    T.  Jansson,  ttber  die  GrSfienordnung  Di- 
richletscher  Reihen,  Arkiv  f.  Mat.,  Astr.  och  Fy§.  15  (1920),  No.  6. 

40)  Die  angefiihrten  Resultate  iiber  die  fi-Funktion  finden  sich  im  wesent- 
lichen   implizite   bei  E.  Lindelof,  Quelques  remarques  aui  la   croissance  de  la 
fonction  J(«),  Bull,  de  Soc.  math.  (2)  32  (1908),  p.  341—366.    Vgl.  auch  H.  Bohr, 
a.  a.  0.  38),  p.  28—86;  O.  H.  Hardy-M.  Eiesz,  a.  a.  O.  1),  p.  16—18,  und  die 
a.  a.  0.  39)  erw&hnten  Abhandlungen. 

Eine  sich  auf  das  Verhalten  der  oberen  Grenze  L  (<?)  der  Funktion  [  /"(«)  | 
im  Interval!  c  >  <so  beziehende  Exg&nzung  des  Z/mc^W/fichen  Satzes  fiber  die 
Konvexitat  der  ^-Funktion  ist  von  G.  Doetech,  t)bcr  die  obere  Grenze  des  abso- 
luten  Betrages  einer  analjtiachen  Funktion  auf  Geraden,  Math.  Ztschr.  8  (1920), 
p.  23 7-*- 240,  gegeben. 

41)  E.  Landau,  a.  a.  0.  29). 

42)  TF.  Schnte,  Zum  Konvergenzproblem  der  Dirichletechen  Reinen,  Math. 
Ann.  66  (1909),  p.  837-849. 

43)  E.  Landau,  a)  t)ber  das  Konvergenzproblem  der  Dirichletschen  Reihen, 
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nicht  den  allgemeinsten  Typus  Dirichlet&Gher  Reihen,  sondern  es  wird 
der  Exponentenfolge  {A,}  die  (ftir  Aw=»logn  erfflllte)  Bedingung 


auferlegt,  welche  offenbar  darauf  hinauslauft,  daB  die  Eiponenten 
nirgends  allzu  dicht  aufeinander  foJgen  diirfen.44)  Indem  wir  uns  der 
Einfachheit  halber  auf  die  gewohnlichen  Dirichktschen  Reihen  (2)  be- 
schranken,  besagt  das  allgemeinste  Resultat  yon  Landau  und  Schnee: 
Es  sei  die  Reihe  (2)  in  einer  gewissen  Halbebene  6  >  #0  nicht  nur 
absolut  konvergent,  sondern  ,,so  deutlich"  absolut  konvergent,  daB 
awn~"«  gleich  0(n~l+')  bei  jedem  c>0  ist;  es  sei  ferner  die  durch 
die  Reihe  dargestellte  Funktion  f(s)  fiir  6  >  00  —  a  (a  >  0)  regular 
und  gleich  0(\t\k).  Dann  konvergiert  die  Reihe  jedenfalls  ftir 


Hierin  ist  speziell  das  Resultat  (von  Schnee**))  enthalten,  daB,  falls 
f(s)  fiir  6  >  GI  (=  &0  —  «)  regular  und,  bei  jedein  d  >  0,  gleich 
O(|$|*)  ist,  Gs^Ltii  ist,  d.  h.  eine  Dirichletache  Reihe  (2)  ist  minde- 
s tens  so  weit  nach  links  konvergent,  wie  die  zugehorige  /t-Funktion 
gleich  0  ist.  Die  genannten  Satze  geben,  mit  Hilfe  der  p- Funktion, 
hinreicbende  Bedingungen  fiir  die  Konvergenz  der  Reihe  in  einer  ge- 
wissen Halbebene,  aber  keine  Bedingungen,  die  zugleich  notwendig 
und  hinreichend  sind.  Solche  Bedingungen  gibt  es  aber  iiberhaupt 
nicht,  d.  h.  es  ist  nicht  moglich,  von  der  bloBen  Kenntnis  der  /*-Funk- 
tion  zu  einer  genauen  Bestimmung  der  Konvergenzabszisse  GB  zu  ge- 
langen;  in  der  Tat46),  es  existieren  DiricUetache  Reihen,  sogar  vom 
Typus  (2),  die  dieselbe  j*- Funktion,  aber  verschiedene  Konvergenz- 
abszissen  6B  besitzen. 


Palermo  Rend.  28  (1909),  p.  118 — 161;  b"t  Neuer  Beweis  eines  Hauptsatzen  aus 
der  Theorie  der  Dirichletschen  Reihen,  Leipziger  Ber.  69  (1917),  p.  336—848. 

44)  Die  Bedingung  (16)  ist  iibrigens  nicht  die  von  Landau  und  Schnee  be- 
nuUte;  sie  wurde  erst  spater  yon  H.  Bohr,  Eiuige  Bemerkungen  liber  das  Kon- 
vergenzproblem  Dirichletacher  Reihen,  Palermo  Rend.  87  (1914),  p.  1  —  16,  einge- 
fuhrt,  der  zeigte,  dafi  eie  die  fiir  die  betreffenden  Untersuchungen  t,genau  rich- 
tigeu  Bedingung  ist,  d.  h.  die  fiir  die  Giiltigkeit  der.  Landau- Schneetcben  S&t/e 
notwendige  und  hinreichende. 

Zur  Orientierung  sei  bemerkt,  daB  eine  Exponentenfolge  { ln } ,  die  der  Be- 
d ing u rig  (16)  geniigt,  anch  der  Bedingung  limsuplogn:  in<[oo  genflgt  (aber 
nicht  umgekehrt),  BO  dafi  (nach  Nr.  2)  jede  Reihe  (1),  die  (16)  erfiillt,  gewifi  ein 
absolutes  Konvergenzgebiet  besitzt,  falls  sie  Uberbaupt  ein  Konvergenzgebiet 
besitzt. 

46)  B.  Bohr,  a.  a.  0.  38),  p.  »4. 
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Ganz  anders  verhalt  es  sich  mit  dem  Problem  der  Bestimmung 
der  gleichmafiigen  Konvergenzabszisse  ##.  Hier  gilt  nach  Bohr46)  der 
einfache  Satz,  daB  jede  Dirichletsche  Reihe  (1),  deren  Exponentenfolge 
die  Bedingung  (16)  erfttllt47),  also  speziell  jede  gewohnliche  Dirichlet- 
sche  Reihe  (2),  so  weit  nach  links  gleichmaBig  konvergiert,  wie  von 
vornherein  iiberhaupt  gehofft  werden  konnte,  d.  h.  es  ist  6  a  =  <*b,  wo 
6b  die  oben  definierte  ;,Regularitats-  und  Beschranktsheitsabszisse" 
bedeutet. 

Es  eriibrigt  die  Frage  nach  dem  Zusammenhang  der  Lage  der 
dbsoluten  Konvergenzgeraden  6  =  0A  mit  den  analytischen  Eigen- 
schaften  der  dargestellten  Funktion  zu  erortern.  Diese  Frage  kann 
auch  so  gestellt  werden,  daB  es  sich  um  die  Bestimmung  der  Breite 
des  Streifens  <fb  <£  6  <£  tiA  handelt,  in  welchem  die  Funktion  f(s)  fiber 
die  absolute  Konvergenzhalbebene  hinaus  regular  und  beschrankt  bleibt, 
und  dann  nattirlich  vor  allem  um  den  maximal  en  Wert  dieser  Breite 
bei  gegebener  Exponenteufolge  {An}.  Diese  letztere  Frage,  zu  deren 
Behandlung  Hiifsmittel  ganz  anderer  Art  herangezogen  werden  mttssen 
als  diejenigen,  worauf  die  oben  referierten  Untersuchungen  beruhen, 
wird  am  Ende  der  nachsten  Nummer  besprochen.  Dabei  werden  wir 
uus  wesentlich  auf  die  gewohnlichen  Dirichletschen  Reihen  (2)  be- 
schranken;  bei  diesen  Reihen  ist,  nach  dem  obigen,  0b  ==  GQ,  und  der 
besprochene  Streifen  ff  b  <*  0  <^  6  A  kann  daher  auch  als  derjenige  Streifen 
charakterisiert  werden,  in  welchem  die  Reihe  gleichmaBig  konvergiert 
ohne  absolut  zu  konvergieren. 

7.  Anwendung  der  Theorie  der  diophantischen  Approxima- 
tionen. Die  Roile,  welche  die  diophantischen  Approximationen  beim 
Studium  der  Dirichletscheu.  Reihen  spielen,  tritt  am  deutlichsten  hervor 
bei  der  Aufgabe,  die  Menge  der  Werte  zu  bestimmen,  welche  eine  ge- 
wohnliche Dirichletsche  Reihe  (2)  annimmt,  wenn  die  Variable  5  eine 
feste  vertikale  Gerade  6  =  rf0  durchlauft.  Hierbei  uinkreist  offenbar 
jedes  emeclne  Glied,  d.  h.  sein  Bildpunkt  in  einer  komplexen  Ebene, 
einen  festen  KretS]  in  der  Tat,  es  ist,  an  =  Qne<(pn  gesetzt, 


46)  //.  Bohr,  a.  a.  O.  6  a)  und  b). 

47)  Bei  diesem  Problem  —  im  Gegensatz   zu  dem  obigen    -  -   ist  die   Be- 
dingung  (16)  iibrigens  nicht  die  ,,gensu  richtigeu,  d.  h.   die  fdr  die  Gultigkeit 
des  Satzes  notwendige  und  hinreichende.    Eine  wesentlicbe  Erweiterung  der  Be- 
diugung  (16)  iat  voii  E.  Landau,  a.  a.  0.  32)  gegeben.    Vgl.  hierzu  auch  L.  Neder, 
a)  a.  a.  0.  7);  b)  Zum  Konvergenz  problem  der  DirichleUchen  Reihen  bescbrankter 
Funktioneo,  Math.  ZUchr.  14  (1922),  p.  I4d—  158. 
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wo  der  Modul  rn  —  Qnn~°°  nicht  von  t  abhangt.  Wie  unmittelbar  zu 
sehen,  bewegen  sich  aber  die  Glieder  nicht  in  der  Weise  ,,quasi  unab- 
hangig"  voneinander  jedes  auf  seinem  Kreise,  daB  man  bei  passender 
Wabl  der  Variablen  t  erreichen  kann,  daB  eine  beliebig  vorgegebene 
Anzabl  N  dieser  Glieder  beliebig  nahe  an  N  beliebig  gegebene  Punkte 
der  entsprechenden  N  Kreisperipherien  fallen;  es  ist  ja  dies  z.  B.  fiir 

die  drei  Glieder  —-,  ^f,  ~  gewiB  nicbt  der  Fall,  denn  aus  der  Glei- 
chung  -^  •  -ry  =  -gr  folgt  sofort,  daB,  wenn  die  Bildpunkte  der  beiden 

ersten  Glieder  ,,sehr"  nabe  an  zwei  festen  Punkten  P2  und  Ps  auf 
ihren  respektiven  Kreisen  liegen,  der  Bildpunkt  des  dritten  Gliedes 
von  selbst  sehr  nahe  an  einen  festen,  von  P2  und  P8  abhangigen, 
Punkt  P6  auf  seiner  Kreisperipberie  fallen  wird.  Betrachten  wir  aber 

nieht  die  GroBen   -T,   wo  n   die   samtlichen  Zahlen  1,  2,  3  •  •  •  durch- 
w 

lauft,  sondern  nur  die  GroBen  -3-,    wo  pn  die   Primeahlen   2,  3,  5  •  •  • 

durchl'auft,  so  stellfc  die  Sache  sicb  ganz  anders.  Hier  konnen  wir 
namlich,  bei  passender  Wahl  von  t,  erreichen,  daB  die  Bildpunkte  der 

N  GroBen   -^3,  -^  •  •  -  —  mit  beliebig  vorgegebener  Genauigkeit  in  N 

•*  N 

beliebig  gegebene  Punkte  ihrer  N  Kreisperipherien  fallen;  die  Ampli- 
tuden  dieser  GroBen  sind  namlich  durch  —  t  log  2,  —  t  log  3,  •  • 
—  tlogptr  gege^en>  und  weil  ^ifi  Primzahllogarithmen  —  wegen  der 
eindeutigen  Zerlegbarkeit  einer  ganzen  Zahl  in  Primfaktoren  —  ini 
rationalen  Korper  linear  unabhangiy  sind,  konnen  die  genannten  N  Am- 
plituden  nach  einem  beriihmfcen  KronecJcerschen  Satz  uber  diophan- 
tiecbe  Approximationen  beliebig  nahe  (modulo  2 it)  an  N  beliebig  ge- 
gebene GroBen  gebracht  werden.  Von  dieser  Bemerkung  ansgehend 
hat  JBohr*8)  die  Bedeutung  der  diophantischen  Approximationen  fiir 
verschiedene  Probleme  in  der  Theorie  der  Dirichlefachen  Reihen  ge- 
zeigt;  es  sollen  im  folgenden  die  wesentlichsten  Resultate  dieser  Unter- 
suchung  kurz  angegeben  werden. 

Es  bezeichne  p£  p*n*  -  •  •  p£  die  Zerlegung  der  ganzen  Zahl  n  in 
Primfaktoren,  und  es  sei  in  der  beliebig  gegebenen  gewohnlichen 
Dirichlefachen  Reihe 

2$ 


48)  Vgl.  ineb.  H.  Bohr,  tTber  die  Bedeutung  der  Potenzreihen  uuendlich 
Tiel«i  Variabeln  in  der  Theorie  der  Dirichletschen  Reihen  ^  ",  G0tt.  Nachr. 
191S,  p.  441—488. 
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-r  **=  %i>  —  =  #2;  •••  —  =  #„,•••    gesetzt,  wodurch   die   Reibe  die 
Form  annimmt: 


wo  c  =  a,,  cu=a  ,  c*,p=apap  >  '''  *sk  ^ier  s*n<*  vorlaufig  die 
GroBen  #m  alle  Funktionen  der  einen  Variublen  s.  Nun  denken  wir 
uns  aber  —  weil  ja  oben  gesehen  wurde,  daB  die  #m  =  p~n*  sich  in 
gewisser  Beziebung  ,,fast"  so  benebmen,  als  waren  sie  unabbangig  von- 
einander  —  das  Band  zwiscben  den  xm  ganz  aufgelost,  d.  b.  wir  fassen 
die  xm  als  voneinander  unaWiangige  Variablen  auf.  Die  obige  Heihe 
P(xi9  x*>  '  '  '  x,n  '  '  ')  wird  dann  offenbar  eine  Potenzreihe  in  den  unend- 
lick  vielen  Variabeln  xlf  x2,  -  -  •,  von  der  wir  sagen  werden;  da8  tie  der 
gegebenen  Dirichletschen  Reibe  (2)  entspricbt.  Betteffs  der  am  An- 
fang  des  Paragrapben  gestellten  Frage  nach  dcm  Verhalten  der  lledit 
(2)  auf  einer  vertikalen  Geraden  &  =  6Q  ergibt  sicb  dann  der  Satz: 
Es  sei  0Q  >  6A  (oder  nur  <?0  >  6G\  und  es  bezeicbne  ?7(^0)  bzw.  W(^0) 
die  MeDge  der  Werte,  welcbe  die  Reibe  f(s)  auf  bzw.  in  unendlicher 
Nahe4y)  der  Geraden  cf  =  #0  annimmt.  Ferner  bezeicbne  M  =  -ft/(<*0) 
die  Menge  der  Werte,  welche  die  der  JDirichletschen  Reihe  entspre- 
chende  Potenzreihe  P(x1  ,  #2  •  •  •)  annimmt,  wenn  die  Variabeln  #,,  xt  •  •  • 
nndbhangig  voneinander  die  Kreise  |  xm  \  =  pTn~a°  (m  =====  1,  2  •  •)  durcb- 
laufen.  Dann  gilt,  1.  dafi  die  Menge  U  in  der  Menge  M  uberali 
dicht  liegt,  und  2.  daB  die  Menge  W  mit  der  Menge  M  identisch  ist. 
Die  Wirkungsweise  dieses  Satzes  wird  durcb  seine  spater  zu  erwah- 
nende  Anwendung  auf  die  Zetareibe  deutlicb  hervorgeben. 

Uber  die  (in  Nr.  (>  erwabnte)  Frage  nacb  der  olerrn  Grenze  T  dev 
Different  ti^  —  6b  fur  alle  Dirichletschen  Rcihen  (2),  findet  man  ferner 
mit  Hilfe  der  Tbeorie  der  diophantiscben  Approximationen  den  Satz: 
Es  ist  _  i 

±  ~  S> 

wo  S  die  obere  Grenze  aller  positiven  Zahlen  cc  mit  der  Eigenscbaft 
bezeicbnet,  daB  jede  in  einem  Gebiete  |  xm  \  ^  Gm  (m  =  1,  2  •  •  •)  be- 
schranJcte^  Potenzreibe  P(xl  ,  rs  •  •  •)  im  Gebiet  |  xin  \  ^  £m  Gm  (w==  1,  2  .  .  .) 

49)  Dies  letzte   so   zu  verstehen,  dafi  eine  Zahl  ic  daon  und  nur  dann  zui 
Menge  W(60)  gch6rt,  falls  die  Gleichung  f(s)  =  w  in  jedemStreifen  <f0  —  a<tf<tf0-fi 
eine  Losung  besitzt. 

50)  Eine  Potenzreihe  P(xlt  ic,  ...)  in  unendlichvielen  Variabeln  beifit  —  nach 
D.  Hilbcrt,  Wesen  und   Ziele   einer  Analysis  der  untndlichvielen  nnabh&ngigen 
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absolut  konvergiert ,  wenn  nur  ££"„  konvergiert  (uud  0  <  £m  <  1).  Es 
ist  hierdurch  die  Bestimmung  der  ,,Maximalbreite"  T  auf  die  Bestim- 
mung  der  (in  der  Theorie  der  Potenzreihen  wesentlichen)  Konstanten 
S  zurQckgefiihrt.  Uber  diese  Konstante  S  findet  man.  soforfc,  dafl  sie 
I>  2  ist,  woraus  folgt,  daB  T  <£  £  1st.51)  Die  besonders  wichtige  Frage, 
ob  niclit  T  =  0  ist  (d.  h.  ob  nicht  iinmer  <tA  =  &b  ist),  wurde  von 
Toeplitz**)  gelost,  der  durch  Untersuchungen  tiber  quadratische  For- 
men  mit  unendlichvielen  Variabeln  zeigte,  dafi  S<^4,  also  T^>  I  ist. 
Das  Problem,  S  (und  damit  T)  genau  zu  bestimmen,  ist  noch  un- 
geloat 

Ein  bemerkenswertes  Resultat  ergibt  sich,  wenn  man  den  bespro- 
chenen  Zusammenhang  zwischen  Dirichletschen  Reiheii  und  Potenz- 
reihen mit  unendlichvielen  Variabeln  nicht  auf  die  allgemeinen  IHri- 
eWetechen  Reihen  vom  Typus  (2),  sondern  auf  zwei  spetsielle  Klassen 
solcher  Reihen  anwendet,  namlich  auf  diejenigen  Reihen  (2),  die  for- 
mal eine  Zerlegung  in  Addendea  bzw.  in  Faktoren  derart  zulassen, 
da8  dadurch  die  einzelnen  Primzahlen  separiert  werden,  d.  h  deren 
Koeffizienten  entweder  die  Bedingung:  an  ==  0  far  alle  n,  die  minde- 
stens  zwei  verschiedene  Primzahlen  enthalten,  oder  die  Bedingung: 
amal=  amj  fQr  teilerfremde  m  und  I  erfiillen.  Fur  diese  beiden  Typen 
Dirichletscher  Reihen  —  die  iibrigens  fast  alle  in  der  arialytischen 
Zahlentheorie  vorkommenden  Reihen  (2)  umfassen  —  gilt  immer  die 
Gleichung  &A  =  <sb,  d.  h.  eine  jede  Dirichletsche  Reihe  einer  dieser 
Typen  ist  (im  Gegensatz  zu  einer  beliebigen  Reihe  (2))  genau  so  iveit 


Variabeln,  Palermo  Rend.  27  (1909),  p.  69—74  —  beschrdnkt  in  eiuem  Gebiete 
\xm\^Gm(m  =*l,2...)i  wenn  1.  bei  jedem  festen  m  der  mtu  nAbBchnitt" 
•Pm(*i  t  •  •  •  *m)  im  Gebiete  |  xt  \  <  Gt ,  •  •  •  |  xm  \  g,  GM  absolut  konvergiert,  und 
2.  eine  absolute  Konstante  K  derart  existiert,  dafi  bei  jedem  m  und  |  xl  \  <>  Gt , 
'  • '  I  xm  I  ^  #m  die  Ungleichung  |  Pm(»,  ?  •  • .  xj  \  <  K  beaten  t.  " 

61)  H.Bohr,  a.  a.  0.  48).  Dies  spezielle  Re*ultat  T^  *  ist,  wie  G. H. Hardy, 

& 

The  application  of  Abel's  method  of  summation  to  Dirichlet's  series,  Quart.  J.  of 
math.  47  (1916),  p.  176— 192  gezeigt  hat,  kein  tiefliegendes,  d.  h.  es  lafit  sich 
anch  ohne  Zurlickgreifen  auf  die  Theorie  der  Potenzreihen  mit  unendlichvielen 
Variabeln  leicht  herieiten.  Vgl.  auch  eine  interessante  Note  von  F.  Carlson,  Sur 
les  series  de  Dirichlet,  Paris  C.  R.  172  (1921),  p.  888—840,  und  die  eben  erschie- 
nene  Arbeit  von  K.  Grandjot,  tJber  das  absolute  Konvergenzprobiem  der  Dirichlet- 
schen Reihen,  Diss.  GBttingen  1922,  in  welcher  ein  dem  Schnee-Landauschen 
Satze  uber  das  Konvergenzprobiem  (vgl.  Nr.  6)  entsprechender  Satz  dber  das 
absolute  Konvergenzprobiem  abgeleitet  wird. 

62)  O.  Toeplite,   Dber  eine  bei  den  Dirichletschen  Reihen  auftretend*  Auf- 
gabe  aus  der  Theorie  der  Potenzreihen  von  unendlichvielen  Veranderlichen,  G5tt. 
Nachr.  1918,  p  417—432. 
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absolut  /convergent,  wie  die  dargestellte  Funktion  regular  und  beschrankt 
bleibt.5*) 

Die  oben  erwahnten  Untersuchungen  konnen  von  den  gewobn- 
lichen  DirichletBohen  Reihen  (2)  auf  den  allgemeinen  Typus  (1)  erwei- 
tert  werden.54)  Eine  ahnliche  Eolle,  wie  die  von  den  Primzablloga- 
rithmen  gebildete  Zahlenfolge  fttr  die  spezielle  Exponentenfolge 
{ ^  =  log  n } ,  spielt  im  Falle  einer  belieligen  Exponentenfolge  { An } 
eine  sogenannte  Basis  dieser  Polge  { An } ,  d.  h.  eine  (aus  endlich  oder 
abzablbarvielen  Zahlen  bestehende)  Folge  von  linear  undbhdngigen 
Zablen  ft19  fa,  .  .  mit  der  Eigenscbaft,  daB  jeder  der  Exponenten  An 
als  lineare  Funktion  endlichvieler  ft  mit  rationalen  Koeffizienten  dar- 
'stellbar  ist.  Ein  besonders  einfacber  Fall  liegt  vor,  wenn  die  Expo- 
nenten An  selbst  linear  unabbangig  sind  (also  selbst  eine  Basis  bilden). 
Hier  gilt  ganz  ailgemein  der  Satz,  daB  &A=  <*b  ist.5fi)  Dies  ist  die 
Verallgemeinerung  eines  obigen  Satzes  fiber  gewohnliche  Dirichletsehe 
Reihen  (2)?  nacb  welcbem  die  Gleicbung  6A  —  ^  immer  gilt,  wenn 
an  ==  0  ist  fur  zusammengesetztes  n. 

8.  Tiber  die  Darstellbarkeit  einer  Funktion  durch  eine  Dirichlet- 
sohe  Reihe.  Beim  Konvergenzproblem  in  Nr.  6  (und  Nr.  7)  waren 
wir  von  einer  Funktion  f(s)  ausgegangen;  von  der  vorausyexctzt  wurde, 
daB  sie  in  einer  gewissen  Halbebene  durcb  eine  Dirichletsche  Reibe 
dargestellt  war,  und  es  bandelte  sicb  darum,  die  Lage  der  Konvergenz- 
abszissen  dieser  Reihe  aus  deii  analytiscben  Eigenscbaften  der  Funk- 
tion zu  bestinirnen.  Mit  dieser  Frage  verwandt,  aber  davon  wesentlich 
zu  trennen,  ist  die  Frage,  welcbe  Bedingungen  eine  in  einer  gewissen 
Halbebene  0  >  tf0  beliebig  gegebene  analytiscbe  Funktion  erfiillen  mnB; 
damit  sie  (iberhaupt  in  eine  (dort  konvergente)  Dirichlctsehe  Reihe 
entwickelt  werden  kann.  Es  liegt  hierbei  nabe,  von  dem  Satze  iiber 


63)  Der  nGrunda,  weshalb  die  Zetareihe  mit  abwechselndem  Vorzeichcn  (die 
ja  der  Bedingung  amaz—=ami  genugt)  die  absolute  Konvergenzabsziese  aA  =  1  be- 
sitzt,  ist  also,  daB  die  durch  die  Reibe  dargestellte  (gauze  transzendecte)  Funk- 
tion £(s)(l — 21"*)  nicbt  fiber  die  Gerade  e  =  1  hinaus  beschrankt  bleibt. 

64)  H.  Bohr,  Zur  Theorie  der  allgemeinen  Dirichletschen  Keihen,  Math. 
Ann.  79  (1919),  p.  136—166. 

t>6)  H.  Bohr,  Ldsung  de§  absoluten  Konvergenzproblems  einer  allgemeinen 
Klasse  Dirichletscher  Eeihen,  Acta  Math.  36  (1913),  p  197—240.  Bei  diesem  Satze 
iiber  die  Bestimnmng  der  absoluten  Konvergenzabezisse  GA  ist  bemerkenswert,  daB 
—  im  Gegensatze  zu  den  Satzen  in  Nr.  0  iiber  die  Konvergenzabszisee  GB  and  die 
gleichiinlfiige  Konvergenzabszisse  OG  —  iiberhaupt  keine  Bedingung  iiber  die  nun- 
gefiihreu  Lage  der  \n  (z.  B  daB  sie  nicht  allzu  dicht  aufeinander  folgen  dtirfen) 
nOtig-  let,  eondern  nur  die  angegebene  arithmetische  Bedingung  der  linearen  Uii- 
abhftngigkeit,  welche  ja  die  rgenaueu  Lage  der  ln  betxifft. 
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die  Koeffizientendarstellung  in  Nr.  -4  auszugehen,  welcher  die  Koeffi- 
zienten  und  Exponenten  der  Reihe  von  der  Funktion  aus  bestimmt, 
und  zu  untersuchen,  ob  nicht  etwa  die  Konvergenz  und  streckenweise 

e+rfoo 

Konstanz  des  dort  vorkommenden  Integrals  J(x)  =  ^  —  r  /  —~*d$  fur 

c  —  ioo 

die  Entwickelbarkeit  einer  Funktion  f(s)  in  eine  Dirichletsche  Reihe 
gentigt.  Es  zeigt  sich  nun,  daB  eine  solche  unmittelbare  Umkebrung 
des  Satzes  in  Nr.  4  nicht  gilt56),  daB  sie  aber  unter  gewissen  einschran- 
kenden  Sedingungen  gelingt.57)  Die  hierdurcb  gewonnenen  Resultate 
sind  jedocb  yon  einem  etwas  koraplizierten  Charakter,  und  es  zeigen 
Uberhaupfc  viele  Eigenscbaften  der  Dirithletschen  Reihen,  daB  dieser 
Reihentypus  zur  Darstellung  von  Funktionen  ailgemeinen  Charakters 
nicbt  geeignet  ist.  In  diesem  Zusammenhange  ist  vor  allem  eine 
schone  Arbeit  von  Ostrowski5*)  zu  erwahnen,  worin  zunacbst  der  Satz 
bewiesen  wird,  daB  eine  durch  eine  Dirichletsche  Reihe  (1)  dargestellte 
Funktion  /*(s)  nur  in  dem  sebr  speziellen  Fall  einer  alyebraischen 
j,Differenzendifferentialgleic1iung"  genligen  kann;  in  welchem  die  Expo- 
nentenfolge  {kn}  eine  endliche  lineare  Basis  besitzt.69)  Bei  den  wei- 
teren  Untersuchungen  von  Ostrowski  erweist  es  sich  als  bequem,  die 
Transformation  e~'=x  auszufiibren,  also  statt  einer  Dirichletachen 
Reibe  (1)  die  entsprechende  ,,irregulare"  Potenzreihe 


zu  betracbten,  die  oflfenbar  im  Punkte  x  =  0  (welcher  0  =  -f"  °° 


66)  Vgl   0.  Perron,  a  a.  0.  13)  und  E.  Landau,  Handbuch,  p.  833. 

57)  Vgl.  J.  Hadamard,  a)  Sur  lea  series  de  Dirichlet,  Palermo  Rend.  26  (1908), 
p.  326 — 330;  b)  Rectification  a  la  note  nSur  les  series  de  Dirichlet",  Palermo  Rend. 
26  (1908),  p.  396—396  und  innbesondere  die  Abbandlungen  von  W.  Schnee,  a.  a  0  9) 
und  M.  Fujiaara,  t)ber  Abelscbe  erzeugende  Funktion  und  Darstellbarkeita- 
bedingung  von  Funktionen  in  Dirichletschen  Reihen,  Tohoku  J.  17  (19'20),  p  363 
bis  383.  In  anderer  Rich  tun  g  liegt  eine  Untersuchung  von  J.  Steffcnscn,  Eine 
notwendige  und  hinreicbende  Bedingung  fQr  die  Daratellbarkeit  einer  Funktion 
als  Diricbietsche  Reihe,  Nyt  Tidskr.  f.  Mat.  1917,  p.  9--11. 

68)  A.  Ostrowski,  tJber  Dirichlefescbe  Reiben  und  algebraiscbe  Differential- 
gleichungen,  Math.  Ztschr,  8  (1920),  p.  241— 2U8. 

69)  Ffir  den  speziellen  Fall  der  Zetafunktion  war  es  scbon  durcb  I).  Hil- 
bertf  Sur  les  problemee  futurs  des  Matbe'matiques,  C.  R.  du  2  congr.  intern,  d. 
math.  Paris  1902,  p.  58 — 1(4,  bekannt,  daB  sie  keiner  algebraiscben  DifFerential- 
glricbung  geniigt.    Vgl.  aucb  V.  St«digh,  Ein  Satz  fiber  Funktiooen,  die  alge- 
braiscbe Differentialgleichungen  befriedigen,  und  iiber  die  Eigenscbaft  der  Funk- 
tion £i«)  keiner  solcben  Gleichung  zu  gendgen,  Dissertation  Helsingfors  1902. 
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spricht)  einen  Verzweigungspunkt  unendlich  hoher  Ordnung  besitzt. 
Die  Frage  nach  den  Funktionen  f(s),  welche  in  eine  Dirichletsclie 
Reibe  entwickelt  werden  konnen,  tritt  dann  bier  in  der  Gestalt  auf, 
welcbe  Art  von  Singularitaten  im  Punkte  x  =  0  durcb  eino  irregulare 
Potenzreibe  bewaltigt  werden  konnen.  Ostroivski  zeigt  nun  u.  a.,  daB 
nur  in  detn  oben  genannten  spezielien  Fall,  wo  die  Exponentenfolge 
eine  endliche  lineare  Basis  besitzt,  die  durcb  eine  solcbe  irregu- 
lare Potenzreibe  dargestellfce  Funktion  F(x)  einer  an  der  Stelle  #  =  0 
ancdytischen  Differentialgleichung  genii  gen  kann.  Durcb  diesen  Satz 
tritt  deutlicb  zutage,  wie  ,,schwer"  die  Singularitat  ist,  die  eine 
Dirichletsche  Reibe  im  unendlichfernen  Punkte  besitzt. 

9.  Der  Mittelwertsatz.     Aus  der  Gleichung- 
T 

v        1     C i«m        [0  fur  reelles  a  +  0 
hm  r^  /  e'B'dt^  ~^ 

*'->«°2_V  U  fur  a  =  0 

folgt  sofort  durch  formales  Recbnen,  daB,  wenn 

f(s)  =  2ane->»',  g(s)  =  2bne->»' 

zwei  beliebige  (zur  selben  A-Folge  geh5rige)  Dirichletsche  Reiben 
sind;  die  Gleicbung  gilt 


(17)         lim  -9~  /  f(al  +  it)g(fft  —  it)dt  = 
T+^l.J 

worin  speziell,  bn  —  an  und  a^  =  <?8  entsprechend,   die  Gleichung 

T 

lim  -*    /  | /"(<*!  +  *7)|frff —^laj*  e-"*0* 

r->~2_y 

entbalten  ist.  Hfidamard™),  der  zuerst  auf  die  Gleicbung  (17)  hin- 
ge wiesen  bat,  bat  ihre  Gultigkeit  fur  den  Fall  bewiesen,  in  dem  die 
zwei  Reihen  auf  den  Geraden  <*  =  (Sl  bzw.  <y  ==  (J2  absolut  konvergieren, 
und  Landau*1)  und  Schnee**)  baben  spater  (unter  einer  gewissen  ein- 
scbrankenden  Bedincrung  iiber  die  Dichte  der  A-Folge)  bewiesen,  daB 
die  Formel  aucb  in  anderen  allgemeinen  Fallen  giiltig  bleibt.  Als  ein 
fur  die  Anwendungen  (z.  B.  auf  die  Zetafunktion)  besonders  wichtiges 

60)  J.  Hadamard,  Th^oreme  sur  les  series  entires,   Acta  Math.  22  (1899), 
p.  65-63. 

61)  E.  Landau,  a)  a  a.  O.  29);   b)  Neuer  Beweis  des  Schneeschen   Mittel- 
wertsatzes  iiber  Dirichletsche  Reihen,  Tdhoku  J.  20  (1^22),  p.  125—130. 

62)  W.  Schme,  Uber  Mittelwertsformeln  in  der  Theorie  der  Dirichletachen 
Eeihen,  Wiener  Sitzungsber.  (Ila)  118  (1909),  p.  1439—1622. 
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Be  i  spiel  der  Landau-  Schneeschen  Resultate  nennen  wir  den  sogenann- 
ten  Schneeschen  Mittelwertsatz  fur  gewohnliche  Dirichletsche  Eeihen  (2), 
der  besagt,  daB  die  Gleichung 


fiir  jedes    <JX  >  \(^A-\"  &B)    besteht    (aber   im    allgemeinen   nicht  fflr 


Aus  der  Gleichung  (17)  folgt  ferner  (indem  </(s)  gleich  e~**'  und 
^aa  —  tfj  gesetzt  wird)  die  Koeffisientendarstellungsformel*9) 

T 

lim    ^  //fa  -f-  if)e*»( 


diese  Formel  gilt  nach  Landau*1*)  bei  jedem  <y  >  tfS;  und  nach  Schnee6*) 
konvergiert  der  Ausdruck  auf  der  linken  Seite  sogar  gltichrnapig  in  n 
(unter  der  oben  erwahnten  einschrankenden  Bedingung  iiber  {>ln}). 

10.  fiber  die  NullsteUen  einer  Dirichletschen  Reihe.  Schon 
bei  Besprecbung  des  Eindeutigkeitssatzes  in  Nr.  3  wurde  die  Frage 
nach  der  Verteilung  der  Nullstdlen  einer  DirichletBchen  Reihe  beriihrt, 
indem  gezeigt  wurde,  daB  gewisse  Gebiete  der  Konvergenzhalbebene 
nullpunktsfrei  sind.  Die  erste  allgemeine  Untersuchung  des  Problems, 
wie  viel  NullsteUen  eine  Dirichletsche  Reihe  in  einer  Halbebene  <s  >  <y0 
(>  <*B)  besitzen  kanu,  riihrt  von  Landau**)  her,  der  mit  Hilfe  des  be- 
kannten  e/en^ensehen  Satzes  bewies,  daB  fiir  jede  gewbhnliche  Dirichlet- 
sche  Reihe  (2)  die  Anzahl  n(^+  £?  ^)  ^er  im  Gebiete  a  >  tf  a  +  «, 
T<t<T+l  gelegenen  NuUstellen  gleich  0(log  T)  und  also  die 
Anzahl  N(<JB  +  «,  T)  von  NuUstellen  im  Gebiete  rf>tfB-{-£,  0<t<T 
gleich  0(Tlog  T)  ist.  Fttr  beliebige  Dirichletsche  Reihen  (1)  bewies 
Landau***)  einen  entsprechenden  Satz,  wo  nur  log  T  durch  log*Ter- 
setzt  ist;  spater  hat  Landau*4*)  gezeigt,  daB  in  der  Formel  n(cfB  -f-  «,  T) 
=  0(logf  T)  der  Buchstabe  0  durch  o  ersetzt  werden  kann,  wahrend 
Wenriberg*3)  bewiesen  hat,  daB  man  in  der  Landamchen  Formel 
N(*B+  «,  T)  —  0(Tlog2r)  ganz  aUgemein,  d.  h.  ftir  jede  Dirichletr 
sche  Reihe  (1),  log^T  durch  logT  ersetzen  kann,  so  daB  wir  also  fUr 
N(*B-{-  *>  T)  (aber  nicht  fGr  n(0B-\-  £,  T1})  genau  dieselbe  Formel  be- 
kommen,  wie  fiir  die  gewohnlichen  Reihen  (2). 

68)  VgL  Note  17). 

64)  a)  E.  Landau,  t)ber  die  Nulls  tellen  Dirichletecher  Reihen,  Berliner 
Sitzungsber.  14  (1918),  p.  897—907;  b)  ttber  die  Nullgtellen  Dirichletscher  Eeihen, 
Math.  Ztechr.  10  (1921),  p.  128-129. 
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Tiefer  —  weil  auf  dem  Schneeschen  Mittelwertsat'/e  beruhend  — 
liegt  ein  Satz  von  Bohr  und  Landau***)  tiber  gewohnlichc  Dirichletsche 
Reihen  (2),  welcher  besagt,  daB  bei  jedem  tf1>tffl-f- y  die  Relation 
N(0t,  T)  —  0(T)  besteht.66)  Dieser  Satz  lafit  sich  nicbt  verbessern; 
wohl  aber  gilt65b)  ftir  gewisse  spezielle,  fiir  die  zahlentbeoretischen 
Anwendungen  besonders  wichtige  Reihen  (2),  daB  der  Ausdruck  0(T) 
durcb  o(T)  ersetzt  werden  kann.  Im  Anschluft  an  diese  Untersuchungen 
hat  Carlson*7)  einen  allgemeinen  Satz  tiber  die  Anzahl  der  Nullstellen 
einer  gewohnlichen  Dirichletschen  Reihe  gefunden,  von  dem  ein  (wegen 
Anwendnng  auf  die  Zetafunktion)  besonders  wichtiger  Spezialfall  so 

lautet:  In  der  Reihe  f(s)  —  ^?a*  sei  a^  =f=  0,  und  es  sei  GB  etwa 
gleich  0;  es  mogen  ferner  die  Koeffizienten  bn  der  (formal  entwickel- 
ten)  Reihe  1  :  /'(s)  =  ^t  -"  die  Bedingung  lim  |  bn  \ :  log  n  —  0  erfiil- 

len.  Dann  ist  bei  jedem  s  >  0  die  Anzahl  N(±  +  e,  T)  nicht  nnr 
gleich  o(T)j  sondern  sogar  gleich  0(T1~4*a  + rf),  wo  d  beliebig  klein  ist. 
Mit  Hilfr  von  Satzen  aus  dem  Picard-Landauschen  Satzkreis 
lasnen  sich  ferner  verschiedene  interessante  Resultate  tiber  den  Wert- 
vorrat  einer  Dirichlefsrhen  Reihe  (1)  ableiten.  So  ergibt  sich  nach 
Lindeldf**)y  daB,  falls  <?6  <  oo  ist,  und  f(s)  fiir  er  >  #6  —  e  regular  (also 
dann  gewiB  nicht  beschrilnkt)  bleibt,  f(s)  in  jedem  Streifen  um  die 
Gerade  G  =  <76  samttiche  Werte,  IwcJisterw  mit  einer  einzigen  Ausnahme 
annimmt.  Dasselhe  Rosultut  gilt  in  jedem  Streifen  um  die  Gerade 

65)  H.  fJoln  und  E.  Landau,  a)  Ein  Satz  iiber  Dirichletsche  Reihen  mit 
Anwendung  auf  die  J-Fui*ktion  und  die  JO-Funktionen,  Palermo  Rend.  37  (1914), 
p.  26U— 272;  b)  Sur  les  zeros  de  la  fonction  £(s)  de  Riemann,  Paris  C.  R.  158 
'1914),  p  106—110. 

<56  Diesclbe  Relation  ^<jj ,  2')=*  Of  T>  gilt  nach  Wennberg  33)  fiir  eine  be- 
liebige  J^inchletache  Reihe  (1),  wenn  GI  >  ab  angenomnien  wird,  und  eie  ist  hier 
(wie  Wennberg  mit  Hilfe  diophantischer  Approximationen  beweist)  die  bestinSg- 
liche  in  dein  Sinne,  daB,  falls  die  Beihe  in  der  Halbebene  a  ^>  ofi  -J-  ^  iiberhaupt 
eine  Nullstelle  besitzt,  die  Anzahl  N^  +  f,  T)  +  o(T)  ist. 

07)  F.  Carlson,  t)ber  die  Nullstellen  der  Dirichletschen  Reihen  und  der  Kie- 
mannschen  £-Funktion,  Arkiv  fiir  Mat.,  Ast.  och  Fys.  15  (1920\  No.  20.  Vgl.  auch 
E.  Landau,  t)ber  die  Nullstollen  der  Dirichletschen  Reihen  und  der  Riemann- 
schen  £  Funktion,  Arkiv  f6r  Mat.,  Ast.  och  Fys.  16  (1921),  No.  7,  der  mit  Hilfe 
einer  neuen  Beweismethotle  des  SchnecRchen  Mittelwertsatzes  (vgl.  61  b)  einen 
abgekiirzten  Beweis  des  Carfeonschen  S&tzes  gibt. 

68)  E.  lAndeltift  M^raoire  sur  certain  es  in^galit^e  dang  la  thtSorie  dea  fonc- 
tione  roonog^nes,  et  enr  quelques  proprietes  nouvelles  de  ces  fonctions  dans  le 
voisinage  d'un  point  singulier  essentiel,  Acta  BOC.  BC.  Fenn.  86  (1908),  No.  7.  Vgl. 
auch  JET.  Bohr  und  E.  Landau,  ttber  das  Verhalten  von  £(s)  und  fx(s)  in  der 
Nahe  der  Geraden  o  —  1 ,  G5tt.  Nacbr.  1910.  p.  803—330. 
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a  =  0t9  falls  f($)  ftir  6  >  <ftf  —  £  regular  1st.69)  Ferner  wird,  nach 
Wennberg**),  jede  Dirichletsche  Reihe  mifc  <*6=»  <x>,  in  jeder  Halbebene 
6  >  <70  samtliche  Werte,  hochstens  mifc  einer  Ausnahme,  annehmen. 
Schliefilich  sei  noch  erwahnt,  daB  jede  Dirichletsche  Reihe  mit  linear 
unabhangiger  Exponentenfolge  (und  also  mit  0*<=  tf^),  falls  sie  nicht 
in  der  ganzen  Halbebene  tf  >  <*6  beschrankt  ist,  in  dieser  Halbebene 
tiberhaupt  jeden  Wert  unendlich  offc  annimmt.65) 

11.  Zusammenhang  verschiedener  Dirichletacher  Reihen.     Es 
seien 

(18a)  f(s)  -  2ane->»'  (s  =  0  +  tQ 

und 
(18b)  -FW  —  2ane~**>  (z  =  «  +  f») 

zwei  DiriMetBche  Reihen  mit  denselben  Koeffusienten  an,  deren  Expo- 
nenten  durch  die  Relation  [in=  e**  verbunden  sind.  Wie  von  Cahen5) 
gezeigt,  besteht  ein  interessanter  Zusammenhang  zwischen  den  beiden 
Funktionen  f(s)  und  F(&\  indem  jede  von  ihnen  durch  ein  bestimm- 
tes  Integral  dargestellt  werden  kann,  dessen  Integrand  in  einfacher 
Weise  von  der  anderen  der  beiden  Funktionen  abhangt.  Formal  er- 
geben  sich  diese  Darstellungen  sehr  ieicht  aus  der  Integraldarstellung 
der  P-Funktion  «, 

x-  ldx  (*  >  0) 


und  ihrer  im  Mellinachen  Sinne  ,,reziproken"  Formel70) 

(c>0,  a»0). 

In  der  Tat,  es  lassen  sich  diese  beiden  Formeln  (nach  einer  einfachen 
Transformation)  so  schreiben: 

c  +  too 


—  f 

0 


2^  I 


69)  Ein  Be  we  is  findet  sich  (implizite)  bei  H.  Bohr,  tJber  die  Summabilitats- 
grenzgerade    der  Dirichletschen   Reihen,    Wiener  Sitzungsber.  (II a)    119  (1910), 
p.  1391—1897. 

70)  Diese  Formel,  deren  grofie  Bedeutung  sich  in  den  Untereuchungen  von 
H.  MeUin  gezeigt  hat,  ist  (nach  Mellin,  Bemerkungen  im  Anschlufi  an  den  Be- 
weis  eines  Satzes  von  Hardy  fiber  die  Zetafuncfcion,  Ann.  Acad.  sc.  Fenn.  (A)  11 
(1917),  No.  8)  schon  von  S.  Pincheile,  Sulle  funzioni  ipergeometriche  generalizzate, 
Rend  Ac.  Line.  4  (1888),  p.  694—700  in  etwas  anderer  Form  angegeben.     Auch 
in  neueren  Arbeiten  VOP  Hardy  und  Littlewood  (vgl.  z.  B.  a.  a.  0.  31)  spielt  diese 
nCahen-MeUvntche  Fonnel"  eine  wichtige  Rolle. 
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und  bier  aus  folgen  sofort  (durcb  Multiplikation  mifc  an  und  Summa- 
tion) die  ge  such  ten  Integraldarstellungen 

(19a)  f(s)  - 

und 

(19  b)  F(g)  = 

Bei  Cohen  waren  die  Konvergenzuntersucbungen  noch  uicht  streng 
durchgeftihrt.  Dies  geschah  erst  durch  Perron11) ,  der  den  Satz  be- 
wies:  Wenn  die  Reihe  (18a)  fur  <i  >  <70>  0  konvergiert  (woraus  leicht 
folgt,  daB  (18b)  mindestens  fiir  #>0  konvergiert),  so  gilt  die  Formel 
(19a)  fur  <5  >  tf0,  und  die  Forme!  (19b)  bei  festem  c  >  09  fur  x>0. 
Im  Spezialfalle  >ln  =  logn,  ftn=n  huben  wir  es  mit  einer  gewohn- 

lichen  DiriMetschen  Reihe  f(s)  =  ^^  %  und  einer  einfachen  Potenz- 
reihe  F(z)  =  ^ane~n:  zu  tun.72)  Ist  aufierdem  noch  aw=  1  fiir 
alle  nf  wird  f(s)  =  5(5)  und  F(z)  =  £__  ,  und  wir  erhaiten  aus  der 

obigen  Formel  (19  a)  die  von  Riemann1*)  benutzte  wichtige  Integral- 
darstellung  der  Zetafunktion 


71)  0  Perron,  a.  a.  0.  13).  Vgl.  auch  G.  H.  Hardy,  On  a  case  of  term  -by-  term 
integration  of  an  infinite  series,  Mess,  of  Math.  39  (1910),  p   136  —  139. 

72)  Wie  aus  der  Integraldaratellung  (19  a)  crsichtlich  ist,  hangt  das  analy- 

tische  Verhalten  der  Dirichletschen  Reihe  /"($)  =  ^^  -J  mit  dem  Verbal  ten  der, 


fur  x^>0  konvergenten,  Potenzreihe  F(s]  —  ^ane~n*  bei  Annaherung  an  den 
Punkt  2  =  0,  d  h.  mit  dem  Verhalten  der  (fiir  \  u  \  <  1  konvergenten)  Potenz- 
reibe  <3P(t*)=20«wW  bei  Annaherung  an  den  Punkt  u  —  1,  eng  zusammen  Vgl. 
hieruber  G.  H  Uaidy,  The  application  to  Dirichlet'e  s»  ries  of  BoreVs  exponential 
method  of  summation,  Lond  n  math  Soc.  (2)  8  (1909),  p.  277  —  2U4  und  M.Feketc, 
a.  a  0  36)  So  be&teht  /,.  B.  der  Satz  [A.  Hurwite,  Ober  die  Anwendung  eines 
funktionentheoretischen  Principe-«  auf  gewiase  bestimmte  Integrale,  Math.  Ann. 
5.*J  (1900),  p.  220—224],  daB,  falls  <p(t<)  im  Punkte  u  ==  1  regular  ist,  f(s)  gewiB 
eine  ganze  Funktion  ist.  Auch  die  spiiter  zu  erwahnende  Untersuchung  von  Hardy 
ttber  Abthvhe  Sumtnabilitat  jD*rtc/</e#acher  Reihen  (2)  basiert  auf  der  Verbindung 
zwischen  f\s)  und  <p(w). 

73)  B.  Riemann,  t)ber  die  Anzahl  der  Primzahlen  unter  einer  gegebenen 
Gr5fiet  Berliner  Monataber   1869,  p.  671—  080  =  Werke  (2.  Auti.),  p.  146—168. 

74)  Kiiie  von  der  Integraldarstellung  (19  a)  wesentlich  verschiedene  Integral- 
darstellung    einer    allgemeinen   Dirichletachen   Reihe    f(tt)  •»  ^a^e'1**   ist   roa 
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Bei  dem  oben  besprochenen  Zusammenhang  zweier  Dirichletscher 
Re i hen  handelte  es  sich  um  Reihen  mit  denselben  Koeffizienten,  aber 
verschiedenen  Ezponenten.  Wie  von  Cramer75)  gezeigt,  besteht  auch 
ein  gewisser  Zusammenhang  zwischen  zwei  Dirichletschen.  Reihen 
f(s)  —  J5X,e~^n'  uad  #W  —  ^bne-**'  mit  denselben  Exponenten, 
deren  Koeffizienten  an  und  bn  aber  derart  voneiDander  abhangen,  daft 
&w  =  anqp(>ln)  ist,  wo  <p(&)  cine  ganee  transzendente  Funktion  von  e  ist, 
welch e  die  Bedingung  |  qp(^)  | <e*f;|  fur  alle  hinreichend  grofien  \z\ 
erfttllt.  Cramer  beweist  namlich,  daB,  falls  die  Funktion  f(s),  welche 
durch  die  erste  Reihe  definiert  wird,  in  einem  Gebiete  Olf  das  liber 
die  Konvergenzgerade  <f  =  6B  dieser  Reihe  hinausreicht,  regular  1st, 
die  durch  die  zweite  Reihe  definierte  Funktion  g(s)  ebenfalls  fiber  die 
,?entsprechende"  Gerade  6  =  CB  +  ^  analytisch  fortsetzbar  sein  wird, 
und  zwar  auf  ein  Gebiet  6r8,  das  vom  Gebiete  G^  in  einfach  angeb- 
barer  Weise  abhangt. 

12.  Multiplication  Dirichletscher  Reihen.  Wie  leicht  zu  sehen; 
wird  man  durch  ,,gewohnliches"  Rechnen  mit  DirichletBchen  Reihen 
wieder  zu  Dirichletschen  Reihen  gefiihrt;  speziell  entsteht  durch  Multi- 
plikation  zweier  beliebiger  Dirichletscher  Reihen 

(20)  f(s) —2<**e-**'     «nd     ff(s)=£bne->"»' 

wiederum  eine  Dirichletsche  Reihe  ^£cne~v*',  und  zwar  flihrt  die  Multi- 
plikation  zweier  gewohnlicher  DirichletBcher  Reihen  ^f-%  und  ^-^ 
wieder  zu  einer  gewohnlichen  DirichletBchen  Reihe  ^-—-^  deren  Koef- 
fizienten cn  durch  die  Formel  cn  =^«mZ>|  bestimmt  werden,  wobei 
m  und  I  =  n  :  m  alle  Teiler  von  n  durchlaufen.76) 

/.  Steffensen,  Ein  Satz  uber  Stieltjessche  Integrale  mit  Anwenduog  auf  Diri- 
ehletsche  Reihen,  Palermo  Rend.  86(1913),  p.  213—219,  angegeben;  die  Steffcnsen- 
gche  Formel,  die  die  absolute  Konvergenz  der  Reihe  fur  0  >  0  voraussetzt,  lautet 


'^/" 


(0<< 
7*      n/ 

wo  B(x)  die  Partialbruchreihe 


bezeicbnet. 

76)  H.  Cramer,  a)  Sur  nne  classe  de  series  de  Dirichlett  Dissertation  Up  sal  a 
(Stockholm  1917);  b)  Un  the*oreme  sur  lea  series  de  Dirichlet  et  son  applica- 
tion, Arkiv  f.  Mat.,  Aatr.  oeh  Fye  13  (1918),  No.  22. 

76)  Aua  diesem  Bildangageaetz  der  Koeffizienten  cn  folgt  z.  8.,  wie  von 
H.  Mellin,  Ein  Satz  fiber  Dirichletsche  Reihen,  Ann.  Ac.  ac.  Fenn.  (A)  11  (1917), 
No.  1  herrorgehoben,  daB  die  modulo  q  gebildeten  ^Partialreihen4'  der  Produkt- 
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Sind  die  gegebenen  Reihen  (20)  in  einem  Punkte  s0  beide  absolut 
konvergent,  so  wird  offenbar  auch  die  durch  Multiplikation  entstandene 
Reihe  im  Punkte  $0  absolut  konvergieren  (und  zwar  mit  der  Summe 
A5o)  '  ff($o))'  Einem  bekannten  Mertensscheu  Satze  ttber  Potenzreihen 
entsprechend  (und  ibn  verallgemeinernd)  gilt  ferner  nach  Stieltjes'1'1) 
der  Satz,  daB  die  Produktreike  konvergiert  in  jedem  Punkt  SQ  (mit 
der  Suinme  f(s0)  •  g($Q)\  in  welcbem  nur  eine  der  Faktorenreihen  absolut 
konvergiert,  w'ahrend  die  andere  nur  bedingt  konvergiert.  Dagegen 
braucht  die  Produktreihe  in  einem  Punkte,  worm  beide  Faktorenreihen 
bedingt  konvergieren,  nicht  zu  konvergieren,  und  dieses  kann  nicht 
nur  am  Rande  der  Konvergenzgebiete  der  Reihen  der  Fall  sein;  denn, 
wie  Landau**)  gezeigt  hat,  gibt  es  sogar  zwei  gewohnliche  Dirichlet- 
sche  Reihen  (2),  die  beide  in  einer  gewissen  Halbebene  6  >  <JTO  kon- 
vergieren, deren  Produktreihe  aber  nicht  in  der  ganzen  Halbebene 
<y  >  <y0  konvergiert.  Andererseits  gibt  es  doch,  nach  Stieltjes  nnd 
Landau™),  wichtige  Satze,  welche  die  Konvergenz  der  Produktreihe 
in  Gebieten,  in  welch  en  die  Faktorenreihen  beide  nur  bedingt  Icon- 
vergieren,  sichern.  Als  ein  charakteristisches  Beispiel  nennen  wir  den 
Satz,  daB,  falls  die  Faktorenreihen  beide  fur  <r  >  cc  konvergieren  und 
ftir  6  >  a  +  ft  absolut  konvergieren,  die  Produktreihe  mindestens 

8  8 

fur  6  >  a  +  Y    konvergiert.     Hierbei    laBt    sich    die    Zahl    a  -f-  £ 

durch  keine  bessere  (d.  h.  kleinere)  ersetzen,  denn  wie  JBoAr88)  gezeigt 
hat,  gibt  es  eine  Dirichletsohe  Reihe  (2)  mit  0A  =1,  eB  =  0,  deren 
Quadratreihe  die  Konvergenzabszisse  <JB  =  i  besitzt.79) 


reihe         )~~    in    einfacber    Weise    durch    die    „  Partialreihen  u    der    gegebenen 

Reihen    ^,—^  und  ^X—  7   ausgedrdckt  werden  kQnnen. 

77)  T.  Stiellges,  Note  sur  la  multiplication  de  deux  series,  Nouv.  Ann.  de 
Math.  (3)  6  (1887),  p.  210—216. 

78)  T.  Stieltjes  a.  a.  O.    77)   und   Sur  une  loi   aayraptotique  dans  la  theorie 
dea  nombres,  Paris  0.  R.  101  (1886),  p.  368  —  370  gibt  ohne  Beweise  die  wesent- 
lichsten  dieser  Satze  an,  doch  nur  fiir  die  gewOhnlichen  Dirichletacben  Reihen  (2). 
Verallgemeinerungen    auf  den  Fall  beliebiger  DiriMetzcher  Reihen   (1)   (sowie 
Verallgemeinerungeu  anderer  Art)  und  Beweise  dor  Satze  sind  von  E.  Landau, 
ttber  die  Multiplikation  DlrichleUcher  Reihen,  Palermo  Rend.  24  (1907),  p.  81—160 
und  Handbuch,  p.  766  —  762  gegeben. 

79)  Von  etwas  anderer  Art  als  die  obigen  Satze  ist  ein  Satz  von  6s.  H.  Hardy, 
On    the    multiplication    of  Dirichlet's    series,   London  math.  Soc.  (2)  10  (1911), 
p.  396  —  406,  welcher  besagt,  daft,  falls  die  Faktorenreihen  beide  im  Punkte  8  =  0 

konvergieren  und  «„  —  0  (*«""*»-*\  ,  bn  M  0  ft*w~*V-A    ftuch  die  Produkt- 

\        *w        /  \       ^*»       / 

reihe  im  Punkte  0  konvergiert.    Vgl.  hierzu  auch  A.  Rosenblatt,  Cber  einen  Satz 
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Der  bekannte  Cesdrosche  Satz  fiber  Pofcenzreihen  (An  =  ri),  der 
ja  besagt,  daB,  wenn  ^anxn  und  ^bnxn  in  einem  Punkte,  etwa 
#=  1,  mit  den  Summen  A  und  J5  konvergieren,  die  Produktreihe 
J§cn#*  im  Punkte  x  =  1  gewiB  summabel  ((7,  1)  mit  der  Surame 
A  •  B  ist  (d.  h.  das  aritbmetische  Mittel  ihrer  Partialsummen  strebt 
gegen  A.  •  1$)  wurde  von  Phragmen,  M.Riesz  und  Bohr*9)  auf  beliebige 
Dirichletsche  Reihen  (1)  iibertragen;  der  Satz  besagt  bier,  dafi,  falls 
2ane~*n*  un<l  ^£bne~'"n'  in  einem  Punkte,  etwa  s  =  0,  mit  den 
Summen  A  und  B  konvergieren,  die  Produktreibe  2cne~v'1'  im 
Punkte  s  =  0  in  dem  Sinne  summabel  mit  der  Stwune  AB  ist,  daB, 

n 

Cn=cn  gesetzt, 


Im  speziellen  Falle  gewohnlicher  Dirichletscher  Reiben 


lautet  also  die  Gleichung: 

lim  QI  Hogg  —  log  1)  H  -----  h  ^  -  i  (log  n  —  log(n  -  D) 

n->~  logM 

Diese  Mittelwertbildung  (mit  Gewicbten)  bildet  den  Ausgangspunkt 
ftir  die  bekannte,  von  M.  Biesz  ausgearbeitete,  aUgemeine  Summa- 
bilitatsmethode  fur  beliebige  Dirichletache  Reiben,  iiber  die  wir  im 
n'achsten  Par»grapben  niiher  bericbten  werden.  Aus  dem  oben  an- 
gegebenen  Satze  gebt  speziell  hervor,  daB,  falls  die  Produktreibe 

des  Herrn  Hardy,  Jahresber.  d.  Deutsch.  Math.-Ver.  23  (1914),  p.  80—84  (welcher 
zeigt,  daB  eine  bei  Hardy  der  Exponentenfolge  auferlegte  Bedingung  unnotig 
ist)  und  E.  Landau,  ttber  einen  Satz  des  Herrn  Rosenblatt,  Jahresber  d.  Deutsch 
Math.-Ver.  29  (10*20),  p.  238.  Feroer  ist  ein  Satz  von  Hardy  und  Little  wood, 
a.  a.  0.  24  b)  zu  erwahnen,  welcher  aus  der  Voraussetzung  der  Konvergenz  ge- 
wisser  aus  den  beiden  zu  multiplizierenden  Reihen  gebildeten  Hilfsreihen  die 
Konvergenz  der  durch  Muitiplikation  entstandenen  Reihe  folgert. 

80)  Der   Beweis  von  E.  Phmgmen  wurde  brieflich   E.  Landau  mitgeteilt 
und  findet  sich   im  Handbuch,   p.  762  —  766.     Vgl.   auch  M.  Riesz,   Sur  la  som- 
mation  dea  series  de  Dirichlet.    Paris  C.  E.  149  (1909),   p.  18—21   und  H.  Bohr, 
a.  a.  0.  36). 

81)  Dagegen   braucht  das  einfache  [und,   Miese,  a.  a.  0.  80),    sogar  auch 

das  beliebig  oft  wiederholte]  ,,arithinetischeu  Mittel  -(C\  +<?,-]  ----  Cn)  nicht 
fur  H-+OQ  zu  konvergieren.  [Es  ist  ein  allgemeines  Prinzip,  dafi  eine  Sum- 

mabilitatsmethode     durch    Mittelwertbildungen     der     Form    ^l    1    .  ^'^4l£»  .  « 

**iH  -----  hft« 

um  so  kraftiger  ist,  je  nlangsameru  /*!+*••+  f*n  "*"  °°«]  Uber  das  nahere  Ver- 
haltnis  der  t1aritbmetischen'4  Mittelwertbildung  zu  der  Mlogarithmischenu  Mittel- 
wertbildung vgl.  Nr.  18,  Note  86. 
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konvergent  (und  nicht  nur  summabel)  ist,  sie  gewifi  die  ,,richtige" 
Summe,  d.  h.  die  Summe  A  •  B  hat.  Dieser  letzte  Satz  war  schon 
friiher  von  Landau1*)  in  dem  speziellen  Faile,  wo  mindestens  eine 
der  Faktorenreihen  eine  absolute  Konvergenzhalbebene  besitzt,  durch 
funktionentheoretische  Uberlegungen  bewiesen. 

Wir  verlassen  hiermit  die  Konvergenztbeorie  der  DirichletsGhen 
Reihen,  urn  uns  der  Summabilitatstheorie  dieser  Reiben  zuzuwenden. 
Hierbei  werden  wir  sehen,  daB  die  Erweiterungen  des  Konvergenz- 
begriftes  fiir  die  Theorie  der  Dirichlefachen  Reiben  eine  noch  groBere 
Rolle  spielt,  als  es  z.  B.  bei  den  Potenzreihen  der  Fall  ist.  In  der 
Tat,  bei  den  Dirichletschen  Reihen  konnen  schon  die  ^llereinfachbten 
Summabilitatsmethoden  in  ganzen  Gebieten  auBerhalb  der  Konvergenz- 
halbebene verwendet  werden,  wahrend  solche  Methoden  bei  den  Potenz- 
reihen nur  auf  dew  Hande  des  Konvergenzgebietes  von  Bedeutung  sind. 

13.  Summabilitat  Diriohletsoher  Reihen.  Der  in  Nr.  2  erwahnte 
Hauptsatz,  daB  das  Konvergenzgebiet  einer  Dirichletsdien  Reihe  (1) 
eine  Halbebene  0  >  6S  ist,  beruhte  auf  dem  Satze,  daB  die  Zahlen- 
folge  {e~;'»*}  bei  festem  s  mit  tf  >  0  eine  ,,konvergenzerhaltende" 
war;  es  ist  in  derselben  Weise  klar,  daB  auch  das  Gebiet,  in  welchem 
eine  Dirichletsche  Reihe  (1)  nach  einer  angegebenen  Summabilitats- 
methode  summabel  ist,  ebenfalls  eine  Halbebene  6  >  <70  sein  wird,  so- 
bald  die  betreffende  Summabilitatsmethode  die  Eigenschaft  besitzt, 
daB  die  Zahlenfolge  {e~*"*}  fttr  <J  >  0  eine  ,,summabilitat8erhaltende" 
ist.  Dies  ist  nach  J3!0ftr82),  der  die  Summabilitat  Dirichletscher  Reihen 
in  Gebieten  der  komplexen  Ebene  zuerst  untersucbt  hat88),  far  die 
gewohnlichen  Dirichletscken  Reihen  (2)  der  Fall,  wenn  die  benutzte 
Summabilitatsmethode  die  einfache  Cesarosche  Methode  (C,  r)  ist,  wo 
r  eine  beliebige  positive  ganze  Zahl  bedeutet  ( Artikel  II  C  4,  p.  47  7  u.  f.). 
Es  besitzt  also  jede  Dirichlelsche  Reihe  (2)  eine  Folge  von  Summa- 
bilitdtsabsjsissen  0B  =  a^  ^  <J(l)  ^  <?(S)  •  •  •  S>  tf(r)  •  •  •  derart,  daB  die 
Reihe  fur  6  >  0<r>  summabel  (C,  r)  ist,  fiir  6  <  0<r>  dagegen  nicht. 
Bezeichnet  «&  =  lim  6(r}  die  Summdbilitatsgrenzdbszisse  der  Reihe,  so 

r->oo 

ergibt  sich  ferner,  daB  die  ,,Summe"  der  Reihe  in  der  ganzen  Halb- 
ebene  <i  >  £1  eine  regulare  analytische  Funldion  darstellt,  so  daB  wir 

82)  H.  Bohr,  a)  Sur  la  gerie  dc  Dirichlet,  PETIS  C.B.  148  (1909),  p.  76—80; 
b)  a.  a.  0.  36);  c)  HabilitatioD  each  rift,  a.  a.  0.  88);  in  dieser  letzten  Arbeit  wurde 
eine  zusammenfasBende  Darstellung  der  Theorie  gegeben. 

88)  Fur  DiricMetBche  Reihen  als  Funktionen  einer  reellen  Variablen  s  war 
die  Summabilitat  schon  friiher  von  G.  H.  Hardy,  Generalisation  of  a  theorem  in 
the  theory  of  divergent  series,  London  math.  Soc.  (2)  6  (1908),  p.  266—264 
untersucht. 
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also  durch  die  Cesdroache  Summabilitat  die  andlytische  Fortsetaung  der 
durch  die  Reihe  in  ihrer  Konvergenzhalbebene  G  >  <5B  bestimmten 
Funktion  liber  die  ganze  Summabilitatsbalbebene  a  >  SI  erhalten. 
Ftir  die  in  Nr.  1  erwahnten  speziellen  Reihen  (2),  deren  Koeffizienten 
den  Bedingungen  (4)  genflgen,  findet  man  z.B.  <&)  =  —  r(r  —  0,  1,  2  .  .  .), 
also  &  «=  —  oo  ;  jede  dieser  Reihen  ist  also  in  der  ganzen  Ebene  sum- 
mabel  und  definiert  somit  (was  ttbrigens  auf  anderem  Wege  schon  be- 
kannt  war)  eine  ganze  transzendente  Funktion.  Bohr**0)  gab  ferner 
explizite  Ausdriicke  der  Summabilitatsabszissen  <y<r)  als  Funktionen 
der  Koeffizienten  und  zeigte,  dafi  diesc  Abszissen  den  beiden  folgendeu 
Ungleichungen  geniigen 

6(r)  _  <y(r+  1)  £  I  9        rfr)  _  Jr  +  1)  <;  ^(r-  1)  _  ^ 

d.  h.  die  Breite  jedes  Summabilitatsstreifens  ist  hochstens  1,  und  diese 
Breite  kann  mit  wachsender  Summabilitatsordnung  r  niemals  zu- 
nehmen;  diese  beiden  Ungleicbungen  sind  ferner  die  fiir  die  Ver- 
teilung  der  Summabilitatsabszissen  notwendigen  und  hinreichenden,  in 
dem  Sinne,  daB  es  zu  jeder  monoton  abnehmenden  Zahlenfolge  {  o(r)  }  , 
die  diesen  Ungleichungen  genfigt,  eine  Dirichletsche  Reihe  (2)  gibt, 
die  eben  diese  Zahlen  <^r)  als  Summabilitatsabszissen  besitzt.84) 

M.  jRtes^85),  der  etwas  spater  als  Bohr,  aber  unabhangig  von  ihm, 


84)  In  der  bekannten  Arbeit  von  G.  H.  Hardy  u.  J.  Litthwood,  Contributions 
to  the  arithmetic  theory  of  series,  London  math.  Soc.  (2)  11  (1912),  p.  411—478 
wird  a.  a.  die  oben  referierte  Unterrachung  fiber  die  Verteilung  der  Summa- 
bilitatsabszissen dadurch  verfeinert,  dafi  auch  das  Summabilitataverhalten  der 
Reihe  in  Punkten  auf  den  Summabilitatsgeraden  a  =  a{n  selbst  betrachtet  wird. 
Zur  Charakteriaierimg  der  gewonnenen  Resultate  sei  der  Satz  erwahnt,  daB  eine 
Reihe  (2),  falls  sie  in  einem  Punkte  5  =  ^  summabel  (C,  r  -f*  1)  und  in  eiuem 
Punkte  s  »  0,  summabel  (C,  r  —  1)  ist,  im  Mittelpunkte  8  =*  j  (ot  -f-  <**)  aummabel 
(C,r)  ist;  in  diesem  Satze  ist  die  obige  Ungleichung  <r(r)  —  a^*1*^  o(r~l>  —  a<r) 
speziell  enthalten.  Ferner  werden,  unter  gewissen  spezielleren  Annahmen  fiber 
die  GrSflenordnung  der  Koeffizienten,  genauere  Satze  fiber  die  Lage  der  Summa- 
bilitatsgeraden und  das  Verb  alien  der  Reihe  auf  diesen  Qeraden  bewieaen. 

86)  M.  Hitsz,  a)  Sur  lea  series  de  Dirichlet,  Paris  C.  R.  148  (1909), 
p.  1658—1660;  b)  Sur  la  sommation  des  series  de  Dirichlet,  Paris  C.  R.  149 
(1909),  p.  18—21.  Eine  zuaammenfaasende  Daratellung  der  J3te&?achen  Unter- 
auchungen  findet  aicb  in  dem  a  a.  0.  1)  zitierten  Cambridge  tract  von  G.H.  Hardy 
und  M.  Riesz.  Vgl.  auch  die  Arbeiten  von  P.  Nalli,  a)  Sulle  aerie  di  Dirichlet, 
Palermo  Rend.  40  (1916),  p.  44  —  70;  b)  Aggiunta  alia  memoria:  ,,Sulle  aerie  di 
Dirichlet*4,  Palermo  Rend.  40  (1916),  p.  167—168,  und  M.  Kuniyeda,  a)  Note 
on  Perron's  integral  and  summability-  abscissae  of  Dirichlet's  aeries,  Quart.  J 
47  (1916),  p.  193—219;  b)  On  the  abscissa  of  summability  of  general  Dirichlet's 
series,  Tdhoku  J.  9  (1916),  .p.  246—262,  welche  sich  nahe  an  die  Jfc**achen 
Arbeiten  anschliefien. 
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die  Cesaro-Summabilitat  der  Dirichletacben  Reihen  untersucht  hat,  be- 
schrankt  sich  nicht  auf  Summabilitat  ganzzahliger  Ordnung  und  — 
was  wesentlicher  1st  —  betrachtet  sogleich  die  allgemeinen  Dirichlet- 
schen  Reihen.  Hiese  mufite  daher  zunachst  das  Cesdrosche  Summa- 
bilitatsverfabren  so  verallgemeinern,  daB  es  auf  diesen  aUgemeineren 
Reihentypus  (1)  angewendet  werden  konnte,  und  er  wurde  hierbei  auf 
eine  neue  bedeutsame  Summabilitatsmethode  geftthrt,  die  von  ihm 
^Summation  nach  typischen  Mitteln"  genannt  wurde.  Schon  bei  dem 
Multiplikationssatz  in  Nr.  12  haben  wir  gesehen,  daB  es  bei  den  ge- 
wohnlichen  Dirichletschen  Reihen  (2)  zweckmafiig  sein  kann,  ein  Sum- 
mabilitatsverfahren  zu  benutzen,  dessen  erste  Stufe  darin  besteht,  das 
,,logarithmische"  Mittel 

O^logg  —  log  1)+  ..  .  +  C^Qogn  --Jogjn  -JL)) 

logn 
statt  des  arithmetischen  Mittels 

fi  +  fi  +  •  •  •  +  0, 
•  n 

zu  bilden.  Indem  Riesz  diesen  Gedanken  ausftihrt  und  verallgemeinert, 
ftibrt  er,  einer  gegebenen  D^ric^^schen  Reihe  (1)  (oder  vielmehr  einer 
gegebenen  Exponentenfolge  {Aw})  entsprechend,  sswei  verschiedene 
Summationsmethoden  ein,  deren  eine  der  logarithm  ischen,  die  andere 
der  arithmetischen  Mittelwertbildung  analog  ist.  Es  sei 


ln<t 

und 


wobei  k  eine  beliebige  positive  (gauze  oder  nicht  ganze)  Zahl  bedeutet. 

Die  Ausdrttcke  c,<«(»)  ,        Cf*>(w) 

—  *—  t  und        -*—l~'  ' 

«o*  w* 

heifien  dann  nach  Riesz  die  typischen  Mittelwerte  der  A;-Ordnung  yon 
der  ersten  bzw.  zweiten  Art,  welche  zu  der  gegebenen  Reihe  (1)  ge- 
horen.  Wenn  nun 


fflr  (»  ->  oo    bzw.    «?  ->  oo,  wird  die  Reihe  (1)  summabd  (A,  A;) 

(I,  ft)    mit  der  Summe  C  genannt.     Die  ,^Eraftu   der  Summabilitats- 

methode steigt  mit  wachsender  Summabilitatsordnung  k,  d.  h.  wenn 
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eine  Reihe  summabel  (A,  ft)  bzw.  (I,  V)  ist,  so  1st  sie  a  fortiori  sum- 
mabel  (A,  ft')  bzw.  (I,  V)  fUr  ft'  >  7c. 

Eiesz  zeigt  nun  far  eine  beliebige  Exponentenfolge  (Art),  daB 
die  Zahlenfolge  {e-*»*}  bei  festem  s  mit  rf  >  0  eine  summabilitats- 
erhaltende  Faktorenfolge  ist,  sowohl  fiir  die  Summabilitatsmethode 
(A,  ft)  als  ftir  die  Methode  (I,  ft),  woraus  folgt,  daB  der  Gttltigkeits- 
bereich  der  (einen  oder  anderen)  Summabilitatsmethode  eine  Halb- 
ebene  ist.  tTber  die  Tragweite  der  beiden  Methoden  (A,  k)  und  (Z,  k) 
gegeneinander  gilt  der  Satz:  in  jedem  Punkte  s,  wo  die  Reihe  (1) 
summabel  (I,  k)  ist,  ist  sie  gewiB  auch  eummabel  (k,  k),  so  daB  (A,  k)  die 
,,kraftigere"  Methode  ist;  die  Methode  (I,  k)  ist  aber  ,,beinahe"  ebenso 
stark,  d.  h.  wenn  die  Reihe  (1)  in  einem  Punkte  s0  =  tf0  -f-  it0  sum- 
mabel (A,  A;)  ist,  braucht  sie  wohl  nicht  im  Punkte  s0  selbst  summabel 
(I,  k)  zu  sein,  ist  es  aber  in  jedem  Punkte  s  =  6  +  it  mit  6  >  tf0. 

Aus  diesen  Satzen  folgt,  daB  zu  jeder  Dirichletsclien  Reihe  (1) 
eine  Summabilitdtsabszissenfunktion  tfw  (0  <  k  <  oo)  derart  existiert, 
daB  die  Reihe  bei  jedem  k  >  0  fiir  0  >  tf<*>  summabel  (A,  k)  und  (7,  k) 
ist,  wahrend  sie  fiir  6  <  <J(A)  weder  summabel  (A,  k)  noch  (Z,  k)  ist.86) 

Fiir  die  gewohnlichen  Dirichletschen  Reihen  (2)  (An  =  log  n)  ist 
die  JKiesesche  Summabilitat  (I,  k)  mit  der  Cesaroachen  Summabilitat 
(C,  ft)  inhaltsmaBig  identisch87),  und  es  sind  somit  fiir  diese  Reihen  (2), 
und  ganzzahlige  ft,  die  hier  defmierte  Summabilitatsabszissen  6^  mit 
den  frtther  besprochenen  identisch.  Die  dort  angegebenen  Unglei- 
chungen  fiber  die  Verteilung  der  Summabilitatsabszissen  werden,  so- 
gar  fiir  den  Fall  einer  beliebigen  Dirichletachen  Reihe  (1),  von  Eiese 
dahin  verallgemeinert,  daB  die  Summabilitatsabszissenfunktion  tfw  eine 
konvexe  Funktion  von  ft  ist.88)  Ferner  verallgemeinert  Riesz  die  ex- 
pliziten  Ausdriicke  fiir  die  Summabilitatsabszissen  <5(k)  als  Funktionen 
der  Koeffizienten  und  Exponenten  auf  beliebige  Dirichletsche  Reihen  (1) 
und  beliebiges  nicht  ganzzahliges  ft. 

86)  In  Punkten  auf  der  SummabilitatBgeraden  c  »  o(k)  aelbst  kann  es  vor- 
kommen  (vgl.  eine  Bemerkung  oben),  dafi  die  Reihe  summabel  (/I,  k}  aber  nicht 


(I,  k)  ist.     So  ist  nach  Riesz,  a.  a.  0.  85  a)  und  85  b)  die  Zetareihe           -?,    fflr 

welche  <j{*}  =  1  fiir  alle  k  ist,  bei  keinem  k  summabel  (//A)  in  irgendeinem 
Pankte  dei  Geraden  <r=  1,  wahrend  sie  in  jedem  Punkte  8=^=1  dieser  Geraden 
summabel  (I,  1)  ist.  (Vgl.  Note  81.) 

87)  M.Eiesz,  Une  m^thode  de  sommation  ^quivalente  a  la  me*thode  des  moyennes 
arithm^tiques,  Paris  0.  R.  152  (1911),  p.  1661—1654.   Die  von  Riesz  angegebene 
Fonnulierung  der  GVsdroschen  Summationsmethode  hat  sich  bei  verschiedenen  An- 
wendungen  als  wesentlich  bequemer  als  die  urspriingliche  Fonnulierung  gezeigt. 

88)  Der  Beweis  dieses   Satzea    wird  demnachtt  in  den  Acta  Univ.  hung. 
Francesco  -Jos.  ericheinen. 
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tTber  den  Zusammenhang  der  Summabilitatseigenschaften  einer 
Reihe  (1)  mit  den  analytischen  Eigenschaften  der  durch  die  Reihe 
dargestellten  Funktion  f(s)  gilt  zunachst  der  folgende  leicht  beweis- 
bare  Satz:  Fur  rf  >  ff<*>  +  s  ist  f(s)  —  0  (|^|*  +  1).  Die  Frage  nach 
der  Umkehrung  dieses  Satzes  ist  (wie  im  Falle  k  =  0,  d.  h.  Kon- 
vergenz)  viel  schwieriger;  es  zeigt  sich,  dafi  eine  unmittelbare  Um- 
kehrung  nicht  gilt,  dagegen  eine  solche,  in  welcher  der  Exponent 
k  -f-  1  durch  Jc  ersetzt  tvirdf  d.  h.  wenn  die  durch  eine  Dirichletsche 
Reihe  definierte  Funktion  f(s)  fiir  €  >  tf0  regular  und  gleich  0(|£|*) 
ist,  so  wird  die  Summabilitatsabszisse  d®  gewifi  <j  00  sein.  Es  geben 
diese  Rieszschen  Satze  einerseits  notwendige  und  andererseits  hin- 
reicnende  Bedingungen  fiir  die  Summabilitat  fcter  Ordmmg,  aber  (ganz 
wie  ira  Falle  Jc  =  0)  keine  Bedingungen,  die  zugleich  notwendig  und 
hinreichend  sind.  Betrachten  wir  aber  den  Grenzwert  SI  der  ab- 
nehmenden  Funktion  d®  (fiir  k  ->  oo),  so  konnen  wir  aus  den  obigen 
Satzen  den  folgenden  Hauptsatz  tiber  die  funktionentheoretische  Be- 
stimmung  dieser  Summdbilitatsgren#abs#isse  £1  ableiten:  Es  ist  die 
Reihe  genau  so  weit  summabel  (von  irgendeiner  Ordnung)  wie  die 
dargestellte  Funktion  f(s)  regular  und  von  endlicher  Ordnung  in  bezug 
auf  t  ist,  d.  h.  es  ist  tt  gleich  der  frilher  eingefiihrten  Abszisse  <fe.  Dieser 
Satz  wurde,  fiir  die  gewohnlichen  DirichletechQn  Reihen  (2),  zuerst 
von  Bohr*6)  explizite  aufgestellt,  der  ihn  aus  einigen,  den  Ries0Bchen 
ahnlichen,  aber  nicht  so  weitreichenden  Satzen  herleitete.89) 

Bei  einer  naheren  Untersuchung  zeigt  es  sich,  dafi  die  Einfiihrung 
der  Cesdro-Riesjsschen  Sumraabilitat  fiir  fast  alle  Probleme  in  der 
Theorie  der  Dirichletschen  Reihen  von  wesentlicher  Bedeutung  ist, 
weil  dadurch  frtihere  Resultate  aus  der  Konvergenztheorie  sich  in 
wichtiger  Weise  verallgemeinern  lassen.  Wegen  der  allgemeinen  Durch- 
fiihrung  solcher  Untersuchungen  und  der  dabei  erhaltenen  Resultate 
sei  der  Leser  auf  das  Hardy- Rieszsche  Buch  verwiesen.1)  Hier  soil 
nur  noch  ein  besonders  interessantes  Resaltat  tiber  die  Multiplikation 
Dirichletscher  Reihen  erwahnt  werden,  welches  den  klassischen  Satz 
von  Cesdro  iiber  Multiplikation  von  Potenzreihen  (Aw  =  n)  auf  den 
allgemeinsten  Typus  Diriehletscher  Reihen  (1)  verallgemeinert,  und 
so  lautet90):  Wenn  ^£ane-*n*  im  Punkte  s  ===  $0  summabel  (>L,  a)  mit 

89)  Vgl.  auch  eine  Arbeit  von  W.  Schnce,  t)ber  den  Zusammenhang  zwiscben 
den  Summabilitateeigenscbaften  Dirichletscher   Eeiben    und    ibrem   funktionen- 
tbeoretiscben  Cbarakter.    Acts  Math.  85  (1912),  p.  357—398,  worin  der  Landau- 
SchneeBche  Satz  iiber  das  Konvergenzproblem  (vgl.  Nr.  6)  von  Kon verge nz  auf 
Snmmabilitat  verallgemeinert  wird. 

90)  Hardy-  Riesx,  a.  a.  0.  1),  p.  64. 
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der  Summe  A  und  2bne~~***'  im  setben  Punkte  s0  summdbd  (ft,  ft) 
mit  der  Summe  B  ist,  so  ist  die  Produktreihe  2£cne~v*'  im  Punkte  $0 
summdbd  (v,  a  +  ft  +  *)  m^  &&  Summe  AB.  Im  speziellen  Pall 
a  =  £  ==  0  erhalten  wir  den  in  Nr.  12  erwahnten  Satz  fiber  die  Multi- 
plikation  zweier  Jconvergenter  Dirichletsvher  Reihen. 

Aufier  den  Cesdro-Rieseschen  Methoden  warden  auch  andere  Sum- 
mationsmethoden  auf  die  Dirichletechen  Reihen  angewendet.  So  hat 
Hardy91)  die  Wirkung  der  Borehvhen  Summation  auf  die  gewohn- 
lichen  Dirichletschen  Reihen  (2)  geprtift.  Auch  bei  dieser  Summations- 

methode  ist  die  Zahlenfolge  {    y  I  (tf  >  0)  eine  summabilitatserhaltende 

Faktorenfolge,  und  das  Summabilitatsgebiet  also  eine  Halbebene  6  >  tf<B). 
Diese  Halbebene  6  >  <*<B)  kann  aber  niemals  iiber  die  Cesdro-Bieszache 
Summabilitatshalbebne  rf  >  &  hinausreichen  und  braucht  nicht  immer 
so  weit  zu  reichen.  Anders  verhalt  es  sich  mit  einer  anderen  von 
Hardy**)  untersuchten  Summabilitatsmethode,  der  sogenannten  Abelscheu 
Methode,  nach  welcher  eine  Reihe  ^San  summabel  mit  der  Summe  A 
heiBt,  wenn  die  Potenzreihe  f(x)  =^£anxn  ftir  0  <  x  <  1  konyergiert 
und  die  Bedingung  f(x)  ->  A  fiir  x  ->  1  erfiillt.  Hardy  beweist,  daB 
auch  bier  das  Summabilitatsgebiet  einer  gewohnlichen  Dirichletsoksn 
Reihe  (2)  eine  Halbebene  tf  >  tf<J>  ist,  und  daB  <AA)  einfach  die  untere 
Grenze  aller  Abszissen  <J0  ist,  fiir  welche  die  durch  die  Reihe  dar- 
gestellte  Funktion  f(s)  in  der  Halbebene  G  >  <J0  regular  und  gleich 
0(c*i'l)  mit  k<~  ist**) 

SchlieBlich  ist  noch  eine  schSne  Arbeit  von  M.  Biest9*)  zu  er- 
wahnen,  in  welcher  es  ihm  gelungen  ist,  die  bekannten  Mittag-Leff- 
2erschen  Resultate  iiber  die  analytische  Darstellung  der  durch  eine 

91)  G.  H.  Hardy,  a.  a.  O.  72).  Vgl.  auch  Fekete,  a.  a.  0.  72)  und  G.  H.  Hardy- 
J.  Littlewood,  The  relations  between  Borel's  and  Ceaaro's  method  of  summation, 
Proc.  London  math.  Soc.  (2)  11  (1913),  p.  1—16. 

92)  G.  H.  Hardy,  a)  Sur  la  sommation  dea  aeries  de  Dirichlet,  Paris  C.  R. 
162  (1916),  p.  463—466;  b)  a.  a.  0.  61). 

93)  Einfache  Beispiele  ZH'ricfttetscher  Reihen,  bei  welchen  erst  die  Abehche 
Snmmabilitat  —  also  nicht  die  Cesaronohe  —  imstande  ist,  die  durch  die  Reihe 
dargeatellte  Funktion  iiber  die  Konvergenzhalbebene  0>Og  hinaus  analytisch 

fortzusetzen  (weil  die  Funktion  fur  a  <  OB  starker  als  1 1 1* ,  aber  nicht  BO  stark 

— 1<|  \ 

wie  e%  wachst/,  wurden  yon  G.H.  Hardy,  a)  a.  a.  0.  92)  und  b)  Example  to 
illustrate  a  point  in  the  theory  of  Dirichlet' a  series,  Tdhoku  3.  8  (1916),  p.  69—66, 
angegeben. 

94)  M.  Hies*,  Sur  la  representation  analytique  des  fonctions  dlfinies  par 
dea  series  de  Dirichlet,  Acta  Math.  35  (1912),  p.  263—270. 
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Potenzreihe  (kn  -»  n)  definierten  Funktion  in  ihrem  Hauptstern  auf 
den  allgemeinen  Reihentypus  (1)  zu  tlbertragen.  Biesz  beweist  u.a. 
den  folgenden  Satz:  Es  habe  die  Dirichletsche  Reihe  (1)  ein  Kon- 
vergenzgebiet,  und  es  sei  H  der  Hauptstern  der  durch  die  Reihe 
deiinierten  Funktion  f(s),  d.  h.  das  Gebiet,  welches  aus  der  s-Ebene 
entsteht,  wenn  alle  mit  der  negativen  reellen  Achse  parallelen  Halb- 
geraden,  die  von  den  singulareu  Punkten  yon  f(s)  ausgehen,  entfemt 
werden.  Dann  gilt  im  ganjsen  Hauptstern  die  Darsiellung  f($)  =  limqpa(s), 
wo  <pa(s)  die  (ganze  transzendente)  Funktion  *  flr">0 


beeeichnet.  Auch  die  von  Mittag-Leffler  benutzten  IntegraldarsteUungen 
zur  analytischen  Fortsetzung  einer  durch  eine  gegebene  Potenzreihe 
(An  =  n)  definierten  Funktion  wurden  von  IKesft  auf  die  Dirichletachen 
Reihen  iibertragen. 

II.  Die  Riemannsche  Zetafunktion. 

14.  Die  Zetafunktion  and  ihre  Funktionalgleichung.    Die  Zeta- 
funktion wird  (vgl.  Nr.  1)  durch  die  Dirichletsche  Reihe 

(21)  f(a)_2JL_i+j.  +  .J.  +  ... 

definiert.  Obwohl  schon  E^er  diese  Funktion  betrachtet  und  ihre 
zahlentheoretische  Bedeutung  erkannt  hat,  wird  sie  doch  gewohnlich 
als  die  )9Eiemannscbe<(  Zetafunktion  bezeichnet?  weil  Hiemann  sie  zu- 
erst  in  seiner  beriihmten  Abhandlung  iiber  die  Anzahl  der  Prim- 
zahlen95),  welche  auch  fur  die  Entwicklung  der  neueren  Funktionen- 
theorie  von  fundamentaler  Bedeutung  gewesen  ist,  einem  tiefergehen- 
den  Studium  unterworfen  hat.  tJber  die  Bedeutung  der  Zetafunktion 
ftir  das  Primzahlproblem  sei  in  diesem  Kapitel,  das  sich  ausschlieBlich 
mit  den  rein  funktionentheoretischen  Eigenschaften  von  g(s)  beschafti- 
gen  soil,  nur  bemerkt,  da8  sie  in  der  Eider  schen  Identitcti 

(22)  c(,)_2W-. 


wo  pm  die  Primzahlen  durchlauft,  warzelt;  diese  jEWersche  Produkt- 
darstellung  spielt  iibrigens  auch  (vgl.  z.  B.  Nr.  17)  bei  inanchen  funk- 
tionentheoretischen Untersuchungen  von  £(s)  eine  bedeutsame  Rolle. 
Die  die  Zetafunktion  definierende  Reihe  (21)  konvergiert  nur  in 
der  Halbebene  tf  >  1,  und  auch  das  Produkt  (22)  ist  fOr  <jr  <  1  diver- 
gent und  gibt  somit  k  ein  en  AufschluB  iiber  die  Moglichkeit  analyti- 

95)  B.  Riemann,  Cber  die  Anzahl  der  Primzahlen  unter  einer  gegebenen 
GrOfie,  Monatsber.  Akad.  Berlin  1869,  p.  671—680  —  Werke  (2.  Aufl.),  p.  145—168. 
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scher  Fortsetzung   iiber  die  Gerade  <*  —  1  hinaus.    Anders  verhalt  es 
sich  mit  der  in  Nr.  11  erwahnten  Integraldarstellung 


in  der  Tat,  es  lafit  sich  dieses  zunachst  ebenfalls  nur  fur  tf  >  1  branch- 
bare  Integral  als  ein  kompleres  Kurvenintegral 

(23)       £(s)  —  r?7>  ^-n*i     ^7?   /    «*_i    dx  •"       9^        /    **  _  i    ^^ 


schreiben,  wo  der  Integrationsweg  W  eine  Schleife  ist,  die  vom  Punkte 
x  =  -j-  oo  ausgeht  und  nach  einem  einmaligen  Umkreisen  des  Punk- 
tes  x  =  0  zum  Punkte  x  =  -f-  oo  zuriickkehrt.  Aus  dieser  Integral- 
darstellung,  die  offensichtlich  fftr  jedes  s  konvergiert,  schloB  Riemann, 
dafi  die  Fnnktion  £($)F(s)  sin  its  eine  ganze  Transzendente  1st,  und 
hieraus  welter,  daft  £(s)  in  der  ganzen  Ebene  als  eine  eindeutige  Funk- 
lion  existiert,  die  uberall  regular  ist  mit  Ausnahme  des  einzigen  Punk- 
tes  5=  1,  wo  sie  einen  Pol  erster  Ordnung  (mit  dem  Residuum  1) 
besitzt. 

Aus  der  Darstellung  (23)  leitete  Eiemann  des  weiteren  durch 
eine  Deformation  des  Integrationsweges  und  Anwendung  des  Cauchy- 
schen  Satzes  eine  fundamentale  Eigenschaft  der  Zetafunktion  ab;  nam- 
lich  daB  sie  der  Funktionalgleichung 

(24)  g(i_s)  =  _L_cos^r(s)s(S) 

geniigt96),  oder  anders  ausgedrilckt,  daB  die  Funktion 


ungeandert  bleibt,  wenn  die  Variable  s  durch  1  —  s  ersetzt  wird.  Ftir 
die  Funktionalgleichung  in  dieser  letzten  Form:  1^(5)  =  17(1  — 5)  und 
gleichzeitig  auch  fur  die  Existenz  yon  £(s)  in  der  ganzen  Ebene97) 

96)  Nach  E.  Landau,  Euler  and  die  Funktionalgleichung  der  Riemannschen 
Zetafunktion,  Bibl.  Math.  (3)  7  (1906—7),  p.  69—79  war  diese  Funktionalgleichung 
echon  Euler  bekannt. 

97)  Aufier    den   beiden,   von   Eiemann  selbst  herrtihrenden,   Beweisen    des 
Satzes,  dafi   ^(«)   von  der  Definition shalbebene  a  >  1   aus  in  die  ganze  Ebene 
fortgesetzt  werden  kann,  gibt  es  eine  Menge  anderer  Beweiae  dieses  Satzes.    So 
hat  z.  B.  /.  L.  W.  V.  Jensen,  Interme'd.  math.  1  (1896),  p.  846—847  verschiedene 
Integraldarstellungen  ffir  t(s)  angegeben,   aus  welchen  die  Existenz  von  ^(s)  in 
der  ganzen  Ebene  unmittelbar  ersichtlich  ist;  vgl.  hierzu  auch  E.  Lindeltif,  Le 
calcul  des  re*sidus  et  ses  applications  a  la  th^orie  des  fonctions  (Collection  Borel), 
Paris  1906,  p.  1—141.  Ein  anderer  Beweis  von  Jensen,  Sur  la  fonction  £(«)  de 
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hat  Riemann9*)  aueh  einen  anderen  Beweis  gegeben,  welcher  sich  bei 
der  Anwendung  auf  mit  der  Zetafunktion  verwandte  Funktionen  als 
sehr  verallgemeinerungsfahig  erwiesen  hat.  Eiemann  geht  hierbei  vom 
Integral 


aus  und  erhalt  durch  Summation  die  Formel 

(25)  :(») 

wo  (o(x)  die  Reihe 


bezeichnet.    Nun    1st    aber,    nach    einer    bekannten    Formel    aus    der 
Theorie  der  elliptischen  Thetafunktionen, 

(*  >  0) 

woraus   sich  duich  Einsetzen   in  (25)  und  eine  leichte  Rechnung  die 
Formel  » 

(26)         S(,) 


Riemann,  Paris  C.  R.  104  (1887),  p.  1156—1159  beruht  auf  einer  Relation  zwi- 
schen  den  unendlich  vielen  Gliedern  der  Folge  £(«),  S(s-\-l),  f(ff  +  2),...;  ahn- 
liche  Relationen,  welche  uberdies  die  Eigenschaft  besitzen,  in  sich  als  Detinitions- 
gleichungen  der  Zetafunktion  gelten  zu  konnen,  warden  spater  von  J.  Hadamard, 
Sur  une  proprie'te'  fonctionelle  de  la  fonction  £(#)  de  Riemann,  Bull.  Soc.  math. 
France  37  (1909),  p.  59—60,  angegeben.  Ch.  de  la  Vallee  Poussin,  Demonstration 
>  simplified  du  the  ore  me  de  Dirichlet  sur  la  progression  arithme'tique,  M^m.  Acad. 
Belgique  53  (1895—  i)6),  No.  6,  p.  1—32,  beweist  den  Satz  durch  Vergleich  der 


Reihe  ^?  —5  =-£($)  mit  dem  entsprechenden  Integral  I—  ^«=  -  -,    indem    er 

— 


l  I—  ^«=  -  -, 

e/    u        *  —  l 


(durch  partielle  Integrationen)  nachweist,  dafi  die  Dififerenz  £(«)  --  —  -  eine  ganze 

Transzendente  ist;  die  Idee  dieeer  Beweismethode  ist  von  H.Cramer,  Sur  une  classe 
de  series  de  Dirichlet,  Dies.  Upaala  (Stockholm  1917),  p.  1—51,  zur  Untersuchung 
beliebiger  DirichletscheT  Reihen  verallgemeinert.  Setzt  man  die  Theorie  der  Cesaro- 
schen  Summabilitat  DirichletBchei  Reihen  (vgL  Nr.  13)  ale  bekannt  roraus,  durfte 
der  einfachbte  Beweis  fur  die  Exietenz  von  £(s)  in  der  ganzen  Ebene  wohl  der- 
jenige  aein,  dafi  man  die  Funktion  ^(«)(1  —  21"*)  betrachtet,  welche  durch  die  in 


«  /  _  j  \n  +  1 

der  ganzen  Ebene  aummable  Reihe    ^  -  -  -9  -  dargestellt  wird  und  somit  aich 
sofort  als  eine  gauze  Transzendente  erweist. 
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ergibt,  welche  sofort  erkennen  laBt,  dafi  die  auf  der  linken  Seite 
stehende  Funktion  eine  ganze  Transzendente  iit,  die  ungeandert  bleibt, 
wenn  s  durch  1  —  s  ersetzt  wird.M) 

Die  Funktionalgleichung  (24)  verbindet  die  Werte  der  Zetafunk- 
tion  in  zwei  Punkten  s  and  1  —  s,  welche  in  bezag  auf  den  Punkt  ~ 
symmetrisch  gelegen  sind.  Hieraus  folgt,  daB  man  das  Studium  der 
Zetafonktion  wesentlich  auf  die  Halbebene  6 1>  j  beschranken  kann 
(ubrigens  sogar  auf  die  Viertelebene  <*  ^>|,  t^  0,  da  £(s)  in  konju- 
gierten  Punkten  konjugierte  Werte  annimmt);  denn  die  Funktional- 
gleichung erlaubt  ja  das  Verhalten  von  £(s)  in  der  Halbebene  tf  <  | 
aus  dem  Verhalten  der  Funktion  far  tf  >  |  abzulesen.  So  konnen  wir 
z.  B.  aus  der  aus  der  JSulerachen  Identitat  (22)  unmittelbar  folgenden 
Tateache,  dafl  £(s)  in  der  Halbebene  <f  >  1  iiberall  von  0  verschieden 
ist,  mittels  der  Funktionalgleichung  (24)  sofort  die  Nullstellen  yon 
£(s)  in  der  Halbebene  rf  <  0  bestimmen;  in  der  Tat,  es  folgt  ja  aus 
(24),  dafi  diese  Nullstellen  mit  den  NuUsteUen  der  Funktion 

1  :{cos^F(s)J   fur   6  <0  iibereinstimmen,  d.  h.  dafi  g(s)  in  der  be- 

sprochenen  Halbebene  a  <  0  Nullstellen  (einfacJie)  in  den  Punkten 
s  =  —  2,  —  4,  —  6, ...  und  nur  in  diesen  Punkten  besitzt.  Es  wer- 
den  diese  Nullstellen  gewohnlich  als  die  ,,trivialen"  Nullstellen  von 
g(s)  bezeichnet,  im  Gegensatze  zu  den  (in  Nr.  16  zu  erwahnenden) 
,,nichttrivialen"  Nullstellen  im  Streifen  0  <£  6  <.  1.  Diese  letzten  Null- 
stellen liegen  iibrigens  alle  im  Innern  des  Streifens  0  <  6  <  1 ;  denn 
wie  de  la  Vallee  Poussin")  und  Hadamard1**)  unabhangig  von  ein- 


98)  H.  Hamburger,  a)  tTber  die  Riemanneche  FunktionalgleichuDg  der  £-  Funk- 
tion, Math.  Ztschx.  10  (1921),  p.  240—254;  11  (1922),  p.  224—246;  13  (1922), 
p.  283—311;  b)  ttber  einige  Beziebungen,  die  mit  der  Fuoktionalgleichnng  der 
Riemannschen  £-Fonktion  aqaivalent  aind,  Math.  Ann.  85  (1922),  p.  129—140,  be- 
weist,  dafi  f(«)  bis  auf  einen  konstanten  Faktor  eindeutig  bestimmt  ist  durch 
die  folgenden  Eigenschaften:  sie  ist  eine  meromorphe  Funktion  mit  nur  endlich 
vielen  Polen,  die  1.  der  Funktionalgleichung  (24)  geniigt,  2.  ixir  |^|->oo  gleich 
O(e\'\  )  und  8.  far  *>1  durch  eine  absolut  konvergente  Dirichletsche  Reihe 


>  -5  darstellbar  ist.   Im  Laufe  des  Beweises  dieses  Satzes  [durch  welchen  eine 
/  *  n* 

Fragestellung  von  J.  Hadamard,  a.  a.  O.  60)  behandelt  wird]  gibt  Hamburger 
einen  neuen  Beweis  der  jR&mcmnfchen  Funktionalgleichung.  Vgl.  auch  C.  Siegtl, 
Bemetknng  zu  einem  Satz  von  Hamburger  fiber  die  Funktionalgleichung  der 
Riemannschen  Zetafunktion,  Math.  Ann.  86  (1922),  p.  276—279. 

99)  Ch.  de  la  VdXUe  Poussin,  Recherches  analjtiques  sur  la  thdorie  des 
nombres  premiers,  Ann.  soo.  sc.  Broxellei  20s  (1896),  p.  183—256  und  p.  281—397. 

100)  J.  Hadamard,  Sur  la  distribution  des  ze>os  de  la  fonction  f  (*)  et  set 
consequences  arithm^tiques,  Bull.  8oc.  math.  France  24  (1896),  p.  199—220. 
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ander  durch  sinnreiche  tFberlegungen  bewiesen  haben,  1st  die  Gerade 
<j  =  1  (and  ddher  ouch  die  Gerade  <*  —  0)  nullpunktsfrei.  In  diesem 
Zusaramenhange  sei  nocb  erwahnt,  dafi  Mertens101)  schon  fruber 
durch  eine  interessante  Abschatznng  bewiesen  hatte,  dafi  das  Eider- 
sche  Produkt  (22)  in  jedem  Punkte  s  4*  1  auf  der  Qeraden  <*  —  1, 
in  welchem  g(s)  4s  0  1st  (also  nach  dem  obigen  Satze  in  den  samt- 
lichen  Punkten  s  «f»  1)  noch  konvergiert;  mit  Hilfe  des  in  Nr.  5  be- 
sprochenen  JR/e&rschen  Konvergenzsatzes  (auf  log  £(s)  verwendet)  lafit 
sich  dieses  Resultat102),  oder  was  damit  gleichbedeutend  ist,  die  Kon- 

vergenz  der  Reihe  ^^  l+it-  f(ir  alle  t  ^  0,  unmittelbar  ohne  jede  spe- 

zielle  Abschatzung  aus  deni  Nichtverschwinden  von  ^(s)  auf  der  Ge- 
raden  <j  —  1  ableiten. 

15.  Die  Biemann-Hadamardeohe  Produktentwioklung.  Betrach- 
ten  wir  mit  Eiemann  die  Funktion108) 


welche  eine  ganze  Transzendente  1st,  deren  Nullstellen  mit  den  nicht- 
trivialen  Nullstellen  von  £(s)  tlbereinstimmen  (in  dem  die  trivialen 
Nullstellen  weggeschafFt  sind),  und  die  der  Gleichung  £(s)  —  £(1  —  s) 
genflgt.  Die  durch  diese  Funktionalgleichung  ausgedrilckte  Eigenschaft 
kann  auch  dadurch  zum  Ausdruck  gebracht  werden,  dafi  die  Funktion 
&(*),  welche  aus  %(s)  durch  die  Transformation  s  =  |  -f-  ie  entsteht, 
eine  gerade  Funktion  von  z  ist,  d.  h.  eine  Funktion  von  02,  die  wir 
mit  g(sf)  bezeichnen  werden,  wo  also  g(x)  eine  ganze  Funktion  von 
x  ist.  Jedem  Nullstellenpaar  ^  A  von  !3(z\  d.  h.  jedem  NuUstellen- 
paar  Q  und  1  —  Q  von  %(s)  entspricht  also  nur  eine  einzige  Nullstelle 
p  =  tf  von  g(x).  tFber  diese  Funktion  g(x)  behanptete  Riemann™), 
dafi  sie  unendlich  viele  Nullstellen  ft,  hat  —  also  dafi  die  Zetafunk- 
tion  unendlich  viele  nichttriviale  Nullstellen  besitzt  —  und  ferner, 
dafi  sie  durch  Has  Produkt 

(27)  ?(*) 


101)  F.  Mcrtens,  Ober  die  Konvergenz  einei  aua  FrimzahlpoUnzen  gebilde- 
ton  unendlichen  Reihe,  Gdtt.  Kacbr.  1887,  p.  266—269. 

102)  Vgl.  E.  Landau,  ».  a.  0.  21). 

108)  Die  folgenden  Bezeichnimgen  der  Funktionen  Bind  die  von  E.  Landau 
benutzten  (und  jetzt  tiblichen),  welche  von  den  jRtonannschen  etwae  abweichen. 
Die  von  Biemann  mit  {  bezeichnete  Funktion  ist  die  unten  erw&hnte  Funk- 
tion S. 
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dargestellt  warden  kann.  Die  Richtigkeit  dieser  Behauptung  wurde 
bekanntlich  zuerst  von  Hadamard1**)  durch  seine  grandlegenden  Unter- 
suchungen  fiber  gsnze  transzendente  Fnnktionen  endlichen  Geschlechtes 
bewiesen.  Es  ist  namlich,  wie  leicht  zu  zeigen, 


-  + 


0>0) 

und  nach  eiuem  allgemeinen  Satz  der  Hadamardacheu  Theorie  folgt 
ana  dieser  Abschatzung  so  fort  die  Richtigkeit  der  obigen  Behaup- 
tung.106) Wie  oben  erwahnt,  entsprechen  jeder  Nullstelle  /*„  von  g(x) 
zwei  Nnllstellen  von  £(s)7  namlich  |±»vV,,>  welche  symmetrisch  in 
bezug  auf  den  Punkt  \  liegen.  Wird  die  Produktentwicklung  (27) 
von  g(x)  zu  einer  Produktentwicklung  der  Funktion  g(s)  selbst  umge- 
schrieben,  BO  findet  man  —  indem  der  Bequemlichkeit  halber  Konver- 
genzfaktoren  hinzugefiigt  werden,  die  das  Produkt  von  der  Reihen- 
folge  der  Faktoren  (d.  h.  von  detn  paarweisen  Zusammennehmen  zweier 
;,entsprechender"  Nullstellen  Q  nnd  1  —  Q)  unabhangig  machen  —  die 
grundlegende  Formel 

(28)     (« 


wo  Q  die  samtlichen  nichttrivialen  Nullstellen  durchlauft,  und  b  erne 
Konstante  (b  —  Iog2»  —  1  —  |(7,  wo  C  die  Eitlersche  Konstante  ist) 
bezeicbnet.  In  der  Primzahlentheorie  kommt  diese  Formel  (28)  mei- 
stens  in  der  Form 


(29)   |w_t_.A_-i;(| 


zur  Anwendung. 

Es  sei  schon  bier  erwahnt,  daB  Jiiemann^)  des  weiteren  die 
Vermutung  ausgesprochen  hat  —  aber  mit  ausdrticklicher  Hervor- 
hebung,  daB  er  diese  Vermutung  nicht  beweisen  konnte  —  daB  die 
Nnllstellen  von  g(x)  alle  reell  sind,  d.  h.  daft  die  nichttrivialen  Null- 
stellen von  £(&)  alle  auf  der  Geraden  6  —  j  liegen.  Ob  diese  berQhmte 
^Hiemannsche  Vermntung"  richtig  ist  oder  nicht,  ist  bekanntlich  noch 
heute  unentschieden,  und  man  weiB  auch  nicht,  durch  welche  Ar- 

104)  J.  Hadamard,  fitude  stir  lea  propxi£t£i  des  fonctions  entities  et  en 
particulier    d'une   fonction    conaid^r^e    par   Riemann,   J.  de  math.  (4)    9  (1893), 
p.  171—216. 

105)  In  dem  urspriinglichen  Hadamardtcben  Beweise  wird  iibrigens  nicht 
die  Grdflenordnung  der  Funktion   g(x)  aelbst,  gondern  —  was   nach  Hadamard 
anf  genau  daaselbe  hinanekommt  --  die  GrOfienordnung  der  Koeffizienten  an  der 
Potenzreihe  g(x)*^£^^n  abgetchatzt. 
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gumeote  (abgesehen  YOU  der  symmetrischen  Lage  der  Nullstellen  in 
bezug  auf  die  Gerade  a  —  £)  Eiemann  auf  diese  Vermutung  gefuhrt 
worden  1st. 

16.  Die  Riemann-v.  Mangoldtsche  Formel  fiir  die  Anzahl  der 
Nullstellen.  tFber  die  nahere  Verteilung  der  Ordinaten  der  nicht- 
trivialen  Nullstellen  von  £(s)  hat  Riemann**)  obne  Beweis  eine  For- 
mel angegeben,  die  yiel  praziser  ist  als  diejenigen  Resultate,  welcbe 
man  aus  der  Hadamardecheu  Tbeorie  direkt  entnehmen  kann,  namlich 
die  Formel  , 

(30)  N(T)  -  ±T  log  T  -  1+y*T  +  0(log  T), 

wo  N(T)  die  Anzahl  der  Nullstellen  von  £(s)  im  Rechteck  0  <  6  <  1, 
0<t£T  bezeichnet.  Es  gelang  erst  v.  Mangoldt106),  diese  Formel 
streng  zu  beweisen.  Betreffs  des  Beweises  sei  nur  erwabnt,  dafi  man 

von  dem  Ausdruck  N(T)  =  5 — .  I  yW  ds  ausgehend,  wo  das  Integral 

langs  des  Randes  eines  Recbteckes  mit  den  Eckpunkten  2,  2  -f-  iTf 
—  1  +  iT,  —  1  erstreckt  ist,  durch  einfacbe  Recbnungen  (unter  Be- 
nutznng  der  Funktionalgleichung  der  Zetafunktion  und  bekannter 
Eigenschaften  der  Gammafunktion)  leicbt  findet,  dafi 

(31)  N(T)  -  ±T  log  T  -  !+£?  **T  +  E(T) 

-1  +  iT 

ist,  wo  das  Restglied  R(T)  —  0(1)  +  ^~.  I  \^&*9  und  daB  die  ganze, 

2-f  \T 

erst  von  v.  Manyoldt  iiberwundene  Scbwierigkeit  darin  liegt,  dies  letzte 
Integral,  welches  den  ,,kritischen"  Streifen  0  <  6  <  1  durchsetzt,  ab- 
zuschatzen.  Der  v.  Mangoldtache  Beweis  der  Ungleichung  It(T}  = 
0(log  T),  wie  auch  ein  spater  vereinfachter  von  Landau1*1),  stfttzt 
sich  wesentlich  auf  die  Hadamardschen  Resultate,  d.  h.  anf  die  Pro- 
duktentwicklung  von  J(s).  Vor  einigen  Jahren  wurde  ein  sehr  ele- 
ganter  Beweis  dieser  Ungleichung  von  BacJdund198)  gefunden,  der 

106)  H.  v.  Mangoldt,    Zur   Verteilung   der   Nullstellen    der    Riemannschen 
Funktion   g(e),  Math.  Ann.  60  (1005),  p.  1—19.    Schon  friSher  hatte  v.  Mangoldt 
[zu  Riemanns  Abhandlung  nt)ber  die  Anzahl  der  Primzahlen  unter  einer  gegebenen 
Gr5fieut  Crelles  J.  114  (1895),  p.  265—305]  die  Foimel  (80)  mit  einem  Reatgliede 
O(log«T)  (etatt  O(log  T))  bewiesen. 

107)  E,  Landau,  Cber  die  Verteilung  der  Nullstellen  der  Riemannschen 
Zetafrmktion   und   einer  Klasse   verwandter   Funktion  en,   Math.  Ann.  66   (1909), 
p.  419—445. 

108)  E.  Backlund,  a)  Sur  lea  zdros  de  la  fonetion  ?(«)  de  Riemann,  Paris 
0.  R.  158  (1914),  p.  1979—1981;  b)  t)ber  die  Nullstellen  der  Riemannschen  Zeta- 
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nicht  die  Produktentwicklung  (28),  sondern  nur  eine  ganz  grobe  Ab- 
Bch&tzung  yon  £(s)  benutzt. 

Ob  die  Abschatzung  E(T)  —  0(log  T)  verbessert  werden  kann, 
weiB  man  nicht  (vgl.  jedoch  Nr.  20,  wo  fiber  Folgerungen  der  »Rie- 

mannschen    Vermutung"    berichtet    wird);    dagegen    weifi    man   nach 

T 

,  daB  der  Mittdwert  ^  fB(f)dt  beschrankt   ist,  sogar  daB 


er  fftr  T  — >  oo  einem  bestimmten  Grenzwert,  namlich  dem  Werte  |, 
zustrebt.110)  Verfeinerte  Resultate  dieser  Art  sind  neulich  von  Littte- 
wood111)  angegeben. 

17.  "frber  die  Werte  von  f(s)  auf  einer  vertikalen  Geraden 
6  -=  <*0(>  \\  Betracbten  wir  zunachst  die  Halbebene  6  ^>  1;  da  £(s) 
bier  +  0  ist,  ist  es  ein  natiirlicheres  (und  allgemeineres)  Problem,  nacb 
den  Werten  von  log  f  (5),  statt  nach  den  Werten  von  £(s)  selbst  zu 
fragen,  wo  log  £(s)  z.  B.  denjenigen  (ftar  &  >  1  regularen)  Zweig  des 
Logarithmus  der  Zetafunktion  bezeichnet,  der  fiir  reelles  s  >  1  reell 
ist.  Dieser  Zweig  ist,  nach  der  -EWerschen  Identitat  (22)  durch 

(32)  log  g(5) Jlog  (1  -  p-')  (*  >  1) 

»1»1 

gegeben,  also  (wenn  log  (1  —  p~')  in  eine  Potenzreihe  entwickelt 
wird)  durch  eine  DiricMetBche  Reihe,  in  welcher  die  einzelnen  Prim- 
zahlen  separiert  sind.  Durch  diesen  Urn  stand  wird  es  moglich,  das 
in  Nr.  7  angegebene  Verfahren,  welches  auf  der  Theorie  diophantischer 
Approiimationen  beruht,  in  einfacher  Weise  durchzuftihren,  indem  die 
dort  mit  M(00)  bezeichnete  Wertmenge  explizite  bestimmt  werden 


funktion,  Dissertation  Helsingfors  1916,  p.  1 — 24;  c)  t)ber  die  Nullatellen  der 
Riemannachen  Zetafunktion,  Acta  Math.  41  (1918),  p.  846—376. 

109)  H.  Cramfr,  Studien  fiber  die  NnlUtellen  der  Riemannechen  Zetafunk- 
tion, Math.  Ztechr.  4  (1919),  p.  104—130. 

110)  DaB  der  Grenzwert  gerade  den  Wert  ~  hat,  hangt  damit  zusammenT 

dafi  E(T)  auf  die  Form  E(T)  -» y  +  0  (~\  +  ~   4  arg  f(«)    gebracht  werden 

kann  (Bacldund,  a.  a.  O.lOSc),  wo  die  Konetante  |-  von  der  Gammafunktion  and 
den  anderen  in  der  Funktionalgleichung  eingehenden  elementaren  Funktionen  her- 
rOhrt,  wahrend  z/argf(«)  den  Znwacht  von  argf(«)  angibt,  wenn  *  den  gebroche- 
nen  Linienzug  2,  2  +  t T,  \  +  iT  durchlauft. 

111)  J.  E.  Litttewood,  Researches  in  the  theory  of  the  Riemann  ^-function, 
Proo.  London  math.  Soc.  20  (1922),  (Records  et  cet.  p.  XXII— XXVIII).    In  dieeer 
kiurzen  Mitteilung  wird,  ohne  Beweiae,  eine  Reihe  sehr  tiefgehender  Satze  dber 
t(s)  angegeben. 
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kann.  Es  ergibt  sich,  daft  diese  Menge  M(tf0)  ein  endliches  Qebiet 
(in  der  komplezeh  Ebene)  ist,  das  je  nach  der  Lage  der  Abszisse 
<*0(>  1)  von  einer  oder  von  zwei  konvexen  Kurven  begrenzt  wird. 
Bei  festem  <J0  lauft  nun  (nach  N"r.  7)  die  von  log  6  (<J0  -f-  if) 
( —  oo  <  t  <  oo  )  bescbriebene  Kurve  im  Gebiete  3f(<^0)  liberal!  dicbt 
herurn,  and  es  ist  die  Menge  der  Werte,  welcbe  log  £(#)  in  unend- 
lioher  Nabe  der  Geraden  a  *==  60  annimmt,  mit  M(<*0)  identiscb.  Fflr 
00  nabe  an  1  ist  M(<70)  ein  einfacb  zusaminenhangendes  Gebiet  (d.  b.  nur 
von  einer  Kurve  begrenzt),  das  sicb  fiir  <*0  — +  1  nacb  und  nacb  tiber 
die  ganze  Ebene  ausbreitet118);  biermit  ist  speziell  gefunden,  dafi 
log  g(s)  in  der  Halbebene  6  >  1  jeden  Wert  unendlicb  oft  annimmt, 
also  a  fortiori,  daft  £(s)  in  der  Halbebene  0  >  1  (ttbrigens  sogar  in 
jedem  Streifen  1  <  6  <  1  +  *)  samfliche  Werte  aufter  0  unendlich  oft 
annimmt.113) 

Wesentlicb  scbwieriger  ist  die  Bestimmung  der  Werte  von  £(s) 
auf  einer  vertikalen  Geraden  0  ~  tf0,  welcbe  im  Streifen  j  <  6  <I  1 
liegt,  well  das  Eulersche  Produkt,  das  ja  die  Quelle  der  obigen  Unter- 
sucbung  war,  fttr  0  <  1  divergiert  (und  ffir  6  ==  1,  t  =4*  0  nur  bedingt 
konvergiert).  Die  auf  der  Theorie  der  diophantiechen  Approximationen 
berubende  Untersucbungsmetbode  lafit  sicb  aber,  obwobl  in  einer 
wesentlicb  modifizierten  Form,  aucb  bier  verwenden114),  und  es  ergibt 
sicb,  daB  £(s)  auf  jeder  festen  Geraden  6  =  60  im  Streifen  £  <  6  ^  1 


112)  H.  Bohr,  Sur  la  fonction  f(«)  dans  le  demi-plan  <r>  1,  Paris  C.  R.  164 
(1912),   p.  1078—1081.   Die   genaue   Ausfabraog   der   betreffenden  geometrischen 
Uberlegungen  findet  sich   in  der  Abhandluog:   Om  Addition  af  uendeiig  mange 
konvekse  Kurve,   Oven.  Videnak.  Selsk.  KObenhavn  1913,  p.  326 — 366.    Die  ent- 
sprechende  Untersuchung  der  (bei  den  zahlentheoretiBcben  Anwendungen  wich> 

f  f 

tigen)  Funktion  — -(s)  findet  sich  bei  H.  Bohr,   Cber  die  Funktion  -~  0),  Crelles 

J.  141  (1912),  p.  217 — 234;  die  Uctersnchung  gestaltet  sich  hier  wesentlich  ein- 
facher,  well  die  (konvexen)  Begrenzungskurven  der  Gebiete  M(<r0)  einfach  Kreiae 
werden. 

113)  Ober    einen    Beweis    dieses   letzteren    (spezielleren)   Resultates   siehe 
H.  Bohrf  Ober   das   Verhalten   von  f(«)   in   der  Halbebene   <f>l,   GOtt.  Nachr. 
1911,  p.  409—428.    Schon  fruher  batten  H.  Bohr  und  &  Landau,  tJber  das  Ver- 
halten  yon   £(«)   und  £„(«)  in   der  Nahe  der  Geraden   a  —  1,   G6tt.  Nachr.  1910, 
p.  303—330  mit  Hilfe  allgemeiner  funktionenthcoretischer  Methoden  den  weniger 
aussagenden  Satz  bewiesen,   dafi  f(«)  in  jedem  Streifen  1  —  £<<f<l  +  $  alle 
Werte,  htfchatena  mit  einer  einzigen  Ausnabme,  annimmt. 

114)  Hierbei  apielt  eine  yon  H,   Weyl  (Ober  die  Gleichverteilung  yon  Zah- 
len  mod.  Bins,  Math.  Ann.  77  (1916),  p.  813—862)  herruhrende  Verschftrfung  des 
in  Nr  7  erwahnten  Kroneckenchen   Satzes  fiber  diophantische  Approximationen 
eine  wesentliche  Rolle. 
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Werte  annimmt,  die  in  der  ganzen  Ebene  uberall  dicht  liegen116),  und 
ferner,  dafi  die  Menge  der  Werte  von  £(s)  in  unendlicher  Nahe  einer 
solchen  Geraden  gewifi  sdmtliche  Werte,  hochstens  mit  Ausnahme  des 
einen  Wertes  0,  enthalt.11*)  Bei  der  besonders  vichtigen  Frage,  ob  auch 
der  ,,kritische"  Wert  0  angenommen  wird  oder  nicht  —  also  ob  die 
pRiemannsche  Vermutung"  falsch  oder  richtig  1st  —  versagt  aber  die 
Methode,  und  sie  vermag  nur  (weil  sie  im  Grunde  erne  Wahrschein- 
lichkeitsmethode  ist)  zu  zeigen,  daB,  falls  0  in  einem  Streifen 
00  —  d  <  tf  <  <*0  +  #  ttberhaupt  angenommen  wird,  0  jedenfalls  ,,un- 
endlich  seltener"  angenommen  wird  als  jeder  andere  Wert  a,  d.  h. 
wenn  NQ(T)  und  Na(T)  die  Anzahl  von  0-Stellen  bzw.  a-Stellen  im 
Rechteck  *0  —  d  <  <*  <  00  -|-  6*,  0<t<  T  bezeichnen,  so  gilt  ftir 
T  ->  oo  die  Gleichung  Urn  NQ(T)  :  Na(T)  —  0  ll6) 

18.  tTber  die  Gr5fienordnung  der  Zetafunktion  auf  vertikalen 
Geraden.  Man  findet  sehr  leicht,  dafi  g(s)  in  jeder  Halbebene  6  >  tf Q 
von  endlicher  GroBenordnung  in  bezug  auf  t  ist,  und  es  laBt  sich  da- 
her  im  ganzen  Intervalle  —  oo  <  <s  <  oo  eine  endliche  Grofienordnungs- 
funktion  ft(cr)  definieren  (vgl.  Nr.  6)  als  die  untere  Grenze  aller  Zah- 
len  a,  fur  welche  S(<y  -{-  it)  bei  festem  6  gleich  0(\  t  a)  ist.  Die 
Funktionalgleichung  (24)  liefert  die  Relation  /t  (tf)  ==  ^(1  —  tf)  +  i  —  <*> 
und  es  geniigt  somit  fi(rf)  fiir  or  ^  ^  zu  untersuchen.  Fiir  6  >  1  ist 

ji(ff)  =  0  (es  ist  sogar  |  J(s)  |  und  rzr'^  beschrankt  auf  jeder  vertika- 
len Geraden  tf  =  OQ  >  1).  Die  Schwierigkeit  besteht  darin,  p  (cf)  fiir 
*  ^  tf  ^  1  zu  bestimmen.  Nachdem  zuerst  JtfeKm  und  sp'ater  Landau 
gewisse  Abschatzungen  der  ^t-Funktion  gewonnen  batten117),  gel  an  g  es 


115)  H.   Bohr   und  R.  Courant,   Nene  Anwendungen   der  Theorie  der  dio- 
pbantischen  Approximation  en   auf  die  Riemartneche  Zetafunktion,  Crelles  J.  144 
(1914),  p.  249  -  274. 

116)  H.  Bohr,   a)  Sur  la  fonction  £(«)  de  Riemann,  Paris  C.  R.  168  (1914), 
p.  1986 — 1988;   b)  Znr  Theorie   der    Riemannschen    Zetafunktion   im    kritiechen 
Streifen,  Acta  Math.  40  (1916),  p.  67—100. 

Schon  friiher  batten  H.  Bohr  und  E.  Landau,  Beitxage  zur  Theorie  der 
Riemannschen  Zetafunktion,  Math.  Ann.  74  (1913),  p.  d — 30  durch  Oberlegungen 
ganz  anderer  Art  gezeigt,  dafi  unter  An  nab  me  der  Richtigkeit  der  ,,Riemann- 
uchen  Vermutungu  die  Wertmenge  von  f(«)  im  Streifen  00  —  <f<<y<<j0-fd 
(i<*o<1)  aUe  Wert®  aufier  °  enthalt. 

117)  JET.  Mellin,  Eine  Fonnel  far  den  Logaritbmus  transcendenter  Funktio- 
nen  yon  endlichem  Geflchlechte,  Acta  Soc.  So.  Fenn.  29  (1900),  No.  4,  p.  1—60, 
bewies,  dafi  ^(cr)^l  — <j  fQr  |^<rgl,  und  E.  Landau,  Sur  quelquea  in^galites 
dan*  la  throne  de  la  fonction  t(f)  de  Riemann,  Bull.  Soc.  math.  France  88  (1906), 
p.  229—241  vericharfte  dieees  Reiultat  zu  /*(tf)g|(l 
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Lindelof118)  durch  allgemeine  funktionentheoretische  Betrachtungen  zu 
beweisen  (vgl  Nr.  6),  daft  ft  (<y)  eine  stetige  konvexe  Funktion  von  <s  ist, 
woraus  sofort  folgt,  wegen  p,(0)  «=  0  fttr  0  >  1  und  ft(tf)  =  j  —  rf 
fur  6  <  0),  dafi  die  /t-Kurve  ffir  0  <£  6  <I  1  im  Dreieck  mit  den  End- 
punkten  (0,  j)  (|,  0)  (1,  0)  verlauft,  also  speziell,  dafi  /*(<*)  ^  |(1  —  <*) 
fQr  j  <i  tf  <i  1.  Ganz  neuerdings  ist  es  Hardy  und  Litflewood*19)  ge- 
lungen,  fiber  das  LindelofBche  Resultat  hinauszukommen,  und  zwar 
u.  a.  zu  beweisen,  dafi  die  ft-Eurve  im  Punkte.  6=1  die  Abszissen- 
acbse  bertihrt.  Der  genaue  Verlauf  der  /z-  Funk  t  ion  fttr  0  <  er  <C  1  ist 
noch  heute  unbekannt  (vgL  jedoch  Nr.  20). 

Ein   besonderes    Jnteresse  bietet  die  Untersuchung  der  GroBen- 

yerhaitniflse  von  £(s)  /und  ^T-T  j  auf  der  Geraden  <j  =  1,  die  den  kri- 

tischen  Streifen  von  der  ,,trivialena  Halbebene  6  >  1  trennt,  und  wo 
£(s)  (nach  Nr.  17)  ,,zum  ersten  Mai"  Werte  annimmt,  die  in  der 
ganzen  Ebene  ti  her  all  dicht  liegen.  t)ber  das  Resultat  jt(l)  =  0,  d.  h. 
f(l  +  *0  =  0(<*)  hinaus,  bewies  MeUin1*0)  das  viel  scharfere  Resultat 
f(l  +  *0  =  O(log^),  und  mit  Hilfe  tiefgehender  Untersuchungen  fiber 
diophantische  Approximationen  haben  spater  Hardy-Littlewood1*1)  und 
Weyl1**)  die  MeUinsche  Abschatzung  zu  J(l  +  if)  =  o(log^)  und 
TFet/Z  sogar  zu 
(33)  e(1  +  t-<)== 


verscharfen  konnen.    Andererseita  baben  Bohr  und   Landau***)   eben- 
falls  mit  Hilfe  diophan  tischer  Approximationen  bewiesen,  dafi 
(34)  J(l  +  »<)  +  o(loglogO 

ist.  Die  Frage  nach  der  ,,wahren"  Grofienordnung  von  £(1  -|-  it)  ist 
aber  hiermit  noch  lange  nicht  gelost  (vgl.  jedoch  Nr.  20),  denn  es 
besteht  ja  noch  eine  betrachtliche  Lttcke  zwischen  (33)  und  (34).  Die 
entsprechende  Frage  uber  1  :  f  (1  +  *0  i>*  noch  weniger  aufgeklart. 
Nachdem  es  zuerst  Mertens1**),  durch  eine  neue  Beweisanordnung  des 

118)  E.  Linddof,  Quelquea  remarques  sur  la  croiaeance  de  la  fonction  t(s), 
Bull.  So.  math.  (2)  321  (1908),  p.  341—356. 

119)  Vgl.  J.  LitiUwood,  a.  a.  0.  111). 

120)  H.  Mellin,  a.  a.  O.  117). 

121)  (?.  H.  Hardy  und  X  Littlewood,   Some  problems    of  diophantme  ap- 
proximation, Internat.  Congr.  of  math.  Cambridge  1  (1912),  p.  223  —  229. 

122)  H.  Wtyl,    Zur   Abaohatcung  von    £(!+**),    Math.  Ztschr.  10  (1921), 
p.  88—100. 

128)  H.  Bohr  und  E.  Landau,  a.  a.  0.  118). 

124)   F.  Mertens,   Ober   eine  Eigenschaft  der   Riemannachen   £-Funktion, 
Sitsungaber.  Acad,  Wien  107,  II*  (1898),  p.  1429—1484. 


H.    Encykl.  Math.  Wi**.  II  3  (1923). 


770    110$.  Bohr-Craintr.  Die  neuere  Entwioklung  der  analytischen  Zahlentheone. 

Hadamard-de  la  VaUee  Poussinachen  Satzes:  £(1  +  it)  -f»  0,  gelnngen 
war,  eine  obere  Ghrenze  <p(f)  fttr  ^     ,   .  .  .  explizite  anzugeben,   fand 

Landau1**)  die  fiir  seine  zahlentheoretischen  Zwecke  wichtige  Ab- 
schatzung  1  :  f  (1  +  t<)  —  0{(log*)c},  die  von  Landau  selbst")  auf 
0(log*  •  loglogOi  dann  ron  GronioaU1*9)  auf  !:£(!  +  «) 
und  neuerdings  yon  Littlewood111)  auf 


verscharft  wurde;  andererseits  weifi  man  aber  nur,  nach  Bohr,  daB 

1  :  6(1  +  1  0  +  0(1) 

ist,  also  daB  £(s)  auf  der  Geraden  rf  =  1  beliebig  kleine  Werte  an- 
nimmtlt7));  ohne  daB  man  bis  jetzt  imstande  gewesen  ist;  irgendeine 
mit  t  ins  Unendliche  wachsende  Funktion  fy(f)  explizite  anzugeben, 
ftlr  die  !:£(!  +  it)  +  0(^(0)  1st. 

Obwohl  6(5)  auf  keiner  Geraden  tf  •—  <J0  <J  1  besohrankt  bleibt, 
ist  sie  doch  bei  jedem  <J0  im  Intervalle  ~  <  tf  <  1  im  Mittel  be- 
Bchrankt,  ja  es  ist  sogar  ihr  Quadrat  im  Mittel  beschrankt;  denn  aus 
dem  SchneeBchen  Mittelwertsatze  (Nr.  9)  ergibt  sich  leicht118),  daB 


Hieraus  folgt  mit  Hilfe   der  Funktionalgleichung,  daB  f(ir  <t  <  ^  der 
T 

Mittelwert  -^  /  1  g(tf  +  t^)  |*c?^  sich  asymptotisch  wie 


verhalt.      Viel    schwieriger    ist    das    Problem     des    Verhaltens    von 
+  >0lf^  fftr  tf  "•  i;  dieses  wurde  von  Hardy  und  JUttfe- 


IT  /  l 


126)  J?.  Landau,  Neuer  Beweis  des  Primzahlsatzes  und  Beweis  des  Prim- 
idealeatzes,  Math.  Ann.  66  (1903),  p.  646—670. 

126)  T.  Gronwall.  Sur  la  fonction  ^(«)  de  Riemann  an  yoisinage  de  d—  1, 
Palermo  Rend.  36  (1918),  p.  96  —  102. 

127)  Ein  direkter  Beweis   dieses  Satzes  (der  ja  als  Spezialfall  in  dem  in 
Nr.  17  erwahnten  Resoltate  aber  £(1  +  it)  enthalten  ist)  findet  sich  bei  JET.  Bohr, 
Sur  1'  existence  de  Taleurs  arbitrairement  petites  de  la  fonction  ^(«)  =»  ^(<J  -f  *t) 
de  Riemann  pour  <r>  1,  Oversigt.  Yidensk.  Selsk.  K6benhatn  1911,  p.  201—  20S. 
Vgl.  auch  H.  Bohr,  Note  sur  la  fonction  Z^ta  de  Riemann  £(*)  —  ^(cr  +  it}  sur 
la  droite  ff=»l,  Oversigt  Vidensk.  Selsk.  K6benhavn  1918,  p.  8—11. 

1S8)  Vgl.  z.  B.  i?.  Xotufou,  Handbuch,  a.  a.  0.  1),  §  228. 
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wood  gelost81b),  und  zwar  mit  dem  Ergebnis 

T 


Neuerdings  haben  Hardy  und  Littlewood1**)  bewiesen,  daB  auch 
(<j  _|_  if)\ldt  bei  festem  6  im  Intervalle  £  <  6  <  1  beschrankt 


bleibt  und  sogar  fdr  T  •>  oo  einem  bestimmten  Grenzwerte  zustrebt. 
Der  Beweis  basiert  auf  der  von  Hardy  und  Litttewood1*9)  entdeckten 
sogenannten  ,,approximativen  Funktionalgleichung",  welche  besagt,  daB 
fi5r  |*|  <  Jc,  x  >  K,  y  >  K  und  2nxy  =  \t\ 


wo  jc  —  2(2^r)'-1  sin-/  F(l  —  s)  und  72  —  0{x~°}  + 

Diese  Pormel,   welcbe  bei  Abschatzungen  der  Zetafunktion  im  kriti- 
schen Streifen  0  <  <y  <  1  von  der  groBten  Bedeutung  ist,  1st129)  eine  Art 

,,KompromiB  zwiscnen   der   fur  <y  >  1   giiltigen  Formel   £(s)  «•  ^  —  j- 
und  der  fttr  <y  <  0  galtigen  Formel  £($)  = 


Die  oben  erwabnten  Mittelwertsfornieln  und  andere  ahnliche,  die 
sich  durch  Anwendung  des  Schneesckeii  Mittelwertsatzes  auf  mit  der 
Zetareihe  beschlechtete  Dirichletsche  Reihen  abgeleitet  werden,  spielen 
bei  neueren  Untersuchungen  fiber  die  Zetafunktion  eine  immer  wich- 
tigere  Rolle. 

19.  Naheres  liber  die  Nullstellen  im  kritisonen  Streifen.  Aus 
deni  Satze  (Nr.  14),  daB  keine  Nullstelle  von  g(s)  auf  der  Geraden 
<y  =  1  gelegen  ist,  folgt  sofort,  daB  fiir  eine  mit  t  +  oo  ,,hinreichend" 
schnell  zu  0  abnehmende  Funktion  q>(£)  der  asymptotisch  unendlich 
schmale  Streifen  1  ^  cs  >  1  —  9  (t)  ebenfalls  nullpunktsfrei  ist.  Mit 
Hilfe  der  Hadamard&cheu  Produktentwicklung  von  £(s)  gelang  es  de 
la  Vallde  Powssm130),  und  spater  durch  elementarere  Mittel  Landau1**), 
eine  solche  Funktion  (p(t)  explizite  anzugeben;  das  de  la  Vallee  Poussin- 

129)  G.  H.  Hardy  und  J.  Litflewood,  The  approximate  functional  equa- 
tion in  the  theory  of  the  zeta-function,  with  applications  to  the  divisor-  problems 
of  Dirichlet  and  Piltzf  Proc.  London  math.  Soc.  21  (1922),  p.  39—74. 

ISO)  Ch.  de  la  Vallee  Poussin,  Sur  la  fonction  £(s)  de  Hiemann  et  le  nombre 
des  nombres  premiers  int^rieura  a  line  liuiite  donn^e,  Mem.  Acad.  Bel^ique  59, 
No.  1  (1899—1900),  p.  1—74. 
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sche  Resultat,  welches  das  genauere  war,  besagt,  dafi  T — -  (bei  pas- 
sender  Wahl  von  Jc  >  0)  eine  zulassige  Funktion  <p(t)  ist.  Ganz  neuer- 
dings  hat  Littleivoodnr)  dieses  dahin  verscharft,  dafi 

angenommen  werden  darf.     Ob   es  aber  eine  Konstante   <70 

rait   der  Eigenschaft,    dafi  5(5)^0   fttr  6  >  rf0,   ist  iramer  noch   un- 

entschieden. 

Wie  in  Nr.  16  erwahnt,  ist  die  Anzahl  N(T)  von  Nullstellen  im 
Rechteck  0<  tf  <  1,  0  <  *  <  T  fur  T->  oo  asymptotisch  gleich  fc •  TlogT. 
"Ober  die  Verteilung  dieser  Nullstellen  haben  Bohr  und  Landau66*) 
bewiesen,  dafi  ihre  Mehrmhl  in  ndchster  Nahe  der  Geraden  (f  =  |  ge- 
legen  isty  d.  h.  bei  jedem  festen  d  >  0  ist  die  Anzahl  Nl  (T)  von  Null- 
stellen, welche  innerhalb  des  obigen  Rechtecks,  aber  aufierhalb  des 
diinnen  Streifens  \  —  6*  <  ff  <  |  +  d  liegen,  gleich  o(TlogT);  dies 
folgt  aus  einem  allgemeinen,  in  Nr.  10  erwahnten  Satz  iiber  Dfrichlet- 
sche  Reihen  (auf  die  Zetareihe  mit  abwechselndem  Vorzeichen  ange- 
wendet),  nach  welchem  die  besprochene  Anzahl  N^T)  sogar  gleich 
0(T)  ist.  Durch  eine  weitergehende  Untersuchung  wurde  dieses  Re- 
sultat  zuerst66b)  zur  Qleichung  ^(T)  =  o(T)  und  spater  von  CarZ- 
son181)  mit  Hilfe  seines  in  Nr.  10  erwahnten  Satzes  iiber  Dfrichletsche 
Reihen  zu  ^iCD  =  0(jT1~4<fs'H')  (s  >  0) 

verscharft.  Fenier  gelang  es  Littlewood111)  eine  rait  t  ->  <x>  zu  0  ab- 
nehmende  Funktion  <p(f)  explizite  anzugeben  rait  der  Eigenschaft,  dafi 
das  Hauptresultat  N^T)  =  o(TlogT)  noch  giiltig  bleibt,  wenn  N^T) 
die  Anzahl  der  Nullstellen  im  Gebiete  <J  >  |  +  g?  (£),  0  <  t  <  T  angibt. 
Ein  sehr  bedeutsamer  Fortschritt  in  den  Untersuchungen  ttber 
die  Nullstellen  von  £(s)  wurde  von  G.  H.  Hardy1**}  gemacht,  dem  es 
zuerst  zu  beweisen  gelang,  dafi  auf  der  Geraden  G  =  \  tatsachlich 
unendlich  viele  Nullstellen  liegen.  Dafi  es  uberhaupt  auf  dieser  ,,kriti- 
schen"  Geraden  Nullstellen  gibt,  war  schon  frtther  durch  numerische 
Untersuchungen  festgestellt.188)  Der  ursprtingliche  Hardyacbe  Beweis 


131)  F.  Carlson,  a.  a.  0.  67).    Vgl.  auch  eine  frfihere  Arbeit  von  8.  Wenn- 

berg,  a.  a.  O.  83),  worm  die  weniger  genaue  Relation  N^T)  =  O  \T :  (log  T)tt)  be- 
wiesen  wird. 

132)  G.H.  Hardy,  Sur  lea  Z&TOB  de  la  fonction  f(s)  de  Riemannt  Paris  C.  R. 
168  (1914),  p.  1012—1014. 

133)  Vgl.  J.  Gram,  a)  Note  sur  le  calcul  de  la  fonction  £(s)  de  Riemannr 
Overaigt  Vidensk.  Selpk.  K6benhavn  1896,  p.  303—308;  b)  Note  sur  lea  ze*ros  de 
la  fonction  £(0)  de  Riemann,  Acta  Math.  27  (1903),  p.  289—304;  Ch.  de  la  Valldc 
Poussin,  a.  a.  0.  130);  E.  LindeWf,  a)  Qnelqtiea  applications  d'une  formule  som 
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dieses  Satzes  nahm  seinen  Ausgangspunkt  in  der  folgeuden  yon  Mel- 
fo'n134)  herrtihrenden  Integraldarstellung  einer  Thetareihe  durch  die 
Zetafunktion  , 


welche  zu  den  in  Nr.  11  erwahnten  Typen  von  Integraldarstellungen 
einer  DirichletBchen  Reihe  durch  eine  andere  •  Dirichletache  Reihe  ge- 
hort.  Wird  unter  dem  Integralzeichen  statt  £(s)  die  in  Nr.  14  er- 


wahnte  Funktion  r;  (s)  -»  /    yj  n    2  £(s)  eingefiihrt,  und  t\  (^  -f-  itf)  =  Q  (t) 

gesetzt;  so  geht  die  Mellinsche  Formel,  wenn  y  =7tea°'f  —  -j-  <  a  <  ~ 
gewahlt  wird,  in  die  Formel 

(35) 


iiber,  wobei  noch  benutzt  ist,  dafi  (wegen  der  Funktionalgleichung 
r}(s)  =  17(1  —  «))  die  Funktion  $(fy  eine  gerade  ist.  Ee  handelt  sich 
darum  zu  beweisen,  daB  (>(^)  unendlich  viele  recite  Nullstellen  beeitzt, 
also  daB  der  Integrand  in  (35)  in  unendlich  vielen  Punkten  des  Inte- 
gration sintervalles  0  <  t  <  oo  verschwindet.  Der  Beweis  beruht  nun 
darauf,  daB  die  Funktion  7^(5)  (wie  z.  B.  aus  der  Riemanmcken  Integraldar- 
stellung (26)  ersichtlich)  auf  der  betrachteten  Geraden  s  =~=  £  +  it  reell 
ist;  d.  h.  daB  $(£)  far  reellos  t  reeU  ist,  und  daB  daher,  wenn  g(()  nur 
endlich  viele  Nullstellen  auf  der  reellen  Achse  besaBe,  fUr  alle  t  yon 
einer  gewissen  Stelle  tQ  an  durch  weg  die  Gleichung  Q({)  =  \Q(()\  oder 
durchweg  die  Gleichung  Q(£)  =  —  |p(OI  stattfande.  Die  urspriing- 


matoire  g^n^rale,  Acta  soc.  sc.  Fenn.  31,  No.  S  (1903),  p.  1  —  46;  b)  Sur  une  formule 
sommatoire  g^n^rale,  Acta  Hath.  27  (1903),  p.  305—311;  R.  JBacklund,  Einige 
numerische  Hechnungen,  die  Nullpunkte  der  Riemann^chen  f-  Funktion  betreffend, 
Ofversigt  Finska  Vetensk.  Soc.  (A)  54  (1911—12),  No.  3,  p.  1—7  und  a.  a,  0. 
108  a),  b).  Das  weitestgehende  Reaultat  riihrt  yon  BacMund  her,  welcher  in  der 
letztzitierten  Arbeit  beweist,  1.  dafi  auf  der  Strecke  ff=*=  J,  0<f  <  200  genau 
79  Nullstellen  von  £(s)  liegen,  und  2.  daB  es  auBer  diesen  79  Nullstellen  keine 
einzige  Nullstelle  von  f(«)  im  Rechtecke  0  <<f  <  1,  0<<<200  gibt.  Dies  Re- 
sultat  gehSrt  zu  den  kraftigsten  Argumenten  fiir  den  Glauben  an  die  Richtigkeit 
der  ,,J2temantiBchen  Vermutungu. 

134)  JET.  Mellin,  ttber  eine  Verallgemeinerung  der  Riemannschen  Funktion 
J(«),  Acta  soc.  sc.  Fenn.  24,  No,  10(1899),  p.  1—60.  Bin  anderes  Integral  der  Funk- 
tion £(~  4~  **)*  welches  (nach  Hardy)  ebenfalls  zum  Beweis  des  HardyBchen 
Satzes  verwendbar  ist,  iat  von  S.  Ramanujan  ,  New  expressions  for  Riemann's 
functiong  J(«)  and  8(t),  Quart  J.  183  (1915),  p.  263—261,  angegeben. 
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liche  Fassung  des  UanZyschen  Beweises,  daB  diese  Annahme  mit  der 
Gleichung  (35)  in  Widerspruch  steht,  wurde  bald  von  Landau1**) 
etwas  vereinfacht.  In  der  vereinfachten  Form  kommfc  dieser  Wider- 
spruch einfach  so  heraus,  daB  einerseits  aus  (35),  unter  der  (falschen) 
Annahme  Q(t)  =*  \$(t)\  (oder  g(f)  =» —  |0W|),  durch  den  GrenzCiber- 
gang  a  ->  ~-  (bei  welchem  die  Thetareihe  verschwindet)  die  Konver- 

genz  des  Integrates  ^ 

\Q(f)\dt 


geschlossen    wird,    woraus,    bei    Wiedereinftthrung    der    Zetafunktion 
selbst,  die  Konvergenz  von 

(36) 

sich   ergibt,   wahrend  andererseits  mit  Hilfe   des  Cauchyschen   Satzes 

leicht    gezeigt    wird,    daB    fflr    hinreichend    grofle    T    das    Integral 
T  T 

!/£(T  +  if)dt\t  und  also  urn   so   mehr  das  Integral  /|£(£  -f-  it)\dt, 
i  i 

groBer   als   kT  ist,   woraus   durch    eine   grobe   Abschatzung   die   Un- 
gleichung 


also  gewiB  die  Divergent  von  (36)  erfolgt. 

Der  Hardysche  Beweis  wurde  bald  so  umgeformt,  daB  er  nicht 
nur  die  Relation  M(T)  ->  <x>,  wo  M(T)  die  Anzahl  der  Nullstellen  auf 
der  Qeraden  c(  =  ~  mit  Ordinaten  zwischen  0  und  T  bezeichnet,  son- 
dern  zugleich  auch  eine  untere  Abschatzung  von  M(T)  liefern  konnte. 
Nachdem  zuerst  Landau13*)  die  Ungleichung  M(T)  >  JTloglogT  be- 
wiesen  hatte,  wurden  wesentlich  weitergehende  Abscbatzungen  von  de 
la  Vallee  Poui>$in1**)  und  unabhangig  da  von  von  Hardy  und  Little- 
wood*lb)  gegeben;  die  letzteren,  weiche  die  genaueren  Resultate  er- 

hielten,  bewiesen  u.  a.,  daB  M(T)  >  KT1  *.  In  den  Beweisen  dieser 
weitergehenden  Satze  wurden  verschiedene  wesentliche  Anderungen  der 
urspriinglichen  Hardyscben  Beweismethode  vorgenommen  (vor  allem 
konnten  Hardy  und  Litttewood  in  ihrem  Beweis  der  Ungleichung 

^-* 
M(T)>K-T*       den  Gebrauch  der  Mellinscheu  Formel  (35)  und  da- 

135)  E.  Landau,  t)ber  die  Hardysche  Entdeckung  unendlich  vieler  Null- 
etellen  der  Zetafunktion  mit  reellem  Teil  |,  Math.  Ann  76  (ll>15),  p.  212—248. 

136)  Ch.  de  la  ValUe  Poussin,  Sur  lee  zeros  de  £(«)  de  Riemann,  Paris  C.  R. 
163  (1916),  p.  418—421  und  p.  471—478. 
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durch  die  Einfiihrung  der  elliptischen  Thetafunktionen  ganzlich  ver- 
meiden)*,  die  wesentliche  Idee  der  Beweismethode  ist  aber  immer  die- 
selbe  geblieben.  Neuerdings  ist  es  Hardy  und  Littlewood1^)  durcli 
eine  sehr  verfeinerte  Analyse  gelungen,  sogar  die  Abschatzung 

M(T)  >  KT 

zu  beweisen,  und  daniit  festzustellen,  daB  die  Anzahl  M(T)  von  Null- 
stellen  auf  der  Geraden  6  =  \  jedenfalls  ,,fast"  von  derselbeu  Grofien- 

ordnung  ist  als  die  Anzahl  N(T)  (~  ^  T  log  jT)  von  Nullstellen  iin 
ganzen  Streifen  0  <  6  <  1. 

20.  Folgerungen  aus  der  ,,Riemannschen  Vermutung'*.  Es  wird 
in  dieser  Nummer  iiber  einige  Untersuchungen  referiert,  deren  Resul- 
tate  nicht  auf  gesicherte  Wahrheit  Anspruch  erheben  diirfen,  weil  sie 
auf  der  Annahme  der  Richtigkeit  der  Riemannsehen  Vermutung,  daB 
alle  nicht-trivialen  Nullstellen  auf  der  Geraden  <?  =  j  liegen,  be- 
ruhen.188)  Der  Weg  zu  solchen  Untersuchungen  wurde  von  Little- 
ivood™*)  geoffnet,  der  bei  dem  Problem  der  Beetimmung  der  ji-Funk- 
tion  zuerst  gezeigt  hat,  in  welcher  Weise  die  Annahme  t>(s)  =f=  0  fiir 
0  >  \  filr  das  funktionentheoretische  Studium  der  Zetafunktion  aus- 
geniitzt  werden  kann.  Die  Littlewoodsehe  Methode,  welche  auf  der  An- 
wendung  des  sogenannten  Hadamardschen  Dreikreisensatzes  (vgl.  Art. 
II  C  4,  Nr.  02)  auf  die  (unter  Annahme  der  R-ichtigkeit  der  Riemann- 
schen  Vermutung)  fiir  a  >  j,  t>  0  reguldre  Funktion  Iog5(^)  beruht, 
lieferte  die  genaue  Bestimmung  der  ft -Function  fiir  alle  0,  und  zwar 
mit  dem  Resultat  ^((j)  =  0  fiir  6  ^  \ ,  also  (vgl.  Nr.  18)  ^(tf)  =  |  —  0 

137)  G.  J5T.  Hardy  und  J.  Littletvood,  The  zeros  of  Riemann's   Zeta-Funk- 
tion  on  the  critical  line,  Math.  Ztschr.  10  (1921\  p.  283—817.    Die  Verfasser  be- 
weiseu  fibrigena  noch  mehr,  nilmlich  dafi  bei  jedem  a>0  und   U '«*=  Ta  die  Un- 
gleichung  M(T+  U)  —  M(T)>KU  fiir  alle  hinreichend  grofien  T  besteht.    Der 
Beweis  dieses  letzten  Satzes  basiert  auf  der  ,,approximativen  Funktionalgleichung" 
(Nr.  18),   welche  in   dieser  Abhandlung  zum  ersten  Mai  (obwohl  nicht  in  ihrer 
weitestgehendeu  Form)  bewiesen  wird. 

138)  Im  Laufe  der  vielen  (bisher  mifigliickten)  Versuche,  die  nJBt6w»on»sche 
Vermutung"  zu  beweisen,  haben  verschiedene  Forschcr  das  Problem  in  nianuig- 
facher  Weise  umgeformt.   Vor  allem  hat  J.  Littlcwood,  Quelques   consequences 
de  Thypothese  que  la  fonction  £(s)  de  Riemann  n'a  pas  de  ze*ros  dans  le  demi- 
plan    R(s)>  J,  Paris  C.  R.  164  (1912),  p.  263—266,  entdeckt,  daB  die  Riemann- 
sche  Hypothese  gleichwertig  ist  mit  der  Hypothese,  daB  die  DiricMetBche  Reihe 
fQr  1  :  £ (s)  (siehe  Nr.  22)  die  Konvergenzabszisse  aB  =  ~  besitze.    Vgl.  auch  eine 
Arbeit  von  M.  E\eset  Sur  Thypothese  de  Riemann,  Acta  Math.  40  (1916),  p.  186—190, 
in  welcher  die  Umformnng  des  Problems  auf  einer  von  Riesz  gefundenen  iuter- 
esaanten  Integraldarsteilung  der  Funktion  !:£($)  beruht. 


H.    Encykl.Math.  Wiss.  II  3  (1923). 


776    II  OS.  Bohr -Cramer.  Die  neuere  Entwicklung  der  analytiachen  Zahlentheorie. 

fttr  tf<  f189)  Uber  das  Resultat  fi(<y)  =  0  fur  cr^y  hinaus  bewies 
Littlewood198),  daB  bei  jedem  <y  des  Intervalles  £  <  6  <  1  und  jedes  a  >  2 

(37)  logg(5)=0((log^a-)), 

und  er  konnte  ferner  g(s)  aw/"  <fer  Geraden  <s  —  1   viel  genauer  ab- 
schatzen,  als  es  obne  Benufczung  der  ,,Jfc'emannschen  Vermutung"  mog- 
lich  gewesen   war  (vgl.  Nr.  18).    Neuerdings  hat  Littlewood111)  seine 
Abschatzung  von  £^1  +  it)  noch  verbessert,  und  zwar  die  Relation 
{(1  +  it)  —  OQoglogO 

bewiesen;  hiermit  ist  das  Problem,  die  GroBenordnung  von  £(1  +  if) 
zu  bestimmen,  zu  einem  gewissen  AbschluB  gebracht,  weil  ja  anderer- 
seits  bekannt  ist  (Nr.  18),  daB  £(1  +  it)  +  o(loglog^. 

An  die  erste  Littlewoodsche  Arbeit  scblofi  sich  eine  Arbeit  von 
Bohr  und  Landau™0)  an,  worin  (unter  Ann  ah  me  der  Riemannscheu 
Vermutung)  die  Relation 

(38)  logC(«)  +  OCaogO*^-0))  (}<*<!) 

bei  passender  Wabl  einer  Konstanten  b  >  0  bewiesen  wurde.  Hier- 
mit wurde  (unter  Berttcksicbtigung  des  Littlewoodschen  Resultates  (37)) 
auch  die  GroBenordnung  von  logg(5)  im  kritiscben  Streifen  einiger- 
mafien  genau  bestimmt. 

Mit  der  Frage  nach  der  GroBenordnung  von  g(s)  eng  verbunden 
ist  die  Frage  nach  der  ,,feineren"  Verteilung  der  Ordinaten  der  nicht- 
trivialen  Nullatellen  von  £(s),  d.  h.  die  Frage  nach  dem  Verhalten  des 
Restgliedes  R(T)  in  der  Riemann-v.  Mangoldt&chen  Forrael  (31) 141), 
und  auch  bei  diesem  Problem  ist  es  moglich  gewesen,  unter  Heran- 
ziehen  der  Riemannachen  Hypothese  recht  genaue  Aufschllisse  zu  er- 
halten.  Einerseits  hat  Landau1**)  bewiesen,  daB  E(T)  4=  0(1)  (also 
daB  R(T)  nicht  beschrankt  bleibt),  und  spater  haben  Bohr  und  Lan- 

139)  Nach  P.  Backlund,    tlber   die    Beziehung    zwischeu    Anwachsen  und 
Nnllstellen    der    Zetafunktion ,    Ofversigk   Finska   Vetensk.    Soc.    61    (1918-19). 
No.  9 ,    ist    ea ,    um    den   Beweis    der    Gleichung    ^  (<j)  =  0    fur    cr  ^  ~  zu  fuhren, 
nicht  nOtig,  die  Riemannacbe  Vermutung  in  ihrem  vollen  Umfange  zu  benutzen. 
Vielmehr  ist  die  Annahme:  ft(<r)  »  0  fiir  0^^  mit  der  Annahme,  das  bei  jedem 
festen  <t>0   die    Anzahl  A(T)   yon    Nullstellen   im   Bechtecke  |^  +  d<a<l, 
T<t<  T+  I  gleich  o(logT)  ist,  gleichwertig.   Sichergestellt  (d.  h.  ohne  irgend- 
eine  Annahme  bewiesen)  iat  nur  die  Abschatzung  A(T)  =  O(logT). 

140)  H.  Bohr  und  E.  Landau,  Beitr&ge  zur  Theorie  der  Riemannschen  Zeta- 
funktion, Math.  Ann.  74  (1918),  p.  3—80. 

141)  Der  Zuaammenhang  dieser  beiden  Probleme  ist  neuerdinga  von  J.  Little- 
wood,  a.  a.  0.  Ill)  einem  tiefgehenden  Studium  unterworfen  worden. 

142)  E.  Landau,  Zur  Theorie  der  Riemannschen  Zetafunktion,  Vierteljahrschr. 
Naturf.  Gea.  Zilrich  56  (1911),  p.  126—148. 
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rfat«uo)  aus  der  Ungleichung  (38)  gefolgert,  daB  sogar 


bei  passender  Wahl  einer  Konstanten  c  >  0.  Andererseits  verbesserte 
Bohr1**)  die  v.  Mangoldt  ache  Abschatzung  E  (T)  =  0  (log  T)  zu 
B(T)  =  o(logjT);  dieses  Resultat  wurde  dann  von  Cramer144),  Lan- 
Jan146)  und  Littlewood111)  noch  etwas  verscharft;  letzterer  bewies,  daB 

lo*r 


und  aufierdem  (vgl.  Nr.  16),  daB 
T 


SchlieBlich  sei  noch  ein  interessanter  Satz  von  Littlewood1**)  fiber 
das  Verhalten  von  £(s)  in  der  unmittelbaren  Nahe  der  kritischen  Ge- 
raden  6  =  ~  erwahnt,  welcher  (unter  Annahme  der  Tftemannschen 
Vermutung)  das  Resultat  (vgL  Nr.  17  und  19),  daB  £(s)  in  jedem 
Streifen  y  —  tf  <  0  <  j  +  #  samtliche  Werte  unendlich  oft  annimmt, 
dabin  verscharft,  daB  5(5)  bei  festem  K>  0,  d  >  0  in  jedem  Kreise 
1  5  —  (-|  -f-  «r)|  <  d  (T  >  TO  =  T0(jST,  #))  samtliche  Werte  vom  abso- 
luten  Betrage  <  K  annimmt. 

21.  Verallgemeinerte  Zetafunktionen.  An  die  Eiemannache  Zeta- 
funktion  schlieBen  sich  mehrere  Klassen  anderer  ;;Zetafunktioneii'(  an, 
welche  ebenfalls  durch  Dirichletache  Reihen  definiert  werden  und  Eigen- 
schaften  besitzen,  die  in  vielen  Hinsichten  mit  denjenigen  der  Rie- 
mannschen  Zetafunktion  iibereinstimmen.  Die  interessantesten  Klassen 
solcher  Funktionen  werden,  wegen  des  zahlentheorischen  Charakters 
der  Koeffizienten  ihrer  Reihenentwicklung,  erst  im  zweiten  Teil  des 
Artikels  besprochen,  wo  sie  im  Zusammenhange  mit  den  zahlentheo- 
retischen  Problemen,  fur  deren  Behandlung  sie  erfunden  sind,  einge- 
fflhrt  werden.  In  diesem  Paragraphen  sollen  nur  von  rein  analyti- 
schem  Gesichtspunkte  aus  gewisse  ,,verallgemeinerte"  Zetafunktionen 

14S)  Vgl.  H.  Bohr,  E.  Landau  und  J.  Littlewood,  Sur  la  fonction  £(s)  dans 
le  voisinage  de  la  droite  a  —  |,  Bull.  Acad.  Belgique  15  (1913),  p.  1144—1176. 

144)  H.  Cramer,    Ober   die   Nullstellen   der  Zetafunktion  ,    Math.  Ztschr.  2 
(1918),  p.  237  —  241.     In  dieser  Abhandlung  wird  u.  a.  bewiesen,  dafi  zur  Herlei- 
tung  der  Abschatzung  R(  T)  =  o  (log  T)  nicht  die  voile  ,,J?tewannsche  Vermutung'1 
n5tig  ist,  sondern  nur  die  (vgl.  Note  139)  weniger  aussagende  sogenannte  ,,Linde- 
/o/sche  Verjnutung11  ^(<f)  =  0  fiir  a  ^}. 

145)  E,  Landau,  Ober  die  Nulletellen   der  Zetafunktion,   Math.  Ztechr.  6 
(1920),  p.  161  —  154.    Vgl.  hierzu  auch  H.  Cramer,  Bemerkung  EU  der  vorstehen- 
den  Arbeit  dee  Herrn  E.  Landau,  Math.  Ztschr.  6  (1920),  p.  166—167. 
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kurz  besprochen  werden,   deren  Definitionen   kein   zahlentheoretisches 
Moment  enthalten. 

Betrachten  wir  zunaehst  die  Reihe 


(39) 


oder  allgemeiner  die  von  Lipschitz™1)  und  Lerch1**)  untersuchte  Reihe 


wo  x  eine  komplexe  Zahl  bedeutet,  deren  reeller  Teil  SR(#)  etwa  dem 
Intervalle  0  <^  x  <  1  angehort,  wahrend  ihr  imaginarer  Teil  3(#)  ^  0 
ist.  Diese  Reihe,  als  Funktion  von  s  betrachtet,  ist  offenbar  im  Falle 
3(#)  >  0  in  der  ganzen  s-Ebene  konvergent  und  stellt  eine  ganze 
Transzendente  dar;  fur  3(#)  =  0  ist  sie,  abgesehen  vom  Fall  x  —  0, 
in  der  Halbebene  6  >  0  konvergent,  definiert  aber  auch  hier  eine 
ganze  Transzendente,  und  im  speziellen  Falle  x  =  0  (d.  h.  im  Falle 
der  Reihe  (39))  konvergiert  sie  fur  6  >  1  und  stellt,  wie  die  Zetareihe 
selbst,  eine  meromorphe  Funktion  dar,  die  Uberall  regular  ist  mit 
Ausnahme  des  einzigen  Punktes  s  =  1,  wo  sie  einen  Pol  erster  Ord- 
nung  besitzt.  Dies  ersieht  man  in  ganz  ahnlicher  VVeise,  wie  Jiiemann 
die  Fortsetzbarkeit  von  f  (s)  bewies,  d.  h.  es  wird  die  Reihe  zunachst 

146)  Diese  Funktion  ist  beaonders  von  H.  Mellin,  Cber  eine  Verallgemei- 
nerung  der  Riemannechen  Funktion  f(«),  Acta  soc.  sc.  Fenn.  24,  No.  10  (1899), 
im  Zusammenbange  mit  seinen  Studien  iiber  Umkehrformeln  (vgl.  Note  70)  naher 
untersucht.  Vgl.  auch  A.  Piltz,  Cber  die  Haufigkeit  der  Primzablen  in  arith- 
methischen  Progreesionen  and  iiber  verwandte  Gesetze,  Habilitationsschrift,  Jena 
1884,  p.  1—48;  E.  LindeWf,  a.  a.  O.  97)  und  E.  W.  Barnes,  a)  The  theory  of  the 
Gamma  function,  Mess,  of  Math.  (2)  29  (1899),  p.  64  —  128;  b)  The  theory  of  the 
double  Gamma  function,  London  Phil.  Trans.  (A)  196  (1901),  p.  265—887;  c)  On 
the  theory  of  the  multiple  Gamma  function,  Cambridge  Phil.  Trans.  19  (1904), 
p.  374  —  425;  Barnes  untersucht  auch  Reihen  der  Form 

00  00 

V...V 


(w  -f-  nt  fi>j  -j 

ntasO         n/»=0 

147)  K.  Lipschitz,    a)  Untersuchung   einer  ana   vier  Elementen  gebildeten 
Keibe,  Crellca  J.  64  (1857),  p.  313 — 328;  b)  Untersuchong  der  Eigenechaften  einer 
Gattung  von  nnendUchen  Reihen,  Crelles  J.  105  (1889),  p.  127—156. 

v%  (Aknix 

148)  M.  Lerch,  Note  »\ir  la  fonction  K (w,  x,  s)  —  >  - — p-p-j ,  Acta  Math. 

-       ' 

11  (1887),  p.  19—24. 
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durch  ein  einfaches  bestimmtes  Integral  dargestellt  and  dieses  wieder 
in  ein  komplexes  Kurvenintegral  umgeformt.  Aus  dieser  letzten  Inte- 
graldarstellung  folgt  weiter,  wie  bei  JRiemann,  durch  Deformation  des 
Integrationsweges  und  Anwendung  des  Cauchyacben  Satzes149),  dafi 
unsere  Funktion  einer  der  Hiemannsehen  ahnlichen  Funktionalgleichung 
genttgt,  welche  in  der  Form 

**»"»    _  P(t  — 


geschrieben  werden  kann. 

Eine  wesentlicli  weitergehende  Verallgeineinerung  der  Riemann- 
sclien  Zetafunktion  ist  von  Epstein1™)  gegeben,  dessen  Untersuchungen 
an  den  zweiten  JRietwannschen  Beweis  der  Funktionalgleichung  von 
5(s),  d.  h.  an  die  Darstellung  der  Zetafunktion  durch  ein  bestimmtes 
Integral  mit  Hilfe  elliptischer  Thetafunktionen  ankniipfen.  Epstein 
betrachtet  Keihen  der  Form 


wo  xl9  .  .  .  xp,  yl9 .  . .  yp  Konstanten  sind  und  <p(a  +  ft)  ein  symbo- 
lischer  Ausdruck  fur  die  quadratische  Form  22(*u,  "f*  Pu)(av  +  ftv) 

ft          V 

der  2p  Variabeln  cclf .  .  .  ftp  ist;  die  durch  eine  solche  Reihe  (40)  de- 
finierte  Funktion  wird  eine  Zetafunktion  p**r  Ordnung  genannt.  Ep- 
stein zeigt  nun,  da 6  die  Reihe  (40)  durch  ein  bestimmtes  Integral  mit 
Hilfe  allgemeiner  Thetafunktionen  dargestellt  werden  kann,  und  durch 
Anwendung  von  Transformationsformeln  dieser  Thetafunktionen  be- 
weist  er,  dafi  auch  diese  allgemeine  Zetafunktion  eiuer  Funktional- 
gleichung von  ahulichem  Charakter  wie  die  Riemannaehz  fur  g(«) 
genUgt. 


149)  Ygl.  M.  Lerch,  a.  a.  O.  148);  die  Funktionalgleichung  wurde  xuerst 
von  R.  Lipschitz,  a.  a.  O.  147  a)t  gefunden,  welcher  sie  mit  Hilfe  der  Theorie  der 
J^'ounerschen  Integrate  herleitete. 

160)  P.  Epstein,  a)  Zur  Theorie  allgemeiner  Zetafunktionen,  Math.  Ann.  56 
(1903),  p.  615 — €44;  b)  Zur  Theorie  allgemeiner  Zetafunktionen  II,  Math.  Ann.  63 
(1907),  p.  206—216. 
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Zweiter  Teil. 

22.  Einleitung.  Bezeichnungen.  Dieser  Teil  handelt  von  den 
zahlentheoretischen  Anwendungen  der  im  Vorhergehenden  entwickelten 
Theorien.  Die  gewohnlichen  Dirichlefadhen  Reihen  ^ann~*  sind  als 
Hilfsmittel  fttr  analytisch-zahlentheoretische  Untersuchungen  besonders 
wertvoll;  einen  ,,Grund"  hierfiir  kann  man  in  ihrer  Muitiplikations- 
regel  (vgl.  Nr.  12)  sehen,  wonach  bei  der  Koeffizientenbildung  die 
,,multiplikativen"  Eigenschaften  der  Zahlen  zur  Geltung  kommen.  Die 
wichtigsten  zahlentheoretischen  Funktionen  treten  als  Koeffizienten 
gewisser  Dirichletscher  Reihen  auf,  die  mit  der  Eiemannschen  Zeta- 
funktion  in  einfacher  Weise  zusammenhangen.  Indem  man  auf  diese 
Reihen  die  Satze  liber  Beziehungen  zwischen  den  Koeffizienten  einer 
Dirichletachen  Reihe  und  der  von  der  Reihe  dargestellten  Funktioii 
(vgl.  Nr.  4  und  5)  anwendet,  gelangt  man  mit  Hilfe  der  Theorie  der 
Zetafunktion  zu  neuen  Ergebnissen  ttber  die  Natur  der  zahlentheore- 
tischen Funktionen.  Manche  Probleme  erfordern  die  Einfiihrung  neuer 
erzeugender  Funktionen,  die  alle  der  Riemanmchen  £($)  mehr  oder 
weniger  ahnlich  sind.  Verschiedene  Probleme  lassen  sich  auch  durch 
Methoden  angreifen,  die  von  der  Theorie  der  Dirichletsdhen  Reihen 
ganzlich  unabhangig  sind. 

Es  dtirfte  zweckmaBig  sein,  einige  der  im  folgenden  gebrauchten 
Bezeichnungen  hier  zusammenzustellen;  die  unten  gegebenen  Defmi- 
tionen  werden  also  im  Texte  nicht  wiederkehren. 

A.  Die  folgenden  zahlentheoretischen  Funktionen  seien  fur  gauze 
n  ^>  1  definiert : 

f  l°gJP         fttr  ti  —  pm  (p  Primzahl,  m  ^  1  ganz), 
I      0  sonst; 

( —  l)v     fttr  n  =  p^t . .  .pv  (die  pt  verschiedene  Primzahlen), 

If  fir    M  -^^-  1 
iur  n  —  i, 

0  sonst; 

( —  l)«i +  «*+••  *»      fttr  n  =  pj*pj»  •  •  "ft*, 

1  f ttr  n  =  1 ; 
d(n)  =  Anzahl  der  Toiler  von  M; 
0(ri)  =  Sum  me  der  Teiler  von  w; 

(jp(n)  «»  Anzahl  der  zu  n  teilerfremdeii  positiven  ganzeti  Zahlen  <  n. 
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Diese  Funktionen  sind  alle  mit  £(s)  nahe   verbunden;  es  gilt  in  der 
Tat  fur  hinreichend  grofie  <y 


_  __ 

n*  £(«)'  j    n*  £(8}   > 

1  i 


B.  Die  folgenden  summatorischen  Funktionen  der  obigen  und 
einiger  verwandten  Dirichletachen  Reihen  seien  fiir  jeden  positiven 
Wert  von  x  definiert: 

7t(x)  =  Anzahl  der  Priuizahlen  <^x 


fl(x)  —  ^f  —  (j>  durchlauft   die  Primzahlen  ,  tn  die   ganzen  posi- 
pm^e      tiven  Zahlen) 


logn 


»(*)  —  -S' 


,  S(*)  =  Jjtf  i  n)  . 

n  =s  1  «  «B  1 

C.   Es  sei  g(x)  irgendeine  der  unter  B.  eingefuhrten  sumraato- 

rischen  Funktionen.  Aus  g(x\  werde  die  Funktion  g(x)  dadurch  ab- 
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geleitet,  dafi  fur  slle  x  >  0 


gesetzt  wird.    g(x)  ist  also  nur  in  den  Unstetigkeitspunkten  (d.  h.  ftir 
gewisse  ganzzahlige  x)  von  g(x)  verschieden. 

III.  Die  Yerteilnng  der  Primzahlen. 

23.  Der  Primzahlsatz.  Altere  Vermutungen  und  Beweisversuche. 
Schon  friih  entstand  das  Problem,  die  Anzahl  der  Primzahlen  zwischen 
zwei  gegebenen  Grenzen  zu  bestimmen,  also  insbesondere  ftir  die  Funk- 
tion 7t(x)  einen  (angenaherten  oder  exakten)  Ausdruck  aufzustellen. 
Bei  dem  hochst  unregelmiifiigen  Verlauf  dieser  Funktion  scbien  es  von 
vornherein  unmoglich,  sie  durch  eine  einfache  analytische  Funktion  genau 
darzustellen;  man  muBte  also  zuuachst  darauf  ausgehen,  ein  asympto- 
tisches  Resultat,  etwa  von  der  Form  rt(x)~f(x),  zu  erbalten.  Hier- 
durch  ist  schon  die  Fragestellung  angebabnt,  die  zu  dem  beriihmten 
PrimzcMsatz™1)  fiihrte:  es  gilt  fur  unendlich  wachsendes  x: 
(41)  *(*)~Z.-(*), 

WO 


gesetzt  ist.  —  Dieser  Satz  kann  wobl  als  das  wicbtigste  Ergebnis  der 
analytischen  Zablentbeorie  bezeicbnet  werden;  durch  die  Anstrengungen, 
ihu  zu  beweisen,  wurden  ibre  feinsten  Metboden  gescbaffen  und  aus- 
gebildet. 

In  (41)  kann  man,  obne  den  Sinn  der  Form  el  zu  verandern,  Li(x) 
durch   jede    der  Bedingung  f(x)~Li(x)   gentigende   Funktion,    z.  B. 

durch  T ,    ersetzen.    Eine  zu   (41)   aquivalente  Behauptung   wurde 

zuerst  von  Legendrelb2)  ohne  Beweis  auegesprocben:  es  werde  x(x) 
angenahert  durch  die  Funktion  j^-^~1  Q^Q^  dargestellt.  Scbon  vor 
Legendre  war  Gaufi1**),  wie  aus  einem  viel  spater  geschriebenen  Briefe 

X 

ersicbtlicb    ist,   auf  die  Vermutung  n(x)  «~    I  ,          gekommen.    Von 

161)  Die  Benennung  ruhrt  von  H.  v.  Schaper  her:   Cber  die  Theorie  der 
Jfadamardschen  Fonktionen  und  ihre  Anwendong  auf  das  Problem  der  Prim* 
zahlen,  Dies.  Qdttingen  1898. 

162)  A.  M.  Legendre,  a)  Easai  sur  la  th^orie  de«  nombres  (2.  Aufl.),  Paris 
1808,  p.  394;  b)  Theorie  des  nombres  (3.  Aufi.),  Paris  1830,  Bd.  2,  p.  66. 

163)  C.  F.  Gaufl,  Werke  2,  2.  Aufl.,  p.  444—447. 
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Dirichlet1**}  wurde  gelegentlich   behauptet,    ^^  ^  •-  sei  eine  bessere 

n~l 

Vergleichsfunktion  als  diejenige  von  Legendre. 

Einen  prazisen  Sinn  erhielten  diese  Andeutungen  erst  durch  die 
Arbeiten  von  Tschebyschef.1^  In  moderaer  Ausdrucksweise  konnen 
seine  wichtigsten  Resnltate  etwa  folgendermaflen  zusammengefaBt 
warden:  Er  betracbtet  die  Fuiiktionen  7t(x),  &(x)  und  ty(x)\  zwischen 
ihnen  besteht  ein  Zusammenhang,  der  durch  die  Beziebungen  l56) 


C 

/ 

J 


.  , 

4-    /     i     ,    du 

'  * 


..  -         i     , 

^  '        log  x    '    J  u  log*« 

fr  (a?)  —  *  (*•)  log  x  —  -  du 


ausgedriickt  wird  (in  den  beiden  ersten  Gleichungen  kanii  man  iibri- 
gens  it  bzw.  -0-  durch  77  bzw.  ^  ersetzen).  Hieraus  lafit  sich  unmittel- 
bar  ablesen,  daB  fur  unendlicb  wachsendes  x  alle  drei  Quotienten 


dieselben  oberen  bzw.  unteren  Unbestimmtbeitsgrenzen  baben.  Werden 
diese  durcb  /  (lim  inf  )  und  L  (Km  sup)  bezeichnet,  so  findet  Tschebyschef 

a^Z^l^Z^fa, 
mit  a  —  0,92129. 

Insbesondere  folgt  hieraus157):  existiert  fiir  irgendeinen  der  Quo- 
tienten (43)  ein  Grenzwert,  so  haben  alle  drei  Quotienten  den  Grenz- 
wert  1.  AuBer  durch  (41)  laBt  sich  also  der  Primzahlsatz  durch 
irgendeine  der  Gleichungen 

(44)  fr(ar)  ~  x 

(45)  it>(%)  °°  %          ausdriicken. 

164)  Vgl.  G.  Lejeune-Dirichlet,  Werke  1,  p.  372,  FuBnote  2). 

155)  P.  Tschebyschef,  a)  Sur  la  fonction  qui  determine  la  totality  des  nom- 
bres  premiers  int'^rieurs  ^  une  limite  donnee,  Mt5m.  presents  Acad.  Petersb.  6 
(1861),  p.  141  —  167;  J.  math,  pures  appl.  (1)  17  (1862),  p.  341—365;  (Euvres  1,  St. 
Petersbourg  1899,  p.  27—  48;  b)  Memoire  sur  lea  nombres  premiers,  J  math,  pares 
appl.  (1)  17(1852),  p  366—390;  Mem.  presented  Acad.  P<§tirsb.  7  (1854),  p.  16—  33; 
OCuvres  1,  p.  49—  70. 

166)  Die  beiden  ersten  Gleichungen  werden  einfach  durch  partielle  Summa- 
tion aus  den  Definitions^leichungen  fur  T*(X)  und  &(x)  abgeleitet. 

157)  Das  kann  jetzt  unmittelbar  aus  elementaren  Satzen  iiber  Dirichletache 
Reihen  ucfolgert  werden.  Vgl.  Nr.  6,  insbesondere  die  FuBnoten  27)  und  28),  vgl. 
auch  E.  Landau,  Handbuch,  §  31. 
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Die  Tschebyschefschen  Resultate  warden  teils  durch  Betrachtung 
der  Funktionen  g(s)  und  log  g(s)  fiir  reelle,  gegen  1  abnehmende 
Werte  von  s,  teils  durch  elementare  Summenabschatzungen  mit  Hilfe 
der  Identitat168) 


(if) 


abgeleitet.  Die  Schranken  fur  I  und  L  wurden  spater  von  anderen169) 
mit  analogen  Methoden  verengert;  es  ist  jedoch  bisher  niemand  ge- 
lungen,  auf  diesem  Wege  die  Existenz  eines  Grenzwertes,  d.  h.  den 
Primzahlsatz,  zu  beweisen. 

24.  Die  Beweise  von  Hadamard  und  de  la  Valise  Poussin.  Der 
Weg,  der  zu  einem  strengen  Beweis  des  Primzahlsatzes  fuhren  konnte, 
wurde  erst  geoffnet  durcb  die  Erscbeinung  der  grundlegenden  Riewann- 
scben  Arbeit95)  vom  Jahre  1859,  wo  zum  ersten  Male  die  komplexe 
Funktionentheorie  auf  das  Problem  angewandt  und  die  Zetafunktion 
vollig  allgemein  untersucbt  wurde.  Das  Endziel  dieser  Arbeit  war 
allerdings  nicht  der  Beweis  des  Primzahlsatzes,  doch  findet  man  hier 
schon  die  Integralformel  fiir  die  Koeffizientensumrae  einer  Dirichlct- 
scben  Reihe  (vgl.  Nr.  4),  auf 

log  f(«)  - 

p,  m  n  —  1 

angewandt.  Halphen1™)  und  Cohen1*1)  versuchten,  diesen  Riemann- 
schen  Ansatz  fiir  den  Beweis  des  Primzahlsatzes  zu  benutzen,  ein 
vollstandiger  Beweis  wurde  jedoch  erst  im  Jahre  1896  gegeben,  und 
zwar  fast  gleichzeitig  von  Hadamard1**)  und  de  la  Vallce  Poussin.1**} 
Die  frflheren  Versuche  waren  hauptsachlich  an  den  folgenden  zwei 
Schwierigkeiten  gescheitert:  1.  die  Eigenschaften  der  komplexen  Null- 

158)  Diese  IdcDtitat  wurde  unabhangig  von  Tschelyschef1™)  und  de  Polignac, 
Recherchee  nouvelles  sur  les  nombres  premiers,  Paris  1851,  entdeckt. 

159)  Betreffi  der  an  Tschebyschef  in  dieser  Richtung  anschliefienden  Arbei- 
ten  sei  auf  G.  Torelli,  Sulla  totalita  dei  numeri  primi  fino  a  un  limite  aasegnato, 
Neapel  1901  (Atti  Accad.  sc.  fia.  mat.  (2)  11  No.  1),  Cap.  4  —  6  verwieaen.    In  dieser 
Monographic  wird  die  Geschichte  des  Qegenstandes  auafiihrlich  dargestellt. 

160)  G.  H.  Halphcn,  Sur  Tapproximation  des  sommes  de  fonctions  num^ri- 
quea,  Paris  C.  B.  96  (1883),  p.  634—687.    Auch  T.  J.  Stieltjes  gibt  an,  einen  Be- 
weia  gefunden  zu  haben:  Correspond  ance  d'Hermite  et  de  Stieltjea,   Paris  1906, 
verschiedene  Stellen,  vgl.  z.  B.  Lettre  814. 

161)  E,  Cohen,  Sur  la  somme  des  logarithmes  des  nombres  premiers  qui  ne 
de*passent  pas  *,  Paris  C.  R.  116  (1893),  p.  85—88. 

162)  J.  Hadamard,   Sur  la  distribution  des  ze'ros  de  la  fonction  £(*)  et  see 
consequences  arithme'tiques,  Bull.  soc.  math.  France  24  (1896),  p.  199—220. 

168)  Ch.  de  la  Vattee  Poussin,  Becherches  analytiquee  sur  la  th^orie  des 
nombres  premiers,  Premiere  partie,  Ann.  soc.  sc.  Braxelles  20:2  (1896),  p.  183—256. 
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stellen  Ton  f  ($)  waren  noch  nicht  hinreichend  bekannt;  2.  die  Integral e 

a  +  ioo 


und 


die  fur  a  >  1  die  Funktionen  ?>(#)  bzw.  J7(#)  darsteUen  (vgl.  Nr.  4; 
in  einem  Unstetigkeitspunkt  muB  man  nach  den  dortigen  Ausfiihrungen 
die  Hauptwerte  der  Integrate  nehmen),  sind  nur  bedingt  konvergent. 
Die  erste  Schwierigkeit  wurde  von  Hadamard  und  de  la  Vallee 
Poussin  dadurch  uberwunden,  daB  sie  zeigten:  jede  Nullstelle  von  g(s) 
liegt  links  von  der  Geraden  6  =  1  (vgl.  Nr.  14).  Dieser  Satz  wird 
bei  alien  bisher  bekannten  Beweisen  des  Primzahlsatzes  als  wesenfc- 
liche  Grundlage  benutzt.  —  Um  unbedingt  konvergente  Ausdrttcke  zu 
erhalten,  benutzen  die  beiden  Verfasser  an  der_Stelle  von  (46)  und 

(47)  Integralausdrucke  fur  gewisse  mit  ^  nod  II  zusammenhangende 
Fnnktionen. 

Hadamard  betrachtet  das  fiir  /t  >  1  unbedingt  konvergente  Inte- 
gral (vgl.  (12)  Nr  4). 

'/-flOt  t. 

(48)  -  J-.   r^*  T  (s)  ds  =  -rTT  J?  A(n)>  log'U  ~  '  — 
v      '  %mJ»lt^J  r(p)j£m       \    '      &          n 


2 

Durch  eine  Verschiebung  des  Integrationsweges 
folgert  er,  unter  Benutzung  der  Tatsache,  daB 
die  ganze  Funktion  (s  —  1)  £(s)  vom  Geschlechte 
1  ist  (vgl.  Nr.  15), 


!•  ADCtJRF 

Rechts  durcblauft  Q  in  2?'  nur  die  oberhalb 
D'E  oder  unterhalb  BC'  gelegenen  Nullstellen 
von  5(5);  da  auf  G  =  1  keine  Nullstellen  liegen, 
kann  DD'  so  klein  gewahlt  werden,  daB  auch 
noch  das  Recbteck  CDD'C'  nullsteUenfrei  wird 
(vgJ.  Pigur  1).  "  Fig. ,. 
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Da  der  neue  Integrationsweg  ganz  in   der  Halbebene  6  <  1  ver- 
lauft,  schlieflt  man  hieraus 


und  speziell  fiir  j 
(50) 

a 

Hadamard  zeigt,  dafi  hieraus  unmittelbar  zu  (44)  oder  (45)  iiber- 
gegangen  werden  kann  (vgl.  auch  Nr.  25),  womit  der  Primzahlsatz 
bewiesen  ist. 

Auch  de  la  Vallce  Poussin  nimmt  als  Ausgangspunkt  ein  unbe- 
dingt  konvergentes  Integral,  namlich 

*r ~    *       r  ,^ds 

a  —  too 

Durch  Anwendung  der  Gleichung  (29),  Nr.  15,  erhalt  er,  da  SR((>)  <  1  ist, 
(61) 


und  zeigt,  wie  man  hieraus  zu  (50)  und  (45)  iibergehen  kann. 

25.  Die  Beweismethoden  von  Landau.  Bei  den  ersten  Beweisen 
des  Primzahlsatzes  traten  als  wichtige  Hilfsmittel  Satze  auf,  die  durch 
die  Anwendung  der  HadamardschQu  Theorie  der  ganzen  Funktionen 
auf  (5  —  1)£(5)  gefunden  wurden  und  also  die  Existenz  der  Zetafunk- 
tion  in  der  ganzen  Ebene  und  gewisse  Eigenschaften  ihrer  Nuilstellen 
yoraussetzen. 

Landau  hat  aber  gezeigt,  dafi  der  Beweis  in  weitgehendem  Ma  Be 
yon  diesen  Voraussetzungen  befreit  werden  kann,  was  fflr  die  Anwen- 
dung der  Methode  auf  allgemeinere  Falle  wichtig  ist  (vgl.  Nr. 

Durch  Benutzung  der  elementar  nachweisbaren  Ungleichung 


(52) 


fttr 


, 

mit  konstanten  A,B,K,t0,  gelang  es  ihm1G4)  den  Primzahlsatz  zu 
beweisen,  indem  er  mit  dem  Hadamardschen  Integral  (48)  fiir  p  =  2 
und  mit  einem  in  jenein  Gebiete  verlaufenden  Integrationsweg  arbeitete. 

164)  E.  Landau,  a.  a.  0.  125)  und  Handbuch,  §  61—64. 
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Spater16')  zeigte  er,  daB  mail  die   Voraussetzungen  sogar  uocli 
inehr  verringern  kann:   fur  den  Beweis  des  Primzahlsatzes  ist  in  der 

Tat  nur  wesentlich,  daB  ~  auf  der   Geraden   0  =  1   (abgesehen   vom 

Pole  a  —  1)  regular  ist  and  fiir  tf  ^  1,  1 1  \  — >  oo  gleichmaBig  von  der 
Form  0(|  t  (*)  ist.  Der  am  Ende  von  Nr.  5  genannte  Satz  von  Landau*9) 
fiber  Dirichletsche  Reihen  mit  positiven  Koeffizienten  ist  namlich  un- 

mittelbar  auf  —  ~  (s)  =  ^A(n)n~*  anwendbar  qnd  liefert  gerade  die 

Beziehung  (45).  Fiir  den  Beweis  dieses  Satzes  werden  gewisse  allge- 
meine  Grenzwertsatze  herangezogen,  die  speziell  den  tJbergang  von 
(50)  oder  (51)  zu  (45)  ermoglichen  (vgl.  auch  Nr.  $3).  Wenn  bei- 
spielsweise  die  Funktion  f(t)  fiir  t  >  a  nirgends  abnimmt,  so  kann 

man  von  » 


auf  die  asymptotische  Gleichheit  der  Ableitungen  schliefien:  f(x)~x. 
Durch  Benutzung  des  Integrand  en  -j-  log  £(s)  anstatt  -j  y  (s)  kann 

man,  wie  Landau196)  zeigt,  den  Satz  (41)  iiber  x(x)  direkt,  d.  h.  ohne 
den  Umweg  iiher  if>(x)  oder  ^(a?),  beweisen;  auch  gelingt  es  ihm167) 
mit  Hilfe  des  nur  bedingt  konvergenten  Integrals  (46)  direkt  zu  (45) 
—  und  sogar  zur  Gleichung  (53)  von  Nr.  27  —  ohne  den  Umweg 
iiber  (50)  zu  gelangen. 

26.  Andere  Beweise.  Der  Beweis  von  H.  v.  Koch***)  weicht  von 
den  vorhergehenden  dadurch  ab,  daB  er  gar  nicht  mit  Integralen  von 

der  Form     I  ~f(s)ds  arbeitet.    Er  gibt  fur  die  summatorischen  Funk- 

«.' 

tionen  der  Di'r*W*fe£schen  Reihen  fiir  ~  und  logg  unter  Benutzung  ge- 

wisser  Diskontinuitatsfaktoren  Ausdriicke,  die  in  der  folgenden  Dar- 
stellungsformei  fiir  die  Koeffizientensumme  einer  beliebigen  Dirichlet- 
schen  Reihe  f(s)  =^«w«~'i'1*  (mit  absolutem  Konvergenzbereich)  zu- 


165}  E.  Landau,  a.  a.  0.  29)  und  21)  sowie  Zwei  neue  Herleitungen  fur  die 
asymptotische  Anzahl  der  Primzablen  uater  einer  gegebenen  Grenze,  SitzuDgaber. 
Akad.  Beilin  1908,  p.  746—764  und  Handbuch,  §  66. 

166)  E.  Landau ,  a.  a.  0.   165)   (Zwei  neue  Herleitungen  .  .  .)  and  Hand- 
buch, §  64. 

167)  E.  Landau,  tlber  den  Gebrauch  bedingt  konvergenter  Integrate  in  der 
Primzahltheorie,  Math.  Ann.  71  (1912),  p.  868— 379. 

168;  H.  v.  Koch,  Sur  la  distribution  des  nombres  premiere,  Acta  Math.  24 
(1901),  p.  159— 182. 
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sainmongefafit  warden  konnen169): 


Diese  Formel  erscheint  dadurch  bemerkenswert,  daB  f(s)  darin  nur 
mit  einem  reellen  und  positiven  Argument  auftritt. 

Hardy  und  Littlewood1™)  beweisen,  wie  schon  in  Nr.  5  erwahnt 
wurde,  mit  Hilfe  des  ^CaJien-MeUmschen  Integrals"  (vgl.  Nr.  11)  einen 
JSatz  iiber  Dirichletsche  Reihen,  der  den  Landauschen,  in  Nr.  5  und  26 
erwahnten,  Satz  —  und  damit  den  Primzahlsatz  —  als  Spezialfall 
entbalt. 

Steffensen111)  zeigt,  dafiT  eine  von  ihm  und  schon  fruher  von 
Mellin™)  gefundene  Integraldarstellung  ftir  die  Koeffizientensumme 
einer  Dirichletsehen  Reibe  zum  Beweis  des  Primzablsatzes  benutzt 
werden  kann. 

27.  Die  Restabschatzung.  Schon  durch  die  Resultate  von  Tsche- 
byschef1™)  wurde  die  Vermutung  nahe  gelegt,  daB  unter  alien  asympto- 
tisch  gleichwertigen  Funktionen,  die  man  als  Vergleichsfunktionen  fur 
x(x)  benutzt  hatte,  dem  Integrallogarithmus  eine  besonders  ausgezeich- 
nete  Stellung  zukommt.  Streng  entschieden  wurde  diese  Frage  erst 
durch  de  la  Vallee  Poussin1™*),  der  aus  seiner  Gleichung  (51)  mit  Hilfe 
seines  Satzes  (vgl.  Nr.  19) 

£(s)  +  0     fiir     fl>l_j±.,     f>tQ 
die  Folgerung 
(53)  n(x)  —  Li(x)  +  0(xe-«y*f~*) 

fttr  jedes  a  <  |/5T  zog.    Qleichzeitig  folgt,  daB  auch  die  Differenzen 

n(x)  —  Li(x),     9(x)  —  x,     ty(x)  —  x 
alle    drei  von    der   GroBenordnung    0(xe-«Vlo«x)   sind.    Der  Integral- 

169)  Vgl.  auch  Hj.  Mellin,  Die  Dirichletetfien  Eeihen,  die  zahlenthcorefcischen 
Funktionen  und  die  unendlichen  Produkte  von  endlichem  Geachlecht,  Acta  Math. 
28  (1904),  p.  37—04. 

170)  G.  H.  Hardy  und  J.  E.  Littlewood,  a.  a.  0.  31). 

171)  J.  F.  Steffensen,  Analytiske  «tudier  med  anvendelser  paa  taltheorien, 
Dies.  Kopenhagen  1912;    Hbcr  eine  Klaese  von  ganzen  Funktionen  und  ihre  An- 
wendung  auf  die  Zahlentheorie,  Acta  Math.  37  (1914),  p.  76—112;  vgl.  auch:  Ober 
Potenzreihen,  im  besonderen  aolche,  deren  Koeffizienten  zahlentheoretische  Funk- 
tionen sind,  Palermo  Rend.  38  (1914),  p.  376  -386. 

172)  a.  a.  0.  169). 

173)  Ch.  de  la  Vaitte  Pouwin,  Snr  la  fonction  ^(s)  de  Riemann  et  le  nom- 
bre  dee   nombres   premiers  inf^rieurs  a  une  limite  donnee,   M^m.  couronn^s  et 
autres  m4m.  Acad.  Belgique  59  (1899—1900),  No.  1. 
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logarithmus  stellt  demnacli  n(x)  in  einem  ganz  prazisen  Sinne  besscr 

dar  als  ^  -  oder  irgendeine  der  Funktionen 
log  a;  e 


(0  —  . 


die  bei  der  asymptotischen  Entwicklung  von  Z/i(#)  auftreten.174)  Nach 
(53)  gilt  namlich  fur  #  =  1,  2,  .  .  . 

(54) 

aber 
(55) 

Bei  Landau1**}  wird  mit  Hilfe  von  (52),  also  ohne  Benutzung  der 
Fortsetzbarkeit  von  £(s)  oder  der  Existenz  ihrer  Nulls  tellen.  die  Ab- 
schatzung 

(56)  n(x)  —  L/(a)  +  0(a?c-^IO««) 

bewiesen;  diese  ist  weniger  scharf  als  (53),  reicht  aber  doch  ftir  die 
Folgerungen  (54)  und  (55)  aus.  Landau™}  hat  iibrigens  auch  den 
Beweis  von  (53)  wesentlich  vereinfacht;  diese  Gleichung,  mit  dem  von 
ihm  angegebenen  Werte  von  «,  stellt  die  scharfste  bisher  mit  Sicher- 
heit  bekannte  AbschatzuDg  von  x(x)  dar.176) 

Nimmt  man  dagegen  an,  die  Riemannsche  Vermutuny  liber  die  Null- 
stellcn  der  Zctafnnktion  sei  richtig  (vgl.  Nr.  20),  so  erhalt  man  nocb 
scbiirfere  Resultate,  namlicb 


(58) 


174)  Hieraus  folgt  die  Richtigkeit  einer  von  Lionnet,  Question  1075.  Nouv. 
ann.  math.  (2^  11  (1872j,  p.  190,    ausgesprochenen  Vermutung,   daB   fitr   groBe   x 
raehr   Prinizahlen    im   Intervalle   (1»  x)    ala   in   (x,  2#)   Hegen.     Es   gilt   namlich 

x 
*2n,x)  —  TC  (2x)  ^^  2  log  2  :  —  ^—  ;  vgl.  E.  Landau,  Solutions  de  questions  proposee^, 

1075,  Nouv.  ann.  math.  (4)  1  (1901),  p.  281—  282. 

175)  E.  Landau,  a)  a.  a.  O.  29);  b)  Neue  Beitrage  zur  analytiachen  Zahlen- 
tbeorie,  Palermo  Rend.  27  (1909),   p.  46—  68;    c)   Handbuch  §  81;    Landau  /.eigt, 

dali  (:>8;  fur  alle  a  <  —  -  —  t   also  z.  B.  fiir  a  =  X  ,  eilt. 
1/18,53  5 


176)  Der  von  Littlewood,  a.  a.  0.  Ill)  ohne  Beweis  ausgeeprochene  Satz  £(s)  +  ° 

>-l  --  ,  g  ^        wiirde  eine  Verbesserung  von 

log  t  ___ 

Restglied  von  der  Form  o(xe~aV^**lo*lo*x)  liefern 


fiir  <r>-l  --  ,  g  ^        wiirde  eine  Verbesserung  von  (53)  zulassen,  indein  er  eiu 
log  t 
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Diese  Gleichungen  sind  zuerst  von  v.  Koch1**)  mit  seiner  in  der  vori- 
gen  Nummer  erwahnten  Methode  bewiesen;  eie  konnen  auch  aus  der 
de  la  Vallee  Pousswschen  Qleichung  (51)  erbalten  werden,  durch  ein 
Verfahren,  das  von  Holmgren™)  und  in  einem  analogen  Pall  von 
Landau1™)  benutzt  wurde.  Landau1™)  hat  diese  Abschatzungen  aucb 
auf  anderem  Wege  bewiesen;  die  etwas  unschSrfere  Abschatzung 

(-    A 
x*      )  folgt  naoh  den  Litttewoodscheu  Ergebnissen  iiber  die  /i-Funk- 

tion  (vgl.  Nr.  20)  direkt  aus  dem  Konvergenzsatz  von  Landau-Schnee 
(vgl.  Nr.  0). 

Bezeicbnet  man  allgemein  durch  £  die  obere  Grenze  der  reellen 
Teile  der  Nullstellen  von  £(s),  wobei  also_J  <^  0  <[  1  ist,  so  bleiben 
(57)  und  (58)  jedenfalls  ricbtig,  wenn  ]/a?  durcb  x®  ersetzt  wird.179) 
(Im  Palle  S  —  1  ist  dies  natiirlicb  trivial.)  Die  Dirichletache  Reibe 

(59) 

konvergiert  also  fur  tf  >  Q.  Aus  (53)  folgfc,  daB  sie  jedenfalls  auf  der 
ganzen  Geraden  6  —  1  konvergiert. 

Auch  wenn  die  Riemannsche  Vermutung  bewiesen  wird,  kanu 
man  nicht  hoffen,  die  durch  (57)  und  (58)  gegebenen  Abschatzungen 
wesentlich  zu  verbessern.  Jedenfalls  kann  far  kein  17  <  6>  z.  B. 

*(a?)  —  x  =  0(xn) 

seinwo),  denn  daraus  wiirde  die  Konvergenz  der  linken  Seite  von  (59) 
—  und  also  die  Begularitat  der  rechten  Seite  —  fur  6  >  ^  folgen. 
Weitere  Satze  in  dieser  Richtung  gaben  Phragmen1*1),  Schmidt1**)  und 
Landau*8*)j  der  die  Frage  in  Beziehung  zu  seinem  Satze  tiber  Diriddet- 

177)  E.  Holmgren,  Om  primtalens  ftJrdelning,  Ofvers.  af  Kgl.  Vetensk.  FOrh. 
69,  Stockholm  1902—1903,  p  221—226. 

178)  E.  Landau,  t)ber  einige  altere  Vermutungen  und  Bebauptungen  in  det 
Primcahltheorie,  Math.  Ztachr.  1  (1918),  p.  1—24. 

179)  E.  Landau,  a.  a.  O.  176  b)  und  Handbucb,  §  93—94. 

180)  Dies  wurde  schon  von  A.  Pitt*  behauptet:   Ober  die  Haufigkeit  der 
Primzablen  in  aritbmetiachen  Progressionen  und  tiber  yerwandte  Gesetze,  Habi- 
HtationaBchrift,  Jena  1884.     Vgl.  auch  T.  J.  Stieltfes,  a.  a.  0.  160),  Lettre  299. 

181)  E.  Phragmtn,  Bur  le  logarithme  integral  et  la  fonction  f(x)  de  Rie- 
mann,  5frcra.  af  Kgl.  Vetensk.  P6rh.  Stockholm  48  (1891—1892),  p.  699—616  und 
Sur  une  loi  de  syme'trie  relative  a  certaines  formules  as jmptotiquea ,  ibid.  68 
(1901—1902),  p.  189—202. 

182)  E.  Schmidt,  ttber  die  Anzahl  der  Primzablen  unter  gegebener  Grenze, 
Math.  Ann.  67  (1908),  p.  196—204. 

188)  K  Landau,  tJber  einen  Satz  YOU  Tschcbyschef,  Math.  Ann.  61  (1906), 
p.  627—660,  und  Handbuch,  §  201—204. 
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sche  Reihen  mit  positiven  Koeffizienten  (vgl.  Nr.  6)  setzte.  Bin  be- 
deutender  Portschritt  wurde  von  Littletvood1**)  gemacht;  durch  eine 
Methode,  auf  die  wir  in  der  nachsten  Nummer  zurttckkommen,  bewies 
er  die  Existenz  einer  positiven  Konstanten  K  derart,  daB  alle  vier  Un- 
gleichungen 

x(x)  —  L  i  (x)  >        K  ~~ ^  logloglog  x 

(60)  \  *  0)  —  Li(x)<—K  J—  logloglog  x 

&(x)  —  x         >       K  YX  logloglog  x 
fr(x)  —  x         <  —  K  YX  logloglog  x 

beliebig  grofie  Losungen  besitzen.  Das  gleiche  gilt  fiir  die  entspre- 
chenden  Ungleichungen  mit  H  an  der  Stelle  von  it  und  ty  an  der 
Stelle  von  &.  Dies  ist  das  beste  bisher  bekannte  Resultat  uber  die 
wirklich  stattfindenden  UnregelmiiBigkeiten  der  Primzahlfunktionen; 
ware  es  aber  gelungen,  die  FalscJtheit  der  jR^manwschen  Vermutung 
(d.h.  ®>  y)  zu  beweisen,  so  konnte  nach  Schmidt192)  der  Faktor  von  K 
in  (60)  sogar  durch  x®~f  ersetzt  werden.  —  Das  Resultat  von  Little- 
wood  ist  besonders  darum  bemerkenswert,  weil  man  frtiher  die  Be- 
ziehung 

(61)  x(x)  <  Li(x) 

als  hochst  wahrscheinlich  betrachtet  hat185);  diese  Beziehung  gilt  ms- 
besondere  fiir  alle  x  <  10.000.000.  Nach  (60)  kann  sie  aber  nicht 
allgemein  gelten. 

Nach  (60)  ist  z.  B.  die  Funktion     ^x'~~  A  sicher  nicht  beschran^t. 

Weun  die  JRfVmannsche  Vermutung  rich  tig  ist,  so  hat  sie  trotzdem, 
wie  Cramer1**)  zeigt,  einen  beschrankten  quadratischen  Mittelwert,  d  h. 


iet  beschrankt,  strebt  aber  fiir  x  — ^  cx>  keinem  bestimmten  Grenzwert 

184)  /.  j&\  Littleicood,  Sur  la  distribution  des  nombres  premiere,  Paris  C.  R. 
168  (1014^  p.  18«)0— 1872;  G.  H.  Hardy  und  J.  K.  Littlewood,  a.  a.  0.  31b).. 

186)  Vgl.  (laufi,  a.  a.  0.  153),  Beinerktmg  von  E.  Schering  in  Gnu  ft'  Werke 
2,  p.  620;  Phragme'n,  a.  a.  0.  180);  2*ehmer,  List  of  prime  numbers  from  1  to 
10.006.721,  Washington  11)14. 

186)  H.  Cramer,  Some  theorems  concerning  prime  numbers,  Arkiv  f.  Mat., 
Astr.  och  Fya  15  (1920),  No.  5. 


H.    EHcyM.  Mntfi.  Witts.  II   3  (15)23). 
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zu,  was  dagegen  vou 


28.  Die  Biemannsohe  Primzahlformel.  Das  Hauptziel  der  Eie- 
watmschen  Primzahlarbeit  95)  war  die  Aufstellung  eines  exakten  Aus- 
drucks  fiir  die  Funktion  J7(#);  durch  die  Betrachtung  des  Integrals 
(47)  wurde  Eiemann  namlich  auf  die  Form  el 


(62  i  fi(x)  -  Li(X)  -        (Li(W  +  Lt<*'-*))  +(,,_),lo   ,  -  log  2 


gefuhrt.  (Bin  uuwesentlicher  Schreib-  oder  Rechenfehler  im  letzten, 
konstanten  Gliede  wurde  von  Genocchi188)  berichtigt.)  Die  Summe  ist 
hier  tiber  alle  Nullstellen  Q  =»  ft  -\-  yi  von  £(s)  zu  erstrecken,  die  der 
oberen  Halbebene  angehoren,  und  es  ist 

(a  +  b  i)  log  x 


Cj 

i-  b  i  log 


—  90  i-  b  i  log  x 

gesetzt,  je  nachdeni  I  log  x  ^  0  gilt.189)  Uber  seinen  Beweis  der  Kon- 
vergenz  dieser  Reihe  gab  Riemann  nur  eine  unbestimmte  Andeutung, 
und  auch  aus  anderen  Griinden  war  die  Formel  als  nur  heuristisch 
begriindet  anzusehen.  Wegen  der  aufierst  verwickelten  Natur  der  auf- 
tretenden  Funktionen  wurde  sogar  an  der  Moglicbkeit  gezweifelt,  die 
Formel  tiberhaupt  beweisen  oder  jedenfalls  daraus  irgendwelche  Schliisse 
zieben  zu  konnen.190)  Es  hat  auch  lange  gedauert,  bis  ein  vollstan- 
diger  Beweis  gegeben  wurde;  nach  verschiedenen  Versuchen  191)  gelang 
dies  zuerst  t\  Mangoldt™*),  der  eine  entsprechende  Formel  fur  die 

187)  H.  Cramer,  Ein  Mittelwertsatz  in  der  Primzaliltheorie,  Math.  Ztschr.  12 
(1922),  p.  147  —  163;  rgl.  auch   Sur  un  probleme  de  M.  Phragmen,   Arkiv  f.  Mat., 
Astr.  och  Fye.  16  ;1922j,  No.  27. 

188)  A   Genocchi,  Formole  per  determinare  quant  i  siano  i  nuraeri  primi  fino 
ad  un  dato  limitet  Ann.  Mat.  pura  appl.  (1)  3  (1860),  p.  52  —  59. 

189)  tft>er  den  Sinn  der  Formel  und  ihre  Verwendung  fiir  numerische  Rech- 
nungen  vgl.  E.  Phragmen,   Ober  die  Berechnung  der  einzelnen  Glieder  der  Ric- 
wianwschen  Primzahlformel  ,  Ofvers.  af  Kgl.  Vetensk.  F(Jrh.  48,  Stockholm  1891  — 
1892,  p.  721—  744. 

190)  Vgl.  z.  B.  Ch.  de  la  ValUe  Poussin,  a.  a.  0.  1G8;,  p.  252—256. 

191)  Vgl.  z.  B.  A.  Piltz,  a.  a.  0.  180);  /.  P.  Gram,  UndersOgelser  angaaende 
Msengden  af  Primtal  under  en  given  Greense,  Kgl.  Danske  Vidensk.  Selsk.  Skrif- 
ter,  naturv.  og  math.  Afd.  (0)  2  (1881—1886),  p.  183—308. 

192)  H.v.Mangoldt,  a.  a.  0.  16)  und  Zu  EiemannB  Abhandlung  ^Uber  die  An- 
zahl  der  Prinizahlen  unter  einer  gegebenen  Gr^Jfie*4,  Crelles  J.  114  (1896),  p.  256  —  305. 
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Funktion 

X 

F(x,  r)  —         1?~  ~~  1"?      (f<ir  n'cht  ganze  X  bedeutet  ^(x>  Nuli) 


n=  I 

aufstellte,  um  dann  dureh  Integration  nach  dem  Parameter  r  zur  Itie- 
fwawnschen  Formel  iiberzugehen.193)  -F(#,  0)  ist  niit  ^(a:)  identisch, 
und  in  diesem  Falle  lautet  die  Formel 

(63)  J(*)  _  *  _  J£^  _  i  log  (l  -  i)  -.log  2*, 

o 

wo  jetzt  die  Sumrne  fiber  alle  komplexen  p,  nach  absolut  wachsendeu 
Ordinaten  geordnet,  erstreckt  wird.  Diese  Formel,  deren  einzelne 
Glieder  elementare  Funktionen  sind,  ist  fur  die  spatere  Entwicklung 
sogar  wich  tiger  als  (62)  geworden.  Formal  kommt  sie  bei  der  Be- 
trachtung  des  Integrals  (46)  unmittelbar  heraus,  da  rechts  die  Summe 
der  Residuen  des  Integranden  links  vom  Integrationswege  steht. 


Da  ~v(x)  in  den  Punkten  x  =  pm  unstetig  ist,   kann          —  dort 

nicht  gleichmafiig  konvergieren.  Landaul**\  der  den  v.  Mangoldfachen 
Beweis  vereinfacht  und  auch  (62)  direkt  aus  (47)  abgeleitet  hat,  zeigt 
aber,  daB  die  Reihe  in  jedem  Intervall,  das  rechts  von  x  =  1  liegt 
und  von  den  x  =  p"4  frei  ist,  gleichmafiig  konvergiert.  Er  dehnt  seine 
Untersuchungen  auch  auf  die  allgemeinere  Reihe 


aus196),  welche  analoge  Konvergenzeigenschaften  besitzt1^6),  die  auf  das 

Verhalten   der   endlichen  Summe    *Stf!   zurttckgeftthrt   werden  konnen. 

o<y^r 

Cramer™'1')    betrachtet    diese    Reihen    auch    ftir    komplexe    Werfce    der 


193)  Zu  diesem  t^bergang  vgl.  H.  Cramer,  tlber  die  Herleitung  der  Riemann- 
scheu  Primzahlformel,  Arkiv  f.  Mat.,  Astr.  och  Fya   13  (1918),  No.  24. 

194)  JE.  Landau,  Neuer  Beweia  der  Riemannschen  Primzahlformel,  Sitzungs- 
ber    Akad.  Berlin  1908,  p.  737—746;  Nouvelle  demonstration  pour  la  formule  de 
Kiemann   sur  le   nombre   dea   nombres   premiers   inf^rieurs  a  une  limite  donne*e, 
et  demonstration  d'une  formule  plus  generale  pour  le  cas  des  nombres  premiers 
d'une  progression  arithmetique,  Ann.  EC.  Norm    (3)  25  (1908),  p.  399 — 442. 

195)  E.  Landau,    t)ber  die  Nullstellen  der  Zetafiinktion ,    Math.  Ann.  71 
'1912),   p.  548—564. 

196)  In  den  Unstetigkeitspunkten  x*=*pm  ist  jedoch  (64)  divergent,  wilhrend 

Vx( 
^  j  ~  fur  alle  x  >  0  konvergiert. 

(> 

197)  11,  Cramer,  Studien  iiber  die  Nullstelien  der  Rieniannschen  Zetafunk- 

tiou,  Math.  Ztschr.  4  (1919),  p.  104—130. 
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Veranderlichen,  indem  er  insbesondere  die  Funktion 

V(z)  =- 


untersucbt.  Wird  die  £-Ebene  langs  der  negativen  imaginaren  Achse 
aufgescbuitten,  so  ist  V(z)  im  Innern  der  aufgescbnittenen  Ebene 
meromorph  und  hat  nur  die  singularen  Stellen  »  «  +  logp™,  welche 
Pole  erster  Ordnung  sind.  Hierdnrcb  wird  es  moglich,  auf  dio  Reibe 
(64)  den  Konvergenzsatz  von  M.  Riese  anzuwenden  (vgl.  Nr.  5).  — 
AUe  diese  Erscbeinungen  deuten  auf  irgendeicen  aritbmetischen  Zu- 
sam  men  hang  zwiscben  den  Nullstellen  (>  und  den  Primzablen  p  bin. 
Die  Formeln  (62)  und  (63)  setzen  die  Hauptglieder  der  Funk- 
tionen  H(x)  bzw.  ty(x)  in  Evidenz;  wegen  der  nur  bedingten  Kon- 
vergenz  der  auftretenden  Re  i  ben  lafit  sicb  aus  ihnen  jedoch  nicbt  ein- 
mal  der  Primzablsatz  unmittelbar  erschliefien.  Zwar  ist  z.  B.  in 


^f  —   jedes    Glied   von   der    Form  o(x)    —    wenn   die   Riemannsche 

Vermutung  wabr  ist,  sogar  von  der  Form  0\x  )  —  wegen  der  Diver- 

genz   von    ^  ~     ist    es    aber   nicbt    zulassig,    unmittelbar   bierans 
•—  <•  •  I 

^  —  =  o(x)  zu  folgern.198)     r.  J£och1*9)  bat  diese  Formeln  dadurcb 

fiir  asvmptotiscbe  Zwecke  verwerten  konnen,  dafi  er  in  die  un- 
endlicben  Reiben  konvergenzerzeugende  Faktoren  einfubrt  und  die 
Reiben  dann  durcb  endlicbe  Summon  ersetzt.  Auf  diese  Weise  ist 
es  ibm  gelungen,  H(x)  als  Summe  einer  absolut  konvergenten  Reibe 
und  eines  beschrankten  Fehlergliedes  darzustellen^  ftir  #(#)  erbalt  er 
z.  B.  den  Ausdruck 
(65)  *(x)  -  x  -2?  r  (l  -  f)  + 


Landau100)  zeigt,  dafi  diese  Oleicbung  aucb  dann  ricbtig  bleibt,  wenn 

198)  Die   Ausfiihrangen  von  H.  v.  Mangoldt,    Ober   eine  Anwendung    der 
Riemannscben  Formel   fur   die  Anzahl   der  Primzahlen   unter  einer  gegebenen 
Grenze,    Crelles  J.  119  (1898),    p.  66  —  71,    enthalten    nur   einen    Obergang   von 
(46)  zu  (41). 

199)  H.  v.  Kodi,  Ober  die  Biemannscbe  Prim  zahl  function  ,  Math.  Ann.  66 
(1902),  p.  441  —  464;  Contribution  a  la  th^orie  dee  nombres  premiers,  Acta  Math. 
38  (1910),  p.  293-820. 

200)  E.  Landau,  tfber  einige  Summen,  die  Ton  den  Nullstellen  der  Rie- 
mannschen  Zetafunktion  abbangen,  Acta  Math.  86  (1911),  p.  271—294.   Vgl.  auch 
A.  Hammer  stein,   Zwei  Beitrage   zur  Zahlentheorie,   Dies.,   Gdttingen  1919.   — 
Littleicood,  a.  a.  O.  Ill)  hat  eogar  (ohne  Beweis)  die  Formel 


H.    Encykl.Math.  Wiss.  II  3  (1923). 
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man  den  F-Faktor  weglaBt.     Cramer1**)  gibt  die  Formel 

|y  | 

(66) 

wo  die  Reihe  absolut  konvergiert. 

Wenn  die  Eiemannsche  Vermutung  richtig  ist,  so  kann  aus  (65), 
der  entsprechenden  Landauschen  Formel,  oder  (66)  sofort  (58)  er- 
halten  werden.  Unter  derselben  Voraussetzung  folgt  aus  der  v.  Man- 
goldtecben  Formel  (63) 


Die  hier  auftretende  Reihe  stellt  den  ,,kritischen  Teil"  von  ty(x)  dar; 
wird  jedes  Glied  mit  dem  entsprechenden  e"ra  multipliziert  nndloga;  =  ^ 
gesetzt,  so  erhalt  man  den  imaginaren  Teil  der  Funktion  von  s  =  tf  -[-  it 


y 

y>o 

Durch  Betrachtung  dieser  Funktion  beweist  Littlcwood1**}  unter  Be- 
nutzung  eines  Satzes  Qber  diophantische  Approximationen  sein  oben 
erwahntes,  durch  (60)  ausgedr  tickles  Resultat. 

Aus  (62)  erhalt  man  mit  Hilfe  der  Beziehung  (vgl.  Nr.  32) 

(67,  «(*) 

eine  expiizite  Formel  fiir  n(x).  Diese  Formel  hat  frtiher  die  theo- 
retische  Stutze  der  (falschen)  Vermutung  (61)  geliefert801),  es  lafit 
sich  jedoch  zur  Zeit  dar  aus  nicht  wesentlich  mehr  fiber  x(x)  folgern, 
als  schon  aus  der  einfacheren  Beziehung 


folgt. 

29.  Theorie  der  /y-Funktionen.  Es  sei  k  >  1  eine  gegebene 
ganze  Zahl;  dann  mufi  jede  Primzahl,  mit  Ausnahme  der  endlich  vielen 
in  k  aufgehenden,  irgendeiner  der  <p(k)  zu  ft  teilerfremden  Restklassen 


gleichmafiig  fur   y^Vx*  angegeben,  deren  Giiltigkeit  aber  nuz  unter  Voraue- 
eetzung  der  Jfrrtnannschen  Vermutung  behauptet  wird. 

201)  Ricmann  (a.  a.  O.  96)  sagt  z.  B.  bei  der  Beeprechung  der  Formel  (67): 
,,Die  bekannte  Naberungiformel  F(x)  =  Li(x)  (sein  F(x]  ist  unser  K(X)}  ist  also 


nur  bis  auf  Grdfien  von  der  OrdnuDg  x*  richtig  uod  gibt  einen  etwas  zu  groBen 
Wert" 


HI  46  H.    EncykL  Math.  Wiss.  II  3  (11)23). 
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modulo  A;  angehoren.  Schon  von  Legendre™*)  wurde  (mit  falschem 
Beweis)  die  Behauptung  ausgesprochen,  daB  jede  dieser  Restklassen 
unendlich  viele  Primzahlen  —  und  sogar  asymptotisch  gleich  viele 
wie  jede  andere  —  enthalt,  Fur  die  erste  Behauptimg  gab  Dirichlet*os) 
einen  strengen  Beweis,  die  zweite  aber  wurde  erst  von  Hadamard1**) 
und  de  la  Vallee  Powssin*04)  bewiesen.  Bei  diesen  Untersuchungen 
treten  als  Hilfsmittel  gewisse  Funktionen  auf,  die  auch  bei  versehie- 
denen  anderen  Fragen  der  analytischen  Zahlentheorie  eine  Ilolle 
spielen  (vgl.  Nr.  35,  40,  41),  und  die  deshalb  jetzt  besprochen  werden 
miissen. 

Die  obengenannten  <p  (k)  Restklassen  bilden  in  bezug  auf  die  ge- 
wohnliche  Multiplikatioii  eine  Abelsche  Gruppe.  Es  sei  X(K)  irgend- 
einer  der  <p(k)  Charaktere  der  Gruppe  (vgl.  I  A  6,  Nr.  20);  diese 
Fuaktion  nimmt  ftir  jede  der  fraglichen  Restklassen  K  einen  be- 
stimmten  Wert  an,  der  ubrigens  iinmer  eine  qp(fc)-te  Einheitswurzel 
ist.  Es  sei  nun  die  zahlentheoretische  Funktion  JJJ(M)  fiir  n  =  0, 
+  1,  +2,  ...  folgendermaiSen  erklart:  fiir  jedes  n  einer  mit  Jc  ge- 
meinteiligen  Restklasse  sei  i(n)  =  0;  fiir  jedes  n  einer  zu  7r  toiler- 
fremden  Restklasse  K  sei  %  (n)  =  X  (K).  Unter  den  so  ein- 
gefuhrten  fp(k)  verschiedenen  Charalcteren  modulo  k  zeichnet  sich  be- 
sonders  der  Hawptcharakter  aus,  der  fiir  jedes  zu  k  teilerfremde  n  den 
Wert  1  hat.  Um  die  verschiedenen  Charaktere  zu  unterscheiden,  be- 
zeichnet  man  sie  durch  fain),  #2(w),  .  .  .  ^V(*)(w),  wobei  Xi(n)  inimer 
der  Hauptcharakter  ist.  Die  Charaktere  besitzen  die  folgenden  vier 
Fundamentaleigenschaf  ten  : 

a)  Z(w)  sss  z(n')     ^ur     n  ~=  n  (mod  k)  , 


far     v-l, 
____________  CW    =    o     sonst,     «), 

202)  A.-M.  Legendre,  a.  a.  O.  162  a)  p.  404;  152bj  p.  77  und  99.   Vgl.  auch 
A.  Dupre,    Exaxuen    d'une    proposition    de   Legendre   relative    a    la   th^orie   dee 
notables,   Paris  1869;   (7.  Moreau,   Extrait  d'une  lettre,  Nonv   Ann   math.  (2)  12 
(1873),  p.  322—824;  A.  Piltz,  a.  a.  0.  180). 

203)  G.  Lqeune-Dirichlet,  Beweia  des  Satzea,   daB  jede  uubegrenzte  arith- 
metische  Progression,   deren  erstes  Glied  und  Differenz  ganze  Zahlen  ohne  ge- 
meinschaftlichen   Faktor  sind,  unendlich  viele  Primzahlen  enthalt,  Abh.  Akad. 
Berlin  1837,  math.  Abhandl  ,  p.  46—71  und  Werke  1,  p.  313—342 

204)  Ch.  de  la  Valtte  Poussin,  Recherches  analytiques   3ur  la  th^orie  des 
nombres    premiers,     Deuxieme    partie,    Ann.   soc.   sc.    Bruxelles    20:    2    (1896), 
p.  281-  362. 


205)  Hieraus  folgt  apeziell,  daB 


fur  jeden  Nichfc-Hauptcharakter 
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ft'-     »  =  l(mod*)f 


,0   aonst 

Die  Z)M-jcWetecliesos)  Reihe 

(68)  A  («)-£(*,*,)  - 

1st  filr  ff  >  1   absolut  konvergent;  wegen  b)  gilt  auch  dort 

(69)  LM 


Diese  Z-Funktionen  konnen  als  Verallgeineinerungen  von  £(s)  —  die 
clem  Falle  A-  =  1  entspricht  —  angeseheu  werden  und  besitzen  auch. 
durchaus  analoge  Eigenscbaften.206)  Fiir  den  Fall  des  Hauptcharakters 
folgt  unmittelbar 


(p\k  bedeutet:  p  gebt  in  k  auf.)  Die  Funktion  £j(s)  laBt  sicb  somit 
direkt  auf  £(s)  zuriickf iibren ;  sie  besitzt  wie  diese  in  s  =  1  einen 
Pol  erster  Ordnung  und  ist  sonst  uberall  im  Endlicben  regular.  Ftir 
v  >  1  folgt  dagegen  aus  c),  daB  (68)  fur  0>0  konvergiert  und  sogar 
fiir  jeden  Wert  von  5  durcb  die  Cesdrosche  Metbode  summabel  ist 
(vgl.  Nr.  13);  fur  jedes  vom  Hauptcbarakter  verscbiedene  #  ist  also 
Z/(s)  eine  ganze  transzendente  Funktion.207) 

Dirichlef  untersucbte  die  L-Funktionen  nur  fiir  reelles;  verscbiedene 
andere  Verfasser208)  baben  dann  aucb  komplexe  $  berucksiebtigt  und 

unter    einer    nur    von    /•    abhiingendeu   Schranke    liegt.     In    der   Tat    gilt    sogar 

AT 

'S  %(n)    <C  c  |/ifc~log  A: ,    wo  c  eine  absolute  Konstaiite  bedeutet.     Vgl.  G.  Pdlya, 

i 

tlber  die  Verteilung  der  quadratischen  Keste  und  Nichtreste,  Gottinger  Nachr 
1918,  p  21 — 29;  /.  Schur,  Einige  Bemerkungen  zu  der  vorstehenden  Arbeit  des 
Herrn  G.  Poly  a,  Go'tt.  Nachr.  1918,  p.  30  — 36;  E.  Landau,  Abschatzungen  von 
Charaktersuminen,  Einheiten  und  Klassenzahlen,  Gott.  Nachr.  1918,  p.  79 — 97. 

206)  Eine  ausfiihrliche  Darstellung  der  Theorie  gibt  E.  Landau,  Handbuch, 
S  95—140. 

207)  Dies  folgt  auch  aus  der  Identitat 


m  =  l  n  =  0  /;i  =  1 

und  den  in  Nr.  21  erwahnten  Untersuchungen  iiber  £(«\s; 

208)  Vgl.  C.  J.  Malmsten,  Specimen  analyticum  etc.,  Diss.,  Upsala  1842  und 
L>e  integralibus  quibusdam  dcfinitis,  seriebusque  infinitis,  Crelies  J.  38  (1849), 
p.  1 — 39;  R.  Lipschitz.  a.  a  0.  147);  H.  Kinkelin.  Allgeiueine  Theorie  der  har- 


III   46*  H.    Encykl.Math.  Wie*.  II  3  (1923). 
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die  X-Funktionen  auf  die  verallgemeinerten  Zetafunktionen  von  Nr.  21 
zuriickgefahrt.  Aus  diesen  Untersuchungen  geht  vor  allem  hervor, 
daB  jede  ZrFunktion  eine  Funktionalgleichung  besitzt,  die  derjenigen 
von  £(s)  (vgl.  Nr.  14)  analog  gebaut  ist.  Wenn  %(n)  einein  sog.  eigent- 
lichen  Charakter  *°9)  entspricht,  so  gilt  in  der  Tat 

(71)          L(s)  =  & 


wo  L($)  mit  dera  konjugiert  komplexen  Charakter  %(n)  gebildet  ist, 
0  eine  Konstante  vom  absoluten  Betrage  1  und  a  =  0  oder  1  ist.210) 
Dies  wird  z.  B.  dadurch  bewiesen,  daB  L(s)  durch  die  Funktion 
^X(ri)e~»**  (ffir  a  =  0)  oder  durch  J^(W><T-»**  fiir  (a  =  1) 
analog  wie  bei  J(s)  (vgl.  Nr.  14)  ausgedriickt  wird211),  wonach  die 
Funktionalgleichung  aus  der  Transformationstheorie  der  Thetafunk- 
tionen  folgt.  —  Gehort.L($)  dagegen  zu  einem  uneigentlich  en  Charakter, 
so  lassen  sich  immer  ein  echter  Teiler  k'  von  k  und  ein  eigentlicher 
Charakter  %(n)  modulo  k'  derart  angeben,  daB  fiir  6  >  1 


n  =  1  p  f  * 

gilt. 

In  diesem  Falle  unterscheidet  sich  L(s)  also  nur  um  einen  trivialen 
Faktor  von  einer  zu  einem  eigentlichen  Charakter  gehorigen  jL-Funk- 
tion  (modulo  ^');  (70)  stellt  offenbar  einen  Spezialfall  hiervon  dar. 

Jetzt  konnen  die  Eigenschaften  von  L(s)  genau  wie  bei  J(s)  ab- 
geleitet  werden.  In  der  Halbebene  c  >  1  ist  L(s)  =4=  ^>  f®*  6  <.  Q 

gibt   es  nur  die  vom  Faktor   sin  -     ~£       in   (71)   herriihrenden  ,;tri- 

moniechen  Reihen,  mit  Anwendung  auf  die  Zahlentheorie,  Progr.  d.  Gewerbe- 
schule,  Basel  1862;  A.  Pilte,  a.  a.  O.  180);  A.  Hurwitg,  Einige  Eigenschaften 

der    Dirichletschcn  Funktionen   F(s)  ••  ^t  /  —  J  —  j,    die   bei  der  Bestimmung 

der  Klaesenanzahl  binarer  quadratischer  Formen  auftreten;  M.  Lerch,  a.  a.  0. 
148).  Bei  Hadamard,  a.  a.  0.  16*2)  and  de  la  ValUe  Poussin,  a.  a  0.  204), 
werden  die  fruheren  Resaltate  zusammengestellt  and  die  Hilfsmittel  der  modernen 
Funktionentheorie  zum  erstenmal  auf  die  JL-Funk  tionen  angewandt. 

209)  Ein  Charakter  jg(n)  modulo  k  heiCt  uncigentlich,  wenn  ea  einen  echten 
Teiler  It    von  k  and  einen  Charakter  #'(n)  modulo  &'  gibt,  so  daB  fur  jedes  n 
entweder    ^(n)«0    oder    ^(ti)«=^'(n)    8^-     Soust   heifit   #(n)    eigentlich.     Ber 
Hauptcharakter  ist  fdr  Tc  >  1  immer  uneigentlich.   Vgl.  z.  B.  Landau,  Handbuch, 
Bd.  1,  p,  478. 

210)  Namlich  a  *=  0  im  Falle  $(--  1)  —  1,  «  —  1  im  Falle  ^(—  1)  ==  —  1. 

211)  de  la  ValUe  Poussin,  a.  a.  0.  204).  Seine  Darstellung  wurde  von  Landau, 
a.  a.  O.  206)  vereinfacht. 
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vialen"  Nullstelleu,  auch  der  Punkt  5  =  0  kaan  unter  Umstanden 
Nullstelle  sein.  Im  Streifen  0  <[  (5  ^  1  liegen  unendlicb  viele  von 
Null  verschiedene  Nullstellen  Q  —  ft  +  yi,  und  die  Anzahl  N(T)  der 
Q,  deren  Ordinaten  dem  Intervall  0  <.  y  ^  T  angeboren,  1st  gleich 

N(T)  =  ±TlogT-cT+  0(log  T)  , 

wo  c  von  k  und  ^  abbangt.212)  (Vgl.  Nr.  16.)  Fur  jeden  Nicht- 
Hauptcharakter  gibt  es  eine  Produktentwicklung2.11) 


,73) 


L 


wo  4a   ganz   und   I>  0   1st;   beim  Hauptcharakter  muB   auf  der  linken 
Seite  das  Produkt  (5—  l)L(s)  stehen  (vgl.  Nr.  16). 

Der  fur  die  Primzabltbeorie  besonders  wicbtige  Satz,  daB  der  Punkt 
s  =  I  bei  keiner  L  Funktion  eine  Nullstelle  ist,  wurde  schon  von 
Dirichlet™)  gefunden.  Der  Beweis  ist  ganz  verscbieden,  je  nachdeni 
der  Cbarakter  ein  rceller  (d.  b.  ein  fiir  alle  n  reeller)  oder  ein  kom- 
plexer  (d.  b.  ein  fiir  wenigstens  ein  n  nicht-  reeller)  ist.  Im  letzteren 
Falle  ware  gleichzeitig  mit  L(l)  aucb  L(l)  gleich  Null,  und  die 
Funktionen  L(s)  und  L(s)  waren  nicht  identiscb.  Dies  ware  aber 
uicbt  mit  der  Identitat 


"'"=  *  <«»">  '     ,  (a  >  I  } 

vertriiglicb,  da  die  linke  Seite  fiir  s  —  1  eine  Nullstelle  hatte,  wahrend 
die  rechte  Seite  fiir  reelle  ^  >  1  immer  ^  1  ist.  Fiir  jeden  komplexen 
Cbarakter  gilt  sogar213) 


•J12)  E.  Landau,  a.  a.  <-».  107) 

218)  Vgl.  H.  (*ronwaUt  Sur  les  series  de  Dirichlet  correspondant  u,  des 
caracteres  complexes,  Palermo  Reiid.  35  (1913),  p.  145  —  159;  E.  Landau,  a)  Cber 
das  Nichtverschwinden  der  Dirichletschen  Reiken,  welche  komplexen  Oharakteren 
entsprecken,  Math.  Ann.  70  (1911),  p.  69  —  78;  b)  t)bor  die  Klassenzakl  imaginiir- 
quadratiscker  Zaklkorper,  Gott.  Nackr.  1918,  p  285—295;  c)  Zur  Tkeorie  der 
Heckescken  Zetafimktioneii,  wolcke  komplexen  Ckarakteren  entsprecken  ,  Matk. 

Ztsckr.  4  (1919),  p.  152—162.    Bei  diesen  Absckiitzungen  von  -=—•  als  Funktion 


vou  k  zeigt  sick  eine  eigeuartige  Aualogie  mit  der  Absckatzung  von  £(1  -\-  ti) 
als  Funktion  von  t  (vgl.  Nr,  18).  Fiir  die  reellen  Ckaraktere  wird  das  ent- 
apreokende  Ergebnis  (mit  ,1  atatt  ^)  nur  unter  einer  gewisaen  unbewieseueu 
Voraussetzung  erkalten  (vgl.  Nr.  40). 
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mit  absolut  konstantem  M.  —  Bei  den  reellen  Charaktereu  war  der 
Beweis  viel  sehwieriger;  es  war  eben  die  Hauptleistung  von  Diricli- 
/erf808),  L(l)  als  Produkt  von  einer  positiven  Konstanten  und  einer  ge- 
wissen  Klassenzahl  quadratischer  Formen  darzustellen  (vgl.  Nr.  40) ; 
eo  ipso  war  L(l)  4*  0.  Vereinfachte  Beweisanordnungen  gaben  Mer- 
tews214),  de  la  Valle'e  Poussin™\  Teege™)  uncl  Landau*17),  die  den 
Beweis  durch  reihen-  oder  fanktionentheoretische  Uberlegungen,  ohne 
Benutzung  der  Theorie  der  quadratischen  Formen,  fiihrten.*18) 

Ftir  jeden  von  5=1  verschiedenen  Punkt  der  Geraden  6  =  1 
laBt  sich  wie  bei  £(s)  (vgl.  Nr.  14)  L(s)=fO  nachweisen.219)  Auch 
die  entsprechenden  scharferen  Satze  gelten  bier,  es  gibt  z.  B.  eine  ab- 
solute Konstante  a  >  0  derart,  daB  ini  Gebiete  0  >  1  —  ~^.  ,  \t  \  >  f0 

keine  Nullstellen  von  L(s)  liegen  (vgl.  Nr.  19).  *20)  Das  Gegenstuck 
der  Riemannschen  Vermutung  wurde  fur  die  Z-Funktionen  von 
Pilte180)  ausgesprocben.  Da  man  ini  allgemeinen  nicht  weiB,  ob 
Nullstelien  auf  der  Strecke  0  <  s  <  1  der  reellen  Acbse  liegen ,  und 

214)  F.  Mertens,  Uber  Dirichletsche  Reihen,  Sitzuug*>ber.  Akad.  Wien  104 
Abt.  2 a  (1895),  p.  10i>3—1153;  tvber  das  Nichtverschwinden  Dirichletscher  Reihen 
mit  reellen  Gliedern,  ebenda  104  Abt.  *Ja,  p.  1158—1166;  ft  her  Multiplikation 
und  Nichtverschwinden  Dirichletscher  Heihen,  Crelles  J.  117  1 1897),  p.  169—184; 
ftber  Dirichlets  Beweis  usw  Sitzungsber.  Akad.  Wien  106  Abt  2  a  (1897), 
p.  254—286;  Eine  asymptotische  Aufgabe,  ebenda  108,  Abt.  2a  (1899),  p.  32— 37. 

216)  Ch.  de  la  Vallee  Poussin,  a.  a.  O.  204)  und  Demonstration  simplifiee 
du  th^or^me  de  Dirichlet  sur  la  progression  arithmetique ,  Mem.  couronnes  et 
autrea  mem.  Acad.  Belgique  53  (1895 — 189G),  No.  6 

216)  H.  Tcege,  Beweis,  daB  die  uneudliche  Reihe    ^  (  -A  —  einen  posi- 

*—*  \  n  J   n 

tiven  von  Null  verschiedenen  Wert  hat,  Mitt.  math.  Ges.  Hamburg  4  (1901), 
p.  1—11. 

217)  2$.  Landau,  a.  a.  0    29)  und  ftber  das  Nichtverschwinden  einer  Dirich- 
letschen  Reihe,  Sitzungsber.  Akad    Berlin  1906,  p.  314—320. 

218)  Vgl.  auch  eine  Bemerkung  von  Remak  bei  E.  Landau,  ftber  iniaginlir- 
quadratische  Zahlktfrper  mit  gleicher  Klassenzahl,  G5tt,  Nachr.  1918,  p  277—284. 

219)  Hiermit  hiingt  zusammen,   da6  die  Reihe    ^X^-i^  uiid  das  Produkt 

*?  p 

in  (69)^  auch  noch  fur  o  =  1  konvergieren  (beim  Hauptcharakter  jedoch  nur  fflr 
t  =f  0)  und  daB  (69)  auch  hier  richtig  bleibt  (vgl.  Nr.  14).  Ob  diese  Ausdriicke 
in  der  Halbebene  a  <  1  einen  einzigen  Konvergenzpunkt  besitzen,  ist  noch  nicht 
entacliieden.  Vgl.  E.  Landau,  a)  Cber  die  Primzahlen  einer  arithmetischen  Pro- 
gression, Sitzungsber.  Akad.  Wien  112,  Abt.  2  a  i!903),  p,  493-535;  b)  ftber 
einen  Satz  von  Tschebyschef,  Math.  Ann.  61  (1906),  p.  527—560,  wo  eine  Reihe 
fruherer  Arbeiten  fiber  den  Gegenstand  kritisiert  werden;  c)  a.  a.  0.  178). 

220)  E.  Landau,  Handbuch,  §  131,   wo  frilhere  Resultate   desselben  Ver- 
tassera  verscharft  werden. 
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da  ferner  nach  (72)  die  imaginare  Achse  unter  Umstanden  unend- 
lich  viele  Nullstellen  enthalten  kann,  muB  die  Vermutung  etwa  so 
ausgesprochen  werden:  ,,ftir  <y  >  £  ist  L(s)  =4=  O."2*1)  Die  Satze  von 
der  Existenz  nnendlich  vieler  NuDsteUen282)  auf  tf  =  y  und  von  der 
Haufung  der  Xullstellen  in  der  Nahe  dieser  Geraden228)  (vgl.  Nr.  19) 
gelten  auch  fur  die  Z-Funktionen. 

Das  Produkt  zweier  L-Eeihen  ist,  sofern  keine  von  ihnen  einem 
Hauptcharakter  entspricht,  nach  dem  Satze  von  Stieltjes  (vgl.  Nr.  12) 
fiir  G  >  i  konvergent.  Landau294)  beweist  den  folgenden  Satz,  der 
als  Spezialfall  eine  Verscharfung  hiervon  enthalt:  Es  seien  %t(n)  und 
^2(w)  zwei  beliebige226)  Charaktere  modulo  /rt  bzw.  Jc2.  Dann  gibt 
es  zwei  Konstanten  A  und  2?,  so  daB  die  Dirichletache  Reihe 


fiir  cr  >  ~  konvergiert.  Hierbei  ist  A  =  J5  =  0,  wenn  weder  %j  noch 
£2  Hauptcharakter  ist,  und  -4  =  0,  wenn  nur  einer  von  den  beiden 
Hauptcharakter  ist.  Dieser  Satz  hat  wichtige  Anwendungen  auf  ver- 
schiedene  zahlentheoretische  Problerae  (vgl.  Nr.  34  und  35). 

30.  Die  Verteilung  der  Primzahlen  einer  arithmetischen  Reihe. 
Nach  (69)  gilt  fiir  <y  >  1 


jm-J  mp 

jW,  111 


L 


Hieraus  folgt  nach  den  Eigenschaften  b)  und  d)  der  Charaktere,  wenn 

221  1  Eine  notwendige  und  hinreichende  Bedingung  far  die  Wabrheit  dieser 
Vermutung  gab  neuerdingi  H.  Bohr  mit  Hilfe  des  von  ihm  eingefiihrten  Be- 
griffee  ,,Quasiperiodizitafc  einer  Dirichletschcn  Reihe11:  t)ber  eine  quasi-perio- 
dische  Eigenschaft  Dirichletscher  Reihen  mit  Anwendung  anf  die  Dirichletschen 
i-Funktionen,  Math.  Ann.  85  (1922),  p.  115  —  122.  —  J.  Groflmann  hat  die  Ver- 
mutung durch  numerische  Untersuchuogeo  gestiitzt:  t)ber  die  Nullstellen  der 
Riemannschen  ^-Funktion  und  der  Dirichletschen  jL-Funktionen  ,  Dies.,  Gdt- 
tingen  1918. 

222)  E.  Landau,  a.  a  O.  135). 

228)  H.  Bohr  und  E.  Landau,  a.  a.  0.  66). 

224)  E,  Landau,  t)ber  die  Anzahl  der  Gitterpunkte  in  gewisaen  Bereichen, 
Gtttt.  Nachr.  1912,  p.  687—771. 

226)  Hier  eoll  also  ^  (n)  nicht  wie  oben  not  wen  dig  den  Hauptcharakter  be- 
zeichnen. 
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I  eine  beliebig^  zu  k  teilerfremde  ganze  Zahl  bedeutet, 


(75) 


A(n) 


n  =  I  (mod  A) 

^S1     ^ 

^— /  «* 

n  5  I  (mod  *) 


,        r 

g  * 


9  (A) 


In  beiden  Gleichungen  (75)  wird  die  rechte  Seite  bei  Annaherung  an 
5  =  1  unendlicb,  da  clieser  Puukt  fur  L^(s)  ein  Pol,  fiir  die  iibrigen 
Lv(s)  dagegen  weder  Pol  noch  Nullstelle  ist.  Daraus  schlofl  Dirich- 
let^^y  dafi  in  der  arithmetischen  Reihe  I,  I  -f-  k,  I  +  %k>  .  .  .  unend- 
lich  yiele  Primzahlen  vorkomtnen;  sonst  wiirden  ja  in  der  Tat  die 
linken  Seiten  von  (75)  fur  alle  s  endlich  bleibeu.226) 

Mifc  Hilfe  der  tieferen  Eigenschaften  der  ZrFunktionen  konuteri 
Hadamard1**)  und  de  la  Vallce  Poussin-**}  die  dem  Primzablsatz  ent- 
sprechenden  Satze 

';    ,U')  =====      X/l    - 


(76) 


p~.  I  (mod  i) 


n  ^  x 
n  ~  I  (mod  A) 


beweisen.  Das  Haupfcargument  beim  Beweise  bildet  der  in  der  vorigen 
Nummer  erwahnte  Satz:  Lv(l  -f-  ti)  =4=  0  fiir  alle  i/  und  alle  reellen 
t.  Von  Latulau™)  wurden  die  Beweise  vereinfacht  und  die  Resul- 
tate  verscbiirft,  so  daB  das  beste  mit  Sicherheit  bekannte  Resultat25{8) 
so  lautet: 

/      ^  V        ___^  •*•  T      *  /  \  I  f\    t  .  -  I/  ln»     .     V 

(")  (  _"_^_ 

mit  absolut   konstantem,    d.  h.   von  k  und   /  unabhaugigeu ,    a.     Die 


226)  in  mehreren  apeziellen  Fiillen  lilBt  sich  der  Dirichlet&chts  Satz  oleinentar 
beweisen.     Vgl.   z.  B.  L.  E.  Dickson,  History   of  the  theory  of  numbers.   Bd    1, 
Washington  1DJ9,  p.  419 

227)  E.  Landau^   tjber  die  Primzahlen  in  einer  arithinetischen  Progression 
und   die  Primideale  in  einer  Idealklasse     Sitzungsber.  Akad.  Wieii  117,  Abt.  2  a 
(1908),    p.  1095—1107;     a.  a.  0.    219a);     a.  a.  0.    107);    Handbuch,    §  119—121, 
§  131— 132. 

228)  Ware  die  vei  allgemeinerte  Jfrematmsche  Vermutung  fttr  die  jL-Fuuk- 
tioneii  bewiesen,   so  wiirden  naturlich   fiir  die  Primzahlen  einer  arithmetischen 
Keihe  zu  (67)  und  (58)  analoge  Beziehungen  gelten.    Vgl.  E.  Landau,  Handbuch, 
§  2»9  und  a.  a.  0.  178). 
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Hauptglieder  rtihren  natttrlich  yon  den  Singularitaten  von  log  L^s) 
bzw.  -£*-  (s)  in  s  =»  1  her.  Aus  (76)  folgt  speziell,  wenn  ^  und  Z2 
beide  zu  k  teilerfremd  sind, 

**,*(*)  ~  **,*,(*); 

d.  h.  die  zweite  in  der  vorigen  Nummer  genannte  Legendresche  Be- 
hauptung.  —  Die  Riemann-v.  MangoldtBche  Primzahlformel  (vgL  Nr.  28) 
lafit  sich  auch  fiir  die  Primzahlen  einer  arithmetischen  Reihe  verall- 
gemeinern.229)  ZunSchst  gilt  ffir  einen  beliebigen  Charakter  %v(n) 
(vgl. 


(78) 


2: 


wo  a0  und  at  von  a;  unabhangig  sind.  £v  bedeutet  Eins  fiir  v  —  1, 
sonst  Null.  Aus  (75)  kann  man  jetzt,  nach  dem  Eindeutigkeitssatz 
der  Dirichletachen  Reihen,  (vgl.  Nr.  3)  eine  explizite  Formel  fttr  die 
Funktion  ^^  =  }  (^j{r  +  Q)  +  ^  _  Q)) 

erhalten. 

Die  bisher  erwahnten  Resultate  laufen  alle  darauf  hinaus,  dafi 
die  Primzaliien  auf  die  y(k)  zu  k  teilerfremden  Restklassen  glcichmdftig 
verteilt  sind.  Sehon  TschebyschefKl)  behauptete  —  freilich  nur  fftr 
den  Fall  k  =  4  —  dies  konne  nur  bis  zu  einer  bestimmten  Grenze 
gelten,  indem  die  Reihe  4n  +  3  ,,viel  mehr^  Primzahlen  als  die  Reihe 
4n  +1  (n  =  1,  2,  .  .  .)  eiithalte.  Er  sprach  (ohne  Beweis)  den  Satz 
aus:  es  gibt  eine  Folge  4^,  #9,  .  .  .  mit  xv  —  >  oo,  derart,  daB  fiir-wach- 
sendes  v 

(79)  *MK)-*M(*r) 


gilt.     Dies  wurde  zuerst   von   Phragmen1*1)  und  dann   einfacher  von 

229)  Vgl.  A.  Pittss,  a.  a.  0.  180)  und  G.  Torelli,  a.  a.  0.  159),  Nuove  formole 
per  calcolare  la  totality  dei  numeri  primi  etc.,  Rend.  Accad.  sc.  fis.  mat.  Na- 
poll  (3)  10  (1904),  p.  350—362  und  (8)  11  (1905),  p.  101-—  109.  VolUtHndig  aus- 
gefuhrt  wurde  der  Beweia  erst  von  E.  Landau,  a.  a.  O.  194)  und  Handbuch, 
§  133—188. 

280)  Far  nicht  ganze  x  bedeuten  %(x)  und  A(x)  Null. 

231)  P.  Tschebyschef,  Lettre  a  M.  Fuss,  Bull.  cl.  phys.-math.  Acad.  St.  Peters- 
burg 11  (1863),  p.  208  und  (Euvres  1,  p.  697—698;  Sur  une  transformation  de 
eyries  numefiqaea,  Nour.  corr.  math.  4  (1878),  p.  305—308  und  (Earrea  2, 
p.  705-  707. 
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Landau1**)  bewiesen;  aus  den  Untersuchungen  von  Litflewood1*4)  folgt 
aber,   dafi   die   obige  Differenz,  bei  zweckmaBiger  Wahl  von  K,   ftir 

beliebig  grofie  Werte  von  x  sowohl  >  KJ—  log  log  log  a?  als  auch 

<  —  KJ—  log  log  log  x  wird.     Der   Zusammenhang    wird    gewisser- 
maBen  durch  die  aus  (78)  folgenden  Gleichungen 


aufgeklart.     (Es    ist   #*  ,  =  Jl^log  p   gesetzt;   p   durehlauft    die   kom- 


JB  =  I  (mod  *) 

pleien  Nullstellen  von  g(s)  und  (>'  diejenigeu  von 


wo   ^(n)  den  Nicht-Hauptcharakter  modulo  4  bezeichnet.)     Die  oszil- 

1 
lierenden  Glieder  sind  hier  zwar  von  hoherer  GroBenordnung  als  x1  , 

in  der  ersten  Gleichung  tritt  aber  ein  .Glied  —  x  von  konstantem  Vor- 
geichen  auf,  was  wiederum  daraus  folgt,  daB  alle  Prinizahlquadra'e 
(22  =  4  ausgenommen)  von  der  Form  4n  +  1  sind. 

Tschebyschef**1)  behauptete  aucb:  ?,wenn  c  gegen  Null  abninimt, 
so  gilt 

(80)  e~*c  —  e~*c  +  e~lc  +  e'nc  ----  =  —  2%(p)*~pe  ~v  «>•" 

p 

Von  Hardy-  Littlewood**2)  und  Landau™)  wurde  gezeigt,  daB  dieser 
Satz  mit  dem  folgenden  (unbewiesenen)  Analogon  der  Riemannsclien 
Vermutung  Equivalent  ist:  ,,Die  zum  Nicht-Hauptcharakter  modulo  4 
gehorige  ZrFunktion  ist  fiir  6  >  *  von  Null  verschieden." 

Die  allgemeine  Tschebyschefache  Aussage:  ,,es  gibt  viel  mehr 
Primzahlen  von  der  Form  4«  +  3  als  von  der  Form  4n  -f-  lw  kann 
also  jedenfalls  nur  in  ziemlich  beschranktem  MaBe  wahr  sein284)  und 

232)  G.  H.  Hardy  und  J.  E.  Littlewood,  a.  a.  0.  31  b).     (Aus  jL(s)4»0  fflr 
«  >  i  folgt  (80)). 

233)  E.  Landau,    a.  a.  O.    178).     (Aus   (80)   folgt  i<*)  +  0  fiir  tf>.})  und 
tTber   einige   altere   Yerinutungen    und    Behauptnngen    in    der   Primzahltheorie, 
zweite  Abhandl.,  Math.  Ztscbr.  1  (1918),  p.  213—219. 

234)  E.  Landau,  a.  a.  0.  178),  p.  6,  bemerkt,  dafi  aus  der  Behauptung  (80) 

von  TschebyscJicf,  n^s(x)  —  it4  l(x)^=  0  \x'*logx)  folgt.  Die  Differenz  3»4j8  —  *4jl 


H.    EncykLMnth.  Wins.  TI   3   (1923). 
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1st  z.  B.  in  der  Fassung  (80),  die  wenigstens  wabr  sein  konnte,  noch 
nicbt  bewiesen. 

Die  Resultate  von  Phragmen  und  Landau  betreffend  die  Tsche- 
lyschefaclie  Bebauptung  (79)  wurden  von  Landau**5)  fur  beliebige 
Moduln  k  (an  der  Stelle  von  4)  verallgemeinert. 

31.  Andere  Primzahlprobleme.  Summen  iibcr  Primzahlen.  DaE 
unter  den  n  ersten  ganzen  Zablen  annaherungsweise  Li(n)  Prim- 
zablen  vorkommen,  kann  wegen 


2 

in  ungenauer  Weise  so  ausgedriickt  werden:  ,,die  Wabrscbeinlicbkeit, 
daB  die  beliebig  gewahlte  Zahl  n  Primzabl  ist,  ist  gleich  j  -  /'  Man 
wird  biernach  vermuten,  daB  die  beiden  Reiben 


(81) 

p  n 

sicb   mehr    oder    weniger   abnlicb  verhalten  miissen.    In  der  Tat  be- 
sagt  ja  der  Primzablsatz 


bzw.  ^log  p  ~  ^1  ,  (F(t)  —  log  f). 

p^x  n  B  2 

Nacb    Tschcbyschef*3*)    eind    die   Reihen   (81)   gleichzeitig   konvergent 

ly/AjN 

oder  divergent,  sobald  y-^--  fflr  hinreicbend  groBe  n  positiv  und  nie 
zunebmend  ist.    Mertcns™1)  beweist 


(82)  =n  +  °(1>  -  lo«*  +  °W  und 

p*x  n~% 

(83)  =lo      +  A  + 


wiire  also  each  (80)  absolut  g  en  o  mm  en  kleiner,  als  bieher  bekannt  war  —  nitin- 

lich  O  (a;e~a^log*j  —   eine  Folgertmg,   die  ja  in  der  entgegengesetzten  Rich- 
tung  von  Tschebyschefs  Interpretation  seiner  Bebauptung  liegt. 
236)  E.  Landau,  Handbuch,  §  200. 

236)  P.  Tschebyschef,  a.  a.  0.166b). 

237)  F.  Mertens,  Ein  Beitrag  zur  analytiscben  Zablentheorie,   C relies  J.  78 
(1874),  p   46—62. 
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mit  konstantem  A  und  B.  Von  de  la  Vallee  Poiissm178)  wurde  (82)  zu 


verscbarft,  wo  C  die  Eulersohe  Konstante  bezeicbnet.  Die  Abscbatzung 
des  Restgliedes  in  (83)  kann  in  abnlicber  Weise  verscbarft  werden. 
Hieraus  folgt  speziell 


(vgl.  (59)) 


Landau***)  gibt  verschiedeue  Satze  iiber  Snmmen  der 

p£* 
und  ^£F(JP,  x)  nnd  bespricht  insbesondere  die  Moglicbkeit,  von  einer 

p£x 

Formel  elementar  zu  den  andern  zu  gelangen,  obne  jedes  Mai  die 
Theorie  der  Zetafunktion  zu  benutzen  (vgl.  bierzu  Nr.  33).  Mertens**'1) 
hat  (82)  und  (83)  aucb  fur  die  Primzablen  einer  arithmetischen 
Reibe  verallgemeinert 

Die  Konvergenz  von^p""'  und  ^*%(p)p~9  auf  der  Geraden  tf  =  1 
wurde  scbon  oben  besprocben  (vgl.  Nr.  14  und  Nr.  29,  FuBnote  219). 
Diese  Reihen  atellen  fiir  a  >  1  die  Funktionen  dar 


log  L(ns> 


die   iiber  <s  =  1   binaus   bis   zu   6  =  0,  aber  nicbt  weiter,  analytiseb 
fortgesetzt  werden  konnen.289)  —  Die  Funktion 

*W  -27 

P 

Zmifi 

wird  bei  Annaberung  an  einen  „  rational  en"  Punkt  g  =  e   n     des  Ein- 
heitskreises    unendlich    groB,    sofern    n    eine    quadratfreie    Zahl    ist. 

238)  E.  Landau,   Sur  quelques   probl^mee  rclatifs   &   la   distribution    des 
nombres  premiers,  Bull.  Soc.  math.  France  28  (1900),  p.  25  —  38;  Handbuch  §  65—66 
(vgl.  auch  p.  889). 

239)  E.   Landau   und    A.    Waljisi,    tTber    die   Nichtfortsetzbarkeit   einiger 
durch    Dirichletflcbc    Reihen    definierter   Funktionen,    Palermo    Rend.  44  (1920), 
p.  82—86. 

Vgl.  auch  /.  C.  Kluyver,  Benaderingsformales  betreffende  de  priemgetallen 
beneden  eene  gegeven  grens,  Akad.  Wetensk.  Amsterdam,  Verslagen  8  (1900), 
p.  672—682  und  E  Landau,  a.  a*  O.78). 


H.    EncykL  Math.  Wiss.  II  3  (1923), 
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Fatou™}  schlieBt  nieraus,  da6  F(*)  und 

gF\*)-*2* 
p 

nicht  fiber  den  Einheitskreis  fortgesetzt  werden  konnen.  Nach  einer 
BemerkuDg  von  Landau*41)  folgt  dies  auch  direkt  aus  neueren  Satzen 
fiber  die  Taylorsche  Reihe. 

Die  wte  Primzahl  und  die  Different  pn  +  1  —  p,t.    Wenn  pn  die  »* 
Primzahl  bezeicbnet,  so  folgt  aus  der  Grleichung 


„  =  «(Pa)  =  Li(Pa)  +  0 
durch.  Inversion 

pH  =  Li~l(ri)  +  O  (nlog3n<TaV/log  ")  , 

wo  Li~l(x)  die  zu  Li(x)  inverse  Funktion  bedeutet.  Insbesondere  ist348) 
also  r 


Tschebyschef***)  bewies  den  fruher  von  Bertrand  ***)  vermuteten  und 
empirisch  bestatigten  Satz,  daB  von  einer  gewissen  Stelle  an  zwischen 
x  und  2x  Avenigstens  eine  Primzahl  liegt,  d.  h.  daB  fur  grofie  n  immer 
^^-<2  ist.  Der  Primzahlsatz  gibt  sogar244) 

lim^t±i.  =  i 

y/->«o      Pn 

Oder  Pn  +  i—  Pn=°(PJ- 

Aus  der  genauen  Restabschatzung  (53)  zum  Primzahlsatz  folgt245) 

_  A  +  1  -  Pa  -  0 

240)  P.  Fatou,  Sur  lea  aeries  entieres  a  coefficients  entiere,  Paris  C.  B.  138 
(1904),  p.  342—344. 

241)  JK.  Landau^  a   a.  O.78).    Dieselbe  Bemerkung  hat  auch  F.  Carlson  ge- 
raacht:  t^ber  Potenzreihen  xnit  ganzzahligen  Koeffizienten,  Math.  Ztschr.  9  (1921), 
p.  1—13. 

242)  Mit  der   asymptotiachen   Daratellung   yon   pn   beschaftigten   sich  tt.  a. 
M.  Pertouschin,  Fornaule  pour  la  determination  approximative  des  n  ombre  a  pre- 
miers   etc.,    Verhandl.   Math.-Kongr.   Ztirich    1897,    Leipzig    1898,    p.    166  —  167; 
E.  Cesaro,  Sur  une  formule  empirique  de  M.  Pervouchine,  Paris  C.  R.  119  (1894), 
p.  848  —  849;  M.  Cipolla,  La  determinazione  asaintotica  delF  nimo  numero  prime, 
Rend.  Accad.  Sc.  Fis.  Mat.  Napoli  (3)  8  (1902),  p.  132—  -166.   Vgl.  auch  E.  Landau, 
Handbuch,  §  57. 

248)  J  Bertrand,  Mt5  moire  BUT  le  nombre  de  valeura  que  peut  prendre  une 
fonction  quand  on  y  permute  les  lettrea  qu"  elle  renferme,  J.  ^Ic.  Polyt.  18  (1846), 
p.  128—140. 

244)  Ein  direkter  Beweis  dieser  Tats  ache,  der  nicht  zugleich  den  Primzahl- 
satz liefert,  scheint  nicht  bekannt  zu  eein.  Vgl.  E.  Landau^  Gel5ste  und  unge- 
I6ete  Probleme  aua  der  Theorie  dex  Primzahlverteilung  und  der  Riemannschen 
Zetafunktion,  Proc.  Fifth.  Intern.  Congr.  Math.,  Cambridge  1913,  1  p.  93—108. 

246)  Vgl.  Ch.  de  la   ValUe  Poussin,  a.  a.  O.173),  p.  66. 
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was  die  beste  mit  Sicherheit  bekannte  Abschatzung  darstellt.    Wenn 
die  Riemannsche  Vermutung  vorausgesetzt  wird,  folgt  aus  (57) 


wo  nach  Cramer***)  Iog2jpw  durch  logjpw  ersetzt  werden  kann.  Es 
gibt  demnach,  wenn  die  Riemannsche  Vermutung  rich  tig  ist,  eiue 
Zahl  c,  so  da8  fiir  n  =  2,  3,  .  .  .  zwischen  n*  und  (n  -f-  clogri)*  immer 
wenigstens  eine  Primzahl  liegt.  Oppermann**1)  behauptete,  daB  das- 
selbe  von  dem  Intervall  (n2,  (n  +  I)2)  gilt;  das  ist  aber  bisher  nicht 
entschiedea.  Piltz**8)  hat  sogar  die  Behauptung 


ftir  jedes  «  >  0,  ausgesprochen  ;  in  dieser  Hinsicht  ist  nur  bekannt249), 
daB  die  Anzahl  der  pn  ^  x,  die  der  Ungieichung 


genttgen,  unter  Voraussetzung  der  Riemannscben  Vermutung  von  der 

Form  0  \x     2       /  ist.  —  Im  Mittel  muB  die  Differenz  #n  —  pn  +  i  —  pn 
von  der  Ordnung  logpn  sein,  denn  es  gilt 

|<A  +  *»+•••    O  -  ^(JP.  +  1  -  2)  ~  l°SPn' 

Nach  unten  ist  keine  bessere  Abschatzung  als  die  triviale  dn  ^  2  fttr 
n  >  1  bekannt;  verschiedene  Verfasser  *50)  vermuten,  daB  in  der  Tat 

(84)  l>n  +  l-Fn  =  ^ 


246)  H.  Cramer,  a.  a.  O.I  86). 

247)  Z>.  Oppermann,  Om  vor  Kundskab   om  Primtalienes  Mcengde   mellem 
givne  Groenser,  Overs.  Danske  Vidensk.  Selsk.  Forh.  1882,  p.  169—179. 

248)  A.  Piltz,  a   a.  0.  180),  p.  46. 

249)  H.  Cramer,  On  the   distribution  of  primes,   Proc.  Cambr.  Phil.  Soc.  20 
^1921),  p.  272—280. 

260)  Vgl.  J.  J.  Sylvester,  On  the  partition  of  an  even  number  into  two  pri- 
mes, Proc.  London  math.  Soc.  (1)  4  (1871),  p.  4—6  und  Collected  Math.  Pap.  2, 
p.  709  —  711;  On  the  Goldbach-Euier  Theorem  regarding  prime  numbers,  Nature 
56  (1896—1897),  p.  196—197,  269  und  Pap.  4.  p.  734—  737;  P.  Stdckel,  ttber 
Goldbachs  empirisches  Theorem  etc.,  GStt  Nachr.  1896,  p.  292—299;  Die  Dar- 
stellung  der  geraden  Zahlen  als  Summen  von  zwei  Primzahlen,  Sitzungsber. 
Akad.  Heidelberg  1916;  Die  Luckenzahlen  r**r  Stufe  und  die  Darstellung  der  ge- 
raden Zahlen  als  Summen  und  Differenzen  ungerader  Primzahlen.  1  —  III,  Sitzungs- 
ber. Akad.  Heidelberg  1917  —  1918;  J.  Merlin,  tin  travail  sur  les  nombres  pre- 
miers, Bull.  ac.  math.  (2)  39  (1916),  p.  121—136;  V.  Brun,  tber  das  Goldbach- 
ache  Gesetz  und  die  Anzahl  der  Primzahlpaare,  Arch.  for.  Math,  og  Naturv., 
Kristiania  34,  Nr.  8  (1916);  Sur  les  nombres  premiers  de.la  forme  ap  -\-  6,  obenda 
34,  Nr.  14  (1917),  G.  H.  Hardy  und  J.  E.  Littfewood,  Note  on  Messrs  Shah  and 
Wilson's  paper  entitled:  On  an  empirical  formula  connected  with  Goldbach's 
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fiir  unendlich  viele  n  gilt,  und  sogar  dafi 

h(x)  ~  a*  —  =— 
v   /          log*  a: 

mit   konstantem    a    ist,   wenn   h(x)   die   Anzahl  der  pn  <^  x  bedeutet, 
die  (84)   geniigen.    Bwn  251)   beweist 


Der  Sats  von  Goldbach  und  verwandte  Fragen.  Goldbach  25*)  sprach 
iin  Jahre  1742  den  bis  jetzt  unbewiesenen  Satz  aus:  ,,Jede  gerade 
Zahl  kann  als  Summe  von  zwei  Primzahlen  dargestellt  werden."  Ver- 
schiedene  Verfasser250)  vermuteten,  daB  die  Anzahl  G(ri)  solcher  Dar- 
stellungen  einer  geraden  Zahl  n  sogar  mit  n  ins  Unendliche  waehst, 
und  zwar  so,  daB  fiir  aile  geraden  n 

G(n)>b  r-V 
v  J          log*  n 

uiit  konstantem  b  gilt.253)  Hardy  und  Littlewood2™)  verallgemeinern 
das  Problem  und  greifen  es  zuerst  mit  analytischen  Mitteln  an,  indem 
sie  in  der  Potenzreihe 


(die   tiber  den   Einheitskreis   nicht   fortsetzbar   ist)   ein   beliebiges   a1* 
durch  das  Integral  _ 

X 


ausdrucken,  urn  dann  das  Verhalten  von  </|f  fiir  grofie  n  zu  unter- 
suchen.  (Auf  diese  Methode  kommen  wir  in  Nr.  38  zuriick.)  Die  Be- 

theorem,  Proc.  Gambr.  Phil.  Soc.  19  (1919),  p.  245—254;  Some  problems  of  Par- 
titio  Numerorum;  III:  On  the  expression  of  a  number  as  a  sum  of  primes,  Acta 
math.  44  (1922),  p.  1—70. 

251)  V.  Brun,  Le  crible  d'Eratosthene  et  le  the'oreme  de  Goldbach,  Vidensk 
selsk.  Skrifter,  Mat-naturv.  Kl.  Kristiania  1920,  Nr.  8  und  Paris  C.  R.  168  (1919), 
p.  544  —  546.    Vgl.  auch:  La  s&rie  ~  -f-  y  +  •    •  o^  les  d^nominateurs  sont  ,,nom- 
bres   premiers  jumeaux4*   est   convergente   ou  finie,   Bull.  sc.  Math.  (2)  43  (1919), 
p.  1—9. 

252)  Vgl.  Briefwechsel  zwischen  Euler  und  Goldbach  bei  P.  H  Fuss,  Cor- 
respondance  math.  phys.  1,  St.  Petersbourg  1843,  p.  127,  135.   Vgl.  in  bezug  auf 
die  altere  Geschichte  des  Satzes  L.  E.  Dickson,  a.  a.  O.226),  p.  421—425.    ttber 
die  numerische  Prufung  des  Satzes  vgl.  z.  B.  P.  Stdckel,  a  a.  O.  250).  —  Fiir  n  —  2 
kann  der  Satz  offenbar  nur  richtig  aein,   wenn  1  als  Prirozahl  mitgezahlt'wird. 

253)  A'.  Landau,   tJber  die  zahlentheoretische  Funktion  qp(n)  und  ihre  Be- 
ziehung    zum    Goldbachechen  Satz,    Gott.  Nachr.  1900,    p.  177—186,    zeigt,    dafi 

6r(2)  +  •  •  •  G^n)  ~  ™  t  ist.  Hievaus  foigt,  daB  eine  friiher  von  Stackcl, 
a.  a.  0.250),  vorgeschlagene  Formel  falech  iat. 


H.    Encykl.  Math.  Wi#*.  II  3  (1923). 


810    IIC  8.  Bohr-Cramer.  Die  neuere  Entwicklungder  anal  jtischeii  Zahlentheorie. 

hauptung   von  Goldbach,  a™  >  0  fur  alle   geraden  n  >  2,   lafit  sieh 
zwar  nicht  beweisen,  es  wird  aber  die  Formel264) 

4  '  (n  8erade) 


als  wahrscheinlieh  hingestellt.  Hierin  1st  c  konstant,  und  q  durch- 
lauft  die  un  geraden  Primteiler  von  n.  Wenn  die  (unbewiesene)  An- 
nahme  gemacht  wird,  dafi  die  obere  Grenee  der  reellen  Teile  der  Null- 
stdlen  t?on  g(s)  und  von  alien  L-Funktionen  Jcleiner  als  J  ist,  so  lafit 
sich  der  folgende  Satz  beweisen:  ,,Jede  hinreichend  grofie  ungerade 
Zahl  kann  als  Summe  von  drei  Primzahlen  dargestellt  werden."  — 
Brun**1)  beweist  durch  Anwendung  einer  Modifikation  des  sog.  Sieb- 
verfahrens  von  Eratosthenes  den  Satz:  ,,Jede  hinreichend  groBe  gerade 
Zahl  kann  als  Summe  von  zwei  ganzen  Zahlen  dargestellt  werden, 
die  hochstens  je  neun  Primfaktoren  enthalten."  Die  beiden  letztgenann- 
ten  Satze  sind  offenbar  direkte  Folgerungen  aus  dem  Goldlachseheii. 
Das  Problem,  die  Bedingungen  fiir  die  Losbarkeit  einer  unbe- 
stimmten  Oleichung  ax  -{-  by  -{-  c  =  0  mittelst  zweier  Primzahlen  x 
und  y  zu  finden,  ist  eine  Verallgemeinerung  des  Goldbachschen,  es 
wurde  auch  von  den  oben  erwahnten  Verfassem  behandelt.  Mit  der 
Hardy-Litttewoodschen  Methode  las  sen  sich  endlich  auch  verschiedene 
Probleme  der  Art:  ,,Gibt  es  unendlich  viele  Primzahlen  von  der  Form 
na+  1,  von  der  Form  n*  -f-  rif*  +  w'"3,"  uswv  angreifen.  Auch  hier 
laflt  sich  nichts  beweisen,  die  Methode  fiihrt  aber  auf  gewisse  asym- 
ptotische  Formeln,  die  in  mehreren  Fallen  mit  gutem  Erfolg  nume- 
risch  geprdffc  wurden. 

IV.  Weiiere  zahleiitheoretische  Funktiouen.-55  ) 

32.  Die  Funktionen  fi(w),  l(ri)  und  <p(n).    Fttr  6  >  1   gilt  (vgl. 
Nr.  22) 


Die   fttr   0>1    unbedingt   konvergente   Reihe  ^£p>(ri)n~*   stellt  also 
eine  fiir  a  ^  1  regulare  Funktion  dar;   daB  die  Reihe  auch  noch  fiir 

254)  Mehr  oder  weniger  ahnliche  Formeln  waren  yon  den  obeu  erwahnten 
Yerfassern  schon  friiher  vorgeschlagen  worden.  Die  Hardy  -LitiUwoodschv  For  me  1 
wurde  von  N.  M.  Shah  und  B.  M.  Wilson  numerisch  geprfift:  On  an  empirical 
formula  connected  with  Goldbach's  theorem,  Proc.  Cambr.  Phil.  Soc.  19  (1919), 
p.  238—244. 

256)  Betrefl's  iilterer  Untereuchungen  zu  diesem  Kapitel  sei  auf  103  ver- 
wiesen. 
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s  =  l  konvergiert,  hat  schon  Euler™*)  vermutet.  Dies  wurde  von 
v.  Mangoldt*61)  unter  Benutzung  der  HadamardBcben.  Satze  ttber  die 
Produktzerlegung  von  (5  —  1)S(5)  (V0-  ^r'  15)  bewiesen;  nach  (85) 
ist  dann  «>  x 


)  zeigt,  daB  dieses  Resultat  auch  elementar  aus  dem  Prim- 
zahlsatz  abgeleitet  werden  kann  (vgl.  Nr.  33).  Eine  unmittelbare 
Folgerung  ist 


und  man  kann  nun  nach  dem  Konvergenzsatz  von  M.  Riesz  (vgl. 
Nr.  5)  schliefien,  daB  (85)  auf  der  ganzen  Geraden  tf  =  1  giiltig 
bleibt.259)  Landau2*0)  hat  sogar  die  Konvergenz  von 


fur  beliebige  reelle  (/  und  t  festgestellt.   Er861)  gab  —  mit  seiner  bei 
dem  Primzahlsatz  angewandten  Methode  —  die  Abschatzungen 


(86) 

H)  log  n 


=  j     , 

~r 


L     Eider,    Introductio    in    analysin    infinitorum,     l,    Lausanne    1748, 
p.  ^*29 


257;  H.  c.  Mangoldt,  Beweis  der  Gleichung          ~~  =  0,  Sitzungsber.  Akad. 
Berlin   1897,  p.  835  —  862.  i 

oo 

258)  E.  Landau,  Neuer  Beweis  der  Gleichung  ^  ~~  =  0,  Diss.  Berlin  1899. 

i 

25i>)  Vgl.  Landau,   a.  a.  O.21).     Das   war  natiirlich   nicht  der  erete  Beweis 
dieses  Satzes. 

260)  K.  Landau,    tlber  die   zahlentheoretische  Fanktion  u(k),  Sitzungsber. 

Akad.  Wien  112,  Abt   2a  (l<J03;t  p.  637—670.    Die  Konvergenz  von 

wurde  scbon  von  A  F.  Mvbius  vermutet:  tJber  eine  besondere  Art  von  Um- 
kehrung  dei  Reihen,  Crelles  J.  9  (1832),  p.  106—123  und  Werke  4  (1887), 
p  689-612 

261)  K.  Landau,   a.  a    O.29)  und  Handbucb,  §  163—164.    Ch.  de  la  Vallee 
Poussin,  a    a   0  173),  hatte  eine  unscharfere  Abscbatzung  gegeben. 


Ill   47  H.    Kncykl.MtiM.WiM*.  II  3  (1023). 
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und  verallgemeinerte168)  alle  diese  Resultate  fflr  den  Fall,  dafi  n  nur 
die  Zahlen  einer  arithmetischen  Reihe  durcblauft. 

Wie  bei  dem  Primzablsatz,  so  1st  bei  den  Gleichungen  (86)  die 
Frage  nach  der  moglichen  Verscharfung  der  Abscbatzungen  eng  mit 
der  jR/emannscben  Vermutung  verb  und  en.  Von  Stiettjes***)  und  Mer- 
tens***)  wurde 

(87)  M(x) 

vermutet;  Stidtjes  bebauptete   in  der  Tat  auf  diesem  Wege  die  Rie- 
mannscbe  Vermutung  bewieeen  za  ha  ben,,  denn  aus  (87)  wiirde  (vgl. 


Nr.  2)  die  Konvergenz  von  ^/ti(«)w~*  ftir  <j  >  \,  und  dam  it  die 
Riemannsche  Vermutung,  folgeu.  —  DaB  auch  umgekebrt  aus  der 

00 

Riemannschen  Vermutung  die  Konvergenz  von  J§V(»)w~*  flir  6  >  \ 

i 

folgt,  wurde  zuerst  von  lAttlewood1**)  im  Laufe  seiner  in  Nr.  20  be- 
sprocbenen  Untersuchungen  ttber  die  Zetafunktion  bewiesen.  Demnacb 
ist  die  Riemannsche  Vermutung  mit  der  Bebauptung 

(88)  M(x)—0  U  *  +  /     far  jedes     s  >  0 

v  oils  tan  dig   Equivalent.*66)    Die    weitere   Vermutung    von    Stieltje  $***) 


dafi  J£V(w)n~*  aucb  noch  fttr  s  =  J  konvergiert,  ist  aber  naeh  Lan- 

dau11*) sicber  nicht  ricbtig.    A  fortiori  kann  also  (88)  ftir  kein  nega- 
tives e  gel  ten. 

00  00 

Aus  (85)  foigt  JliV''-  J^V^n""*  —  1    und    bieraus    fttr    jedes 
ganze»>l  ' 


d\n 


262)  Vgl.  J.  C.  Kluyver,  Reeksen,   afgeleid   uit  de  reeks          ~p,  Akad 

Wetensk.  Amsterdam,  Verslagen  12  (1904),  p.  452—489,  und  E.  Landau,  Bemer- 
kuDgen  zu  der  Abhandlung  von  Herrn  Kluyver  etc.,  ebenda  13  (1906),  p.  71—83, 
Handbuch,  §  169—175. 

263)  T.  J.  Stieltjes,   a.  ft.  0.160),  Lettre  79  und  Sur  une  fonction  uniforme, 
Paris  C.  R.  101  (1886),  p.  163—164. 

264)  F.  jMertens,  Ober  eine  zahlentheoretische  Funktion,  Sitzungsber.  Akad. 
Wien  106,  Abt.  2  a  (1897),  p.  761—830.    Gber  die  numerische  Prfifung  dieser  Ver- 
mutung vgl.  etwa  E.  D.  v.  Sterneck,  Sitzungsber.  Akad.  Wien  110,  Abt.  2  a  (1901), 
p.  1063—1102. 

266)  Aus  (87)  wiirde  dagegen  mebr  als  die  Miemannnche  Vermutung  folgen, 
z.  B.  dafi  alle  Wurzeln  von  £(s)  einfach  sind.  Vgl.  auch  H.  Cramer  und  E.  Landau, 
tfber  die  Zetafunktion  auf  ier  Mitteliinie  dea  kritischen  Streifens,  Arkiv  ftr 
Mat  ,  Astr.  ocb  Fys.  16  (1921),  Nr.  28. 


H.    Encykl.Math.  Wise.  II  3  (1923). 


&2.  Die  Funktionen  fi(n),  l(n)  und  <p(n).  81  B 

sowie  fttr  jedes  x  ^>  1 


Auf  diesen  Eigenschaften  von  jt(n)  beruben  die  sog.  zahlentheoretischen 
Umkehrungsformeln.  Es  laBt  sich  z.  B.  die  Gleichung  (67),  Nr.  28, 
leicht  aus  ihnen  ableiteu. 

Die  Funktion  Ji(ri)  ist  durch 


definiert;  es  folgt  hieraus 


und  mit  Hilfe  dieser  Ideutitat  lassen  sicb  alle  obigen  Ergebnisse  fur 
A(n)  veraUgemeinern.266)  Insbesondere  zeigt  es  sicb,  daft  es  unter  den 
N  erstea  ganzen  Zanlen  asymptotisch  ebenso  viele  gibt,  die  aus  einer 
geraden,  als  solcbe,  die  aus  einer  ungeraden  Anzabl  yon  Primfaktoren 
bestehen  *67) 

Fttr  die  Eulersche  Funktion  <p(n)  gilt  offenbar  immer  tp(n)  <^n  —  1  , 
und  sobald  n  eine  Primzabl  ist,  muB  hier  das  Gleichheitszeichen  be- 
nutzt  werden  Andererseits  beweist 


DaB  die  suuiinatoriscbe  Funktion  Q>(JC)  asymptotisch  gleich  ~^^'2   istt 
war   schon  Dirichlet***)  bekannt;   nacb  Mertens*™)  gilt  sogar 

0>U')  ==  -^x-  -f-  0(x  log.r)  , 
was  vollig  elemental*  bewiesen   werdeii   kanu.    Merkwurdigerwreise  ist 

XI 

es   bisber   nicbt   gelungen,  aus   der   Beziehung  ^>(  <p(n)n~*  —    \7~\  — 

i 
iu  it  analytischen  Mitteln  eine  bessere  Abscbatzung  des  Restgliedes  zu 

266)  E.  Landau,  Handbuch,  §  166—167,  169—172 

267)  E.  Landau  f  Handbuch,  p.  571. 

268)  E.  Landau,  t^ber  den  Verlaul  der  zahleiitheoretischen  Funktion  <p(tr), 
Arch.  Math.  Phys.  (3)  5  (1903),  p.  86—91. 

269)  JF*.  G.  Lqjeune-Dirichleti  l^ber  die  Bestimmung  der  inittleren  Werte  in 
der  Zahlentheorie,  Abhandl.  Akad.  Berlin  1849,  math.  Abhandl.  p.  69~>83  (Werke  2, 
p.  49-66). 

270)  F.    Mertens,    tfber    einige    aavniptotische    Geaetze    der    Zahlentheorie, 
Crelles  J.  77  (1874),  p.  289—888. 


Ill   47*  H.     Kucykl.  Mttth.  1 1*/**.   II   3  (I!*L'3). 
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erhalten.871)  —  Nach  Landau*13)  gilt 

.?!*!»)  log,. 

Landau*™)  beweist  mit  Hilfe  der  Theorie  der  Multiplikation 
Dirichlefecher  Reihen  (vgl.  Nr.  12)  die  Konvergenz  verschiedener 
hierhergehoriger  Reihen,  z.  B. 


wo  %(ri)  ein  beliebiger  Charakter  (bei  der  letztgenannten  Reihe  jedoch 
nicht  der  Hauptcharakter)  nach  einem  beliebigen  Modul  1st. 

33.  Zusammenhangssatze.  Die  im  vorhergehenden  erwahnten 
tieferen  Ergebnisse  der  analytischen  Zahlentheorie  waren  alle  mit  Hilfe 
der  Theorie  der  Zetafunktion,  bzw.  deren  Verallgemeinerungen,  er- 
reicht.  Fiir  die  systematische  Darstellung  der  Theorie  erscheint  es 
wichtig,  die  verschiedenen  Hauptresultate  in  bezug  auf  ihre  ,,Tiefe" 
zu  vergleichen  und  insbesondere  die  Moglichkeit  zu  untersuchen,  aus 
einem  von  ihnen  die  anderen  elementar  abzuleiten,  ohne  nochmals  die 
transzendenten  Method  en  zu  benutzen. 

Die  wich  tigs  ten  in  dieser  Richtung  durch  Landau*1*)  und  Axer2™) 
bekannten  Tatsachen  lassen  sich  dahin  zusammenfassen,  daB  die  vier 
Oleichungen 

(89)  *(a)  —2A(n)  =  x  +  o(x) , 

(90) 

i 
(91)  M(x)  - J'/.W  =  o(x), 

(92) 


271)  Da   <b(x)   unendlich   viele   Spriinge  von   dei  Gr5BeoordnuDg  x  macht, 
kann  das  Restglied  jedenfalle  nicht  yon  niedrigerer  GidBenordnung  ala  0(x]  eein. 

272)  E.  Landau,  a.  a.  0.253). 

278)  E.  Landau,  a.  a.  0.78)  und  Handbuch,  §  184—195. 

274)  E.  Landau,  a.  a.  0.  268)  nnd  21),  sowie  t)ber  die  Aquivalenz  zweier 
Haiiptsatze  der  analytischen  Zahlentheorie,  Sitzungsber.  Akad.  Wien  120,  Abt.  2  a 
(1911),  p.  973—988. 

276)  A.  Axer,  Beitrag  zur  Kenntnia  der  zahlentheoretischen  Funktionen 
und  l(n),  Prace  Mat.  Fiz.  21   (1910),  p.  66—95 


H.    EncykLMath.  Wi**.  II  3   (1923). 
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alle  in  dem  Sinne  aquivalent  sind,  daB  aus  irgendeiner  yon  ihneu  die 
drei  fibrigen  elementar  folgen.  [Nach  den  Ergebnissen  von  Nr.  23 
konnen  natUrlich  auch  die  (89)  entsprechenden  Formeln  mit  H(x)9  n(x) 
und  &(x)  hinzugesetzt  werden.]  In  (90)  und  (92)  ist  nur  die  Kon- 
vergenz  der  betreffenden  Reihe  wesentlieh,  ist  diese  eimnal  festgestellt, 
so  folgt  die  Wertbestimmung  aus  einfachen  Stetigkeitsbetracbtungen. 
—  Etwas  tiefer  liegt  der  Satz 


i 
der  mit  einer  scharferen  Form  von  (92),  namlich  mit 

VPfr)  _„/    *   \ 
^    n          °  \logx)  > 
i 

aquivalent  ist.276)  —  Der  tJbergang  (durch  partieile  Summation)  von 
(90)  zu  (89),  bzw.  von  (92)  zu  (91),  ist  trivial;  die  anderen  Cbergange 
folgen  aus  gewissen  allgemeinen  Grenzwertsatzen.  Landau971)  gibt 
einen  Satz,  aus  dem  alle  jene  tfbergange  durch  Spezialisierung  folgen. 
Hardy  und  Littlewood*™)  zeigen,  daB  die  Ubergange  auch  mit  Hilfe 
von  vTaubcracken"  S'atzen  (vgl.  Nr.  5)  iiber  die  ,,Lawforfechen  Reihen'1 


en*—  1 
i 

ausgefiihrt  werden  ko'nnen. 

34-.  TeUerprobleme.  Die  Funktionen  d(ri)  und  0(n),  die  Anzahl 
und  die  Sumnie  der  Teiler  von  w,  sind  vielfach  untersucht  worden. 
t^ber  die  Grofienordnung  dieser  Funktionen  ist  zunachst  trivial,  daB 
immer  d(n)  ^  2  ,  *  (n)  ^  n  +  1 

ist,  sowie  dafl  in  beiden  Beziehungen  unendlich  oft  (namlich  fttr  alle 
Primzahlen)  das  Gleichheitszeichen  gilt.  Andererseits  beweisen  Wi- 
und  Gronwall™) 


270)  A.  Axer,  t^ber  einige  (Jrenzwertsiltze,    Sitzungsber.  Akad.  Wieu  120, 
Abfc.  2  a  (1911),  p.  1253—1298. 

277)  E.  Landau,   Ober  einige  neuere  Grenzwertsatze,   Palermo  Bend.   34 
;i912),  p.  121—131. 

278)  G.  H.  Hardy  und  J.  E.  Littlewood,  On  a  Tauberian  theorem  for  Lam- 
bert's series  and  some  fundamental  theorems  in  the  analytic  theory  of  numbers, 
Proc.  London  math.  Soc.  (2)  19  (1919),  p.  21—29. 

279)  S.  Wigert,  a)  Sur  1'ordre  de  grandeur  du  nombre  des  diviseurs  d'un 
entier,   Arkiv  for  AJatM  Astr    och  Fys.  3  (1906—1907),   No.  18;   b)  Sur  quelques 
fonctions  arithm^tiques,  Acta  Math.  37  (1914),  p.  113—140. 

280)  H.  Gronwall,  Some  asymptotic  expressions  in  the  theory  of  numbers, 
Traua.  Amer.  math.  Soc.  14  (1913),  p.  113—122. 


H.     Kncykl.  Math.  ir/.v,v.   II  3  (1923). 
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,.  logd(n)  -  loglogn        ,       0 

hmsup    *    V  —  5—5_  _  log  2, 

«->/  logn  *     ' 

v  ff(n)  r 

hmsup    .   V  —  mm  ec  . 
nW  nloglogn 

Gronwall  gibt  auch  entsprechende  Beziehungen  fflr  0a(n\  die  Sum  me 
der  a**n  Potenzen  der  Teiler  von  n.  Ramanujan  881)  beweist  viele  ins 
einzelne  gehende  Satze  iiber  den  Verlauf  der  Funktion  d(n}.  Er  zeigt 
insbesondere,  dafi  d(ri),  wenn  die  Riemannsche  Vermutung  richtig  1st, 
die  ,,tnaiimale  Grofienordnung" 

2L  •  (log  n)  +  0  (log«  »)  f«  <   1  ) 

hat.  Er  nennt  eiue  Zabl  n  ,,bighly  composite",  wenn  d(ri)  >  d(v)  fiir 
v  =  1,  2,  ...  n  —  1  ist,  und  zeigt,  wie  man  mit  elementaren  Mitteln 
erstaunend  genaue  Resultate  iiber  die  Reibe  der  Exponenten  in  der 
Darstellung  einer  solchen  Zabl  als  Produkt  von  Primzahlpotenzen  ab- 
leiten  kann.  Er  findet  aucb  bemerkeuswerte  Beziehungen  zwischen 
der  Funktion  ffa(n)  und  gewissen  trigonometriscben  Summen;  ein  spe- 
zieller  Fall  hiervon  lautet 


wo  cy(w)  =  %^cos-^^  ist,  und  ft  die  y(v)  zu  v  teilerfremden  gan- 


zen  positiven  Zahlen  <[  v  durehlauft. 

Die  summatoriscbe  Funktion  D(x)  gibt  oflTenbar  die  Anzahl  der 
Gitterpunkie  (Punkte  mit  ganzzahligen  Koordinaten)  an,  die  in  der 
(w,  v)-Ebene  dem  Gebiet 

(93)  M>0,     v>0,     uv<*x 

angehoren;  hieraus  folgt  leicht 


woraus  die  von  DiricMet**9)  gegebene  Form  el 

D(x)  —  #  (logo;  +  2C  —  1)  +  0(j/a;) 


281)  >S'.  Ramanujan,  Highly  composite  numbers,  Proc.  London  math.  Soc.  (2) 
14  (1915),  p.  347—409;  On  certain  trigonometrical  sums  and  their  applications 
in  the  theory  of  numbers,  Trans.  Cambr.  Phil.  Soc.  22  (1918),  p.  259—276.  Ygl. 
auch:  On  certain  arithmetical  functions,  Trans.  Cambr.  Phil.  Soc.  22  (1916), 
p.  159—184,  wo  gewisse,  die  Funktion  <r«(ra)  enthaltende  Summen  untersucht 
werden. 


H.     Enct/kl.  Mfith.  Wi#n.   II   3   (HI23). 
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gefolgert  werden  kann.  Dieses  Resultat  wurde  erst  von 
verscharft;  er  zieht  in  zweckmaBig  gewahlten  Punkten  der  Hyperbel 
uv  «•  x  die  Tangenten,  zerlegt  dadurch  das  Gebiet  (93)  in  mehrere 
Teilgebiete,  schatzt  die  Anzahl  der  Gitterpunkte  in  jedem  Teilgebiet 
ab  und  erhalt 

(94)  D(x)  —  x  (log  x  +  2C  —  1)  +  Q(X*  log  a;). 

Neuerdiugs  ist  es  van  der  Corput***)  gelungen,  die  Abschatzung  des 
Restgliedes  sogar  zu  0(x*)  zu  verbessern,  wo  M  <  ^  ist. 

Schon  vor  Voronoi  hatte  Pfeiffer**9)  einen  vermeintlichen  Beweis 

von  (94)  —  mit  0\x*  ')  anstatt  0(ar  log.r)  —  veroffentlicht;  seine 
Methode  war  freilich  nicht  einwandfrei,  wurde  aber  von  Landau194") 
umgearbeitet  und  u.  a.  zum  Beweis  von  (94)  benutzt.  Diese  »Pfeiffer- 
sche  Methode",  auf  die  wir  in  Nr.  36  zuriickkommen,  beruht  auf 
,,reell-analytischer"  Grundlage.  Andererseits  ist886)  (vgl.  Nr.  4  und  22) 

S-f  too 

(95)  SOO-y' 

2  -i 

dieser  fiir  die  Primzahltheorie  grundlegende  ;,komplex-analytische"  An- 
satz  schien  lange  auf  das  Teilerproblem  nicht  anwendbar  zu  sein,  es 
gelang  jedoch  Landau***)  ihn  zum  Beweis  von  (94)  zu  benutzen.  In 
(95)  tritt  die  Zetafunktion  nicht  im  Nenner  auf;  die  Schwierigkeiten 
rtihren  daher  nicht  wie  bei  den  Primzahlproblemen  von  den  kom- 
plexen  £-Nuilstellen  her,  sie  sind  hier  von  ganz  anderer  Natur  und 
sind  hauptsacblich  mit  dem  Aufsuchen  einer  oberen  Grenze  fiir  das 
Integral  -j  +  n 


-  «  -  7'« 

verbunden,  wobei  T  eine  Funktion  von  x  ist.     Landau***)  zeigt,  daB 

282)  O.  Voronoi,  Sur  un   probleme  du  calcul  dee  fonctions  asymptotiques, 
Crelles  J.  126  (1903),  p.  241  —  282. 

283)  E.  Pfeifl'er,  Ober  die  Periodizitat  in  der  Teilbarkeit  der  Zahlen  und 
iiber  die  Verteilung  der  Klassen  poeitiver  quadratiaoher  Formen  suf  ihre  Deter- 
rainanten,   Jahresber.   d.   Pfeifferschen   Lehr-    und   Erzieh.-Anstalt.     Jena    1886, 
p.  1-21. 

284)  E.  Landau,   Die  Bedeutung  der  Pfeifferschen  Methode  fiir  die  analy- 
tiache  Zahlentheorie,  Sitzungsb.  Akad.  Wien  121,  Abt.  2  a  (1912),  p.  2195—2332. 

285)  Fiir  ganzzahlige  x  mufi  wie   oben  der  Hauptwert   des  Integrals  ge- 
nommen  werden. 

286)  E.  Landau,  a)  a.  a.  0.  224);  b)  Ober  die  Anzahl  der  Gitterpunkte  in 
gewissen  Bereichen,   zweite  Abhandl.,  Gfltt.  Nachr.  1915,  p.  209—243;   c)  Cber 
Dirichlets  Teilerproblem,  Sitxungsb.  Akad.  Miinchen  1915,  p.  817—328. 


H.    Kncykl.  Mnth.  Wi#«.  II   3  (1023). 
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diese  Scbwierigkeit  bei  einer  ausgedehnten  Klasse  von  Problemeu 
ftberwunden  warden  kann,  wo  an  der  Stelle  von  (£(s))f  eine  Funktion 
steht,  die  eine  Funktionalgleichung  vom  Typus  der  Eiemannscheii 
besitzt  und  gewissen  anderen  Bedingungen  geniigt.  Mit  dieser  Me- 
thode  wurde  z.  B.  der  in  Nr.  29  erwahnte  Satz  fiber  die  Multiplika- 
tion  zweier  L-Reihen  bewiesen,  der  tibrigens  (94)  —  mit  der  Fehler- 

abschatzung  0\x*     )  —  als  Spezialfall  enthalt,  da  die  Konvergenz 


von 


(96) 


fur  6  >  %  daraus  folgt.*87) 

Das  Problem,  die  untere  Grenze  y   derjenigen   a  zu  bestimmen, 
far  welche 


gilt  (y  ist  also  die  Eonvergenzabszisse  von  (96)),  wird  als  ,,Dirichlet8 
Teilerproblem"  bezeichnet.  Nach  dem  Obigen  ist  jed  en  falls  y  <  ~- 
Eine  nicht  triviale  untere  Abschatzung  von  *y  hat  Hardy1")  gegeben, 
er  beweist  namlich  y  ^  \.  Er  untersucht  die  Funktion 

oe  84-Joo 

f(s)  = 


die  in  alien  Punkten  s  =  +  4niYq  (q  ===  1,  2,  .  .  .)  algebraische  Un- 
endlichkeitsstellen  von  der  Ordnung  .}  aufweisfc,  wahrend 


fiir  5  =  0  regular  ist.  Hieraus  folgt  nach  Hardy  y  ^  {  und  sogar 
der  scharfere  Satz,  daB  bei  zweckmaBiger  Wahl  einer  positiven  Kon- 
stanten  K  die  Ungleichungen 


(97) 

(z)  <  —  Kx* 

beide  beliebig  groBe  Losungen  besitzen.  Hardy  deutet  auch  an,  wie 
man  durch  die  Anwendung  der  von  Littlewood  (vgl.  Nr.  27  und  28) 
fiir  die  entsprechenden  Probleme  der  Primzahltheorie  geschaffenen 

287)  Landau   gibt  auch.  einen   Beweis  yon  (94)   mit  einer   arithmetischen 
Methode,  deren  Grundgedanke  von  Pilte  herruhrt:  Dber  Dirichlets  Teilerproblem, 
Gott.  Nachr.  1920,  p.  13—32.    Er  hat  auch  (94)  fur  den  Fall  verallgemeinert, 
daB   nur   solche  Teller,   die   einer  gegebenen   arithmetischen   Reihe   angehOren, 
mitgezahlt  werden;  vgl.  a.  a.  O.  224)  und  284). 

288)  G.  H.  Hardy,  On  Dirichlets  Divisor  Problem,  Proc.  London  math.  Soc 
(2)  15  (1918),  p.  1—26. 


H.    Encykl.  Math.  Wias.  II  3  (1023). 


84.  Teilerprobleme.  819 

Methode  in  (97)  sogar  or  durch  (x  log  xy  log  log  x  ersetzen  kanu. 
Landau169)  beweist  mit  der  vorhin  erwahnten  komplex-analytischen 
Methode  einen  allgemeinen  Satz,  der  insbesondere  y  ^>  %  ergibt. 

Uber  y  ist  also  bis  jetzt  nur  ^  <^  y  <  ^  bekannt.  Im  Mittel 
ist  aber  |A(#)|  von  der  Ordnung  ar;  Cramer*9*)  beweist  namlich  (in 
Verscharfung  frttherer  Resultate  von  Hardy*91)) 


(98) 

und  folgert  hieraus 
(99) 

SchlieBlich   kennt  man  auch   eine   explizite  Formd   far   die   Funktion 
I)  (#);  nach   Voronoi***)  gilt  namlicb298) 

(100)      5>(3?)  =  x  (logo;  +  2C  —  1)  +  | 


289)  J5.  Landau,   a)    Cber   die  Anzahl   der   Gitterpunkte   in   gewiaaen   Be- 
reichen,  dritte  Abhandl.,  G6tt.  Nachr.  1917,  p.  96—101;    vgl.  auch:   b)  tJber  die 
Heckesche  Funktional^leichung,  ebenda  1917,  p.  102 — 111. 

290)  H.  Cramer,  ttber  zwei  Satze  des  Herrn  G.  H.  Hardy,  Math.  ZUchr.  16 
(1922),  p.  201—210. 

291)  G.  H.  Hardy ,   The   average   order   of  the   arithmetical  functions  P(a?) 
and  A(x),  Proc.  London  math.  Soc.  (9)  15  (1916),  p.  192—213;   Additional  note 
on   two   problems   in    the    analytic   theory   of  numbers,    ebenda   (2)    18   (1918), 
p.  201—204. 

292)  G.  Voronoi,   Sur  une   fonction   transcendante   et   see  applications  a  la 
domination    de    quelques    series,    Ann.     £c.    Norm.    (8)    21    (1904),    p.   207 — 268, 
459  —  634. 

293)  Tn  der  folgenden  Nummer  machen  wir  fiber  Formeln  dieser  Art  einige 
allgemeine  Bemerkungen.     Eine  Formel,  die  im  wesentlichen  mit  (101)  nberein- 
stimmt,   wurde  schon  1891  —  mit  ungeniigendem.  Beweis  —  von  L.  Lorenz  ge- 
geben:  Analytiske  Understfgelser  over  Primtalmcengderne,  Kgl.  Danske  Vidensk. 
Selsk.  Skrifter,   naturv.  og  math.  Afd.  (6)  6  (1889—1891),   p.  427—450.     Er  ent- 
wickclt   diese  und   sogar   die   entsprechenden  Formeln  fur  das  JPtffcsche  Teiler- 
problom  (s.  u.)   nach  einer  Methode,   die  im  Grunde  mit  der  —  unstreng  ange- 
wandten  —  P/5?t/ferschen  Methode  identisch  ist.    Spiiter  wurde  (100)  von  Hardy 
a.   a.   O.    288)    unabhangig    wiedergefunden.     Einen    Beweis    von    (100)   mit   der 
P/et/7erschen  Methode  gab   W.  Rogosinski,  Neue   Auwendung   der   Pfeifferechen 
Methode  bei  Dirichlets  Teilerproblem,  Diss.  GOttingen  1922.  Vgl.  auch  E.  Landau, 
tfber  Dirichlets   Teilerproblem,   zweite   Mtlg.,    GOtt.  Nachr.  1922,  p.  8—16  und 
A.  Walfisz,  a.  a.  O.  297). 


H.    KHci/kl.  Moth.  Wi«*.  II   3  (M>23). 


820    H  C  8.  Bohr-Cramer.  Die  neuere  Entwicklung  der  analytiechen  Zshlentheorie. 

wo  Yi(v)  die  gewohnliche  ,,zweite  Losung"  der  Bessehchen  Differen- 
tialgleichuDg  bezeichnet  und 


eine  Hankdsche  Zjlinderfunktion  1st.     Nach  der  bekannten  asympto- 
tischen  Entwicklung  von  Y1  hat  man 

(101)      D(x)  —  x  (log  a;  +  2(7—1) 


wo  das  Glied  0(aT4)  eine  fur  x^>  1  stetige  Funktion  ist.  Die  Sprtinge 
der  Funktion  D(x)  riihren  also  von  der  in  (101)  auftretenden  unend- 
lichen  Reihe  her,  die  das  ,,kritische  Glied"  yon  D(x)  darstellt.  Voro- 

X 

no*2M)  gibt  auch  analoge  Formeln  far  J§W(n)  (x  —  n)k,  k  —  1,  2,  .  .  .  ,894) 
*)   untersucht  die   summatorischen  Funktionen  S(x)  und 


v        •  - 
^  -^—  -  ;  er  beweist 


1 

wo  ftir  v  =  1,  2 

v  I  £»(*)!  ^  J 

lim  sup  '    yV  ;|  <  -r- 

x->oaF       J°g^      —    * 

aber  jedenfalls  n/cA/ 

S9(x)  =o  (log  log  rr) 

294)  &  Wigert,  Sur  la  s^rie  de  Lambert  et  son  application  &  la  thtSorie 
des  nombres,  Acta  Math.  41.  (1917),  p.  197—218,  und  J5.  Landau,  Gftfct  gel. 
Anz.  1916,  p.  877  —  414,  gaben  einfachere  Beweise  fiir  einen  Teil  der  Voronm- 
schen  Reaaltate.  Wigert  benutzt  hierfiix  eine  von  ihm  gefundene  asymptotische 


Funktionalgleichung  ffir  die  Lamberttche  Reihe  nt      ^  *-         d(n)e~n<,  ffir 


j  i 

welche  Landau  einen  vereinfachten  Beweis  gibt:  &ber  die  Wigertache  asym- 
ptotiache  Funktion  algleicbnng  fdr  die  Lamberteche  Reihe,  Arch.  Math.  Phys.  (8) 
27  UW8),  p.  144—146.  Vgl.  anch  8.  Wigert,  Sur  nne  Equation  fonctionnelle  et 
see  consequences  arithm^tiqueg,  Arki?  f5r  Mat.,  Aitr.  och  Fys.  18  (1918),  Nr.  16. 
296)  8.  Wigert,  a.  a.  0.  279  b). 


H.     Encykl.  Math.  Wi**.  II  3  (J023). 


84.  Teilerprobleme.  821 

gilt.     Fur  die  Funktion 


gibt  er  erstens  entsprechende  asymptotieche  Formeln,  die  zum  Teil 
von  Landau996)  verseharft  wurden,  und  zweitens  explizite  Formeln, 
welche  unendliche  Reihen  mit  Besselsvhen  Funktionen  enthalten.  Wal- 
fis**91)  zeigt,  dafi  eine  solche  Formel  auch  fttr  den  Fall  k  «~  0  auf- 
gestellt  werden  kann,  und  gibt  fttr  S(x)  die  entsprechende  Entwick- 


cos 


wobei   jedoch    die  unendlichen   Reihen   mit   Ciesdroschen   Mitteln   von 
der   ersten    Ordnung   summiert   werden    rnQssen,   da   ihre  Konvergenz 
bisher  nicht  bewiesen  werden  konnte. 
Ramanujan*99)  findet  die  Beziehung 


und  schliefit  daraus        ^t  (c?  (n))8  ~  —jX  log8  a;. 
i 

Pi/te*°°)   verallgemeinert  das  DirichletBche  Teilerproblem,  indem 
er  fur  A  —  2,  3,  .  .  .  die  Funktion 


296)  J£.  Landau,  GOtt.  gel.  Anz.  1916,  p.  877—414. 

297)  A.  Walfisz,   Cber  die   summatorischen  Ftmktioncri    einiger  Dirichlet^ 
echer  Reihen,   Dise    Gdttingen  1922 

298)  Die  zweite  Zeile  der  Formel  ergibt  sich  durch  Xusainmenetellung  der 
Ergeboiese  von   Walfise  mit  denjenigen  von   Wigert  a.  a.  0.  279  b)  und  Landau, 
a.  a.  0.  296). 

299)  S.  Ramanujan,   Some   formulae   in  the   analytic   theory   of  numbers, 
Mess,  of  Math.  46  (1916),  p.  81-84.    Vgl.  auch  B.  M.  Wilson,  Proofs  of  eome 
formulae    enunciated   by   Ramanujan,    Proc.  London  math    Soc.   (21   21    U922), 
p.  286—256. 

800)  A.  Piltz,  ttber  das  Gesetc,  nach  welch  em  die  mittlere  Darstellbarkeit 
der  natflrlichen  Zahlen  als  Produkte  einer  gegebenen  Anzahl  Faktoren  mit  der 
Gr5fie  der  Zahlen  wftchst,  Dis§.  Berlin  1881.  Vgl.  auch  E.  Landau,  ttber  eine 
idealtheoretische  Funktion,  Trans.  Amer.  math.  Soc.  18  (1918%  p.  1—81. 


H.    EncyM.  Math.  TTw.  II  3  (1923). 


820    II  C  8.  Bohr-  Craw  Jr.  Die  neuere  Entwicklung  dez  analytischen  Zahlentheorie. 

wo  Yt(v)  die  gewohnliche  ,,zweite  LSsung"  der  Bessehchen  Differen- 
tialgleichuug  bezeichnet  und 


eine  Hankchche  Zylinderfunktion  1st.     Nach  der  bekannten  asympto- 
tischen  Entwicklung  von   Yl  hat  man 

(101)      D(x)  =  x  (logx  +  2(7—1) 


wo  das  Glied  0\x  */  eine  fiir  x^.  1  stetige  Funktion  ist.  Die  Spriinge 
der  Funktion  D(x)  rUhren  also  von  der  in  (101)  auftretenden  unend- 
lichen  Reibe  her,  die  das  ,,kritische  Glied"  von  D(x)  darstellt.  Voro- 

X 

no*W2)  gibt  auch  analoge  Formeln  far  ^d(n)  (x  —  ri)k,  k  =  1,  2,  .  .  ..m) 

i 

Wigert*9*)   untersucht  die  summatorischen  Funktionen  8  (x)  und 

X 

^S^e(n)  ,         .  . 

>^  __i_  :  -  er  beweist 

-sr(*)-^V  +  *«,(*), 

x 

^Tl  tf(n)         it*  1  ,  i     ^  /   \ 

2,  -5T  =  T^  —  T10^  +  ^(*). 

1 

wo  fttr  v  —  1,  2 

v  I  <*»(*)  I  ^-  l 

liraeup  '    yv  ;|  <  — 

x-^oo^     ^g  a    ==  4 

aber  jedenfails  nicht 

&*(*)  —  o(loglogx) 


294)  8.  Wigeri,  Sur  la  s^rie  de  Lambert  et  son  application  a  la  thttarie 
des  nombres,  Acta  Math.  41.  (1917),  p.  197—218,  and  E.  Landau,  GOfct  gel. 
Anz.  1915,  p.  377  —  414,  gaben  einfachere  Beweiee  fiir  einen  Teil  der  Voronm- 
schen  Resultate.  Wigert  benutzt  hierftlx  eine  von  ihm  gefandene  asymptotische 

OP  00 

Funktionalgleichung  ffir  die  LambcrtBchc  Reihe    ^  -j^  -  -  «.  ^  d(n)€~n*,  far 

jfmmt    G       —  1  ^MHT 

1  1 

welche  Landau  einen  vereinfachten  Beweii  gibt:  Ober  die  Wigertsche  asym- 
ptotische  Funktion  algleichnng  fiir  die  Lambertsche  Reihe,  Arch.  Math.  Phys.  (3) 
27  ^1918),  p.  144  —  146.  Vgl.  auch  8.  Wigert,  Sur  une  Equation  fonctionnelle  et 
sea  consequences  arithm^tiques,  Arkiv  f5r  Mat.,  Astr.  och  Fys.  13  (1918),  Nr.  16. 
296)  8.  Wigert,  a.  a.  0.  279  b). 


H.     Encifkl.  Math.  Wi**.  II   3   (1923). 


84.  Teller-problem e.  821 

gilt.     Fflr  die  Funktion 


gibt  er  eretene  entsprechende  asymptotische  Formeln,  die  zum  Teil 
von  Landau99*)  verscharft  wurden,  und  zweitens  explizite  Formeln, 
welche  unendliche  Reihen  mit  ItesseZschen  Funktionen  enthalten.  TFoZ- 
jis**97)  zeigt,  daB  eine  solche  Formel  auch  fQr  den  FaE  k  —  0  auf- 
geatellt  werden  kann,  und  gibt  fttr  S(x)  die  entsprechende  Entwick- 


wobei   jedoch    die  unendlichen  Reihen   mit   Cesdro&chen    Mitteln   von 
der   ersten    Ordnung  summiert  werden   mfissen,   da   ihre  Konvergenz 
bisher  nicht  bewiesen  werden  konnte. 
Ramanujan*99)  findet  die  Beziehung 


und  schliefit  daraus       ^  (e?(n))2  ~   ^ 
i 


verallgemeinert  das  Diric/iletQche  Teilerproblem,   indem 
er  fdr  ft  —  2,  3,  .  .  .  die  Funktion 


296)  1£.  Landau,  G6tt.  gel.  Anz.  1916,  p.  877—414 

297)  -4.  Walfisz,   Ober  die   summatorischen  Fanktioneri    einiger  Dirichlet1- 
scher  Reihen,  Diss    Gdttingen  1922 

298)  Die  zweite  Zeile  der  Forinel  ergibt  sich  durch  Zusainmenstellung  der 
ErgebDiBse  von   Walfise  mit  denjenigen  von   Wigert  a.  a.  0.  279  b)  und  Landau, 
a.  a.  O.  296). 

299)  S.  Ramanujan,   Some   formulae   in   the   analytic   theory   of  numbers, 
Mess,  of  Math.  46  (1916),   p.  81-84.    Vgl.  auch  B.  M.  Wilson,  Proofs  of  some 
formulae    enunciated   by   Ramanujan,    Proc.  London   math    Soc.   ($\   21    U922), 
p.  286—266. 

300)  A.  Ptitz,  Cber  das  Gesetz,  nach  welchem  die  mittlere  Darstellbarkeit 
der  nattirlichen  Zahlen  als  Produkte  einer  gegebenen  Anzah)  Faktoren  mit  der 
Grflfle  der  Zahlen  wachst,  Diss.  Berlin  1881.     Vgl.  auch  E.  Landau,  fiber  eine 
idealtheoretische  Funktion,  Trans.  Amer.  math.  Soc.  18  (1912),  p.  1—21. 


H.     Encykl.  Math.  Wise.   II   3   (1023). 


822    II  C  8.  Bohr-Cramer.  Die  neuere  Entwicklung  der  analy  tischen  Zahlentheorie. 
betrachtet,  wobei 


gilt  and  dk(n)  also  die  Anzahl  der  ZerleguDgen  von  n  in  k  Faktoren 
bezeichnet;  insbesondere  ist  d2(«)  =  d(n).  Er  zeigte,  dafi  —  analog 
wie  bei  k  ***  2  —  die  Hauptglieder  von  Dk(x)  von  dem  Pol  s  =  1 

der  Funktion  —  (£(s))*  herrtthren.     Wird  das  dortige  Residuun:  durch 


bezeichnet,  wobei  also  pk_l  ein  Polynom  (k  —  l)ten  Grades 
ist,  und  wird 


gesetzt,  so  weiB  man  nach  Hardy  und  Littlewood***},  daB 

(*-2        \ 
*~*~       / 

far  jedes  €  >  0  und  alle  k  ^  4  ist.     Fttr  k  =  3  wurde  das  scbarfste 
Resultat  von  Landau***)  gegeben,  indem  er 


fttr    alle    k^2   beweist.302)   —  Hardy™*)   bat   die   durch   (97)  ausge- 
drttckte  Eigenschaft  von  A8(o:)  fur  beliebige  k  verallgemeinert,  wobei 

der  Exponent  —  durch       ,      zu  ersetzen  ist.    Die  expliziten  Formeln 

(100)  und  (101)  wurden  von  Walfisz™)  und  Cramer™*)  verallgemeinert; 
das  ,,kritische  Glied"  von  (101)  wird  durch 

»rl     - 

/07     k/  -    .    k  —  3 

cos 


ersetzt,  wo  von  der  unendlichen  Reihe  nur  bekannt  ist;  daB  sie  durch 
Cesdrosche  Mittel  von  der  Ordnung  | — 5 — 1  summierbar  ist.    Der  Fall 

k  —  2    ist   somit   der   einzige,    wo    die  Konvergenz    der   auftretenden 
Reihen  festgestellt  ist. 

801)  G.  H.  Hardy  und  J.  E.  Littlewood,  a.  a.  O.  129) 

302)  Landau,  a.  a.  O.  224),  bemerkt,  daB  ana  der  Riemannachen  Vernratuug 

X 

A4(«)  —  O (x** *)  fiir  jedes  «  >  0  folgen  wiirde.    Die  Behauptung  ^  I  \&k(t)\dt 

i 

—  O\a;T"Hf)  f^r  Jt  —  2,  8,  . .  .  1st  naoh  Hardy  und  Litilewood,  a.  a.  0.  301),  der 
,,Ltmteto/schen  Vermutung"  f(^  +  *0  —  ^(<-)  Equivalent 

808)  H.  Cramer,  Uber  das  Teilerproblem  *on  Piltzt  Arkiv  f5r  Mat.,  Astr. 
och  Fys.  16  (1922),  No.  21. 


H.    Encykl.  Math.  Wiw.   II  3   (1923). 


85.  ElHpsoidprobleme.  823 

35.  Ellipsoidprobleme.     Wenn  r(ri)  ftir  n  ^>  0   die  Anzahl  der 
additiven  Zerlegungen    yon    n    in    zwei   Quadrate    bedeutet,    gibt  die 

X 

summatorisehe  Funktion  JR(#)  —  ^r(n)  die  Anzahl  der  Gitterpunkte 

(u,  v)   an,   die   der  Kreisflache  w2  -f-  v*  ^  x  angehoren.     Gaufi™*)  be- 
wies  durch  eine  einfache  geometrische  Uberlegung 


der  Flacheninhalt  des  Kreises  stellt  somit  einen  Annaherungswert  fiir 
R(x)  dar.  Die  folgenden  Hauptsatze  iiber  R(x)  entsprechen  genau 
denjenigen  iiber  D(x)  und  werden  auch  durch  analoge  Methoden  be- 
wiesen  : 

1.  Nach  Sierpimki™*)  ,  der  die  Forowc/ieche  28SS)  Methode  benutzte, 
gilt 

(102)  ll(x)  —  xx  +  O(x*)-, 

diese  Abschatzung  wurde  neuerdings  von  van  der  Corput™)  zu  0(xM) 
mit  M  <  \  verscharft 

2.  Nach  Hardy™1)   und  LawdttH308)   kann   das  Restglied  fur  kein 
h  <  i  von  der  Form   Of^)  sein. 

3.  7w  Mittd  1st   das  Kestglied   von   d^r   Grofienordnung  x*\  ftir 
die  Funktion  R(x)  —  nx    gelten   namlich  Formeln,   die   zu   (98)   und 
(99)  analog  sind. 

4.  Die    explizite    Formal    fiir    E(x)  =  %(R(x  +  0)  +  E(x  —  0)) 


304)  C.  F    Gauss,    De   n(3xu    inter  multitudinem   classium   etc.,    Werke   2 
(1863),  p.  201)— 291. 

305)  W  Sierpinski ,   O  pewneuu   zagaduieiiiu    z  rachunku  fankcyj  asympto- 
tycznych,  Prace  Mat.-Fiz    17  (1006),  p.  77—118.     Vgl.  auch  K.  Landau,  a.  a.  0. 
224),  286 b),  284),  t)ber  die  Zerleguug  dev  Zahlen  in  r/wei  Quadrate,   Ann.  Mat. 
pura   ed   appl.  (8)   %20   (,1913),    p.  1 — 28;    Cber   emeu   Satz  des  Herrn  Sierpinski, 
Giorn    di  Mat.  di  Battaglini  51  (1913),  p.  73—81;  t)ber  die  Gitterpunkte  in  einem. 
Kieise,   erste  Mtlg  ,    Gott.  Nachr.  1915,    p   148—160;    Dber  die  Gitterpunkte  in 
einem  Kreise,  Math.  Ztschr.  6  (1919),  p.  319— 320;  6'.  Wigert,  &ber  das  Problem 
der  Gitterpunkte  in  eiuem  Kreise,  Math.  Ztschr.  5  (1919),  p.  310 — 318. 

306)  J.  G    van  der  Corput,  a)  Verschariuug  der  Abschatzung  beim  Teiler- 
problem,  Math.  Ann.  87  (1922),  p.  39 — 65;  b)  Sur  quelques  approximations  nou- 
velles,   Paris  C.   It    176  (1922),  p.  856—859. 

307)  G.  H  Hardy ,    On   the   expression    ol    a   number   as   the   sum   of  two 
squares,  Quart.  J.  46  (1915),  p.  263-283. 

SOS)  K  Landau,  tlber  die  Gitterpunkte  in  einem  Kreise,  zweite  Mtlg.,  Go*tt. 
Nachr.  1915,  p.  161—171;  Neue  Untersuchimgen  iiber  die  PfeiffcrBche  Methode 
zur  Abschatzung  Ton  Gitterpunktanzahlen,  Sitzungsb.  Akad.  Wien  124,  Abt.  2a 
(1915),  p.  469—505. 


H.    EncykLMath.  Witts.  11   3  (11)23). 


824    II C  8.  Bohr-Cramer.  Die  neuere  Entwioklung  der  analjtischen  Zahlentheorie. 
lautet80*)  nach  Hardy™) 


(103)  ^ 

=  nx  -f-  ~ 

Fdr  n  ^  1  ist  bekanntlich  r(n)  —  4(dj(n)  —  e?8(n)),  (vgl.  I C  2,  c), 
wo  d,(n)  die  Anzahl  der  Divisoren  von  n  von  der  Form  41'  +  v  be- 
deutet810);  hieraus  folgt  far  6  >  1 


wenn   %(n)    der   Nicbt-Hauptcharakter  modulo   4   ist.     Der  Satz    von 
Landau  (vgl.  Nr.  29)  ergibt  die  Konvergenz  von 


ftir  tf  >  -^;  nach  van  <fer  Corpw^806)  ist  diese  Reihe  sogar  tiber  6  =  \ 
hinaus  konvergent,  fur  6  <  \  ist  sie  aber  jedenfalls  divergent. 

Das  obige  ?,Problem  der  Gitterpunkte  in  einem  Kreise"  ist  als 
Spezialfall  in  dem  Problem  enthalten,  die  Anzabl  der  Gitterpunkte  in 
dem  fc-dimensionalen  (A;  ^  2)  Ellipsoid 

k 

F(ult  w,,  .  .  .  M4)  —  2a^ufiuY  £  x  (a^v  =  avll) 

fA,Vssl 

abzuschatzen,  wenn  F  eine  positiv-definite  quadrat  ische  Form  ist.  Diese 
Anzabl  ist  nacb  Landau*11)  gleich 


809)  Einen  Beweis  dieser  Formel  mit  der  Pfeiff'trscben  Methode  gab 
E.  Landau,  t^ber  die  Gitterpunkte  in  einem  Kreise,  dritte  Mtlg.,  G5tt.  Nachr. 
1920,  p.  109—134.  Vgl.  auch  G.  Voronm,  8ur  le  d^veloppement ,  a  1'aide  des 
fonctiona  cylindriquea,  des  sommea  doubles  ^?f(j)m*  -f-  2gwn  4-^^*)  ou  jpw1 
-j-  Vqmn  -\-  rn*  eat  une  forme  positive  a  coefficients  entiers,  Verb  and  1.  dea  dritten 
intern.  Math.-Kongr.  Heidelberg  1904,  p.  241—246. 

310)  Hieraus  folgt  inabesondere  r(n)<4d(n)  und  aomit  nacb  der  vorigen 
Nummer  eine  obere  Abachatzung  far  r(n). 

311)  E.  Landau,  a.  a.  O.  224),   286  b),    Zur  analytischen  Zahlentbeorie  der 
quodratiscben  Formen,  (aber  die  Gitterpunkte  in  einem  mebrdimenaionalen  Ellip- 
soid) Sitzungab.  Akad.  Berlin   1915,   p.  468—476;   ttber   eine  Aufgabe   aus   der 
Theorie  der  quadratischen  Formen,  Sitzungab.  Akad.  Wien,  124  Abt.  2 a  (1915), 
p.  446  —  468.     Vgl.   auch  J.  G.    van  der   Corput,    Over  definiete  kwadratiscbe 
vormen,    Nieuw  Arch,  voor  Wiak.  13  (1919),   p.  125—140.  —  Bei  dieaen  Unter- 
sucbungen   wird   toils   die  Pfeiffenche  Methode   benutzt,  teils   analytisohe  Me- 
thoden,   wobei   die  verallgemeinerten  Zetafunktionen   von   Epstein   (vgl.  Nr.  21) 
zur  Anwendung  gelangen. 
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T  1  /  *(*~*) 

* 


wo  A  die  Determinante 


bezeichnet.     Insbesondere  ergibt  sich   ftir  die  dreidimensionale  Kugel 
u* -}- v* -\- w*  <*  x  a^8  Anzahl  der  Gitterpunkte 


was  schon  von  Cauer91*)  gefunden  war.  Landau9")  verallgemeinert 
seine  Satze  nach  verschiedenen  Richtungen  und  gibt  auch818)  Verall- 
gemeinerungen  der  Eigenschaft  2,  von  R(x).  Die  Hardysche  Formel 
(103)  wird  voti  Walfisz*91)  fttr  ein  #-dimensionales  Ellipsoid  (mit 
ganzen  a^y)  verallgemeinert314);  fttr  k  >  2  kann  hierbei  nur  Summa- 
bilitat,  nicht  Konvergenz  der  auftretenden  Reihen  bewiesen  werden. 
Die  ,,expliziten  Formein",  die  in  dieser  und  der  vorhergehenden 
Nummer  erw'ahnt  sind,  besitzen  alle  Eigenschaften,  die  denjenigen  der 
Riemannschen  Primzahlformel  (vgl.  Nr.  28)  entsprechen.  Da  die  auf- 
tretenden Reihen  unstetige  Funktionen  darstellen,  konnen  sie  jeden- 
falls  nicht  fttr  alie  x  gleichmafiig  konvergieren  (bzw.  summierbar 
sein);  in  jedem  Inter  vail,  das  von  Unstetigkeitspunkten  frei  istr  sind 
sie  zwar  gleichmaBig  konvergent  (bzw.  summierbar),  in  keinem  Falle 
jedoch  unbedingt  konvergent.  In  einigen  Fallen  ist  es  gelungen,  der- 
artige  Forraeln  mit  der  ,,Pfeifferschen  Methode"  zu  beweisen815);  im 
allgemeinen  war  es  jedoch  not  wen  dig,  die  komplexe  Funktionen  theorie 
zu  benutzen.  Durch  formale  gliedweise  Integration316)  erhalt  man 
zunachst  Formeln,  die  unbedingt  konvergente  Reihen  enthalten  und 
deshalb  leicht  bewiesen  werden  konnen.  Es  gilt  z.  B.817) 

(104) 


ai2)  I).  Cauer,  Neue  Anwendungen  der  Pfeifferschen  Methode  cur  Ab.schat- 
/.ung  zahlentheoretiycher  Fuuktionen,  Dies.  GOttingen  1914. 

313)  E.  Landau,  a.  a.  0.  289)  und  308). 

314)  Hardy   hatte   schon  fruher  die  Formel  fur  eine  Ellipse  aufgestellt  (a 
a.  0.  307));  vgl.  auch  Gr.  Voronoi  a.  a.  0.  309). 

816)  Vgl.  293)  und  309). 

316)  Die  in  jedem  Falle  hinreichend  oft  auszufuhren  1st. 

317)  E,  Landau t  t)ber  die  Gitterpuukte  in  einem  Kreise,  Math.  ZtBchr.  5 
(1919),  p.  319-~820. 
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die  Zulassigkeit  der  gliedweisen  Differentiation,   die   auf  (103)  ftihrt, 
folgt   nun   aus   dem   Konvergenzsatz   von   M.  Riesz   (vgl.  Nr.  5),   der 


hier    auf  die  Dirichletsche  Reihe   ^t  -~e~*^n  anzuwenden  ist.     Die 

1         M 

zahlentheoretischen  Funktionen  erscheinen  hierbei  gewissermaBen  als 
Randwerte  von  analytischen  Funktionen.  Ste/fensen111)  entwickelt  eine 
ganz  verschiedene  Auffassungsweise;  wenn  eine  zahlentheoretische 
Funktion  f(n)  gegeben  ist,  interpoliert  er  namlich  die  Folge  /*(!), 
/'(2), . . .  durch  eine  ganze  Funktion  /"(#).  Es  sei  z.  B.  <p(s)  =  *Sf(ri}n~* 
fitr  6  ^  2  unbedingt  konvergent;  dann  definiert 

fttr  |  z  |  <  1  eine  gauze  Funktion  der  gewiinschten  Art.  Steffensen 
gibt  verschiedene  in  der  ganzen  Ebene  geltenden  Darstellungen  der 
Interpolationsfunktionen  und  wendet  sie  zur  asymptotischen  U  nter- 
suchung  der  zahlentheoretischen  Funktioiren  an  (vgl.  Nr.  26). 

Aus   (104)   ergibt  sich  leicht  ein  Beweis  von  (102),   indem  man 

x  +  h 

JM(f)dt  bildet  und  dabei  h  =  x*  nimmt.817)    Diese  Differenzenbildung 

X 

stellt  einen  sehr  allgemein  verwendbaren  Kunstgriff  dar. 

36.  Allgemeinere  Gitterpunktprobleme.  In  den  bciden  vorher- 
gehenden  Nurnmern  wurden  verschiedene  Spezialfalle  der  folgenden 
Aufgabe  behandelt:  Ein  Gebiet  G  in  der  (u,  t?)-Ebene  ist  gegeben; 
man  soil  die  Anzahl  der  in  G  oder  auf  der  Begrenzung  liegenden 
Gitterpunkte  bestimmen.  In  alien  jenen  Spezialfallen  konnte  eine 
Annaherung  an  die  gesuchte  Anzahl  sowie  eine  grobe  Abschatzung 
des  Fehlers  durch  triviale  Mittel  erhalten  werden,  und  diese  Abschat- 
zung konnte  durch  neuere  Methoden  verscharft  werden;  die  Aufgabe, 
die  beste  mogliche  Abschatzung  zu  finden,  war  aber  noch  nicht  ge- 
lost.  —  Es  gelingt  nun,  entsprechende  Resultate  auch  bei  viel  allge- 
meineren  Gebieten  zu  erhalten,  und  zwar  gibt  es  hierfiir  mehrere  ver- 
schiedeue  Methoden. 

Die  erste  Methode,  die  auf  solche  allgemeinere  Gebiete  angewandt 
wurde,  war  die  sog.  Pfeiffersche,  die  von  Landau  (vgl.  Nr.  34)  streng 
gemacht  wurde.  Wenn  kein  Gitterpunkt  auf  dem  Rande  von  G  liegt, 
und  wenn  aufierdem  gewisse  Voraussetzungen  iiber  die  Beschaffenheit 
des  Randes  gemacht  werden,  so  kann  die  gesuchte  Gitterpunktanzahl, 
wie  Landau  zeigt,  durch 
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ausgedriickt  werden,  wo 

m 

<pm(u)  =S^COB  2nitu 

—  in 

gesetzt  1st.  Lamfow818),  Cauersl9)  und  Hammerstein*™)  benutzten 
diesen  Ansatz,  um  bei  verschiedeueu  speziellen  Gebieten,  von  denen 
die  wichtigsten  in  den  vorhergeliendeii  Nummern  erwabnt  wurden, 
die  Oitterpunktanzabl  abzuscbatzeu.  Van  tier  Corput**1)  faBt  alle 
diese  Ergebnisse  in  einem  allgemeinen  Satz  zusammen,  bei  dern  Uber 
den  Rand  von  G  nur  sehr  allgemeine  Voraussetzungen  gemacbt  werden. 
Er  beweist  diesen  Saiz  auch  mit  der  geometrischen  Voronoischen 
Methode  (vgl.  Nr.  34).  Landau  und  van  der  Corput***)  geben  ver- 
schiedene  aiialoge  Satze  und  Vereinfachungen  der  Beweise,  wobei  u.  a. 
die  arithmetiscbe  ,,Pi7tesche  Metbode"287)  zum  Beweis  von  allgemeinen 
Gitterpunktsabscbatzungen  benutzt  wird. 

37.   Verteilung   von  Zahlen,    deren  Primfaktoren   vorgeschrie- 
benen  Bedingungen  geniigen.     Es  sei 
(105)  n  —  p^p^  .  .  .  p."* 

die  Darstellung  von  n  als  Produkt  von  Priinzablpotenzen.  Die  a 
sollen  stets  positiv  und  die  p  alle  verschieden  sein;  p^  soli  nicht  not- 
wendig  die  p*  Primzahl  bezeicbnen.  Es  liegt  nahe,  nach  der  Verteilung 
derjenigen  Zahlen  n  zu  fragen,  deren  Exponeuten  ccl  .  .  .  ccv  gegebenen 
Bedingungen  geniigen.  Soil  z.  B.  stets  i/  =====  1,  al  =  1  sein,  so  deckt 
sich  diese  Aufgabe  offenbar  mit  derjenigen,  die  Verteilung  der  Prim- 
zalilen  zu  untersucben.  Als  Verallgemeinerung  hiervon  kann  das 
Problem  aufgefaBt  werden,  die  Verteilung  der  h  Primfaktoren  ent- 
haltenden  Xablen  zu  bestimruen.  Dies  kann  wiederum  auf  drei  ver- 
schiedene  Weisen  aufgefaBt  werden,  die  zu  den  folgeiiden  Bedinguugen 
fQhren: 

318)  K  Landau,  a.  a.  0.  284),  293),  306),  308),  309). 

319)  1).  Cauer,    a.  a.  0.    312)   und    Ober   die   Pfeifferache    Methode,    Math. 
Abhandl.,  H.  A.  Schwarz  zu  seinem  fiinfzigjalir.  DoktorjubilSium  gewidmet,  Berlin 
1914,  p    432  —  447. 

320)  A.  Hammerstein,  a   a.  0.  200). 

821)  J.  G.  van  der  Oorjntt,  Over  rooaterpunteu.  in  het  platte  vlak  (De  be- 
teekenis  van  de  methoden  van  Voronoi  en  Pfeiffer),  Digs.  Leiden  1919;  Ober 
Gitterpunkte  in  der  Ebene,  Math  Ann.  81  (1920),  p.  1—20. 

322)  E.  Landau  und  /.  G.  can  der  Corput,  Uber  Gitterpunkte  in  ebenen 
Beroichen,  G6tt.  Nachr.  1920,  p.  136  —  171;  J  G.  van  der  Corput,  Zahlentheore- 
tische  Abschutssungen  nach  der  Piltzscheu  Methode,  Math.  Ztschr.  10  (1921), 
p.  106—120;  Zahlentheoretische  Abechatzungen,  Math.  Ann.  84  (1921),  p.  63-79. 
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1)  v  —  A,  «j  —  a,  —  •  •  •  —  cch  —  1, 

2)  *-/,, 

3)  «i  +  «2  H  ----  «„  —  A. 

Landau***)  zeigt,  daft  die  Anzahl  der  diesen  Bedingungen  genttgenden 
Zahlen  unterhalb  a:  in  jedem  der  drei  Falle  asymptotisch  gleich 

1          ac  (log  log  a?)*"1 
(ft  —  1)!  *  logx 

ist;  fiir  den  Fall  1.  war  dies  sclion  von  Gaufl***)  vermutet  worden. 
Ijandau  gibt  auch  genauere  Ausdriicke  fiir  jene  Anzahlen.  Van  der 
Corput**b)  untersucht  verschiedene  allgeineinere  Probleme  dieser  Art. 
LaBt  man  v  unbestimmt,  scbreibt  aber  ^  =  «8  =  •  •  •  =»  av  =  1 
vor,  so  bekomint  man  die  sog.  quadratfreien  Zahlen.  Bedeutet  Q(x) 
die  Anzahl  der  quadratfreien  Zahlen  <^  x,  so  beweist  man  leicht826) 


Fttr   <y  >  1    gilt  offenbar  (wenn  auch   1    als  quadratfreie  Zahl  niitge- 
rechnet  wird) 

.          1\_    g(g) 
'  "~" 


und   die   aus   der  Primzahltheorie  gelaufigen  Methoden  geben  hier327) 


mit  konstantem  a.  Wenn  unter  den  Q(x)  quadratfreien  Zahlen  <[  x 
Qi(x)  aus  einer  ungeraden,  ftC-O  aus  e^1161"  geraden  Anzahl  von  Prira- 
faktoren  besteht,  so  folgt  aus  (86) 


Hardy   uiid  liamanujan***)    lassen    in   (10o)  p^    die  /ite  Primzahl   be- 

323)  E.  Landau,  Cber  die  Verteilung  der  Zahlen,  welche  au§  v  Primfak- 
toren  zasammengeeetzt  sind,  Q&tt.  Nachr.  1911,  p.  362  —  381;  vgl.  auch  a  a.  0.  238). 

824)  Vgl.  F.  Klein,  Bericht  fiber  den  Stand  der  Herausgabe  von  GauB' 
Werken,  neuntcr  Bericht,  GOtt.  Nachr.  1911,  Geschaftl.  Mitt.,  p.  26—32. 

326)  /.  G.  van  der  Corput,  On  an  arithmetical  function  connected  with  the 
decomposition  of  the  positive  integers  into  prime  factors,  Proceed.  Akad.  Amster- 
dam 19  (1916),  p.  826—866 

326)  L.  Gegenbauer,  Aaymptotische  Gesetze  der  Zahlentheorie,  Denkschriften 
Akad.  Wien,  49:1  (1886),  p.  37—80.    Es  werden  hier  auch  analoge  Beziehungen 
fiir  ,,fct<J  potenzfreie  Zahlen44  bewieaen 

327)  A.  Axer,  a.  a.  0.  276). 

328)  G.  H.  Hardy  uiid  8.  Ramannjan,  Asymptotic  formulae  for  the  distri- 
bution  of  integers   of  various   types,   Proc.   London  math.    Soc.  (2)    16    (1917), 
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zeichnen  und  ftthren  die  Bediugung  «t  ^>  <*8  J>  cc9  g>  -  -  -  ein.    Fth 
Anzahl  -4  (a;)  der  n  ^  a?,  die  dieser  Bedingung  geniigen,  wird 


bewiesen. 

Werden  K  verschiedene  zu  k  teilerfremde  Restklassen  mod.  k  ge- 
geben,  und  wird  vorgeschrieben,  daB  in  (105)  jedes  p^  einer  von 
diesen  Restklassen  angehoren  rnuB,  so  ist  nach  Landau*™)  die  Anzahl 
der  n  <[  x  asymptotisch  gieich 


Die  Summe  S2*.  Uber  dieselbeu  n  <*x  erstreckt,  ist  dagegen  asym- 
ptotisch gieich  2^ 


uas  schon  Lehmerm)  in  einem  speziellen  Fall  bewiesen  hatte.  Ein 
ahnlicher  Satz  von  Landau**9)  enthalt  insbesondere  das  Resultat881): 
es  gibt  unterlwlb  x  asymptotisch 


ganze  Zahlen,  die  als  Summen  von  zwei  Quadraten  darstellbar  sind 
Hicraus  folgt,  wenn  B^(x)  die  Anzahl  der  ganzen  Zahlen  ^  x  be- 
/eichnet,  zu*deren  additiven  Darstellung  yenau  ^  Quadrate  erforder- 
lich  sind  (bekanntJich  ist  B  (x)  =  0  fur  ft  >  4): 


38.    Neuere   Methoden    der   additiven  Zahlentheorie.     Als   dor 

Abschnitt  iiber  additive  Zahlentheorie  in  103  geschrieben  wurde, 
war  vor  allem  das  groBe  „  Waringsche  Problem"  noch  ungelost. 
Waring***)  vermutete  1782,  daB  jede  ganze  Zahl  n  ^>  0  als  Summe 


p.  112 — 132.  Jii  der  Abhandlung:  The  normal  number  of  prime  factors  of  N, 
Quart.  J.  48  (1917),  p.  76—92,  beschaftigen  aich  die  beiden  Verfasser  mit  Pro- 
blemen,  die  zu  den  in  dieser  Nummer  behandelteu  Fragestellungen  in  einer  ge- 
wissen  Beziehuug  stehen. 

829)  E.  Landau,  a.  a.  l>.  78);  Bemerkungen  IXL  Herrn  D.  N.  Lehmere  Al>- 
haudlung  in  Hd  22  dieses  Journals,  Arner.  J.  of  math.  26  (1904),  p.  209—222; 
Ijflsuug  des  Lehmerscheii  Problems,  ebenda  31  (1909),  p.  86—102. 

380)  I).  N.  Lehmer,  Asymptotic  Evaluation  of  certain  Totient  Sums,  Amer. 
.1.  of  math.  22  (1900-,  p.  293—335. 

331)  A.  Landau,  Ober  die  Einteilung  der  positiven  gaiizen  Zahlen  in  vier 
Klassen  nach  der  Mindestzahl  der  zu  ihrer  additiven  Zuaanimensetzung  erfordev- 
lichen  Quadrate,  Arch.  Math.  Phys.  (3)  13  (1908),  p.  305—312. 

382)  JS.  M'uriny,  Mcditationes  Algebraicae,3.  Aufl. Cambridge  1782,  p. 349— 850 
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830    n  C  8.  Bohr-Cramer.  Die  iieuere  Entwicklung  der  analytischen  £ahlentheorie. 

einer  festen  (d.  h.  nur  yon  ~ky  nicht  yon  n,  abhangenden)  Anzahl  yon 
positiven  k*n  Potenzen  dargestellt  werden  konnte,  und  zwar  far 
&»l,  2,  ....  Bis  1909  war  dies  nur  ftir  einige  spezielle  Werte 
von  k  bewiesen;  es  gelang  aber  Httbert***)  einen  allgemeinen  Beweis 
zu  finden.  Dieser  Beweis  benutzt  zwar  die  Hilfsmittel  der  Integral- 
rechnung;  durch  spatere  Vereinfachungen884)  ist  aber  gezeigt  worden, 
daB  dies  ganzlich  verm  led  en  werden  kann,  so  daB  die  Methode  im 
Grunde  eine  rein  algebraische  ist  und  deshalb  bier  nicht  eingebender 
besprocben  werden  soil. 

Rein  analytisck  ist  dagegen  die  Methode,  welcbe  neuerdings  von 
Hardy  und  Littlewood***)  auf  das  Problem  angewandt  worden  ist.  Es 
sei  k  >  2,  und  es  werde  fur  |  x  \  <  1 


338)  D.  Hilbert,  Beweis  fiir  die  Darstellbarkeit  dei  ganzen  Zahlen  durch 
eiue  feste  Anzahl  n*r  Potenzen  (Waringsches  Problem),  Gdtt.  Nachr.  1909, 
p.  17—86  und  Math.  Ann.  67  (1909),  p.  281—300. 

384)  Vgl.  z.  B.  F  Hausdorfl\  Zur  Hilbertschen  Lo'sung  des  Waringschen 
Problems,  Math.  Ann.  67  (1909  ,  p.  301—805;  E.  Stridsberg ,  Sur  la  de*monstra- 
tion  de  M.  Hilbert  du  the'oreme  de  Waring,  Math.  Ann.  72  (1912),  p.  146—152; 
Nagra  elementara  undersftkningar  rOrande  fakulteter  och  deras  aritmetiska  egen- 
skaper,  Arkiv  tttr  Mat.,  Astr.  och  Fys.  11  (1917),  No.  26;  JR.  Kcmak,  B^merkung 
zu  Herrn  Stridsbergs  Beweis  des  Waringschen  Theorems,  Math.  Ann.  72  (1912), 
p.  153 — 156.  Fiir  die  altero  Literatur  zum  Waringachen  Problem  vgl.  die  GCt- 
tinger  Dissertationen  von  A.  J.  Kempner,  t)ber  das  Waringsche  Problem  und 
einige  Verallgemeinerungen,  1(J12,  und  W.  S.  J5a«r,  Beitrage  zum  Waringschen 
Problem,  1918. 

335)  G.  H.  Hardy  und  J.  K.  Littltwood,  A  new  solution  of  Wariug's  pro- 
blem, Quart.  J.  48  (1919),  p.  27-2—293;  Some  problems  of  Partitio  numerorum, 
I:  A  new  solution  of  Waring's  problem,  G6tt.  Nachr.  19tiO,  p.  33 — 64,  II:  Proof 
that  any  large  number  is  the  sum  of  at  most  21  biquadrates,  Math.  Ztschr.  9 
(1921),  p.  14—27,  (III:  a.  a.  0.  250)),  IV:  The  singular  series  in  Waring's  problem 
and  the  value  of  the  number  G(k),  Math.  Ztschr.  12  (1922),  p.  161-188;  G.  H. 
Hardy,  Some  famous  problems  of  the  Theory  of  Numbers,  and  in  particular 
Waring's  problem,  Inaugural  lecture,  Oxford  1920.  Vgl.  auch  E.  Landau,  a)  Zur 
Hardy- Little woodsch en  LOsung  des  Waringschen  Problems,  GOtt.  Nachr.  1921, 
p.  88—92;  b)  Zum  Waringschen  Problem,  Math.  Ztschr  12  (1922),  p.  219—247; 
c)  Cber  die  Hardy-Littlewoodschen  Arbeiten  zur  additiven  Zahlentheorie,  Jahresb. 
d.  deutschen  Math.-Ver.  30  (1921),  p  179—185;  H  Weyl,  Bemerkungen  tiber  die 
Hardy-Littlewoodschen  Untersuchungen  zum  Waringschen  Problem,  GOtt.  Nachr. 
11)21,  p.  189  —  192;  A  Ostrowski,  Beuierkuugen  zur  Hardy-Littlewoodschen  Losung 
des  Waringschen  Problems,  Math.  Ztschr.  9  (1921),  p.  28—34.  E.  Landau  (b.) 
beriicksichtigt  auch  gewiese  Verallgemeinerungen,  die  zuerst  von  Kamke  mit  der 
UilbertBchen.  Methode  behandelt  wurden:  Verallgemeinerungen  des  Waring-Hil- 
bertschen  Satzes,  Math.  Ann.  *3  (1921),  p.  86—112.  —  Die  im  Texte  gewahlte 
Bezeichnungsweise  weicht  etwas  von  der  Hardy -LiUlewood*<i\\&i\  ab  und  schliefit 
sich  an  Landau  (b.)  an 
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gesetzt,  wo   also   r(n)   von  s  und  7c  abhangt.     Urn  die 
Vermutung,   r(n)  >  0  fiir  s  >  S0  =•  s0W;   zu  beweisen,  setzen  Hardy 
und  LiUlewood 


Bei  dem  Versuch,  aus  dieser  Integraldarstellung  ein  asymptotisches 
Ergebnis  iiber  r(n)  zu  gewinnen,  st66t  man  auf  ungeheure  Schwierig- 
keiten,  da  die  Funktion  unter  dem  Integralzeicheii  nicht  fiber  den 
Einheitskreis  fortgesetzt  warden  kann.  Hardy  und  LUUewood  be- 

2p*' 

tnerken  nun,  daB  die  Einheitswurzeln  p  =  e  q  gewissermafien  die 
,,8chwer8ten4<  Singularitaten  von  f(x)  sind;  bei  radialer  Annaherung 
an  den  Punkt  x  =  g  wird  f'(x)  asymptotisch  gleich  einer  Hilfsfunk- 

tion,  die  durch  eine  Potenzreihe  von  der  einfachen  PormM6J  ^^va(~)  , 

mit  einer  Konstanten  multipliziert,  dargestellt  wird.  Der  Hauptge1 
danke  der  Methode  ist  nun,  f*(x)  durch  eine  Summe  solcher  Hilfs- 
funktionen;  d.  h.  r(n)  durch  die  entsprechende  Summe  der  Koeffizien- 
ten  von  xn,  zu  approximieren.  Die  Durchflihrung  dieses  Ansatzes  ge- 
lingt  natiirlich  nur  durch  zieralieh  verwickelte  Uberlegungen,  wobei 
die  Untersuchungen  von  Weyl11*)  fiber  Diophantische  Approximationen 
eine  wichtige  Rolle  spielen.  Das  folgende  Hauptresultat  wird  erhalten: 
Fiir  ulle  s  i>  sQ(k)  ist  bei  unendiich  wachsendem  n 

(106)  r(n) 

r 
wo  S  die  sog.  ,,singuliire  Keihe" 

",     V-'      „  tx,np 

— 


uiit 

bezeichnet.  Die  lleihe  S  ist  ftir  s  ^  s^(k)  konvergent  und  >  tf,  wo 
&  ==  ^  (^  s)  nicht  von  n  abhangt.  Fiir  s0  ist  insbesondere  die  Zahi 
5o  „  (fc  —  2)2*~  1  +  5  wahlbar. 


336)  Landnu,  a  a.  0.  335  b),   zeigt,   daft   man   aogar  eine  noch  einfachere, 
durcfa  eine  Binomialreihe  dargestellte  Hilfsfunktion  benutzen  kann. 
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Die  Hardy  -Littlewoodsche  Methode  ergibt  also  wesentlich  mehr 
als  die  Hilbertsche,  welche  nur  einen  Existenzsatz  lieferte.  Insbe- 
sondere  folgt,  daB  es  zu  jedem  k  eine  lieinste  Zahl  G(K)  gibt,  so  daB 
alle  hinreichend  gr  often  n  als  Sum  men  von  hochstens  je  G(K)  &ten 
Potenzen  darstellbar  sind,  und  dafi  G(k)  <;  (k  —  2)2*-*  -f  5  ist.  Jede 
hinreichend  grofie  Zahl  ist  also  die  Sum  rue  yon  hdchstens  21  Bi- 
quadraten;  far  den  Fall  k  =  3  liefert  der  Satz  aber  nur  G(K)  <£  9, 
wahrend  schon  friiher  durch  Landau3*7)  bekannt  war,  daB  jede  hin- 
reichend grofie  Zahl  die  Summe  von  hochstens  8  Kuben  ist.  Anderer- 
seits  ist  bekannt888),  daB  immer  G(Jc)  ;>  k  +  1,  und  im  Falle  k  =  2m 
sogar  G(Jc)  ^  4  A;  ist. 

Im  Falle  k  =  2  wird  die  erzeugende  Funktion  f(x)  durch  eine 
Thetareihe  ausgedriickt: 


und  die  Transformationstheorie  der  Thetafunktionen  gestattet  nun, 
viel  genauere  Resultate  als  im  allgemeinen  Falle  zu  erhalten.889)  Die 
asymptotische  Gleichung  (106)  bleibt  auch  hier  fiir  s  ;>  4  richtig;  es 
kann  sogar  fiir  3  <  s  <i  8  in  (106)  das  Zeichen  ~  durch  =  ersetzt 
werden.  Im  Falle  5  =  3  ist  S  =  0  f  lir  unendiich  viele  n  (namlich 
fiir  n  =  4*(8fc  +  ^))-  Durch  Umformung  der  so  erhaltenen  Ausdrticke 
erhalt  man  neue  Beweise  der  klassischen  Formeln  fiir  die  Anzabl  der 
Darstellungen  einer  Zahl  als  Summe  von  Quadraten.  Besonders 
wichtig  fflr  diese  Untersuchungen  waren  einige  neuere  Arbeiten  von 
Mordell***'),  der  die  Darstellung  von  Zahlen  durch  Quadratsummen 
mit  Hilfe  der  Theorie  der  Modulfunktionen  sjstemafcisch  untersuchte. 

337)  E.  Landau,  Uber  eine  Anwendung  der  Primzahltheorie  auf  das  Wa- 
ringsche    Problem    in    der    elementaren    Zahlentheorie,    Math.    Ann.    66    (1909), 
p.  102  —  106.     Bei  dem  Beweie  wird  ein  Satz  uber  Prhnzahlen  in  arithmetischen 
Reihen  benutzt.    Nach  Wiefcrich  ist  jede  Zahl  die  Summe  von  hOchstens  9  Ku- 
ben;  es   gibt   auch  tatsHchlich  Zahlen  (23,  239),   die  9  Kuben  erfordern:    Math. 
Ann.  66  (1909),  p.  96  —  101. 

338)  Aufierdem  kennt  man  z.  B    <7(6)>9.    Eine  Zusammenstellung  der  be- 
kannten  Reeultate  geben  Hardy  und  Littlewood,  Partitio  numerorum  IV  (a.  a.  0. 
886).     Auf  die  Funktion  g(k),   die  man  erhalt,  wenn  man  in  der  Definition  yon 
G(k}  die  WOrter  ,,hinreichend  groBe"  auslilfit,  gehen  wir  hier  nicht  ein;  es  sei  nur 
bemerkt,  dafi  aus  der  Existenz  von  G(k]  unmittelbar  die  Ezistenz  yon  g(k)  folgt. 

889)  G.  H,  Hardy  ,  On  the  representation  of  a  number  as  the  sum  of  any 
number  of  squares,  and  in  particular  of  five,  Trans.  Amer.  math.  Soc.  81  (1920), 
p.  266  —  284.  Vgl.  hierzu  S.  Eamaniqan,  On  certain  trigonometrical  sums  and 
their  applications  in  the  theory  of  numbers,  Trans.  Cambridge  Phil.  Soc.  22 
(1919),  p.  269—276. 

840)  L.  J.  Mordell,  On  the  representations   of  numbers  as  ft  sum  of  2r 


H.    Encykl.  Mnth.  Wi**.  II  3  (1023). 


39.  Diophantische  Approximationen.  833 

tFber  die  Anwendung  der  Methode  auf  den  ,,Goldbachschen  Satz" 
und  verwandte  PrimzahlprobJeme  wurde  schon  in  Nr.  31  berichtet. 
—  Zum  ersten  Male  wurde  die  Methode  nicht  auf  War  ings  Satz  an- 
gewendet,  sondern  auf  das  Problem  der  Abschatzung  der  Funktion 
p(ri),  welche  die  Anzahl  der  ,,unbeschrankten  Partitioned  von  w,  d.  h. 
die  Anzabl  der  positiven  ganzzabligen  Losungen  von 

n  —  x  +  2y  +  3*  +  4w  -\  ----  , 
angibt.     Als  erzeugende  Funktion  tritt  bier 

/X*)  -  1  + 

auf.      Hardy   und    Ramanujan**1)    beweisen    ttber  p(n)    sehr   genaue 
asymptotische  Satze,  aus  denen  insbesondere 

(107)  p(n)~-*e**^ 

^         }  *^    J 


folgt.  Der  Hauptgedanke  ist  wieder  derselbe:  die  nicbt  fortsetzbare 
Funktion  f(x)  wird  durcb  eine  Summe  fortsetzbarer  Funktionen  appro- 
ximiert,  die  in  je  einer  Einbeitswurzel  singular  sind.  Die  recbte 
Seite  in  (107)  riibrt  ttbrigens  von  der  ^schwersten"  Singularitat 
x  =  1  her. 

39.  Diophantische  Approximationen.  Durch  die  in  den  Nummern 
7  und  17  besprochenen  Anwendungen  der  Theorie  der  Diophantischen 
Approximationen  wurde  ein  lebhaftes  Interesse  ffir  diese  Theorie  er- 
weckt.  Jene  Anwendungen  gingen  von  dem  grundlegenden  Kronecker- 
schen*48)  Satze  aus,  der  in  moderner  Ausdrucksweise  so  lautet:  Es 
seien  1,  alf  cc^,  .  .  .  ak  (k  ^  1)  linear  unalhangige  Zahlen,  und  es  sei 

(a?)  =  a?  —  M 

gesetzt;  dann  liegen  die  Punkte  mit  den  Koordinaten 
(108)  x,  =  (naj,  x^  —  (n«2),  .    .  xk  «=  (ncck\     (n  —  1,  2,  .  .  .) 

im  ^-dimensionalen  Einheitswiirfel  Uberall  dicht.      WeyZ114)  gibt  eine 


squares,  Quart.  J.  48  (1917),  p.  93  —  104;  On  the  representations  of  numbers  ae 
the  sum  of  an  odd  number  of  squares,  Trans.  Cambridge  Phil.  Soc.  22  (1919), 
p.  861—372. 

341)  G.  H.  Hardy  und  S.  Ramanutfan,  Une  foramle  asymptotique  pour  le 
n  ombre  des  partitions  de  n,  Paris  C.  R.  164  (1917),  p.  35 — 88;  Asymptotic  formulae 
in  combinatory  analysis,  Proc.  London  math.  Soc.  (2)  17  (1918),  p.  76 — 116. 

342)  L.  Kronecker^  Die  Periodensysteme  von  Funktionen  reeller  Variabeln, 
Sitzungsb.  Akad.  Berlin  1884,  p.  81—46,  Werke  3  :  1,  p.  1071—1080;  Naherungs- 
weise  ganzzahlige  Auflo'sung  linearer  Gleichungen,  Sitzungsb  Akad.  Berlin  1884, 
p.  1179—1198,  Werke  8  :  1,  p.  47-110. 
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fiir  die  genannten  Anwendungen  wesentliche  Vertiefung  dieses  Satzes, 
indem  er  zeigt,  dafi  jene  Punkte  sogar  in  jedem  Teile  des  Einheits- 
wtirfels  asymptotiscti  gleich  dicht  liegen.  Die  Anzabl  derjenigen  unter 
den  N  ersten  Punkten  (108),  die  einem  Teilgebiet  vom  Inhalt  d  an- 
gehoren,  ist  also  asymptotisch  gleich  dN.  Weyl  beweist  dies  durcb 
sjstematische  Benutzung  der  »analytiscben  Invariante  der  Zahlklassen 
mod.  1",  der  Funktion  e**". 

Hardy  -Littlewood***)  und  Weyl1™)  geben  auch  wicbtige  Verall- 
gemeinerungen  auf  den  Fall,  wo  in  (108)  n  durch  n7  oder  durch  ein 
Polynom  ersetzt  wird;  die  hierbei  von  Weyl  eingef  iibrten  ,  eleganten 
Metboden  zur  Transformation  und  Abscbatzung  von  Summen  mit  deai 
allgemeinen  Gliede  e**ipW  (p  ein  Polynom)  waren  fiir  die  in  der  vor- 
bergebenden  Nummer  besprochenen  Untersuchungen  fiber  Waring* 
Problem  von  grundlegender  Bedeutung  und  baben  aucb  zu  neuen 
Resultaten  uber  die  Grofienordnung  von  J(s)  auf  vertikalen  Geraden 
gefuhrt  (vgL  Nr.  18).  Hardy  und  Littlewood  baben  insbesondere 
Summen  der  Gestalt 


untersucbt,  die  mit  dem  Verbalten  der  Tbetareiben  bei  Annaberung 
an  die  Konvergenzgrenze  zusaminenhangen.  Wenn  a  irrational  ist, 
sind  alle  drei  Summen  von  der  Form  o(n).  Aucb  (iber  die  Verteilung 
der  Zablen  (An«),  wo  A19  ^  ...  eine  unbegrenzt  und  monoton  wach- 
sende  Zablfolge  ist,  gibt  es  Satze,  die  den  vorbergebenden  entspre- 
cben.844)  Fiir  Aw  =  a*  ban  gen  diese  Satze  mit  der  Verteilung  der 
Ziffern  in  (verallgemeinerten)  Dezimalbriicben  zusammen.845) 
Ftir  die  Summe  <2(vcc)  gilt  bei  ir  ration  ale  m  cc  immer 

2(v«)  =  in  +  o(n). 
Wird  in  dieser  Formel  das  Restglied  durch  ein  ,,besseres"  ersetzt,  so 

843)  G.  H.  Hardy  und   J.  E  Littlewood  ^   Some   problems   of  diopbantine 
approximation,  Intern.  Oongr.  of  math.  Cambridge  1912,  p.  223  —  229;  Acta  Math. 
87  (1914),  p.  155—238.     Vgl.  auch  J.  O.  van  der  Corput,  Cber  Summen,  die  mit 
den  elliptischen  0-Funktionen  zusammenhangen,  Math.  Ann.  87  (1922),  p.  66  —  77 

844)  Vgl.  hierzu  auch  R.  H.  Fowler,  On  the  distribution  of  the  set  of  points 
(in£),  Proc.  London  math.  Soc.  (2)  14  (1914),  p.  189—206. 

345)  E.  Borel,  Lee  probability  d^nombrablee  et  leurs  applications  arith- 
m^tiquea,  Palermo  Rend.  27  (1909),  p.  247  —  271  (vgl.  auch  Lecons  sur  la  thdorie 
des  fonctions,  deuzieme  ^d.,  Paris  1914).  Weitergehende  Satze  geben  Hardy 
und  Littlewood,  a.  a.  O.  348). 
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kann  die  neue  Formal  nicht  fftr  alle  irrationalen  a  gelten;  beschrankt 
man  sich  dagegen  auf  spezielle  Klasseu  von  Irrationalitaten,  so  kann 
die  Abschatzung  erheblich  verscharft  werden.  Es  gilt  z.  B.  f(1r  ein 
«,  bei  dessen  Entwicklung  in  einen  gewohnlichen  Kettenbruch  die 
auftretenden  Nenner  beschr&nkt  sind846) 


Osirowski***)  zeigt,  daB  bei  keinem  irrationalen  a  hier  das  O  gegen  o 
vertauscht  werden  kann.  Hardy  und  Littlewood***)  zeigen,  daB  das 
Problem  der  Abschatzung  von  J-JfO/a)  mit  der  Bestirnmung  der  Gitter- 
punktanzahl  in  einem  gewissen  reehtwinkligen  Dreieck  nahe  ver- 
bunden  ist.  /fcdta847)  hat  jene  Summen  fiir  quadratisch  irrationale  a 
naher  untersucht.  Ist  insbesondere  a  —  YD,  wo  4D  eine  positive 
Fundamentaldiskriminante  ist  (vgl.  Nr.  40),  so  konvergiert  die  Diru-hlet- 
sche  Reibe  y(»a)-j 

^         n* 

fiir  6  >  0  und  stellt  eine  (iberall  meromorphe  Funktion  dar,  die  in 
der  Halbebene  6  <^  0  unendlich  viele  Pole  besitzt. 

Es  sei  «  —  a0  H  -- 


die  gewohnliche  Kettenbruchentwicklung  einer  irrationalen  /ahl  «; 
hinsichtlich  der  GroBenordnung  der  an  sind  u.  a.  folgende  Sat/e  be- 
kannt:548) 

1.  Die  Menge  der  a,  fiir  die  von  einer  gewissen  Stelle  an  an  >  I 
gilt,  hat  das  MaB  Null. 

2.  Es  seien  dl9  d^y  ...  und  kl9  A*8,  ...  monoton  wachsende  Folgen 

positiver  Zahlen,  und  es  sei   ^  ^-  divergent,  ^  -r-  konvergent.  ,,Fast 

^•rf  an  ^ ^  A^W 

Uberall"  ist  dann  von  einer  gewissen  Stelle  an  an  <  A:n,  und  ,,fast 
ilberall"  ist  aH  >  dn  ftir  unendlich  viele  n. 


846)  M.  Lfrch,  L'iiiterm^d.  dea  Math.  11  (1V04),  p.  146;  G.  H  Hardy  und 
J'.  E.  Littlewood,  Somo  Problems  of  diophantine  approximation:  the  lattice- 
points  of  a  right-angled  triangle,  Proc.  London  math.  Soc.  (2)tJO(192l),  p.  16—86; 
A.  Ostrotcski,  Bemerkungen  zur  Theorie  der  Diophantischeu  Approximationen, 
Abh  Math.  Seminar  Hamburg  1  (1921),  p  77— U8. 

347)  E.  Hcclt,  Ober  analytische  Funktionen  und  die  Verteilung  von  Zahlen 
mod.  ems,  Abh.  Math    Seminar  Hamburg  1  (1921),  p.  54—76. 

348)  A1.  Borel,  a.  a.  0.  346);  F.  Bertwtein,  Ober  eine  Anwendung  der  Merigen- 
lehre   auf  ein   aua   der  Theorie  der  sakularen  St^rungen  hern'ihrendes  Problem, 
Math.  Ann.  71  (1911),  p.  417— 489. 
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Hiermit  hangen  die  Fragen  nach  der  Approximation  irrationaler 
Zahlen  durch  rationale  nahe  znsammen.W9)     Zu  jedem  irrationalen  a 

gibt  es  unendlich  viele  rationale       ,  so  daB 


gilt.     Wenn  kn  die  obige  Bedeutung  hat,  so  bilden  diejenigen  a,  die 
sich  durch  unendlich  viele  —  mit  der  Genauigkeit 


a_  P. 


approximieren  lassen,  eine  Menge  vom  Mafi  Null.    Wenn  a  eine  alge- 
braische  Zahl  vom  Grade  n  1st,  so  gilt  nach  einem  wichtigen  Satze 

von  Siegel*6**)  fttr  jedes  rationale  ~- 


wo  y  nur  von  a  abhangt. 

Y.  Algobraische  Zahlen  und  Formen. 

40.  Quadratische  Formen  und  Korper.351)  Die  nach  Dirichlet 
benannten  Beihen  wiirden  von  ihm  gebraucht,  um  die  Anzahl  der 
verschiedenen  Klaseen  binarer  quadratischer  Formen  einer  gegebenen 
Diskriminante  zu  berechnen;858)  die  LSsung  dieser  Aufgabe  setzte  ihn 
in  den  Stand,  semen  Satz  fiber  die  Primzahlen  einer  arithmetischen 
Reihe  zu  beweisen  (vgl.  Nr.  30).  tfber  die  Berechnung  jener  Klassen- 
anzahl  und  ihre  Beziehung  zu  den  (rauySschen  Sum  men  ist  in  I  C  3, 
Nr.  2;  fiber  die  analogen  Probleme  bei  Formen  mit  mehr  als  zwei 
Veranderlichen  in  I  C  2,  d  und  e,  berichtet  worden;  es  seien  hier  nur 
einige  Erganzungen  fttr  die  binaren  Formen  gegeben. 

349)  Ygl.  A.  Hurwitz,  fiber  die  angenaherte  Darstellung  der  Irrational- 
zahlen  durch  rationale  Brfiche,  Math.  Ann.  39  (1891),  p.  279—284;  E.  Borel, 
Contribution  a  Tanalyse  arithm Clique  du  continu,  J.  math,  pares  appl.  (6)  9  (1903), 
p.  329 — 376;  O.  Perron,  Irrational  zahlen ,  Berlin  und  Leipzig  (Ver.  wiss.  Ver- 
leger)  1921. 

360)  C.  Sitgd,  Approximation  algebraischer  Zahlen,  Math.  Ztechr.  10  (1921), 
p.  173—213. 

361)  Was  sich  unmittelbar  durch  Spezialisierung  (n  =  2)  aue  Formeln  der 
beiden  folgenden  Nummern  ergibt,  wird  hier  nicht  erwahnt. 

362)  G.  Lejeunc-Dirichlct,  Recherches  sur  divereee  applications  de  1'analyse 
infinit^simale  a  la  throne  des  nombree,  Crclles  J.  19  (1839),  p.  824—369  und  21 
(1840),  p.  1—12,  184—166,  Werke  1,  p.  411—496. 
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Die  quadratische  Form   werde    in  KronecJceracher  Bezeichnungs- 


geschrieben,  ihre  Diekriminante  sei 


wo  7>0  eine  sog.  Fundamentaldiskriminante**4)  ist.     Es  sei 
(alf  blf  c,),  ..  .  (ak,  bh,  ch) 

ein  Reprasentantensystem  der  primitiven  —  und  im  Palle  D  <  0 
positiven  —  zu  D  gehorigen  Klassen;  die  Koeffizienten  a  konnen  da- 
bei  immer  positiv  und  die  b  negativ  vorausgesetzt  werden.  Dann  ist 
filr  6  >  1 


wo  links  x  und  #  alle  die  zugehorige  quadratische  Form  zu  Q  teiler- 
fremd  machenden  Paare  ganzer  Zahlen  exkl.  (0,  0)  durchlaufen;  im 
Falle  I)  >  0  tritt  jedoch  die  Beschrankung 


hinzu,  wo  (T,  U)  die  ,,Fundamentall6sung"  der  Gleichung  t2  —  Z)w2  =  4 
bezeichnet  (vgl.  IC2c,  2).  Rechts  durchlauft  n  in  S'  alle  zu  § 
teilerfremden  positiven  ganzen  Zahlen,  und  es  ist 

2  fur  D  <  —  4 

4    „    7>  =  -4 

6    „    D=->3 

1     „    D  >  0. 

Das  TiCnww/ce/'sche  Symbol  /--  j    ist   fur  n  >  0  ein   reeller   Charakter 

00 

mod.  |/>  |,   und   die    Reihe   ^  (—  )«~J  ist   deshalb   eine   von   den  in 

Nr.  29  untersuchten  JL-Reihen.  Jede  der  h  Doppelsummen  auf  der 
linken  Seite  von  (109)  hat  ftir  s  =  1  einen  Pol  erster  Ordnung  rait 
von  v  unabhangigen  Residuum,  und  man  findet  durch  Ver- 


353)  L.  Krvneckcr,    Zur   Theorie   der   elliptischen   Funktionen,   Sitzungsb 
Akad.  Berlin  1885,  p.  770;  vgl.  auch  die  ausfuhrliche  Darsteilung  von/,  de  Seguicr, 
Formes  quadratiquea  et  multiplication  complexe,  Berlin  1894. 

354)  Wenn   m   eine   quadratfreie  Zahl   bedeutet,   so   iit  entweder  1>0  =«  iw, 
t*  =.  1  (mod.  4)t  oder  D0  —  4  w,  m  ~  2  oder  3  (mod.  4).    Es  wird  immer  J>0  +  1 
vorauRgeset/t,  so  dafi  D  keine  Quadratzahl  ist. 
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gleichung  der  Residuen 


(110) 


2* 

VD 


log 


T+ 


L(l}     fttr    D<0 

L(l)     fttr     D  >  0. 


2 


Die  Summierung  der  unendlichen  Reihen  gestaltet  sich  am  einfachsten, 
wenn  D  eine  Fundamentaldiskriminante  und  daher  Q  —  1  ist;  der 
allgemeine  Fall  laflt  sich  hierauf  zurttckftihren.  Fttr  diesen  Fall  gilt 

I.PI-I 

(^)  n     fttr     D  <  0 
n     n ' 


(111)       »- 


log 


fUr 


Jede  Fundamentaldiskriminante  D  ist  die  Grundzahl  des  durch  }/Z) 
erzeugten  quadratisehen  Zahlkorpers  (vgl.  I  C  4  a),  und  den  Klassen 
quadratischer  Formen  der  Diskriminante  D  enteprechen  umkehrbar 
eindeutig  die  Idealklassen  des  Korpers  A;(}/Z>).865)  Die  Anzahl  der 
Idealklassen  wird  also  auch  durch  (111)  gegeben;  diese  Anzahl  haligt 
nach  I  C  4  a,  Nr.  9  mit  dera  Residuum  im  Punkte  5=1  der  zum 
Korper  gehorigen  Zetafunktion  £k($)  zusammen.  In  der  Tat  ist  gft(s) 
gleich  der  rechten  Seite  von  (109),  dividiert  durch  T, 


so   daB  gt(s)   mit  der  Theorie  von  g(s)  und  den  .Z/-Funktionen  schon 
erledigt  ist. 

Die  Ausdriicke  (111)  konnen  auch  nach  einer  weniger  analytiscben 
Methode  abgeleitet  werden,  wobei  die  Dirichletschen  Reihen  nicht  auf- 
treten.;58J  Verschiedene  Transformationen  von  (111),  sowie  aridere 
Ausdrucke  fttr  Klassenzahlen  sind  von  Lerch**1)  gegeben.  Er  gibt 

366)  Hicrbei  sind  jedoch  zwei  Ideale  nur  dann  zur  selben  Klasse  gehCrig, 
wenn  ihr  Quotient  eine  Zahl  positiver  Norm  ist.  Die  Anzahl  der  so  definierten 
Klassen  ist  entweder  gleich  der  gewtthnlichen  Klassenzahl  (vgl.  1C  '4  a,  Nr.  8) 
oder  doppelt  so  groft. 

356)  Vgl.  z.  B.  Ch.  ffermite,  Paris  C.  R.  66  (1862),  p.  684,  Oeuvres  2t  p.  266. 

357)  M.  Lerch,  fissais  sar  le  calcal  du  n  ombre  des  classes  de  formes  qua- 
dratiques  binaires  aux  coefficients  entiera,  Mdm.  pr^sent^s  Acad.  sc.  Paris  (2)  38 
(1906),  No.  2;  Paris  C.  R.  186  (1902),  p.  1»14—  1316;  Acta  Math.  29  (1906),  p.  338; 
30  (J  906),  p.  203  —  293  ;  Sar  le  nombre  des  classes  de  formes  quadratiques  binaires 
d'un  discriminant  positif  fundamental,  J.  math,  pures  appl.  (6)  9  (1903),  p.  377  —  401. 
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insbesondere  Formeln,    welche   ffir    numerische   Berechnung   geeignet 
sind,  2.  B.  I  z>t  I 


wo  Di  und  Z>3  Fundamentaldiskriminanten  bedeuten,  Z)1Z>2<0  und 
/i  die  Klassenzahl  fiir  die  Diskriminante  D^D^  1st. 
Ftir  beliebige  Diskriminanten  gilt858) 


und  fttr  D  >  0  sogar  % 

Es  gibt  unendlich  viele  positive  Diskriminanten  mit  gleieher  Klassen- 
zahl859), fflr  negative!)  ist  dies  dagegen  wahrscheinlich  nicht  der  Fall  — 
in  der  Tat  gilt360)  ftir  negative  Fundamentaldiskriminanten,  wenn  liber 
die  Nullstellen  der  obigen  Funktion  £k(s)  eine  gewisse  unbewiesene 
Anuahme  (die  insbesondere  aus  der  Ricbtigkeit  der  ,,verallgemeinerten 
Jfo'ewanwBchen  Vermutung"  fiir  die  L-Funktionen  folgen  wlirde)  ge- 
inaclit  wird, 


Uber  die  ,,mittlere  Anzahl"  der  Klassen  gab  schon  Gaufi**1)  (ohne 
Beweis)  einige  Satze;  es  gilt  z.  B.  nach  Landau™*),  wenn  hn  die 
Klassenanzahl  primitiver  positiv-definiter  Formen  der  Diskriminante 
—  n  bedeutet, 


Die  Klassenzahl  fttr  negative  Diskriminanten,  insbesondere  die  Lehre 
von  den  sog.  Klassenzablrelationen,  steht  zu  der  Theorie  der  ellip- 
tischen  Funktionen  und  deren  komplexer  Multiplikation  in  naher  Be- 
ziehung868),  darauf  kann  hier  jedoch  nicht  eingegangen  werden. 

368)  Vgl.  G.  Polya,  J.  Schur  und  E.  Landau,  a.  a.  0.  205).  E.  Landau 
gibt  auch  analoge  Resultate  fur  beliebige  algebraische  Zahlk^rper. 

869)  G.  Lejeune-Dirichlet,  Ober  eine  Eigenschaft  der  quadratischen  Formen 
von  positiver  Determinante ,  Bet.  Verhandl.  Akad.  Berlin  1865,  p.  498 — 496; 
Werke  2,  p.  185—187. 

360)  E.  Landau ,    Ober    imaginar-quadratische    Zablkdrper    mit    gleicher 
Klassenzahl;  Uber  die  Klassenzahl  imaginax-quadratischer  Zablko'rper,  G5tt.  Nachr. 
1918,  p.  277  —  296.     Vgl.  auch  7\  Nagel,  tlber  die  Klassenzahl  imaginar-quadra- 
tischer  ZahikOrper,  Abhandl.  Math.  Seminar  Hamburg  1  (1922),  p.  140—160. 

361)  C.  F.  Gauss,  Disquisitiones  arithmeticae,  Art.  302—304. 

862)  E.  Landau,  a.  a.  0.  284).     Vgl.  auch  F.  Mertens,  a.  a.  0.  270). 

863)  Vgl.  1C  6,  Nr.  12  eowie  IIB3t  Nr.  76.     Eine   Daratellung  der  Lehre 
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DiricJdet**4)  stellte  den  Satz  auf,  dafi  durch  jede  primitive  — 
und  im  Falle  D  <  0  positive  —  binare  quadratische  Form  einer  nicht- 
quadratischen  Diskriminante  unendlich  viele  Primzahlen  dargestellt 
werden  konnen.  Er  gab  auch  Andeutungen  fUr  den  Beweis,  der  s  pater 
von  Schering**5)  und  Weber***)  vollstandig  ausgefflhrt  wurde.  Mertens*9'1)^ 
de  la  Vattee  Poussw868),  Bernays**9)  und  Landau*™)  gaben  far  die 
Anzahl  der  darstellbaren  Primzahlen  <;  x  und  fttr  gewisse  damit  zu- 
sammenhangende  Summen  asymptotische  Ausdriicke,  die  als  Spezial- 
falle  in  den  Satzen  von  Landau310)  fiber  Primideale  in  Idealklassen 
(vgl.  Nr.  42)  enthalten  sind.  Jene  Anzahl  ergibt  sich  gleich 


mit  konstantem  a,  wobei  h0  =*  2h  oder  ==  h  1st,  je  nachdem  die  be- 
treffende  Form  einer  zweiseitigen  Klasse  angehort  oder  nicht.  Bei 
dem  Beweis  wird  die  Lehre  von  der  Komposition  der  Klassen 
(vgL  I  C  2c,  11)  benutzt.  Diese  liefert  bekanntlich  eine  Abelsche 
Gruppe,  und  indem  man  die  Charaktere  dieser  Grruppe  auf  der  linken 
Seite  von  (109)  einftthrt,  gewinnt  man  neue  Funktionen,  die  den  L- 
Funktionen  (vgl.  Nr.  29)  entsprechen.  Der  Beweis  verlauft  dann  ahn- 
lich  wie  bei  den  Primzahlen  in  einer  arithmetischen  Reihe.  Die  hier- 
bei  auftretenden  Summen 


*,v 


von  den  Klaesenzahlrelationen  gab  neuerdings  L.  J.  Mordell,  On  class  relation 
formulae,  Messenger  of  Math.  46  (1916),  p.  113—136. 

364)  G.  Lejeune-Dirichlet,  ttber  eine  Eigenschafk  der  quadratischen  Forment 
Ber.  Verhandl.  Akad.  Berlin  1840,  p.  49—62;  Werke  1,  p.  497—602. 

865)  E.  Schering,  Beweis  des  Dirichletschen  Satzes  etc.,  Ges.  math.  Werke 
2,  p.  367—366. 

366)  H.  Weber,  Beweis  des  Satzes  etc.,  Math.  Ann.  20  (1882),  p.  301—329; 
tTber  Zahlengruppen  in  algebraischen  K6*rpern,  Math.  Ann.  48  (1897),  p.  433— 473; 
49  (1897),  p.  88—100;  50  (1898)t  p.  1—26. 

367)  a.  a.  0.  270). 

368)  Ch.  de  la   VaXUe  Poussin,  Recherches   analytiques   BUT   la  th^orie  des 
nombres  premiers,  Troisieme  partie,  Ann.  soc.  sc.  Broxelles  20 : 2  (1896),  p.  363 — 397  ; 
Qnatrieme  partie,  ibid.  21  :  2  (1897),  p.  261—342. 

369)  P.  Bernays,  t)ber  die  Darstellung  von  positiven,  ganzen  Zahlen  durch 
die  primitiven,  binaren  quadratischen  For  men  einer  nicht-quadratischen  Diskri- 
minante, Digs.  Qdttingen  1912. 

370)  E.  Lcnidau,  a)  t)ber  die  Yerteilung  der  Primideale  in  den  Idealklassen 
ernes  algebraischen  Zahlk&rpers,  Math.  Ann.  68  (1907),  p.  146—204;  b)  ttber  die 
Primzahlen  in  definiten  quadratischen  Formen  und  die  Zetafunktion  reiner  ku- 
bischer  Ktoper,   Math.  AbhandL,   H.  Schwarz  .  .  .  gewidmet,   Berlin    (Springer) 
1914,  p.  244—278. 
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mit  verschiedenen  Bedingungen  f(ir  die  Summation  svariablen  x  und 
y,  definieren  in  der  ganzen  Ebene  eindeutige  Funktionen,  die  nur  ftir 
s  =  1  einen  Pol  haben.871)  Der  Beweis  dieses  Satzes  fur  positive  Dis- 
kriminanten,  der  von  de  la  Vallee  Poussin9*8)  gefunden  wurde,  war 
sehr  kompliziert  und  wurde  spater  von  Landau*1*)  vereinfacht. 
Dirichlet91*)  hat  auch  behauptet,  daB  unter  den  durch  eine  quadra- 
tische  Form  dargestellten  Primzahlen  unendlich  viele  vorkommen, 
die  einer  gegebenen  arithmetischen  Reihe  angehoren,  vorausgesetzt, 
daB  die  Form  Uberhaupt  fahig  ist,  Zahlen  von  dieser  Reihe  darzu- 
stellen.  Meyer*1*)  hat  diesen  Satz  bewiesen,  de  la  Vallee  Poussin*16) 
und  Landau*™)  haben  ihn  durch  Angabe  asymptotischer  Formeln 
verscharft. 

Aus  den  neueren  Untersuchungen  von  Hecke*™}  geht  hervor,  daB 
die  Form  ay?  -j-  bxy  -j-  ct/2,  wenn  D  Fundamentaldiskriminante  ist, 
aucb  noch  dann  unendlich  viele  Primzahlen  darstellt,  wenn  man  die 
ganzzahligen  Veranderlichen  x  und  y  auf  einen  beliebigen  Winkel- 
raum  einschrankt. 

Bernays***)  zeigt,  daB  die  Anzahl  der  ganzen  Zahlen  n  ^  x,  die 
durch  eine  quadratische  Form  darstellbar  sind,  asymptotisch  gleich 


"I/log  x 
mit  konstantem  A  ist  (vgl.  Nr.  37,  am  Ende). 


371)  Vgl.  Nr.  21.  Vgl.  ferner  M.  Lerch,  Zakladov6  theorie  Malmat^novskych 
fad,  Rozpravy  6eske  akadM  2.  El ,  1  (1892),  Nr.  27;  Studio  v  oboru  Malmst^nov- 
skych  fad  a  invariantu  forem  kvadratickych,  ibid.  2  (1893),  Nr.  4;  G.  Hcrglotz, 
Dber  die  analytische  Fortsetzung  gewiseer  Dirichletacher  ReiheD,  Math.  Ann.  61 
(1906),  p.  561—560. 

872)  E.  Landau,  Neuer  Beweis  eines  analytischen  Satzea  des  Herrn  de  la 
Vallee  Poussin,  Jahreab.  d.  deutschen  Math.-Ver.  24  (1916),  p.  260—278. 

373)  G.  Lqeune-Dirichlet,  Extrait  d»une  lettre  etc.,  Paris  C.  R.  10  (1840), 
p.  286  —  288;   J.  Math,  pares   appl.  (1)  6  (1840),  p.  72—74;  Stir  la  the*orie  des 
nombres,  Werke  1,  p.  619—623. 

374)  A.  Meyer,   Ober  einen  Satz  yon  Dirichlet,   Crelles  J.  103  (1888),  p.  98 
bis  117.  Vgl.  auch  P.  Bachmann,  Die  analytieche  Zahlentheorie,  Leipzig  (Teubner) 
1894,  insbes.  Abachn.  10. 

376)  Ch.  de  la  Vallee  Poussin,  Recherches  analytiquea  sur  la  theorie  des 
nombres  premiers;  Cinquieme  partie,  Ann.  Soc.  sc.  Bruzelles  21:  2  (1897)^  p.  343 
bis  868. 

376)  E.  Hecke,  Eine  neue  Art  von  Zetafunktionen  und  ihre  Beziehungen 
zur  Verteilung  der  Primzahlen,  Math.  Ztschr.  1  (1918),  p.  367—376;  6  (1920), 
p.  11—61. 
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41.  Die  Zetafanktionen  von  Dedekind  und  Heoke.877)  Dedekind*™) 
hat  die  Riemannsch*  Zetafunktion  ftir  einen  beliebigen  algebraischen 
Zahlkorper  k  vom  Grade  n  verallgemeinert.  Er  setzt"9)  (vgl.  I  C  4  a, 
Nr.  9) 

(\       l  \~  l 
I1"  w) 


wo  a  die  Jdeale,  p  die  Primideale  von  Jc  durchlauft  und  jP(w)  die 
Auzahl  der  Darstellungen  von  m  als  Norm  eines  Ideals  von  7c  be- 
deutet.  Alle  drei  Ausdrttcke  sind  fiir  0  >  1  absolut  konvergent; 
£A(s)  ist  demnach  in  dieser  Halbebene  regular  und  +  0-  Fiir  den 
Korper  der  rationalen  Zablen  iet  £A(s)  mit  5(5)  identiscb.  Mit  Hilfe 
einer  Weberschen980)  Verscharfung  der  Dedekindschen*18)  Abschiitzung 
der  Anzabl  aller  Ideale  von  k  mit  Norm  <£  x  zeigt  Landau*81),  daB 

fA(s)    aucb    noch    ffir    ^>  1  --  regular    ist,    mit    Ausnabme    des 

Punktes  s==l,  wo  sie  einen  Pol  erster  Ordnung  mit  dem  scbon 
von  Dedekind?18)  angegebenen  Residuum 


besitzt.  Hier  bedeutet  (vgl.  I  C  4  a)  d  die  Grundzabl,  E  den  Regula- 
tor, w  die  Anzabl  der  Einheitswurzeln  und  h  die  Anzabl  der  Ideal- 
klassen882)  von  k.  Ferner  bezeichnet  rt  die  Anzabl  der  reellen  und 
2r2  =  n  —  r,  die  Anzabl  der  nicbt  -  reellen  Wurzeln  der  irreduziblen 
Gleicbung,  die  von  einer  den  Korper  k  erzeugenden  Zabl  befriedigt  wird. 
Kann  nun  das  Residuum  von  tk(s)  anderweitig  bestimmt  werden, 
so  erhalt  man  off  en  bar  einen  Ausdruck  fiir  die  Klassenzabl  h.  (Im 
Falle  eines  quadratiscben  Korpers  ist  dieses  Verfabren  im  wesent- 

377)  Vgl.  hierzu  11  B  7,  Nr.  129,   wo   die  Beziehungen  zu   der  allgemeinen 
Theorie  der  Thecafunktioneu  behandelt  werden. 

378)  O  Lejeunc-Dirichtet,  Vorlesungen  iiber  Zahlentheorie,  herausgeg.  nnd 
m.  Zusatzen  versehen  von  H.  Dedekind,  4.  Aufl.  1894,  p.  610. 

379)  Die  kleinen  deutscben  Buchstaben  bezeicbnen  Ideale,  Na  ist  die  Norm 
des  Ideale  a,  Na'  bedeutet  (Na)*. 

880)  H.  Weber,  t)ber  einen  in  der  Zahlentheorie  angewandten  Satz  der 
Integralrechnung,  GOtt  Nachr.  1896,  p.  276—281;  Lehrbuch  der  Algebra  2,  2.  Aufl. 
1899,  p.  672—678,  712. 

381)  E.  Landau,  a.  a.  O.  28). 

382)  Wo    nichts    anderen    gesagt   wird,   ist  der   Begriff   nldealklassett    im 
,,weitesten  Sinneu  genommen,  d.  h.  zwei  Ideale  sind  zur  gleichen  Klaeee  gehOrig, 
sobald  ihr  Quotient  eine  Kftrperzabl  iat. 
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lichen  mit  dem  DirichletBcheiL  —  vgl.  Nr.  40  —  identisch.)    Dies  laflt 
sich  aber  nur  in  wenigen  Fallen  durchfiihren388),  und  zwar: 

a)  Ftir  die  Kreiskorper  und  deren  Unterkorper  (vgl.  I  C  4b88*)). 
Im  Korper  der  v*n  Einheitswurzeln  ist 

-A  (• 


wo  alle  q>  (v)  i-Funktionen  mod.  v  (vgl.  Nr.  29)  multipliziert  werden, 
und  f  und  q  gewisse  von  v  und  p  abhangige  positive  ganze  Zablen 
sind.  Die  Formel  fur  die  Klassenzabl  gibt  bier  also  einen  neuen  Be- 
weis  fur  das  Nicbtverschwinden  samtlicber  Reihen  i(l).885) 

b)  Fur  die  Klassenkorper  der  komplexen  Multiplikation886). 

c)  Fdr   solche  Korper  4.  Grades,   die   durch   eine  Zahl  von   der 
Form  Ya  +  bye'  mit  rationalen  a,  fc,  c,  sowie  c  >  0,  a±ft|/?<0 
erzeugt   werden.     HecJce*81)   beweist   unter   Anwendung   der   von   ihm 
untersuchten  Gaufischen.  Summen  in  algebra!  schen  Zablkorpern  einen 
Satz    fiber    gewisse    Relativklassenzablen,    aus    dem    insbesondere    ein 
Ausdruck  fiir  die  Klassenzabl  der  genannten  Korper  folgt.   Es  zeigen 
sicb  bierbei   eigenttimliche  Zusammenhange  mit  tiefliegenden  Fragen 
aus  der  Tbeorie  der  Tbetafunktionen. 

Die  analytische  Fortsetzung  von  £fc  (s)  fiber  6  =  1  --  —  binaus 
konnte  laDge  nur  bei  speziellen  Korpern  ausgefiihrt  werden.  Ein  sehr 
bedeutender  Fortsebritt  wurde  nun  von  Hecke***)  gemacbt,  indem  es 

383)  E.  Landau,  Uber  eine  Darstellung  der  Anzabl  der  Idealklassen  eines 
algebraischen  Kdrpers  durch  eine  nnendliche  Reihe,  Crelles  J.  127  (1904),  p.  16? 

bis  174  (vgl.  auch  a.  a.  0.  78)),  zeigt,  dafi  die  DirichletBche  Reihe  fiir  &(«)  •  ^,— 
im  Punkte  8=1  konvergiert,  so  dafi  die  Klassenzahl  immer  durch  eine  konver- 
gente  unendliche  Reihe  darge«tellt  werden  kann. 

384)  Vgl.  auch  die  neuere  Daratellung  von  E.  Fuetcr,  Synthetieche  Zahlen- 
theorie,  Berlin  u.  Leipzig  (GOschen)  1917. 

386)  Dirichlet-Dedekind,  a.  a.  0.  378),  p.  626- 

386)  Jedes  Eingehen  auf  die  Theorie  der  Klassenkftrper  mufite  aus  diesem 
Bericht  ausgesch  lessen  werden.    Vgl.  hierzu  106. 

387)  E.  Hecke,  Bestimmung  der  Klaasenzahl  einer  neuen  Reihe  von  algebra- 
ischen  ZahlkOrpern,  GOtt.  Nachr.  1921,  p.  1  —  23;  Reziprozitatsgeeetz  und  Gaufi- 
eche    Summen    in    quadratischen    ZahlkOrpern,    ibid.   1919,    p.  266  —  278.     Vgl. 
auch  L.  J.  Mordell,   On   the   reciprocity   formula  for  the  Gauss's   sums  in  the 
quadratic  field,  Proc.  London  math.  Soc.  (2)  20  (1920),  p,  289—296  ;  K.  Reidemeister. 
t)ber  die  Relativklaseenzahl  gewisser  relativquadratischer  Zahlk6rper,  Abhandl. 
Math.  Seminar  Hamburg  1  (1922),  p.  27—48. 

388)  E.  Hccke,  tfber  die  Zetafunktion  beliebiger  algebraischer  Zahlkdrper, 
Gdtt.  Nachr.  1917,  p.  77—89;  eine  Anwendung  der  Entdeckung  aaf  die  Theorie 
der  Klaaaenk(Jrper  gibt  die  Arbeit:  tJber  eine  neue  Anwendung  der  Zetafunktionen 
auf  die  Arithmetik  der  Zahlkorper,  G6tt.  Nachr.  1917,  p.  90—96. 


Ill  49  H.    Encykl.Math.  Wis*.  II  3  (1923). 
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ihm  gelang,  den  zweiten  Riemannschen  Beweis  fUr  £  (s)  (vgl.  Nr.  1  4) 
zu  verallgemeinern  and  dadurch  nioht  nur  die  Existenz  yon  £k(s)  in 
der  ganzen  Ebene  nachzuweisen,  sondern  auch  eine  der  Riemannachen 
analoge  Funktionalgleichung  ftir  £A  (s)  aufzustellen  und  mit  ihrer  Hilfe 
die  Hodamardschen  Satze  tiber  das  Geschlecht  und  die  Produkt- 
entwioklung  der  ganzen  Funktion  (s  —  1)6(5)  (vgl.  Nr.  15)  zu  ver- 
allgemeinern.889) Es  lafit  sich  n&mlich,  wenn  das  Ideal  a  gegeben 
ist,  die  Summe890) 


die  tiber  alle  Ideale  \  der  Klasse  a"1  erstreckt  ist,  durch  eine  Thetareihe 


yu  =  0  (mod  a) 

ausdrftcken,  wobei  p  alle  Zahlen  von  a  durchlauft,  n(i\  .  .  .  ft(M)  die 
konjugierten  Zahlen  (inkl.  p  selbst),  in  bestimmter  Reihenfolge  wie 
in  I  C  4  a,  Nr.  7,  geordnet,  und  diejenigen  rpj  welche  konjugiert 
imaginaren  Korpern  entsprechen,  einander  gleich  sind.  Hecke  findet 
in  der  Tat  durch  sinnreiche  tJberlegungen 

(114)  *  (s,  a)  =  A'  (r  (-f-))'1  (FWX-  5  (s,  a) 


*A     A 
-Jdx>  -ja 


-4  -t 

wo 


o)  — 


gesetzt  ist  und  «j . . .  er  ein  System  von  Qrundeinheiten  des  Korpers 
bezeichnet.  (Wie  Gblich  ist  r  —  ^  +  r,  —  1.)  Die  Thetareihe  (113) 
gentigt  aber  der  Funktionalgleichung 


389)  Neuerdings  wurde  der  erste  ItiemannBche  Beweis  von  C.  Siegel  fttr 
fikW  verallgemeinert:  Neuer  Beweis  fflr  die  Funktionalgleichung  der  Dedekind- 
achen  Zetafunktion,  Math.  Ann.  85  (1922),  p.  123—128. 

890)  Die  AusdrCicke  (112),  (113)  und  (114)  aind  nicht  von  dem  Ideal  a  selbst, 
sondern  nur  von  der  Klasse  von  a  abhangig. 


H.    EncykLMath.  Wise.  II  3   (1923). 


41.  Die  Zetafunktionen  von  Dedekind  und  Hecke.  845 

wo  b  das  Grundideal  von  k  ist  (vgl  I  C  4  a,  Nr.  5);  hieraus  folgt 

f  /•[-     n» 

„;  a>  — 


was  der  Gleichung  (26)  von  Nr,  14  entspricbt.  Da  a-1  b~l  gleicb- 
zeitig  mit  a  alle  h  Idealklassen  dureblauft,  folgt  welter: 

z(8)-8(i-,)A'(r  (-i))ri  (r  (S))r>  &  (s) 

ist  eine  ganze  Fun  kt  ion,  die  sich  bei  Vertauschung  von  s  niit  1  —  s 
nicht  audert.  £t  (s)  ist  also,  bis  auf  den  Pol  bei  5=1,  in  der  ganzen 
Ebene  regular  und  besitzt  die  Funktionalgleichung 

t.     /*  \  /      '*     V'ui'-^/          S7t\ri+r*  /   ,       sn  y,  /  \n 

5,  (  1  -  s)  —  (—  )  I  d\    *  (cos  —  )  (sin  —  )    (F  (s))  J4(«). 

(Vgl  [24  J  Nr.  14.)  Der  Punkt  5  =  0  ist  NullsteUe  r"*  Ordnung, 
s  =  —  2,  —  4,  .  .  .  Nullstellen  (r  +  l)ter  Ordnung,  5  =  —  1,  —  3,  ... 
Nullstellen  rfter  Ordnung;  auBerdem  gibt  es  unendlicb  viele  Null- 
stellen p,  die  samtlich  dem  Streifen  0  ^  tf  <^  1  angeboren,  und  es 
kann  wie  bei  £(V)  die  Produkteutwicklung 


(vgl.  [28],  Nr.  15)  abgeleitet  werden. 

Landau*91)  gibt  eine  Zusainnienfassung  der  Tbeorie  von  g^  (s)  und 
zeigt  dabei,  daB  alle  Q  dem  Innem  des  ,,kritischen  Streifens"  ange- 
hSren392),  und  daB  sogar  das  Gebiet  (vgl.  Nr.  19) 


391)  E.  Landau,  Eiufuhrung  in  die  elementare  und  analytische  Theorie  der 
algebraischen  Zahlen  und  der  Ideale,  Leipzig  u.  Berlin  (Teubner)  1918. 

3U2)  Landau,  a   a.  O   28),  hat  schon  vor  Heckes  Entdeckung  gezeigt,  daB 


keine  Nullstelle  auf  o  «=  1  Hegt,  und  sogar  dafi 


<  c  log9 1   im    Gebiete   a  >  1 


—  r — q,  t  >  <0  gilt,  was  fi'ir  die  Verallgemeinerung  des  Primzahlsatzes  wichtig 

war  (vgl.  Nr.  42).    Vgl.  hierzu  auch  Landau,  Cber  die  Wurzeln  der  Zetafunktion 
eines  algebraiachen  Zahlk^rpers,  Math.  Ann.  79  (1919),  p.  388—401. 


Ill  49*  H.    SvKftkt.  Matlt.  Wi**.  II  3  (1923). 
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bei  passender  Wahl  von  k  und  *0  von  Nullstellen  frei  ist.     Die  An- 
zahl  der  Q  im  Rechteck  0  «y  <  1,  0<  *  <£  T  ist  nach  Landaum) 

-^.  TlogT+Iog|d|^0n" 

5»  it  o          i  2  TC 


(Vgl.  [30],  Nr.  16.)  Ob  bei  der  allgemeinen  &(*)  unendlich  viele  Q 
auf  der  Geraden  <*  —  ~  liegen  (vgl.  Nr.  19),  ist  bisher  nicht  ent- 
echieden. 

Die  Satze  fiber  die  Werte  von  £(s)  auf  einer  vertikalen  Ge- 
raden894) und  Qber  die  GroBenordnung  von  £  ($)  wurden  zuin  Teil 
auch  fttr  £k(s)  verallgemeinert.  Insbesondere  ist  fiber  die  /t-  Funktion 
von  ^  ($)  (vgl.  Nr.  18)  bekannt,  dafi  ^  (<y)  —  0  fQr  6  >  1  und  /t  (<y) 

—  »  (Y  —  <*)  fur  tf  <  0  ist891),  wahrend  ftlr  0  <  6  <  1  die  /t-Kurve  iin 

Dreieck  mit  den  Eckpunkten  (0,  y),  (y,  o),  (1,0)  verlauft. 

Bei  Untersuchungen  iiber  die  Verteilung  der  Primideale  in  den 
verschiedenen  Idealklassen  des  Korpers,  bzw.  in  den  Idealklassen 
mod.  f  (f  ein  ganzes  Ideal),  treten  gewisse  Funktionen  auf,  die  den 
L-Funktionen  des  rationalen  Korpers  entsprechen  (vgl.  Nr.  29  und 
fur  den  quadratiechen  Korper  Nr.  40).  Sie  werden  ftlr  6  >  1  durch  die 
Gleichung 


definiert,  wobei  die  idealtheoretische  Funktion  3(0)  durch  einen  Cha- 
rakter  der  betreffenden  Abelschen  Gruppe  von  Idealklassen  in  analoger 
Weise  wie  die  zahlentheoretische  Funktion  %  (n)  bei  den  Z-FunkHonen 
(vgl.  Nr.  29)  bestimmt  ist.  Die  analytische  Fortsetzung  wurde  von 

Landau919*)  bis  zu  <j  —  1  —  -i-,  von  Hecke™*}  ftber  die  ganze  Ebene 

ausgefiibrt  und  die  entspreehenden  Funktionalgleichungen  wurden  von 
Hecke*9*)  und  Landau999)  aufgesteUt.  Bei  jedem  vom  Hauptcharakter 
verschiedenen  i  ist  £t($,  ^),  bei  dem  Hauptcharakter  aber  (s  —  1)  . 
ganze  Funktion  von  Geschlechte  Bins,  die  im  Streifen 


893)  Einen  Sata  fiber  den  Mittelwert  des  Bestgliedet  in  dieaer  Formel  gibt 
H.  CramAr,  a.  a.  0.  186). 

394)  Vgl.  H.  Bohr  und  E.  Landau,  a.  a.  O.  113). 

396)  E.  Hecke,  tTber  die  lr-Funktionen  und  den  Dirichletschen  Primzahlsatz 
f£ir  einen  beliebigen  Zahlkdrper,  Gdtt.  Nachr.  1917,  p.  299—318. 

396)  E.  Landau,  t)ber  Ideale  und  Primideale  in  Idealklaasen,  Math.  Ztechr.  2 
(1918),  p.  62—164.  Eg  werden  hier  auch  andere  Aquivalenzlegriffe,  d.  h.  andere 
Definitionen  dee  Begriffg  wldealkla«8ea  berftcktichtigt. 


H.    Encykl.  Math.  Wiaa.  II  3  (1923). 


48.  Die  Verteilung  der  Ideale  und  der  Primideale.  847 

0  <  6  <  1  unendlich  riele  Nullstellen  besitzt**7),  aber  f  ttr  *  ^  1  durch- 
weg  von  Nail  verschieden  ist.W8) 

Um  ein  genaueres  Stadium  der  Yerteilung  der  Prixnideale  von  k 
zu  ermoglichen,  ftihrt  Hecke*1*)  eine  Klasse  veraUgemeinerter  Zeta- 
funktionen 


ein,  wo  die  *  (a)  gewisse  der  Multiplikationsregel  A  (a)  *(b)  —  A  (a  6) 
gentigende  ,,€trofiencharaktere"  von  a  sind,  die  von  n  —  1  ,;Grand- 
charakteren"  abhangen.  Durch  die  Angabe  der  Grundcharaktere  and 
der  Norm  ist  das  Ideal  a  eindeutig  bestimmt.  Diese  £  (s,  A)  lassen 
sick  wie  £k(s)  durcb  Thetareihen  ausdriicken  und  besitzen  auch  ahn- 
licbe  Funktionalgleichungen.  Durch  Kombination  dieser  Resultate  mit 
einem  Satz  vou  Weyl  (vgl.  Nr.  39)  fiber  diophantische  Approxima- 
tionen  erhalt  Hecke  neue  Satze  iiber  die  Verteilung  der  Primideale 
und  der  Primzahlen  in  gewissen  zerlegbaren  Forraen  (vgl.  Nr.  40).  — 
Endlich  sei  auch  noch  erwahnt,  daB  Hecke999)  neuerdinga  verschicdene 
einem  Zahlkdrper  zugeordnete  analytische  Funktionen  mehrerer  Vari- 
ablen  eingefiihrt  hat,  wobei  die  g  (s,  A)  als  Hilfsmittel  dienen. 

42.   Die   Verteilung   der  Ideale  and  der   Primideale.    Es  war 

filr  die  Vera  11  gem  eine  rung  des  Primzahlsatzes  wesentlich,  daB  die  von 
Landau  eingeftthrten  Methoden  (vgl.  Nr.  25)  nur  das  Verhalten  von 
f  (s)  in  der  Nahe  von  <y  =  1  benutzten.  Ohne  die  Existenz  der  Dede- 
kindacbeii  £k(s)  in  der  ganzen  Ebene  —  die  damals  nicht  bekannt 
war  —  vorauszusetzen,  gelang  es  ihm  namlich,  den  sog.  Primideal- 
sats40*)  zu  beweisen:  Fttr  jeden  Korper  k  vom  Grade  n  ist  die  Anzahl 
xk(x)  der  Primideale  mit  Norm  <£  x  asymptotiscb  gleicb  Ll(x).  Unter 
Benutzung  der  Gleichung 


397)  Aufierdem  gibt  es  nur  ntriviale"  Nullstellen  bei  5  =  0  und  auf  der 
negatiren  reellen  Achee  sowie  —  im  Falle  eines  uneigentlichen  Charaktera  — 
auf  der  imaginaren  Acbse. 

898)  Vgl.  E.  Hecke,  a.  a.  0.  896);   E.  Landau,  a.  a.  0.  370 a)  und  396),  Zur 
Theorie  der  Heckeschen   Zetafuoktionen,   welche  komplezen  Charakteren  ent- 
Bprechen,  Math.  Ztschr.  4  (1919),  p.  162—162. 

899)  E.  Hecke,   Analytische  Funktionen  und  algebraisohe   Zahlen,   I.  Tei) 
Abhandl.  Math.  Seminar  Hamburg  1  (1922),  p.  102—126. 

400)  E.  Landau f  Neuer  Be  we  is  des  Primzahlsatzes  und  Bowels  des  Prim- 
idealsatzes,  Math  Ann.  56  (1903),  p.  645—670. 


H.    Encykl.  Math.  Wiss.  II  3  (1923). 
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ergibt  sich  dies  genau  wie  bei  dem  Primzahlsatz.    Es  gilt  sogar  nach 
Landau™) 

I     _-^KI^\ 

*»(*)«  Li(x)  +  0\xe  ) 


mit  absolut  kons  tan  tern  a,  was  jedoch  erst  nach  der  Entdeckung  der 
Fortsetzbarkeit  yon  £t(s)  bewiesen  werden  konnte.  Hierin  1st  als 
Spezialfall  die  Abschatzung  von  n  (x)  (vgl.  Nr.  27)  enthalten.  Fiir 
die  Primideale  einer  Idealklasse  (bzw.  einer  Idealklasse  mod.  f,  wo  f 
ein  ganzes  Ideal  1st)  gelten  entsprechende  Gleichungen40*),  und  zwar 
gilt  dies  auch  bei  engerer  Auffassung  des  Klassenbegriffs.  Dies  ent- 
halt  wiederum  als  Spezialfall  Dirichlefa  Satz  von  der  aritbmetiscben 
Reihe  (ygl.  Nr.  30).  Die  Littlewoodschen  Beziehungen  (60)  von  Nr.  27 
warden  von  Landau996)  ftir  einen  beliebigen  Korper  Jc  und  fiir  eine 
beliebige  Idealklasse  von  k  verallgemeinert.  Insbesondere  ist  also 


inf   --  <  0  <  lim  sup 


. 

yx   ,      ,      ,  .T  —  v  oo    yx  ,      ,      , 

—  log  log  log  x  JL—  log  log  log  x 


Bei  dem  fieweis  dieses  Satzes  dient  als  Hilfsmittel  die  Verallgemeine- 
rung  der  Riemann~v.  Mangoldfacben  Primzahlformel408);  (iber  die  Kon- 

vergenzeigenschaften  von   ^—  gibt  es  auch  bier  ahnliche  Satze  wie 
bei  J  (s)  (vgl.  Nr.  28). 

Wird  das  Residuum  von  gft  (s)  fiir  s  =  1  durch  h  K  bezeichnet, 
so  gilfc  nach  Landau***)  fiir  die  Anzabl  H  (x,  K)  der  Ideale  mit  Norm 
<^  x,  die  einer  Elasse  K  von  k  angeboren, 


und  ffir  die  Anzabl  H  (x)  aDer  Ideale  des  Korpers  mit  Norm  <£  x 

/  ,  __ 
=  hlx+  0\x     * 


401)  E.  Landau,  a.  a.  O.  S91).  Die  in  der  vorigen  FuBuote  eiwabnte  Arbeit 
gibt  eine  weniger  gute  Abschatzung. 

402)  E.  Hecke,  a.  *.  0.  396);  E  Landau,  a.  a.  O.  227),  370  a  and  396) 

403)  E.  Landau,  a.  a.  0.  891)  und  396).     Fiir  einigc   Anwendnngen   einor 
analogen  Formel  vgl.  H.  Cramer,  a.  a.  0.  186). 

404)  E,  Landau,  a.  a.  0.  289  b),  891)  und  896). 
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Andererseits   zeigt   Walfisst*91),   der   die   von  Hardy  bei   den  Teiler- 
problemen  (vgl.  Mr.  34)  angewandte  Methode  benutzt, 


r       .   f          —  hlx    .  A     .  ,.  - 

lim  inf       „_!  —  <  0  <  hm  sup 


In  diesen  Beziehungen  sind  ale  Spezialfalle  verschiedene  der  in  Nr.  35 
erwahnten  Resultate  bei  den  Kreis-  und  Ellipsoidproblemen  ent- 
halten.405)  FW/te197)  hat  auch  eine  explizite  Formel  ftr  H(x)  auf- 
gestellt,  die  als  Spezialfalle  die  entsprechenden  Formeln  bei  jenen 
Problemen  enthalt. 

Setzt  man,  analog  wie  bei  5  (s)>  f^r  &  >  1 


1    —  F7/1  _          _ 

{•4  (5)  ~  1  1  \L        Np)  —  ^J  Na» 

*>  « 

so  lafit  sich  fiber  die  idealtheoretische  Funktion  ^  (a)  z.  B. 


mit  entsprechenden  scharferen  Abschatzungen,  beweisen.40e)  Auch  die 
Zusammenhangssatze  der  rationalen  Zahlentheorie  (vgl.  Nr.  33)  lassen 
sich  fiir  einen  beliebigen  Korper  k  verallgemeinern407),  so  wie  auch 
verschiedene  andere  der  in  den  Nummern  32  —  37  erwahnten  Satze 
(iber  zahlentheoretische  Funktionen.408) 


405)  Die  entsprechenden  oberen  Abschatzungen  waren  uberhaupt  fiir  qua- 
dratische   Korper   schon   frviher   bekannt.     Vgl.  z.  B.  E.  Landau,   a.  a.  0.  284); 
A.  Hammerstein,  a.  a.  O.  200). 

406)  E.  Landau,  t)ber  die  zahlentheoretische  Funktion  p(k\  Sitzungsber. 
Akad.  Wien  11«  (1903),  Abt.  2  a,  p.  687—570. 

407)  K.  Landau,  a.  a.  0.  21);  A.  Axer,  a.  a.  0.  275). 

408)  Vgl    z.  B.  E.  Landau,  a.  a.  O.  300)  und  370 a);    A.  Axtr,  Przyczynek 
do  charakterystyki  funkcyi  idealowej  op  (j)  [Sur  la  fonction  9  (g)  dans  la  the'orie 
dei  ide"aux|,  Prace  Matb.-Fiz.  21  (1910),  p.  37—41. 


(Abgeichlosien  im  Mai  1922.) 
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NOTE.  —  The  translation  S  1  of  the  doctoral  dissertation  is,  as  far  as  possible,  a 
faithful  image  of  the  original.  In  particular,  the  notation  has  been  preserved  throughout. 
The  original  page-numbers  are  indicated  at  the  top  of  the  pages  at  the  inner  margin. 

In  the  summaries  82  —  S  24  of  the  other  Danish  papers  reviews  of  previous  results 
have  usually  been  omitted.  The  aim  has  been  to  indicate  briefly  the  new  results  contained 
in  the  papers  and,  in  most  cases,  the  main  trend  of  the  reasoning,  following  the  originals 
very  closely.  In  the  cases  where  the  content  of  a  paper  has  also  been  published  in  another 
language,  the  summary  has  been  restricted  to  a  statement  of  the  result  of  the  paper, 
followed  by  a  reference  in  square  brackets. 

All  comments  by  the  editors  have  been  confined  to  the  Notes  at  the  end  of  this  volume. 
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DEDICATED  TO  MY  PABENT8 

Foreword. 

By  the  analytic  theory  of  numbers,  we  understand,  in  contrast  to  the  elementary 
theory  of  numbers,  that  branch  of  number-theory  in  which,  even  though  the  goal 
is  always  to  seek  the  laws  which  hold  for  integers,  still,  in  order  to  be  able  to  use 
the  numerous  tools  of  analysis,  one  introduces  and  operates  with  concepts  such  as 
continuous  variables,  infinite  series,  analytic  functions,  and  so  on. 

While  the  first  traces  of  the  analytic  theory  of  numbers  may  be  found  in 
Euler's  works,  Dirichlet,  through  his  celebrated  researches  on  arithmetic  progress- 
ions and  on  the  class  number  of  binary  quadratic  forms  with  a  given  determinant, 
must  be  considered  as  the  actual  founder  of  this  branch  of  mathematics. 

One  of  the  most  important  tools  in  Dirichlet's  investigations  of  the  analytic  theory 

of  numbers,  as  in  those  of  later  writers,  is  the  class  of  infinite  series  f(s)  =  5?  — , 

n* 

which  are  now  known  everywhere  as  Dirichlet  series,  after  Dedekind's  suggestion. 

The  study  of  Dirichlet  series,  apart  from  their  number-theoretic  applications, 
offers  considerable  interest  for  purely  function-theoretic  reasons;  for  this  type  of 
series  possesses  several  characteristic  properties,  closely  connected  with  the  fact 
that  a  Dirichlet  series  (in  contrast,  e.g.,  to  a  power  series)  possesses  a  two-dimensional 
region  of  the  complex  plane  in  which  the  series  is  simultaneously  conditionally  and 
uniformly  convergent. 

The  previous  theory  of  Dirichlet  series,  which  considers  the  series  exclusively  in 
their  regions  of  convergence,  lacks  in  several  respects  the  stamp  of  completeness. 
For  example,  in  contrast  to  the  case  of  power  series,  one  cannot  infer  from  the 
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fact  that  two  Dirichlet  series  converge  in  a  certain  region  0  that  the  series  formed 
by  formal  multiplication  of  these  two  series  will  also  converge  in  the  region  0. 
In  some  cases,  the  product  series  converges;  in  other  cases,  it  diverges.  It  may  be 
further  mentioned  that  the  line  bounding  the  region  of  convergence  of  a  Dirichlet 
series,  again  in  contrast  to  tha  case  of  power  series,  does  not  appear  to  be  a  line  which 
is  connected  in  a  simple  way  with  analytic  properties  of  the  function  represented  by 
the  series. 

It  will  be  shown  in  this  dissertation  how,  by  using  the  concept  of  summability 
introduced  by  Cesaro,  which  forms  a  generalization  of  the  usual  concept  of  convergence, 
one  can  extend  the  theory  of  Dirichlet  series  in  an  essential  way.  In  its  extended 
form,  the  theory  presents  in  several  respects  the  appearance  of  a  complete  whole, 

The  first  basis  for  a  theory  of  summability  of  Dirichlet  series  was  given  by  the 
author  in  a  note  :  Sur  la  s^rie  de  Dirichlet,  Comptes  rendus  de  I'Academie  des  Sciences, 
Paris,  vol.  148,  11  January  1909.  It  is  here  stated  that  there  exists  a  two-dimensional 
region  in  the  complex  plane  within  which  a  Dirichlet  series  is  summable  without 
being  at  the  same  time  convergent. 

As  touched  upon  in  this  note,  and  as  described  in  more  detail  in  a  paper  :  tJber 
die  Summabilitat  Dirichletscher  Reihen,  Nachrichten  der  Kgl.  Oesellschaft  der 
Wissenschaften  zu  Gottingen,  math.-phys.  Klasse,  1909,  pp.  247-262,  a  corresponding 
theory  of  summability  can  also  be  established  for  the  so-called  factorial  series 

anci  binomial  coefficient  series  y  —  ----  .  which 

** 


latter  series  stand,  in  point  of  fact,  very  close  to  Dirichlet  series. 

The  above-mentioned  note  also  touches  briefly  upon  the  way  in  which  a  theory 
of  summability  can  be  similarly  established  for  the  so-called  generalized  Dirichlet 
series,  i.e.,  series  of  the  form  /($)  =  J7  an  e~Xn'*  (xl  <  x2  •  •  •  <  xn  •  •  •,  lim  xn  =  oo), 

f°° 

and  for  definite  integrals  of  the  type  \  a(x)e~x'*dx. 

Jo 
In  the  present  dissertation,  however,  I  have  restricted  myself  to  treating  only 

ordinary  Dirichlet  series  J^~  ,  in  order  to  be  able  to  give  the  theory  of  summability 

a  more  complete  form,  as  well  as  to  make  the  exposition  as  simple  and  perspicuous 
as  possible. 

The  dissertation  is  divided  into  two  parts. 

In  the  first  part,  we  give  an  exposition  of  the  theory  of  convergence  for  Dirichlet 
series,  as  it  has  gradually  developed  through  the  investigations  of  various  authors. 


3  1.   Translation  of  A  3. 


[ix-xii,  1]  Foreword,  3 

Our  object  in  this  exposition  has  not  been  to  give  a  complete  survey  of  the  theory 
of  convergence  for  these  series,  but  only  to  set  forth  the  essential  features  of  the 
theory,  in  particular  those  which  have  natural  points  of  contact  with  the  theory  of 
their  summability,  This  part  is  concluded  with  an  investigation  by  the  author  of  the 
so-called  convergence  problem  for  Dirichlet  series. 

The  second  part  deals  with  the  theory  of  summability  for  the  series.  In  an 
introduction  to  this  part,  there  will  be  given  a  detailed  survey  of  the  results  contained 
therein. 

Upon  finishing  this  work,  I  wish  to  ask  my  teachers  at  the  University,  Profes- 
sor Zeuthen  and  Professor  Nielsen,  to  accept  my  sincere  thanks  for  the  valuable 
guidance  which  they  have  given  me  during  my  study  and  for  the  interest  which  they 
have  always  shown  me.  I  ask  Mr.  N.  E.  N0rlund,  assistant  at  the  astronomical 
observatory,  to  accept  my  thanks  for  valuable  help  in  reading  the  proofs, 

Copenhagen,  December  1909.  HARALD 


PART  ONE 

The  Theory  of  Convergence  for  Dirichlet  Series. 

By  a  Dirichlet  series,  we  understand  an  infinite  series  of  the  form 

"v^  —  ?!  j_?? +  !!?  j 

^i  n8  ~~  I8     2*     3* 

The  quantities  alt  a2, . . . ,  an, . , .  (the  coefficients  of  the  series)  can  be  arbitrary 
real  or  complex  numbers  and  n8  denotes  e*'logny  where  logn  represents  the  real 
logarithm  of  the  positive  integer  n  while  s  =  a+it  denotes  the  independent  complex 
variable. 

For  the  absolute  convergence  of  a  Dirichlet  series  the  following  theorem  holds:* 

Theorem  I,  //  JT  ~  is  absolutely  convergent  for  s  =  $0  =  a0+itQ  (i.e.,  if  ^ 

is  convergent),  then  £  ~   is  absolutely  convergent  for  every  value  ofs  =  a+it  such 
that  a^oQ. 

*  W.  Scheibner,  Uber  unendliche  Reihen  und  deren  Convergenz,  Leipzig  1860,  pp.  24-25. 
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Proof.  For  a  ^  ff0  we  have 


implies  the  convergence  o 


and  hence  the  convergence  of  J^ 

An  immediate  consequence  of  Theorem  I  is  that,  for  any  Dirichlet  series,  there 
are  only  the  following  three  possibilities: 

L  The  series  is  absolutely  convergent  for  all  values  of  8. 

2.  The  series  is  not  absolutely  convergent  for  any  value  of  s. 

3.  There  exists  a  straight  line  a  =  I  orthogonal  to  the  real  axis  such  that  JP  ~ 

is  absolutely  convergent  in  the  half-plane  to  the  right  of  this  line  (i.e.,  for  o  >  I), 
while  the  series  is  not  absolutely  convergent  in  the  half -plane  to  the  left  of  this  line 
(i.e.,  for  a  <  I). 

The  number  I  is  called  the  abscissa  of  absolute  convergence  of  the  series  and  the 
line  a  =  l  the  boundary  of  absolute  convergence  of  the  series.* 

a 

It  follows  also  from  Theorem  I  that  J£*  -•;  is  absolutely  convergent  either  at 

n 

all  or  at  none  of  the  points  of  the  boundary  line  a  =  I  itself. 

As  one  sees  from  the  foregoing,  the  question  about  the  type  of  region  in  which 
a  Dirichlet  series  is  absolutely  convergent  answers  itself,  so  to  say;  however,  the 
situation  is  essentially  different  with  the  analogous  question  regarding  the  region 
of  convergence  in  general  (absolute  or  conditional).  This  latter  question  has  been 
solved  by  Jensen, f  who  proved  in  1884  the  fundamental  theorem  that  the  region  of 
convergence  of  a  Dirichlet  series  is  also  a  half -plane  bounded  by  a  straight  line  a  =  A0 
orthogonal  to  the  real  axis.  This  line,  of  course,  must  lie  to  the  left  of  or  possibly 
coincide  with  the  boundary  of  absolute  convergence  a  —  I. 

The  proof  of  Jensen's  theorem  is  based  on  the  following  lemma  found  by 
Dedekind:} 


*  In  order  to  have  uniform  notation  in  the  sequel,  it  will  be  convenient  to  include  the  two  extreme 
cases  1.  and  2.  under  the  general  case  3.  by  putting  in  case  1.,  1=  —  oo,  and  in  case  2.,  I  =  +00. 

t  J.  L.  W.  V.  Jensen,  Om  Raakkera  Konvergens,  Tidsskrift  for  Mathematik,  ser.  5,  vol.  2,  1884, 
p.  70. 

|  Dirichlet,  Vorlesungen  fiber  Zahlentheorie.  Herausgegeben  und  mit  Zusatzen  versehen  von 
Dedekind,  Braunschweig,  Second  edition  1871,  p.  371.  For  real  <x  and  u  the  theorem  is  already  stated 
by  P.  du  Bois-Reymond,  Antritteprogram,  Freiburg  1871,  p.  10. 
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Lemma  la.  //  £  un  is  convergent  or  oscillating  between  finite  bounds  (i.e., 
if  Sn  =  £  um  * or  ftU  n  ls  numerically  smaller  than  a  constant  K)  and  if  the  sequence 
&i,  <xi»  •  •  • »  ftn>  •  •  •  satisfies  the  following  two  conditions', 

2    K-*n+il  converges  (1) 

n=oo 

then  the  series  £  unoin  is  convergent  and  its  sum  is  equal  to  the  sum  of  the  absolutely 

n-l 
n=oo 

convergent  series  £  Stt(<*n— «n+1) . 


Proof.  Since  m=n 

Sn  =  2   Um  > 
w=l 

we  obtain  by  partial  summation 

m-n  m=n  m=n-l 

Tn  =  2"  «m«m  =   2"  (S«-«-lK,  =  S»«»+    2"  0.K,-«Wl)  •  (3) 

m=l  w-=l  w=l 

From  assumption  (2)  in  conjunction  with  the  assumption 

|Snl<#  (4) 

it  follows,  in  the  first  place,  that 

lim  Snocn  =  0  , 

n=oo 

while  (1)  and  (4)  imply  immediately  the  convergence  (indeed  the  absolute  converg- 

n=oo 

ence)  of  the  series  £  Sn(otn—ocn+l)  . 

n=l 

Thus  from  the  equation  (3)  we  obtain 


n-l 

Lemma  la  now  puts  us  in  a  position  to  prove  the  following  theorem:* 

*  Jensen,  1.  c.—  The  remark  'or  oscillating  between  finite  bounds'  is  due,  however,  to  E.  Cahen, 
Sur  la  fonction  £(*)  de  Riemann  et  sur  des  fonctions  analogues,  Annales  scientifiques  de  VlScole  Normak 
suptrieure,  ser.  3,  vol.  li,  1894,  p.  82, 
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Theorem  II.  //  the  Dirichlet  series  £  ~  is  convergent  Or  oscillating  between 

finite  bounds  for  s  =  s^  =  <r0+^o>  then  £  ~  is  convergent  for  every  s  =  a+it  such  that 

n 
a>  a0. 

Proof.  If  we  put 


the  series  JP  un  is,  by  assumption,  convergent  or  oscillating  between  finite  bounds; 
furthermore,  since  or—  or0  >  0  ,  we  have 

lim  <xn  =  lim  —^-  =  0 
and  n~°°          "-<»*"' 


1 


n+l 


dx 

/«          n    \  \  

(S—SQ)  \       -T,T-T 


since   a— cr0  >  0 ,  the  last  inequality  immediately  implies  the  convergence  of 

Conditions  (1),  (2),  and  (4)  being  thus  fulfilled,  it  follows  from  Lemma  la  that 

__  an  , 

yuncnn  =  y  —  is  convergent.  q.e.d. 

*"*  n8 

Furthermore,  it  follows  from  Lemma  la  that  £  -?  f°r  <*  >  ^o can  ^e  represented 

n 

as  the  sum  of  the  absolutely  convergent  series 


where 


It  now  follows  immediately  from  Jensen's  Theorem  II  that  an  arbitrary  Dirichlet 
series  is  either  everywhere  or  nowhere  convergent,  or  else  there  exists  a  straight  line 
a  =  A0  orthogonal  to  the  real  axis  such  that  the  series  is  convergent  for  a  >  A0  and  divergent 
for  a  <  A0. 

The  number  >10  is  called  the  abscissa  of  convergence  of  the  series.* 


*  As  in  the  case  of  absolute  convergence,  we  shall  express  here  also  the  extreme  cases  as  A,,  =  —  oo 
and  ^  «  +00.  The  reason  for  denoting  the  abscissa  of  convergence  by  the  indexed  letter  AQ  will  appear 
in  Part  Two. 
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Concerning  the  behaviour  of  the  series  on  the  boundary  of  convergence  a  =  >10 
itself  we  cannot—in  contrast  to  what  was  true  of  absolute  convergence—conclude 
that  the  series  is  either  everywhere  or  nowhere  convergent  on  this  line  (in  fact, 
Theorem  II  is  only  valid  'for  a  >  or0'  and  not,  like  Theorem  I,  'for  a  ^  oj).  We 
shall  also  see  later  that  the  three  possibilities: 

1.  the  series  converges  everywhere  on  the  boundary  of  convergence, 

2.  the  series  diverges  everywhere  on  the  boundary  of  convergence,  and 

3.  the  series  converges  at  some  and  diverges,  at  other  points  of  the  boundary 
of  convergence, 

can  all  actually  occur. 

The  merit  of  having  first  made  a  closer  investigation  of  the  analytic  properties 
of  the  function  represented  by  a  Dirichlet  series  belongs  to  Cahen;  for  use  in  his 
investigations,  Cahen*  proved  the  following  Lemma  Ib,  which  may  be  considered 
as  an  extension  of  Dedekind's  Lemma  la. 


n-oo 

Lemma  Ib.  //  a  series  £  un  with  constant  terms  is  convergent  or  oscillating 

n-l 

ro— n 


between  finite  bounds  (i.e.,  \Sn\  = 


<  K),  and  if  ^(a),  «,(«), . . . ,  «n(«),  ...are 


single-valued  functions  of  the  complex  variable  s  which  satisfy  the  following  two  condi- 
tions, for  s  belonging  to  a  certain  domain  G  : 

n=oo 

2  KW—'VuWI  converges  uniformly 

,  n=l 

and 


then  the  series  £  **„«»(*)  converges  uniformly  for  s  belonging  to  0. 


Proof.  Since 


where  by  assumption  the  expression  on  the  right-hand  side  is  a  section  of  a  uniformly 
convergent  series,  we  see,  in  the  first  place,  that  <xn(s)  converges  uniformly  for  s 
belonging  to  the  domain  0  to  its  limit  value  (here  0). 


*  1.0.,  p.  79. 
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Thuswehaye  to£L*M-0 

n—oo 

uniformly  for  s  belonging  to  G. 

Furthermore,  on  account  of  the  assumptions  made,  the  series 


n-1 

is  evidently  uniformly  convergent  in  the  domain  0. 
Therefore  the  identity 

m=n  m-n-1 


m-l  m»l 

shows  that  Tn(s)  converges  uniformly  for  n  =  oo  to  its  limit 


n-l 


«„(«„(«)-«„„(«)), 


i.e.,  ^wnan(«)  is  uniformly  convergent  in  the  domain  0.  q.e.d. 


n-l 

By  use  of  Lemma  Ib  Cahen*  has  proved  the  following  important  theorem: 

a 

Theorem  HI.  //  Y     is  a  Dirichkt  series  with  abscissa  of  convergence  A0,  then 
n 

this  series  is  uniformly  convergent  in  every  domain  G  =  G(e,  E)  whose  points  s  =  o+it 
att  satisfy  the  following  two  conditions:^ 

a  >  A0+e  (e  >  0),  and  \s\  <  E  (E  <  oo) . 

a  e 

Proof.  The  Dirichlet  series  JP—  is  convergent  at  the  point  SQ  =  A0+-,  As 

n  2 

above,  we  put 

Un  =  ^'*n=l^>'Un*n==:n'' 
Then,  for  s  belonging  to  the  domain  #,  we  have 

and 


*l.c.,p.83. 

t  If  AO  =  -oo  (i.e.,  if  JJ  -7  «  convergent  in  the  whole  plane),  the  first  condition  should  be  omitted. 
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Since  the  right-hand  side  of  the  last  inequality  is  independent  of  8  and  the  series 

£  —  -  is  convergent,  it  follows  immediately  that  £  KW~~an+iMI  is  uniformly 

n14!      • 

convergent. 

Applying  Lemma  Ib  we  find  that  £  VnM  ~£  ~8  k  uniformly  convergent 
in  the  domain  0.  q.e.d. 

We  now  quote  a  well-known  theorem  of  Weierstrass:* 

//  %(*),  w2  W>  .  .  .  ,  un(s),  ...  are  regular  analytic  functions  defined  in  a  certain 

n*oo 

connected  domain  0,  and  if  the  infinite  series  £  un(s)  is  uniformly  convergent  for 

n=l 

s  belonging  to  0,  then  this  series  represents  in  the  domain  0  a  regular  analytic  function 

n*oo 

U(s).  Furthermore,  the  series  £  w(np)  (s)  obtained  by  p  term  by  term  differentiations 

n-l 

(p  =  1,  2,  3,  .  .  .  )  is  also  convergent  in  the  domain  0  and  represents  the  function  J7^($).f 

The  single  terms  ~  in  a  Dirichlet  series  are  all  functions  which  are  regular 
n 

analytic  in  the  whole  plane  (integral  functions).  Furthermore,  when  s  =  a+it  is  an 
arbitrary  point  such  that  a  >  A0,  one  can  evidently  choose  the  constants  e  and  E  in 
Theorem  III  so  that  s  belongs  to  the  interior  of  the  domain  Q  =  G(e,E).  From  these 
observations,  it  follows  immediately  by  application  of  Weierstrass*  theorem  that 
we  have: 

Theorem  IV.{  A  Dirichlet  series  £  -£  represents  in  its  half  -plane  of  convergence 

(i.e.,  for  a  >  A0)  a  regular  analytic  function  f(s).  Furthermore,  in  its  half-plane  of  con- 
vergence the  series  may  be  differentiated  term  by  term  an  arbitrary  number  of  times  ; 
i.e.,  for  a  >  A0  and  an  arbitrary  p  we  have  the  equation 


We  shall  now  prove  the  following  theorem  which  deals  with  the  breadth  of  the 
strip  of  conditional  convergence  : 

*  Werke,  vol.  2,  1895,  p.  205. 

t  For  the  sake  of  a  later  application  we  remark  that  Weierstrass'  theorem  can  also  be  stated  as 
follows:  //  Sn(s)  is  regular  analytic  in  the  domain  0  (for  all  n  «=  1,  2,  3,  .  .  .  )  and  if  lim  Sn(e)  is  uniformly 
equal  to  V(a),  then  U(s)  w  regular  analytic  in  (?,  and  V®  (9)  «  lim  ^  (*).  Bsi>00 

|  Cahen,  I.e.,  p,  102.  w-°° 
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aw  an 

Theorem  V,*  //  Y.  —.  is  convergent  for  s  =  $0  ==  <TO+^O>  or  if  merely  — -  <  K 

n8  n  ° 

(K  independent  o/n),  then£'~  is  absolutely  convergent  for  every  s  such  that  a  >  cr0+  l.f 
n 

Proof.  From  the  inequality 


it  follows  immediately  that 


1  1 

'  <  ' 


and  hence  the  series  J^~  is  absolutely  convergent  for  a  >  aQ+  1  .  q.e.d. 

When  I  and  A0  denote  as  above  the  abscissa  of  absolute  convergence  and  the 
abscissa  of  convergence,  respectively,  of  an  arbitrary  Dirichlet  series,  it  follows 
immediately  from  Theorem  V  that  : 

1.  If  A0  and  I  are  finite,  then  A0  ^  I  ^  A0+l. 

2.  If  either  Z  or  A,,  is  —  oo,  then  so  is  the  other. 

3.  If  either  I  or  A0  is  +00,  then  so  is  the  other. 

Before  we  continue  the  systematic  development  of  the  theory  of  Dirichlet 
series,  we  shall  first  show,  by  a  series  of  examples,  that  all  types  of  Dirichlet  series 
which  are  consistent  with  the  above  results  actually  exist.  These  examples  fall 
naturally  into  two  groups  of  which  the  first  treats  the  above-mentioned  cases  for 
the  convergence  numbers  I  and  A0  while  the  second  group  gives  a  complete  list  of 
examples  corresponding  to  the  various  cases  of  absolute  convergence,  conditional 
convergence,  or  divergence,  on  the  boundaries  of  convergence  a  =  I  and  a  =  A0. 

Group  14 

I.  /  =  A0  =  —  oo  when  an  =  —  -  ;  for  the  series  £  ——  is  obviously  absolutely 

,  nl  **  nln9 

convergent  for  every  real  s. 

*  Scheibner,  I.e.,  pp.  24-25. 

f  However,  from  the  convergence  at  a  point  *0  —  <70-MJ0  it  is  not  possible  to  infer  absolute  conver- 
gence  for  cr«(r0-f  1.  In  fact,  as  was  pointed  out  by  E.  Landau,  Ober  die  Grundlagen  der  Theorie  der 
Fakultatenreihen,  Sitzungsberichte  der  math.-phya.  Kloaae  der  Kgl.  Bayeritchen  Akademie  der  Wiasen- 


- 

tchaften,  vol.  36,  1906,  p.  173,  the  series  Jt  -—  -  is  convergent  at  the  point  *  «  0  but  not  abso- 
i     i  j.  t  i  n«&  w  IOK  n 

lutely  convergent  for  a  =  1.  n  ¥         e 

t  The  examples  in  this  group,  with  a  single  exception  (V.),  are  due  to  Landau,  tfber  die  Grund- 
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nl 

II.  I  =  A0  =  +00  when  an  =  nl ;  for  the  series  £  ~  is  obviously  not  convergent 

for  any  real  8. 

III.  t  and  A0  are  finite  and  I  =  A0  when  an  =  1 ;  for  the  series  £  ~  (which 

% 

defines  the  Riemann  function  f (5))  is  absolutely  convergent  for  $  >  1  and  divergent 
for  $  ^  1,  so  that  /  =  A0  =  1. 

(~l)n+1 

IV.  I  and  A0  are  finite  and  /  =  A0+ 1  when  an  =  ( —  1  )n+1 ;  for  the  series  £ 


(which  represents  the  function  ?M(1— 21"*))  is  absolutely  convergent  for  8  >  1, 
conditionally  convergent  for  1  ^  s  >  0,  and  divergent  for  s  ^  0,  so  that  I  =  1 
and  A0  =  0. 

V.  I  and  A0  are  finite  and  A0  <  I  <  A0+ 1 , 1  =  A0+0  (0  an  arbitrary  number  between 

0  and  1),  when  an  =  l+(— l)n+1ne;  in  fact,  J^~  can  be  formed  by  term  by  term 

n 

addition  of  the  series  ]£—  with  the  convergence  numbers  I  =  A0  =  1  and  the  series 
n 

£ —  with  the  convergence  numbers  I  =  1+0,  A0  =  0  ,  and  hence  the 


series  J^~  has,  as  will  appear  from  (6),  the  convergence  numbers  I  —  1+0,  A0  =  1. 

Group  2* 

I.  The  lines  of  convergence  coincident  (I  =  A0). 
&)    1.  The  series  absolutely  convergent  on  the  line  of  convergence. 


lagen  . . .,  I.e.,  p.  171.  As  an  example  of  a  series  falling  under  case  V.,  Landau  (I.e.)  considers  the  series 

°n 
Jj  ~  where  an  —  1  for  odd  non-square  numbers  n,  on  =  —  1  for  even  non-square  numbers  n,  on  =  2 

for  odd  square  numbers  w,  an  =  0  for  even  square  numbers  n.  For  this  series,  we  have  I  =  1,  AO  =  J 
and  hence  /— A0  =  i.  For  the  sake  of  complete  generality,  we  have  exhibited  a  series  with  /— AQ  ~  0 
where  6  is  an  arbitrary  number  between  0  and  1  (both  excluded). 

*  One  does  not  find  in  earlier  papers  any  treatment  of  the  actual  existence  of  all  cases  falling 
under  group  2.— The  following  investigations  show  not  only  the  existence  of  such  series  but  also  give 

simple  examples  (i.e.,  examples  £  ~  where  an  is  defined  by  simple  expressions)  for  all  the  cases  in 

question.  In  a  recent  paper,  W.  Schnee,  ttber  Dirichlet'sche  Keihen,  Rendiconti  del  Circolo  Matematico 
di  Palermo,  vol.  27, 1909,  pp.  105-113,  has  considered  in  detail  the  question  of  the  existence  of  Dirichlet 
series  corresponding  to  the  single  case  which  is  denoted  as  case  2.  under  group  2.  Schnee  has  overlooked, 
however,  the  fact  that  such  a  series,  as  shown  in  the  text,  can  immediately  be  formed  by  combining 
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/?)    The  series  absolutely  convergent  at  no  points  of  the  line  of  convergence. 

2.  The  series  conditionally  convergent  at  all  points  of  the  line  of  convergence. 

3.  The  series  conditionally  convergent  at  some  points  and  divergent  at  other 
points  of  the  line  of  convergence, 

4.  The  series  divergent  at  all  points  of  the  line  of  convergence. 

II.  The  lines  of  convergence  not  coincident  (I  >  A0). 

y)    The  series  absolutely  convergent  at  all  points  of  the  line  of  absolute  conver- 
gence a  =  /. 

6.  The  series  conditionally  convergent  at  all  points  of  the  line  of  convergence 
a  =  A0. 

6.  The  series  conditionally  convergent  at  some  points  and  divergent  at  other 
points  of  a  =  A0. 

7.  The  series  divergent  at  all  points  of  the  line  a  =  A0. 

d)     The  series  not  absolutely  convergent  (and  hence  conditionally  convergent)  on 
the  line  of  absolute  convergence  a  =  I. 

8.  The  series  conditionally  convergent  at  all  points  of  the  line  of  convergence 

<r  =  4 

9.  The  series  conditionally  convergent  at  some  points  and  divergent  at  other 
points  of  a  =  A0. 

10.  The  series  divergent  at  all  points  of  the  line  a  =  A0. 

We  shall  first  prove  that  we  need  only  give  examples  for  cases  1.,  3.,  and  4., 
for  a  single  case  under  y),  and  for  a  single  case  under  <5),  since  by  means  of  these 
we  can  construct  series  corresponding  to  all  of  the  remaining  cases. 

Let  us  therefore  assume  for  the  present  that  we  know  Dirichlet  series  of  the 
types  1.,  3.,  4.,  y),  and  o),  which  series  we  shall  denote  respectively  by  [1],  [3],  [4], 
[y],  and  [d].*  We  now  recall  that  for  three  series  with  constant  terms  U  =2*un> 

V  ~        vn»  and  W  ~        wn  ^h  wn  ~  un+vn  we  have  that 


simple  aeries  (for  instance  J£  —  where  an  «  (-l)w-f(log  n)"1"**  (k  arbitrary  positive)).  Thus  he  had  to 
n 

use  very  long  and  complicated  considerations  in  his  constructions,  considerations  analogous  to  those 
by  which  Pringsheim  has  proved  the  existence  of  power  series  conditionally  convergent  at  all  points  of 
the  circumference  of  the  circle  of  convergence. 

*  By  a  series  [y]  of  type  y)  we  mean  a  series  which  satisfies  the  assumption  common  to  all  three 
cases  tinder  y)  but  about  which  one  need  not  know  to  which  specific  case  5.,  6.,  or  7.  it  belongs.  A  similar 
remark  applies  to  a  series  [6]  of  type  6). 
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U  abs.  conv.,     F  abs.  conv.  W  abs.  conv. 

from    U  abs.  conv.,    V  cond.  conv.  follows   W  cond.  conv. 
U  convergent,  F  divergent  W  divergent 


(6) 


We  also  recall  that  the  term  by  term  sum  of  two  Dirichlet  series  F  ~  and  JT— 

**    °         **   * 


is  always  a  new  Dirichlet  series,  namely  J7~,  where  cn  =  an+bn.  The  figures 

n 

below  show  how  these  facts  allow  us  to  form  a  series  of  type  2.  and  series  of  types 
5.,  6.,  7.  under  y)  and  8.,  9.,  10.  under  d)  by  term  by  term  addition  of  two  suitably 
chosen  series  from  among  the  five  series  [1],  .  .  .  ,  [6]  which  are  supposed  known. 
Before  we  exhibit  these  figures  we  must  observe  that  by  a  simple  transformation 
of  variable  8  =  a'+k  we  can  translate  the  lines  of  convergence  of  a  Dirichlet  series 
any  distance  k,  of  course  with  preservation  of  their  mutual  distance. 
Fig.  I  shows  the  construction  of  a  series  of  type  2. 


Fig.  I. 


« 

[i] 
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abs.  conv. 

g 

W 

u+v. 


Fig.  II,  III,  and  IV  show  the  construction  of  series  of  types  5.,  6.,  and  7., 
respectively. 


Fig.  II. 


Fig.  III. 
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div.        | 

abs.  c. 

C7 

o 

M 

div.                 cond.  c.          JB 

abs.  c. 

ce 

F 

o 

Type?. 
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cond.  c.  jg 

abs.  c. 

a5 

W 

If  in  the  three  above  figures  the  F-series  of  y-type  is  replaced  by  a  F-series  of 
$-type,  while  the  [/-series  are  kept  unchanged,  the  corresponding  JF-series  will 
turn  into  series  of  types  8.,  9.,  and  10.,  respectively. 

In  order  to  complete  the  proof  of  the  existence  of  Dirichlet  series  corresponding 
to  all  the  cases  considered  under  group  2  we  need  only,  in  view  of  the  above  remarks, 
give  examples  of  series  of  the  five  types  1.,  3.,  4.,  y),  and  d).  To  this  end  we  shall 
give  simple  examples  whose  type  can  either  immediately  be  decided  or  whose 
behaviour  on  the  lines  of  convergence  is  already  known. 


is  of  y)-type 


(k  >  0);  (I  =  U0  =  0). 


is  of  4)-tjpe  when  an  =  (-l)n+1;  (I  =  U0  =  0)  . 


21  -:  is  of  type  1.  when  an  =  —  —k(k>  0);  (l  =  J.  =  1)  . 

n-2    n  VJ°g  n) 


£~  is  of  type  3,  when  aw  =  1  if  n  is  a  prime  number  p  and  an  =  0  if  n 

i  n 

is  a  composite  number;  (I  =  AO  =  1);  for  £  —  ,  as  is  well  known,  diverges  for  5  =  1, 
but  converges  for  s  =  1+ti  (t  =|=  0).* 


*  Concerning  the  literature  on  the  convergence  of  the  series  2  ~~  &nd  J^  —  >  see  for  example 

p'  n' 

Landau,  Ueber  die  zu  einem  algebraischen  Zahlkorper  gehdrige  Zetafunktion  . . . ,  Journal  fur  die 
reine  und  angewndte  Mathematik,  vol.  125,  1903,  p.  105. 
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°°a  1 

J^~  is  of  type  4.  when  an  =  1 ;  (I  =  A0  =  1);  forJP—  is,  as  one  easily  shows, 

j   n  71 

divergent  at  all  points  of  the  line  a  =  1.* 

This  completes  the  proof  of  the  existence  of  all  the  cases  under  group  2. 

From  the  consideration  of  these  examples  we  now  pass  to  the  proof  of  the 
so-called  uniqueness  theorem  of  Dirichlet  series. 


Theorem  Vl.f  //  the  series  f(s)  =  £  ~  a/wZ  g(s)  —  £  —are  both  convergent 

in  a  certain  half -plane  (from  which  immediately  follows  the  existence  of  a  number  L 
such  that  both  series  are  absolutely  convergent  for  a^L)  and  if  there  exists  an 
infinite  sequence  of  numbers 

sl  —  a^itu . . . ,  sp  =  ffp+^p, . . .  (lim  ap  =  +00) , 
/(*p)  =  0(*P)     (for  aU  2?  =  1,  2, . . . ) , 

e  series  5"1  ~  aTirf  57  ~  are  identical,  i.e..  we  have 

~*  n*        **  n3 

for  all  n=  1,2,3,.... 
Proof.  The  series 


where  cn  =  an— 6n,  is  absolutely  convergent  for  a^L,  and  assumes  the  value  0 
for  5  =  sp  (p  =  1,  2,  3, . . . ).  We  shall  prove  that  cn  =  0  for  all  n. 

Let  us  assume  that  this  is  not  the  case  and  denote  by  CN  the  first  coefficient  in 

the  series  £  ~  (i.e.,  the  one  with  the  lowest  index)  which  is  not  0, 
n 

Then,  for  a  ^  L,  we  have 


*  See  the  note  on  the  preceding  page. 

t  0.  Perron,  Zur  Theorie  der  Dirichletschen  Reihen,  Journal  far  die  reine  und  angewandte  Mathe- 
matik,  vol.  134,  1908,  pp.  106-113.  In  Dirichlet,  Vorksungen  uber  Zahlentheorie,  l.c.,  pp.  225-226  we 

find  the  following  theorem,  which,  however,  deals  only  with  the  behaviour  on  the  real  axis:  If  £  -4  » 

b 
2  -7  for  «>*„,  then  an  «  bn  for  aU  n  =  1, 2,. . ..' 
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n*oo  / 
nil 


'*         n-JV+1  I n* 

L^—L^J 

n-tf+l 


where  K  is  independent  of  s  - 

Consequently,  for  o  ^  L,  we  have 


from  which  it  immediately  follows  that  for  sufficiently  large  <r  (i.e.,  for  a>  E) 


and  this  contradicts  the  assumption  that  h(ap)  =  0  for  all  p.  Hence  cn  =  0  for  all  n, 
and  Theorem  VI  is  proved. 

The  determination  of  the  abscissa  of  convergence  of  a  Dirichlet  series  from  the 
coefficients  of  the  series  is  given  by  Cahen*  in  the  following  important  theorem: 

Theorem  VII.  Let  £  ~  be  a  Dirichlet  series  with  abscissa  of  convergence  A0  ^  0 

(if  AO  +—oo,  i.e.,  if  the  series  is  not  convergent  in  the  whole  plane,  this  can  always 
be  obtained  by  a  simple  transformation  of  variabk  s  =  a' 

Then 

log 

A0  =  lim  sup 


log  n 

As  we  shall  prove  later  on  (in  Part  Two)  a  much  more  general  theorem,  which 
contains  Theorem  VII  as  a  special  case,  we  shall  not  dwell  here  on  a  proof  of  this 
theorem. 

Since  the  abscissa  of  absolute  convergence  of  the  series  ^-~  is  equal  to  the 

abscissa  of  convergence  of  the  series  £  -~  (as  is  immediately  s'een  by  considering 

n 

the  series  on  the  real  axis),  we  obtain  from  Theorem  VII: 

Theorem  VIII.  //  the  series  J?-~  has  an  abscissa  of  absolute  convergence 
I  £  0,  then  n 

*  I.e.,  pp.  80  and  102. 
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I  =  lim  sup 


log  n 
The  following  theorem*  is  of  importance  for  many  applications: 

Theorem  IX. //  ..  . 

j  !„«„  _  ^  |8) 


«-0       n-1   n 

if  8,  in  converging  to  the  point  0,  is  restricted  to  an  angle  with  vertex  at  the  origin  and 

extending  into  the  right  half  -plane  so  that  the  boundary  lines  form  angles  between  +- 

2 

(excl.)  and  --  (exd.)  with  the  positive  real  axis. 

Proof.  From  (8)  it  follows  immediately  that  £  -~-9  is  absolutely  convergent 
for  a  >  0. 

1.  We  consider  first  the  special  case  an  =  1  (consequently  also  -4  =  1),  in 
which  case  we  need  not  assume  that  s  tends  to  0  in  a  limited  angle,  but  merely  that 
a  >  0  during  the  limit  process.  For  all  n  =  1,  2,  .  .  .  ,  we  have 


where  F(n,  s)  is  an  integral  function  of  s  which  assumes  the  value  0  for  s  =  0,  and 
where,  as  we  easily  see,  F(n,  s)  is  numerically  smaller  than  some  constant  for  all  n 


and  \s\  <  K. 


. 
We  now  sujn  the  equation  (9)  over  all  n  =  1,  2,.  ,  .,  under  the  assumption 

a  >  0.  We  obtain  1  on  the  left-hand  side  (since  for  a  >  0,  lim  —  =  0),  and  hence 

n=oo  n 

for  a  >  0  we  obtain  the  equation 


n-1 


*  W.  Schnee,  Vber  irregultire  Potenzreihen  und  DirichUtoche  Reihtn,  Inauguraldissertation,  Berlin 
1008,  p,  63.  For  approximation  on  the  real  axis,  the  theorem  was  given  by  Dirichlet,  Sur  un  theoreme 
relatif  aux  series,  Journal  de  MatMmatiques  pure*  ct  appliqu4eat  ser.  2,  vol.  1,  1856,  pp.  80-81.  Numerous 
similar  theorems  are  to  be  found  particularly  in  Pringsheim,  Zur  Theorie  der  Diriohletsohen  Reihen, 
Mathemaiitche  AnnaUn,  vol.  37,  1890,  pp.  38-60. 
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Since,  however, 


o  F/M  a\ 


*8  un^orm'y  convergent  in  the  neighbourhood  of 


the  point  0,  and  since  its  terms  are  continuous  functions  of  s  which  assume  the 
value  0  for  s  =  0,  we  have 


Consequently,  for  s  tending  to  0  under  the  restriction  a  >  0,  we  have 


2.  We  consider  next  the  general  case  where  the  an  are  subjected  only  to  the 
condition  lim  an  =  A.  Since  s  is  here  restricted  to  a  limited  angle,  we  can  obviously 

n»oo 

M 

find  a  -constant  K  such  that  —  <  K.  Having  chosen  an  arbitrarily  small  e,  we  can 

o 

next  find  an  integer  N  =  N(e)  such  that  for  all  n  ^  N 


From  this,  it  follows  that 


provided  that  s,  lying  in  the  angle,  is  sufficiently  near  to  0  (i.e.  |*|  <  dj.  In  fact, 

w~°°  rr 

the  sum  £  -^  has  the  limit  1  for  a  =  0  and  hence  is  smaller  than  2  for  sufficiently 

n«l   w 

small  values  of  a. 

However,  for  sufficiently  small  8  (|*|  <  ^2),  the  sum  of  the  first  N—l  terms 


is  also  numerically  smaller  than  -  . 

Consequently  we  have,  under  the  aforementioned  conditions  on  s  (namely  the 
restriction  to  the  angle  and  |*|  <  d  (d  <  8l  and  d  <  <52)) 


e      s 


i.e.,  we  have  the  relation 
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B»«J^-0.  (10) 

"»0     n»l      n 
(In  angle) 

As  shown  above,  however, 


and  hence,  upon  adding  (10)  and  (11),  we  find  that 


f-O     n-l    W 
(in  angle) 

We  mention  also  the  following  theorem  which  treats  the  behaviour  of  the 
function  represented  by  a  Dirichlet  series  when  the  argument  s  converges  to  certain 
points  of  the  boundary  of  convergence  a  =  A0. 

Theorem  X.*  Letf(s)  =  JP-?  be,  a  Dirichlet  series  with  the  abscissa  of  conver- 

n 

gence  A0.  When  SQ  is  a  point  on  the  boundary  of  convergence  a  =  A0,  let  us  put 


,  t/  lim  S^  =  4  (i.e.,  if  £  —-  is  convergent  with  the  sum  ^1),  or  if  merely 
for  some  r 


we  Aave  ^e  equation 


M;feere  5,  tn  converging  to  $0  =  (T0+^0,  M  restricted  to  an  angle  with  vertex  at  s0  extending 
into  the  half  -plane  of  convergence  so  that  the  boundary  lines  form  angles  between  +  - 

*  Theorem  X,  for  the  case  where  J£—  converges,  was  proved  by  Cahen,  I.e.,  pp.  86-87.  (For 

»*° 

approximation  along  the  horizontal  line  t  ^  *0,  however,  the  theorem  was  proved  by  Dedekind  and 
appears  in  his  edition  of  Dirichlet  fs  lectures,  Vorletungen  uber  Zahlentheorie,  Lc.,  pp.  374-376.)  In  its 
general  form,  Theorem  X  is  due  to  W.  Schnee,  Dissertation,  I.e.,  p.  54.  Theorem  X  forms  the  complete 
analogue  of  a  well-known  theorem  on  power  series,  which  is  due  to  Abel,  Frobenius,  and  Holder,  and 
which  will  be  considered  in  the  introduction  to  Part  Two.  We  shall  not  pause  here  to  give  a  proof  of  Theo- 
rem X  (such  a  proof  can  be  found  in  Schnee,  I.e.)  since  later  on  (Part  Two,  §  6)  we  shall  prove  a  theorem 
which  contains  Theorem  X  as  a  very  special  case. 
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(exd.)  and  —  (exd.)  with  the  horizontal  half -line  running  to  the  right  from  the  point  *0. 
2 

We  now  pass  from  this  to  a  closer  investigation  of  the  regular  analytic  function 
defined  by  a  Dirichlet  series  in  its  region  of  convergence  and,  more  specifically,  to  a 
consideration  of  the  behaviour  of  this  function  when  the  ordinate  t  tends  to  infinity. 

Concerning  the  behaviour  of  the  function  in  the  region  of  absolute  convergence 
of  the  series,  we  have  the  following  evident  theorem: 

Theorem  XL  //  the  Dirichlet  series  f(s)  =J£T~  has  the  abscissa  of  absolute, 

n 

convergence  I,  then,  for  a  ^  J+£  (e  an  arbitrarily  small  positive  number), 


where  K  =  K(e)  denotes  a  constant  independent  of  a  and  t. 
Proof.  For  a  ^  l-\-e  we  have 

i/wi  s  F  5 

n-l      n 

Before  we  pass  to  the  study  of  what  may  be  called  the  order  of  magnitude  of 
the  function  in  the  region  of  conditional  convergence,  we  interpolate  the  following 
remark,  which  defines  an  abbreviated  notation  introduced  by  Bachmann  and 
Landau : 

//  g(x)  is  a  positive  function  defined  for  all  real  values  of  x  from  a  certain  value 
on  (i.e.,  for  x  >  #0),  and  iff(x)  is  a  real  or  complex  function,  also  defined  for  all  real 
values  of  x  from  a  certain  value  on,  then  the  notation 


shall  mean  that  .-, 

lim  sup  -     is  finite, 
*-»     g(x) 

i.e.,  that  there  exist  two  positive  numbers  £  and  K  such  that  for  x^g, 

\f(x)\<K-g(x)* 

*  In  the  sequel,  when  we  say  that/(«)  «/(a+ii)  is  equal  to  0(\t\)  for  a  =  00,  for  instance,  this 
relation  refers  to  the  numerical  value  of  the  complex  component  of  s  ««  a-f  it,  i.e.,  the  relation 
'/(«)  «  0(|*|)  for  a  *  0g  shall  indicate  the  existence  of  two  numbers  T  and  K  such  that  for  a  ««  00 


When  we  say  that  /(«)  is  equal  to  0(g(a,  \t\))  for  al  J>  <r  J>  cr2,  we  mean  that  this  relation  holds 
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Example.  By  0(1)  we  mean  any  function  of  x  which  is  defined  for  sufficiently 
large  values  of  x  and  which  either  has  a  finite  limit  for  x  =  +°°  or  is  at  least  bounded 
for  all  sufficiently  large  #. 

Similarly,  when  f(x)  and  g(x)  are  functions  defined  from  a  certain  x  on  and  g(x) 
is  positive  for  sufficiency  large  values  ofx,  we  write,  following  Landau , 

f(x)  =  o(g(x)} 

* 


Applying  this  notation  we  have  the  following  theorem:* 

a 
Theorem  XII.  Let  y.~-  be  a  Dirichlet  series  with  the  abscissa  of  absolute 

**  n8 

convergence  I  and  the  abscissa  of  convergence  A0  <  1;  then,  for  J+e  ^  a  ^  A0+e(«  >  0) 
we  have  ^aJr% 

/W  =  o(|<|**).  (12) 

m"n  a  a 

Proof.  If  we  put  Sn  =  £  — —-,  we  find,  since  JT-£  is  convergent  at  the 

point  SQ  =  A0H — ,  that  Sn  is  numerically  smaller  than  a  constant  K  for  all  n.  Hence, 

4 

as  shown  on  page  6,  f(s)  can,  for  a  >  A<,H — ,  be  represented  by  the  absolutely 
convergent  series 


From  this  and  the  fact  that  for  a  >  A0H — 

2t 


1  1 


n 


.n-fl 


uniformly  for  a  belonging  to  the  interval  ffp  (Ta,  i.e.,  it  indicates  the  existence  of  two  numbers  T  and  K 

such  that 

\f(*)\<K-g(o,\t\) 

for  all  8  for  which  fl^  j£  a  ;>  tfa  and  |t|  ^  !T, 

*  Landau,  t)ber  das  Konvergenzproblem  der  Dirichlet'schen  Reihen,  Rendiconti  del  Ciroolo 
Matematico  di  Palermo,  vol.  28,  1909,  p.  121.  As  one  sees,  the  proof  of  Theorem  XII  given  in  the  text  is 
essentially  based  on  a  general  function-theoretic  theorem  due  to  Lindeldf.  A  more  direct,  but  also 
more  complicated,  proof,  which  avoids  the  use  of  Lindeldf 'a  theorem,  can  be  found  in  Landau,  I  c. 
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£| 

it  follows  that,  for  a  ^  A0+a  =  «0-| — ,  we  have 

2 


i          i 


I/WI 


The  last  inequality  shows  immediately  that  for  l+e  ^  a  ^  A0+e,  we  have  the 

relation 


Furthermore  we  have /(a)  =  0(1)  for  a  =  l+e. 

Now,  Lindelof*  has  proved  the  following  interesting  function-theoretic  theorem : 
//  <jl  <  cx2  and  if  the  analytic  function  f(s)  has  the  following  properties: 

1.  f(s)  is  regular  for  ^  ^  a  5£  <ra; 

2.  f(s)  =  0(|J|*) /or  cr  =  o^,  wAere  k  |  0  M  constant; 

3.  /(«)  =  0(1)  =  0(W»)/or  ^  =  ^.  ^ 

4.  ^ere  eo^ste  a  positive  constant  c  such  that  f(s)  =  0(|f|c)  /or  ^  ^  a  g  a2; 
then  for  a1  ^a  ^at  we  have 

C,   <Jj — (T  \ 
|^|  *!r"i  j  (the  exponent  varies  linearly  from  k  to  0). 

i  an 

This  theorem  of  Lindelof  is  applied  to  our  function/^)  =  £~i ,  which  obviously 

n 

satisfies  all  four  conditions  when  Oi  =  A0+£,  or2  =  ?+e,  and  k  =  c  =  1.  We  find 
immediately  that,  for  l+e  ^  a  ^  A0+e,  we  have 

q.e.d.    (12) 
From  Theorem  XII,  we  infer  in  particular  that  —  tends  uniformly  to  0  when 

o 


the  variable  s  tends  to  infinity  in  such  a  way  that  the  condition  a  ^ 

filled.  In  fact,  (12)  shows  (when  6  is  chosen  smaller  than  the  given  number  £j)  that 

this  is  the  case  for  l+e  ^a  ^  AO+CJ,  and  \f(s)\  is  bounded  for  a  ^  J+£- 

We  shall  now  pass  to  a  theorem  which,  although  in  its  nature  essentially 
different  from  the  two  preceding  theorems,  may  nevertheless  be  said  to  treat  the 
behaviour  of  a  function  represented  by  a  Dirichlet  series  for  infinitely  large  values 
of  the  ordinate  t. 

*  Quelques  remarques  BUT  la  croissance  de  la  fonction  £(«),  Bulletin  des  Sciences  mathematiques, 
ser.  2,  vol.  32,  1908,  pp.  346-348.  See  also  Landau,  tfber  das  Konvergenzproblem  der  Dirichlet'schen 
Reihen,  I.e.,  p.  146. 
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w*°°a 
Theorem  XIIL*  If  f(s)  =  £  ~  i*  a  Dirichlet  aeries  wth  abscissa  of  con- 

n-l    ^ 

vergence  A0,  then  for  every  <r0  >  A0,  the  limit 


Hm  K 

T-+oo^  J0 


wte  and  is  equal  to  al  (the  first  coefficient  of  the  series). 

Proof.  Since  the  series  f(aQ+it)  ==  £  -~^  is  uniformly  convergent  for 
0  ^  t  g  T,  we  get 


and  hence  (since,  by  a  well-known  theorem,  the  convergence  of  £  -2  for  a  >  >10 


n-oo 

* 


implies  the  convergence  of  J7    .    *  —  for  a  >  L)  : 
£  n'-logw 

a.T+i^-^  +c,  (13) 

Jo  n=2   7l' 

where  6M  =  ~^—  and  c  is  independent  of  T. 
logw 

n-ooj 

The  convergence  of  g(s)  =  £  ~  for  or  >  A0  implies  however,  by  Theorem  XII, 
that  n~2  W 


hence  we  infer  from  formula  (13),  after  division  by  T  and  a  subsequent  passage  to 
the  limit,  that  *  T 


We  shall  conclude  this  first  part  of  the  dissertation  with  a  detailed  discussion 
of  the  so-called  convergence  problem  for  Dirichlet  series,  a  problem  which  on  account 


*  Theorem  XIII  is  due  to  Landau,  Beitr&ge  zur  analytischen  Zahlentheorie,  Rendiconti  dd,  Circoto 
Matematico  d\  Palermo,  vol.  26, 1908,  p.  264 ;  (for  a  >l,  however,  I  being  the  abscissa  of  absolute  conver- 
gence, the  theorem  was  proved  in  Hadamard,  Thtoreme  sur  les  series  entieres,  Acta  Mathematica,  vol.  22, 
1899,  pp.  60-63).  For  the  generalization  of  this  theorem  to  combinations  of  more  than  one  Dirichlet 
series,  see  Landau,  I.e. — In  Part  Two  it  will  be  shown  how  Theorem  XIII  may  be  generalized  to  in- 
clude certain  domains  outside  the  region  of  convergence  of  the  series* 
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of  its  importance  as  well  as  on  account  of  the  special,  and  hitherto  unresolved, 
difficulties  which  its  treatment  presents,  has  in  recent  times  more  and  more  attracted 
the  attention  of  mathematicians  working  in  this  field. 

Let/(s)  =  J^-£  be  a  given  Dirichlet  series.  One  may  then  naturally  ask:  how 

far  will  this  aeries  converge  1 

Such  a  question  may  be  understood  in  various  ways.  Since  the  series  £  ~ 

is  completely  and  uniquely  determined  by  its  coefficients  al9  aa, . . . ,  an, . . .  one  may 
ask:  how  is  the  boundary  of  convergence  determined,  or,  what  comes  to  the  same 
thing,  how  is  the  abscissa  of  convergence  A0  determined,  by  the  coefficients  of  the 
series?  This  question,  which  is  analogous  to  the  question  for  a  power  series  £a>nxn 
about  the  radius  of  convergence  as  a  function  of  its  coefficients,  is  solved  by  Cahen's 
formula  for  A0,  mentioned  on  page  16.  The  solution  is  analogous  to  the  corresponding 
solution  for  power  series  as  expressed  in  the  formula  for  the  radius  of  convergence 
due  to  Cauchy  and  Hadamard. 

The  question:  how  far  does  a  given  Dirichlet  series  converge,  may,  however, 
also  be  understood  in  quite  another  way,  namely :  how  is  the  boundary  of  convergence 
a  =  A0  determined,  not  from  the  Dirichlet  series  itself,  (i.e.,  from  its  coefficients), 
but  on  the  contrary  from  the  mere  knowledge  of  the  analytic  function  represented 
by  the  series?  The  problem  in  this  formulation  has  been  called  the  convergence 
problem  for  Dirichlet  series. 

For  a  power  series,  the  analogous  question  has  the  well-known  answer  that  the 
circle  of  convergence  contains  just  that  singular  point  of  the  function  which  lies 
nearest  to  the  origin.  In  analogy  with  this,  one  might  expect  that  a  Dirichlet  series 
would  converge  just  as  far  as  the  function  represented  by  it  is  regular,  or,  in  other 
words,  that  there  should  be  singular  points  of  the  function  on,  or  infinitely  close  to 
the  left  of  the  line  of  convergence  a  =  A0.* 


*  For  a  power  series,  it  is  impossible  for  the  function  (or  rather  function  element)  represented 
by  the  series  to  be  regular  at  all  points  of  the  circle  of  convergence  while  infinitely  close  to  and  out- 
side the  circle  of  convergence  there  are  singular  points  of  the  function;  that  such  a  phenomenon  would 
involve  a  contradiction  follows  immediately  from  the  fact  that  the  singular  points  outside  the  circle 
would  have  at  least  one  cluster  point  lying  on  the  circumference,  and  that  this  point  as  a  cluster  point 
of  singular  points  would  itself  be  a  singular  point.— For  a  Dirichlet  series,  however,  the  situation  is 
different;  here,  as  suggested  in  the  text,  the  possibility  can  very  well  be  imagined  that  the  analytic 
function  represented  by  the  series  is  regular  not  only  for  a  >  A0,  but  also  at  all  points  of  the  line  of 
convergence  or  »  ^.  For,  the  line  of  convergence  not  being  a  bounded  curve,  it  might  be  that  no  finite 
point  of  the  line  a  «  AQ  is  a  cluster  point  of  singular  points,  but  that  these  so  to  say  cluster  around  the 
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As  one  immediately  sees,  however,  this  is  not  always  the  case.  Thus  the  series 

(—  l)n+1 
2  -  7  —  I*8*8  the  abscissa  of  convergence  40  =  0,  while  the  function 


represented  by  the  series  is  regular  beyond  the  boundary  of  convergence  o  =  0. 
Indeed,  it  is  an  integral  function. 

'infinite  point'  of  the  line  of  convergence.  —  Since  the  question  whether  there  really  exist  Dirichlet 
series  of  the  type  mentioned  is  not  treated  in  the  literature,  and  since  it  seems  to  be  of  some  interest 
that  this  point  should  be  clarified,  I  shall  give  below  a  brief  proof  of  the  following  theorem  from  which 
it  immediately  follows  that  the  above  existence  question  must  be  answered  affirmatively: 


Theorem.  Let  ^  «=  o^it^.  ..,sp**op+itp,...  be  an  infinite  sequence  of  complex  numbers  for 
which  Q«JI«JZ...  <  (y..(lim(Tp«  1)  and  0  <  ^  <  t2. .  .<tp.. .   (lim*p  =  +00).  Then  there 

exists  a  Dirichlet  series  with  abscissa  of  convergence  A0  =  1  such  that  the  function  represented  by  it  is  a 
meromorphic  function  in  the  whole  finite  plane  with  the  points  sp  (p  =  1,  2,  3, . . . )  as  its  only  singularities 
(poles  of  the  first  order). 

Proof.  For  all  p  =  1,  2,. . .,  let 

"""°°V     """Vp-1    n^°    1 

P  *>$  «*  ««fi— fliiTl  P 


The  series  fp(s)  ~  2  -~p  is  absolutely  convergent  for  a  >  ap  (  <  I),  from  which  follows  the  existence 


of  a  constant  K9  such  that 


n9 


<  Kp  for  a  ^  1;  furthermore,  fp(s)  =  £(«— *p-f-l)  is,  as  is  well 

known,  a  function  meromorphic  in  the  whole  plane  with  the  single  pole  (of  order  !)*  =  *„. 

Finally,  let  kp  be  determined  so  that  the  absolute  value  of/p(*)  is  smaller  than  kp  f  or  \s\  <  }  •  \sp + s^i  \ , 
throughout  which  domain  fjs)  is  regular. 

Then  we  consider  the  function  ^OQ 


where  the  numbers  ep  =)=  0  are  subjected  to  the  conditions 


the  cp  being  positive  numbers  such  that  £  cp  is  convergent. 

1)  We  can  then  prove  that  F(s)  represents  a  function  meromorphic  in  the  whole  finite  plane  with 
the  points  sv  «2,.  .  .,  8p.  .  .  as  its  only  poles  (of  order  1). 

This  follows  immediately  from  the  fact  that  inside  each  of  the  circles  CP(P  =  1,  2,.  .  .)  with 
center  at  the  origin  and  radius  Up  »  ||  fip-Mp.^1  we  have  the  equation 


p-P-1  p-oo 


Here  the  first  series  on  the  right-hand  side  of  the  equality  sign  is  seen  to  represent  a  meromorphic  func- 
tion with  poles  at  s^  «2,.  .  .  ,  sp^  only.  The  terms  fip/p(«)  of  the  second  series  are  all  regular  for  \s\  ^  Rp 
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(If,  however,  we  restrict  ourselves  to  considering  only  series  with  positive  coeffi- 

cients, as  for  instance  £(s)  =  J^  —  ,  the  situation  is  as  simple  as  for  power  series. 

For  such  series,  Landau*  has  proved  that  the  point  where  the  real  axis  and  the 
line  of  convergence  a  =  A0  intersect  is  always  a  singular  point  for  the  function 
represented  by  the  series,  whether  or  not  the  series  converges  at  the  point  s  =  A0. 
That  the  Dirichlet  series  with  positive  coefficients  form  a  very  special  sub-class  of 
the  class  of  all  Dirichlet  series  appears  immediately  from  the  fact  that  for  series 
with  positive  coefficients,  the  existence  of  a  two-dimensional  region  —  a  strip—  inside 
which  the  series  is  conditionally  convergent  is  excluded.) 

It  has  been  shown  above  that  it  is  not  possible,  by  using  only  the  fact  that  the 

f  unction  /(«)  defined  by  a  Dirichlet  series  J£*  -£  is  regular  for  a  >  <TO,  to  infer  the  con- 

n 

vergence  of  J1—  for  a  >  <70.  In  other  words:  it  has  been  shown  that  this  condition, 

**  n* 

which  is  necessary  in  consequence  of  Theorem  IV,  is  by  no  means  sufficient  for  the 
convergence  of  the  series  in  the  half  -plane  a  >  <r0.  This  shows  that  if  we  want  to 
determine  the  line  of  convergence  only  from  the  knowledge  of  the  analytic  behaviour 
of  the  function  /(a),  it  is  necessary  to  take  into  consideration  characteristic  proper- 
ties of  the  function  other  than  those  which  are  given  through  the  mere  knowledge 
of  the  regularity  or  singularity  of  the  function.  The  results  obtained  above,  in  parti- 

and  in  consequence  of  the  inequality 


valid  for  p  ^  P  and  |«|  £  RP,  the  second  series  is  uniformly  convergent  inside  the  circle  CP\  it  will  thus 
inside  this  circle  represent  a  regular  analytic  function. 

2)  Furthermore,  F(s]  can  be  represented  for  or  ^  1  by  a  convergent  (and  even  absolutely  conver- 
gent) Dirichlet  series  2  -7  »  namely  by  the  series 

j>»oo  p»oo     »«oo  n«oo  |  p*=oo  n"*OQa 

ro  -  2  V/,W  -2;£-*-2j2  w  -  2  7- 

p-1  p-1      n-1    n        n-1  n  p«l  n»l  n 

In  fact,  the  change  of  order  of  summation  (with  respect  to  p  and  n)  is  permissible  for  a  ^  1,  since  for  a  ^  1 


jp»oo      n-oo 

2  k,j  2 

p-l        n-1 


p-co  p»oo  p»oo 

£  Jf  kpl  *  ^  <  ^"  "^ '  Kp «"  -£  Cp  (which  is  convergent). 


tfber  einen  Satz  von  Tschebyschef,  Mathematische  Annalen,  vol.  61,  1905,  p.  536. 
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cular  Theorem  XII,  lead  naturally,  as  Franel*  has  emphasized,  to  an  attempt  to 
solve  the  convergence  problem  by  taking  into  account  the  behaviour  of  the  function 
for  infinitely  large  values  of  the  ordinate  t. 

The  first  successful  attempt  in  this  direction  was  made  by  Landau,f  whose 
investigations  were  later  carried  on  by  W.  Schnee,  J  and  most  recently  taken  up 
again  by  Landau§  himself. 

As  their  main  result,  these  mathematicians  have  found  the  following  interesting 
theorem:  || 

Theorem  XIV.  Let£-~  be  a  DiricMet  series  whose  coefficients  an  satisfy 

a 
the  condition  lim  ~  =  0  for  every  d  >  0,  from  which  it  follows  that  the  series  is 


n-oo  n 


absolutely  convergent  at  least  for  a  >  1  ;  furthermore,  let  the  function  f(s)  defined  by 
the  series  be  regular  for  a  >  rj  (rj  <  1)  and  for  a  >  rj  satisfy  the  relation 

/(*)  =  0(|*|*)    (fc^O). 


Then  £  ~  is  convergent  for<?>    -—  (<  1). 

n  l~j"  n/ 

(The  special  role  of  the  point  s  =  1  in  Theorem  XIV  is  of  course  due  only  to 
the  formulation  of  the  theorem  and  may  be  eliminated  by  a  simple  transformation 
of  variable  s  =  s'+c.) 

Theorem  XIV  contains  as  a  special  case  (corresponding  to  k  =  0)  the  following 
noteworthy  theorem:  f 


*  J.  Franel,  L'intermediaire  des  MatMmaticien*,  vol.  3, 1896,  p.  103,  adds  to  a  formulation  of  the 
convergence  problem  the  following  remark:  'When  the  straight  boundary  line  (the  line  of  convergence) 
does  not  pass  through  any  singular  point  of  the  f  unction /(s)  it  will  be  reasonable  to  investigate  how  this 
function  behaves  when  the  point  0  tends  to  infinity  along  a  line  parallel  to  the  imaginary  axis  and  which 

lies  in  that  part  of  the  plane  where  the  series  £  —f  does  not  converge  absolutely/ 

n 

t  Beitrage  zur  analytisohen  Zahlentheorie,  I.e.,  pp.  252-255. 

|  Zum  Konvergenzproblem  der  Dirichletschen  Reihen,  Mathematische  Annakn,  vol.  66,  1909, 
pp.  337-349. 

§  tfber  das  Konvergenzproblem  der  Dirichlet'schen  Reihen,  I.e.,  pp.  113-151. 

||  For  the  proof  of  this  deep-lying  theorem,  we  refer  to  Landau,  tlber  das  Konvergenzproblem,  Lo. 

Q  Schnee,  I.e.  Theorem  XV  may  also  be  stated  in  the  following  more  general  form,  as  noted  by 

d 
Schnee:  //  /(*)  for  <r  >cr0  w  regular  and  equal  to  0(\t\')  for  every  e  >  0,  however  email,  then  £  —f 

w  convergent  for  a  >  <70.  n 
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Theorem  XV,  ///(«),  which  is  assumed  to  be  represented  in  a  certain  half  -plane 

by  a  Dirichlet  series  £  —  ,  is  regular  and  equal  to  0(1)  for  a  >  00,  then£~  is  conver- 

n  n 

gent  for  a  >  a0. 

As  will  be  seen,  Theorem  XIV  (and  its  corollary  Theorem  XV)  give  sufficient 
conditions  for  the  convergence  of  the  series  in  a  certain  half  -plane  in  terms  of  simple 
analytic  properties  of  the  function  represented  by  the  series;  this  theorem,  however, 
gives  no  method  for  the  exact  determination  of  the  line  of  convergence  a  =  A0;  in 
other  words,  Theorem  XIV  can  by  no  means  be  considered  to  be  a  solution  of 
the  convergence  problem  for  Dirichlet  series,  but  is  only  a  step  towards  this  goal. 

Before  we  pass  to  the  discussion  of  certain  investigations  undertaken  by  the 
author  in  order  to  clarify  what  kind  of  results  might  possibly  be  obtained  through 
a  further  advance  along  the  road  first  taken  by  Landau,  we  shall  interpolate  the 
following  remark,  through  which  a  convenient  abbreviated  notation  will  be  intro- 
duced. 

Let  f(s)  be  a  function  which  we  assume  to  be  defined  in  a  certain  half  -plane 

(for  a  >  a')  by  a  convergent  Dirichlet  series  J^-~  ;  and  for  a  >  cr0  (aQ  <  a')  letf(s) 

n 

be  both  regular  and  of  finite  order  of  magnitude  with  respect  to  the  ordinate  t.  The 
last  expression  means  that  corresponding  to  an  arbitrarily  small  e,  there  shall  exist 
a  constant  c  =  c(e)  such  that/(s)  =  0(\t\c)  for  a  ^  cr0+£. 

Then  f(s)  =/(er-f#)  cannot  possibly  be  equal  to  0(\t\~*)  for  any  value  of 
a  >  <r0  and  any  positive  number  d,  however  small;  indeed,  since  f(s)  =  0(1)  for 
a  >  cr'+l+e,  it  would  follow  at  once  from  Lindelofs  theorem  (page  22)  that  for  all 
sufficiently  large  values  of  at 

limf(a+it)  =  0. 

f«00 

This  relation  contradicts  the  inequality,  found  on  page  16  and  valid  for  sufficiently 
large  values  of  a  and  all  t  : 


in  which  aN  denotes  the  first  non-  vanishing  coefficient  in  the  series  £  —B  . 

n 

By  fi  =  fjt(a)  (defined  for  every  a  >  <r0),  we  shall  understand  the  finite  and,  in 
view  of  the  preceding  remark,  non-negative  red  number  (determined  by  a  so-called 
Dedekind  cut)  which  satisfies  the  following  two  conditions: 
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2.  f(a+it)  is  not  equal  to  0(|^~e)  for  any  e  >  0,  however  small. 

Since,  in  consequence  of  Theorem  XI,  f(s)  is  equal  to  0(1)  for  a  >  l+e  (I  being 
the  abscissa  of  absolute  convergence  of  the  series)  and  p(a)  is  non-negative,  we  see 
that  fi(a)  =  0  for  a  >  I. 

Furthermore,  it  can  immediately  be  inferred  from  Lindelofs  theorem: 

1.  that  fj,(o)  is  a  continuous  function  of  a  >  cr0, 

2.  that  fji(o)  (which  for  sufficiently  large  a  is  equal  to  0)  as  soon  as  it  has  taken 
on  positive  values  mil  be  strictly  increasing  when  a  decreases,  i.e.,  that  if  ^(aj  >  0 
and  al>  o^>  cr0  then  p(a2)  >  ^(a^,  and 

3.  thatf(s)  for  a'^a1(>  <r0)  is  equal  to  0(|J|X(Tl)+8)  for  every  e  >  0,  but  not  equal 
to  Odq****)  for  any  e  >  0. 

Using  the  notation  introduced  above,  we  can  now  formulate  Theorem  XV 
(in  the  more  general  form  indicated  in  note  f  on  page  27)  as  follows: 

w  regular  and  of  finite  order  of  magnitude  for  a  >  ff0,  and  if  ^(a)  =  0/or 


a  >  a0,  then  £  ~  is  convergent  for  a  >  (70. 

On  the  other  hand,  it  follows  immediately  from  Theorem  XII  that  £  -j 

n 

converge  for  a  >  <r0  unless  f(s)  is  both  regular  and  of  finite  order  of  magnitude  and  ako 
fj,(o)  g  1  for  a  >  <70.  Hence  the  following  question  arises  naturally:* 

Does  there  exist  a  number  g  (0  ^  g  <£  1)  such  that  a  Dirichlet  series  £~  is 

convergent  for  a  >  a0  when  and  only  when  the  following  two  conditions  are  fulfilled: 

1.  f(s)  is  regular  and  of  finite  order  of  magnitude  for  a  >  tr0, 

2.  fi(a)  g  g  for  a  ><r0. 

This  question  must,  contrary  to  what  might  be  expected,  be  answered 
negatively.  In  order  to  avoid  unnecessary  repetitions,  however,  we  shall,  before 
proving  our  statement,  recast  the  question  in  a  much  more  general,  indeed  in  a 
certain  sense,  its  most  general  form.  It  then  divides  naturally  into  the  following 
two  separate  questions  1  and  2. 


*  For  the  solution  of  this  question,  we  find  in  the  literature  only  the  contribution  that  if  there 

exists  such  a  constant  g,  it  must  necessarily  be  equal  to  f  This  Mows  from  investigations  of  the  special 
(_l)«+i 

series  JJ —  for  which  series  the  functional  equation  of  the  f -function  gives  a  means  of  discussing 

n 

the  function  £(*)(! -21-*)  represented  by  the  series. 
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Question  1.  Does  there  exist  a  number  y  >  0  such  that  the  assumptions: 

1.  f(s)  is  regular  and  of  finite  order  of  magnitude  for  a  >  <70,  and 

2.  p(o)  ^  y  for  a  >  o& 

imply  the  convergence  of  the  series  /or  or  >  (T0. 

Question  2*  Does  there  exist  a  number  F<1  such  that  the  assumption:  JT  — 

n 
is  convergent  for  a  >  cr0,  implies  that  ft(a)  ^  Ffor  a  >  ov 

Like  the  more  special  question  above,  these  questions  as  we  shall  now  prove 
must  be  both  answered  negatively. 

The  non-existence  of  a  number  7  >  0  satisfying  the  conditions  in  Question  1 
results  immediately  from  the  following  theorem: 

a 

Theorem. XVI.  There  exists  a  Dirichkt  series  f(s)  =  Jv~  with  abscissa  of 

n 

convergence  0  representing  a  function,  f(s)  which  is  regular  and  of  finite  order  of  mag- 
nitude for  a  >  —  1,  and  for  which 

0  for  o  ;>  0 
[-a/orO^(r>-l. 


Proof.  Let  pl  <  pt . . .  <  pm  <  pm^ ...  be  a  strictly  increasing  sequence  of 
positive  numbers  satisfying  the  following  conditions: 

J-  Pm+i-Pm  >  !  *<>r  all  m  =  1,  2,  3,. . ., 

m»n-l 

2-    2   Pm  =  °(Pn)  *or  ever7  *  >  °>*  and 

m=l 

m-oo  j  m-oo   j  ,  j  . 

3.  ^  ~  is  convergent  for  every  a  >  0,  and  the  relation  J^  — .  =  0  I  ~  \ 

m~l  Pm  m«n+lPm  ^Pn/ 

holds  for  every  a  >  0. 

Then  we  consider  the  Dirichlet  series 

n-°°an_  1111  11 

9~~+~ 


and  we  shall  prove  that  it  satisfies  all  the  conditions  of  Theorem  XVI. 

*  By  otn  »  0(/Jn)  and  <xn  «  o  (j5tt),  where  0n  is  positive,  we  understand  that 
-~-  <  const.,  and  Hm  ~2  *  0,  respectively. 
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From  the  assumption  that  £  —  converges  for  a  >  0,  it  follows  immediately 

Pm 

that  £  "i  converges  absolutely  for  a  >  0.  On  the  other  hand,  £  ~  cannot  converge 

for  a  ^  0,  since  for  such  values  of  a  the  terms  of  the  series  do  not  have  the  limit 
0  as  the  index  n  tends  to  infinity.  Consequently,  we  have  I  =  A0  =  0. 
The  equation  m,x  r 


has  so  far  been  proved  only  for  a  >  0.  However,  for  a  >  —  1 
1  1 


&     (ftn+1)' 
the  series 

y  JL  — 

f i  k 

the  terms  of  which  are  integral  functions,  is  therefore  uniformly  convergent  for 
a  >  — 1+6  and  \8\  <  k.  Hence  the  f unction /(«)  is  everywhere  regular  for  a  >— 1, 
and  we  have,  for  a  >  —  1+e, 

whence,  for  e  ^  a  ^— 1+e, 

/W  =  0(1*1). 

From  this  last  relation  (in  conjunction  with  the  relation  f(s)  =  0(1),  valid  for 
a  ^  I+e  =  e)  we  infer  on  the  one  hand  that/(«)  is  of  finite  order  of  magnitude  for 
a  >  —  1,  and  on  the  other  hand  that  for  e  ^  a  ^— 1+£ 


/w 

in  consequence  of  Lindelof's  theorem. 

We  now  pass  to  the  determination  of  /i(cr)  for  all  or  >  —  1. 

For  a  >  I  =  0,  we  have  p(o)  =  0,  and  hence  from  the  continuity  of  p(a)  (for 
a  >  —  1)  it  follows  that  ^(0)  =  0;  and  from  formula  (14)  it  follows  that  fi(a)  ^—  o- 
for  0  >  0-  >  —  1.  In  order  to  prove  that  p(o)  cannot  be  smaller  than—  a  for  0  >  a  >  —  1 
(and  consequently  that  ju(a)  =—  <r)  it  is  evidently  sufficient  to  phow  that  for 

=  K%  •  p?+oto+)  ,  (15) 


where  the  numerical  value  of  Kn  for  all  n  is  larger  than  a  certain  constant.  Indeed 
from  this  it  immediately  follows  that  /(or0+»0  cannot  be  equal  to  0(|t|"H*qr*)  for  any 
6  >  0  however  small  and  hence  that  /i(cr0)  ^—a0. 
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The  validity  of  equation  (15)  is  proved  in  the  following  way: 


7m~n-l  i    *  r          /  1  \-*w] 

=  o (2-  +  «•>  i-  i+-      +o 

\  ro=l   rro'  t         ^        rn'        J 

[/          1  X""00  ~*pn 

'-(1+J 


The  non-existence  of  a  number  F  <  I  satisfying  the  conditions  in  Question 
2  appears  from  the  following  theorem. 

Theorem  XVII.  There  exists  a  Dirichlet  series  f(s)  =  £  ~  with  the  abscissa 
of  convergence  A0  =  0  such  that 

(    0    for  a  ^  1 

Proof.  Let 

be  an  infinite  sequence  of  positive  integers  which  satisfy  the  following  conditions : 

«n<^; 

pn  ==  £*\  where  lim  dn  =  0  and  lim  £*»  =  0 ; 

7n  >  tfi  • 

m"°°a 
Let  the  coefficients  am  in  the  series^  -~  be  determined  so  that,  when  we  put 


.  +am, 


8m  =  1          f  or  yn  <  m  <  a^  . 
Since  for  all  m  =  1,  2,.  .  ,  we  have  \8m\  ^  1  and  since  Sm  has  no  limit  for  m  =  oo, 

the  series  ^aw  =  ^-^  oscillates  between  finite  bounds,  and  hence  A0  =  0.* 
m 

*  If  a  Dirichlet  series  oscillates  between  finite  bounds  at  a  certain  point,  this  point  must,  in  view 
of  Theorem  II,  lie  on  the  line  of  convergence  a  =  V 


S  1.   Translation  of  A  3, 


[33-34]  I.  The  Theory  of  Convergence.  33 

Since  A0  =  0  implies  that  I  ^  1,  we  see  that  n(a)  =  0  at  least  for  a  ^  1.  We 
shall  now  prove  that  fi(aQ)  =  1—  <r0  for  0  <  or0  <  1  .  That  ^(aQ)  cannot  be  larger 
than  1—  (T0  follows  at  once  from  Lindelofs  theorem  when  we  recall  that/($)  is  of 
f  inite  order  of  magnitude  for  a  >  A0  =  0,  that/(e+^)  =  0(\t\),  and  that  /(!+£+#)  = 
0(1).  Hence,  in  order  to  prove  that  fi(aQ)  is  exactly  equal  to  1—cTo,  it  is  sufficient 
to  show  that  M+  .g  _  K  .  ^1HO+o(^W)  ;  (16) 

where  K  is  a  constant  different  from  0.  For  this  will  imply  that/((T0+^)  cannot  be 
equal  to  0(\t\l~a*~6)  for  any  e  >  0,  however  small,  and  hence  that  /*(<r0)  ^  1—  <r0. 
The  validity  of  equation  (  16)  is  proved  in  the  following  way  :  Putting  sn  = 


we  have  (as  shown  on  page  6),  since  J^  —  oscillates  between  finite  bounds  for  s  =  0, 

m 

fM  =/(*o+»U  =  2J  Sm  [-1  -  ^-l^J  =  (since  Sm  =  0  for  «n  ^  m  <  ft,) 


The  following  equations  hold  for 

m 


g  1  and  eo  ipso  for  m  ^  0n: 


wa+'»     ' 


where  ^(w,  wi)  is  numerically  smaller  than  an  absolute  constant.  We  thus  obtain 
from  <17)  - 


.  =  .    . 

J-       \^    Q          n      _L    V  Q       n 

^     m~1^  m 


(m««n-l  i 
2 
m-1     m 


C»n»oo     i  m«oo     i      . 

21  -55  -  2  ^ 
m-/Jn  m  m«y»-flw        ' 
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H^  •  &) 


q.e.d. 
<*o 

Haying  thus  given  a  complete  answer  to  Questions  1  and  2,  we  shall  now  use 
Theorems  XVI  and  XVII  to  prove  the  following  theorem,  which  is  of  importance 
in  understanding  the  convergence  problem  for  Dirichlet  series: 

Theorem  XVIII.  Let  f(s)  be  an  analytic  function  of  which  we  know  that  it  is 
defined  in  a  certain  half  -plane  by  a  convergent  Dirichkt  series  ;  moreover,  let  thefolkwing 
properties  of  the  functiwi  f(s),  and  no  others,  be  known: 

1,  The  knowledge  of  the  number  tr0  ^—oo,  determined  by  a  Dedekind  cut,  which 
is  the  smallest  of  all  real  numbers  a'  for  which  f(s)  for  a  >  a'  is  regular  and  of  finite 
order  of  magnitude  with  respect  to  the  ordinate  t,  and 

2.  The  knowledge  for  att  a>  aQ  of  the  value  of  the  p-function  corresponding  to 
f(s)  and  defined  for  a  >  or0. 

In  general,  the  function  f(s)  is  not  characterized  sufficiently  by  these  properties 
to  determine  the  boundary  of  convergence  of  the  Dirichlet  series  defining  the  function. 

The  proof  of  Theorem  XVIII  will  be  completed  when  we  have  proved  the 

existence  of  two  Dirichlet  series  /($)  =  JP-~  and  g(s)  =  5}  —  representing  functions 

n  n 

f(s)  and  g(s)  which  are  both  regular  and  of  finite  order  of  magnitude  for  a  greater 
than  a  certain  number  00,  while  neither  function  satisfies  both  of  these  conditions 
for  a  >  a0—  e  (e  arbitrarily  small  positive),  and  for  which  furthermore  the  two 
/(-functions  corresponding  to  f(s)  and  g(s)  for  a  >  ag  are  identical;  but  neverthe- 

less such  that  the  two  series  J1  —  and  J1-?  do  not  possess  the  same  boundary  of 

^  n8  n* 

convergence. 

The  existence  of  two  such  series  is  shown  immediately  from  the  previous 

investigation  as  follows: 

/ 

Let/x(*)  =^-7  be  a  Dirichlet  series  of  the  type  mentioned  in  Theorem  XVI, 
n 
i' 
and  let  g^s)  =  J^-~  be  a  Dirichlet  series  of  the  type  mentioned  in  Theorem  XVII, 
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where  the  abscissa  of  convergence  of  the  second  series  has  been  moved  by  a  trans- 
formation of  variable  (*  =  $'+!)  from  the  point  0  to  the  point  —1. 

Both  of  the  functions  ft(s)  and  g^s)  are  then  regular  and  of  finite  order  of 
magnitude  at  least  for  a  >  —  1,  and  they  both  have  the  same  /j-f  unction  for  a  >  —  1, 

namelv  I    0  for  <r^0 


In  order  to  avoid  an  investigation  of  the  functions  /a  (s)  and  g^s)  for  a  ^—1, 

which  is  unnecessary  for  our  purpose,  we  add  term  by  term  to  both  of  the  series 

/  ,  /  _« 

Y  —  and  J?~  the  series  J7—  -  which  is  absolutely  convergent  for  a  >—  i  and 

**  n'  n8  **  n* 

represents  the  function  f(a+£)  possessing  a  pole  at  the  point  8  =—  J. 
The  series  thus  obtained 


71 

and  , 


then  obviously  satisfy  all  conditions  mentioned  in  Theorem  XVIII.  Indeed,  first, 
both  of  the  functions  f(s)  and  g(s)  are  regular  and  of  finite  order  of  magnitude  for 
a  >  — i,  but  not  for  <r  >— i—e;  secondly,  for  <r>  — J,  p(a)  is  the  same  function 
whether  it  is  computed  for  the  f unction /($)  or  for  the  function  g(s),  namely 

0  f  or  a  ^  0 
I —or  for  0  ^  or>— i; 

an  bn 

and  finally,  the  series  J£  ~  and  £  —  have  different  boundaries  of  convergence, 

namely  the  lines  a  =  0  and  a  ==— J  respectively. 

While,  as  mentioned  above,  the  mere  knowledge  of  the  ju-function  corresponding 
to  a  function  f(s)  defined  by  a  Dirichlet  series  allows  us  to  establish  necessary 
conditions  (for  instance /i(o-)  ^  1)  and  also  sufficient  conditions  (for  instance /«(or)  =  0) 
for  the  convergence  of  the  series  in  a  certain  half-plane,  it  appears  immediately 
from  Theorem  XVIII  that,  generally,  it  is  not  possible  from  the  mere  knowledge  of  the 
^function  to  establish  conditions  which  are  both  necessary  and  sufficient  for  such 
convergence.  This  shows  that  in  general  it  is  not  possible  to  obtain  an  exact  deter- 
mination of  the  boundary  of  convergence  0-  =  A0  by  considering  only  those  properties 
of  the  function  f(s)  used  in  'previous  attempts  to  solve  the  convergence  problem. 
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Theorem  XVIII,  as  well  as  certain  results  of  a  quite  different  nature  found  by 
Perron,*  seem  to  indicate  that  perhaps  it  is  not  possible  at  all  to  determine  the 
boundary  of  convergence  from  simple  analytic  properties  of  the  function  represented 
by  the  series.  In  other  words,  the  boundary  of  convergence  is  perhaps  not  a  line 
which,  in  comparison  with  other  lines  a  =  constant,  plays  any  particularly  pro- 
minent role  from  an  analytical  point  of  view  for  the  function  in  question, 

The  theory  of  summability  set  forth  by  the  author  in  Part  Two  also  seems  to 
point  in  that  direction.  It  will  be  shown  how,  by  the  simplest  possible  generalizations  of 
the  notion  of  convergence,  the  series  may  be  used  to  represent  a  function  in  regions 
outside  the  half-plane  of  convergence,  And  we  shall  see,  what  is  of  particular  im- 
portance in  this  connection,  how  it  is  possible  in  this  way  to  pursue  the  series  to  a 
line  a  =  A  orthogonal  to  the  real  axis  determined  from  just  those  simple  analytic 
properties  of  the  function  f(s)  which  were  shown  above  not  to  suffice  for  the  exact 
determination  of  the  boundary  of  convergence  a  =  A0. 

Before  concluding  this  part,  we  shall  show  as  a  last  application  of  Theorem 
XVII  how  this  theorem  allows  us  to  solve  a  hitherto  open  question  in  the  multiplica- 
tion theory  of  Dirichlet  series. 

Let  f(s)—  y.~  and  g(s)  =  J^  —  be  two  Dirichlet  series  which  are  both 
n*  n 

convergent  for  o  >  0;  and  let  h(s)  =  F  ~  be  the  Dirichlet  series  obtained  by  formal 

n8 

multiplication  of  these  two  Dirichlet  series,  i.e.,  let  the  coefficients  cn  be  determined 
by  the  equation  cn  =  £am  •  bt  where  the  sum  is  taken  over  all  combinations  m,  I 
for  which  m-l  =  n. 

Since  both  of  the  given  series  are  absolutely  convergent  at  least  for  a  >  1,  we 

see  immediately  that  h(s)  =£~8  ™  convergent  (indeed  absolutely  convergent) 

n 

for  a  >  1  and  represents  the  f unction  f(s)g(s). 

Now,  Stieltjesf  stated  the  interesting  theorem,  that£  -~  w  always  convergent,  not 
only  for  a  >  1,  but  for  a  >J. 


*  Zur  Theorie  der  Dirichlet'schen  Reihen,  I.e. 

•f  Sur  une  loi  asymptotique  dans  la  throne  des  nombres,  Comptes  nndus  fa  VAcadtmie  des  Sciences, 
Para,  vol.  101, 1885,  p.  369.  A  proof  of  this  theorem  was  first  given  by  Landau,  tfber  die  Multiplikation 
DirichJet'scher  Reihen,  Rendiconti  del  Circolo  Matematico  di  Palermo,  vol.  24,  1907,  p.  112. 
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Next,  Cahen*  thought  that  he  had  proved  the  convergence  of  £  ~  for  a  >  0. 

n 

Landauf  pointed  out,  however,  that  the  proof  given  by  Cahen  was  incorrect, 
but  it  turned  out  to  be  very  difficult  to  decide  whether  the  theorem  indicated  by 
Cahen  was  false  and  only  after  various  vain  attempts^  did  Landau  §  succeed  in 
answering  this  question.  In  fact,  by  using  properties  of  the  function  £($)(!— 21""5) 
deduced  by  using  Riemann's  functional  equation  for  £($)  and  by  applying  Theorem 

0         /      / l)n**\^ 

XIII,  he  proved  that  the  series  £  -*~  =  (  JT- — i— )  =  (£($)(  1-21"))*  must, 

for  sufficiently  large  values  of  the  integer  q,  have  its  abscissa  of  convergence  greater 
than  0;  since  £ —  is  convergent  for  a  >  0,  the  falsity  of  Cahen's  hypothesis 

was  thus  established. 

The  following  question,  however,  has  not  been  answered  until  now. 

What  is  the  exact  value  of  the  number  a  (which  certainly  exists  and  which  on 
account  of  Stieltjes  is  less  than  or  equal  to  \  and  on  account  of  Landau  greater  than  0) 
for  which  the  following  two  conditions  are  fulfilled: 

_  an         __  bn  _.  cn 

1.  //  y,  —  and  Y  —  are  convergent  for  a  >  0,  then  Y  —  is  always  convergent 

n  n8  n 

for  a  >  a,  and 

2.  if  £  denotes  an  arbitrarily  small  positive  number,  there  exist  two  Dirichlet  series 

y  ~  and  y  —  ,  both  convergent  for  o  >  0,  but  for  which  the  product  series  5}  —  has 
n*  n8  n* 

its  abscissa  of  convergence  greater  than  a— £. 

Through  Theorem  XVII,  the  author  is  enabled  to  prove  the  following  theorem, 
from  which  it  immediately  appears  that  the  answer  to  the  question  is  that  the  number 
a  is  precisely  the  number  J  which  occurs  in  Stieltjes'  theorem. 

<*n  &n 

Theorem  XIX.  There  exist  two  Dirichlet  series  f(s)  =  JP—  and  g(s)  =  JP-JJ, 

n  n 

*  Cahen,  I.e.,  p.  100. 

f  ttber  die  Multiplikation,  l.c.,  p.  120. 

t  I.e.,  pp.  123-125.  Also  Hadamard,  Sur  lea  series  de  Dirichlet,  Rendiconti  dd  Circolo  Matematico 
di  Palermo,  vol.  25,  1908,  pp.  326-330,  and  Perron,  I.e.,  who  have  both  made  important  contributions 
to  the  clarification  of  other  theorems  given  with  incorrect  proofs  by  Cahen  (I.e.),  considered  the  Cahen 
multiplication  hypothesis  without  success. 

§  Beitrftge  zur  analytischen  Zahlentheorte,  I.e.,  p.  265. 
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both  convergent  for  a  >  0,  such  that  the  product  series  h(s)  =  J^~  has  as  abscissa  of 
convergence  precisely  the  number  f 

Proof.  If  we  put  f(s)  =  g(s)  =  k(s)  =  £  ~  ,  where  k(s)  =  £  ~  is  a  Diriehlet 
series  of  the  type  mentioned  in  Theorem  XVII  with  abscissa  of  convergence  0, 


the  series  h(s)  =J?J;  =   j£TJn  =  (*W)8  cannot  possibly  have  an  abscissa  of 
n      \     n  I 

convergence  smaller  than  \\  in  fact,  for  the  function  k(s)  we  have 

H(Q)  =  l—  a  for  0  <  a  ^  1  ; 
hence  for  the  function  h(s)  =  (k(s))2  we  have 

H(o)  =  2—2(7  for  0  <  a  ^  1  , 

and  consequently  ,  ,     ,  .  , 

M        J  H(a)  >  1  for  a  <  |  ; 

but  this  implies  that  h(s)  =  £  -~  cannot  converge  for  cr  <  $,  since  no  Dirichlet 

n 

series  can  converge  beyond  the  region  for  which  n(a)  ^  1.  q.e.d. 


PART  TWO 

The  Theory  of  Summability  for  Dirichlet  Series. 

Introduction. 

In  the  classical  theory  of  infinite  series  one  distinguishes  between,  on  the  one 
hand,  convergent  series,  which  are  capable  of  representing  a  number  (the  sum  of  the 
series),  and,  on  the  other  hand,  divergent  series,  to  which  this  property  is  not  ascribed. 

In  the  last  few  decades,  however,  one  has  tried  by  various  means  and  with 
greater  or  smaller  success  to  move  the  boundary  between  these  two  classes  in  order 
to  bring  certain  types  of  divergent  series  into  the  category  of  series  'capable  of 
representing  a  number', 

We  shall  begin  this  part  by  outlining  briefly  the  circumstances  which  have  led 
to,  or  one  may  say  compelled,  such  attempts ;  and  we  shall  also,  through  a  few  exam- 
ples, elucidate  what  advantages  one  may  expect  to  gain  and  has  already  gained  along 
this  road. 
.    One  of  the  most  frequently  applied  operations  in  analysis  is  to  combine  infinite 
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series  by  the  usual  rules  of  computation.  We  shall  consider  here  the  circumstances 
which  occur  when  applying  the  simplest  of  such  operations,  namely  addition, 
subtraction,  and  multiplication. 

Let  £un  and  J£Vn  be  two  infinite  series;  then,  as  is  well  known,  we  have  the 
theorem :  If  £un  and  £vn  are  convergent  with  the  respective  sums  U  and  F,  then  the 
series  ^(wn+vn)  and  J£Vn— vn)  are  also  convergent  with  the  respective  sums  U+  V 
and  V—  V.  In  other  words:  The  property  of  convergence  is  invariant  under  the 
operations  of  term  by  term  addition  and  subtraction. 

If  we  consider  multiplication,*  however,  the  situation  is  different;  here  it  is  well 
known  that  the  following  theorem  is  by  no  means  true :  If  £un  and  J^t>n  are  convergent, 
then  the  product  series  £wn  is  also  convergent.  In  some  cases,  the  series  £wn  will  be 
convergent,  and  in  other  cases  not;  just  as  it  may  occur,  when  £un,  £vn,  and 
are  three  convergent  series,  that  the  product  series  £wn  formed  from  £un  and 
will  be,  let  us  say,  divergent,  while  the  product  series,  constructed  formally  from 
£wn  and^Jn  will  again  be  convergent.  Thus  convergence  is  by  no  means  an  invariant 
property  under  multiplication;  starting  from  convergent  series  the  series  obtained 
as  the  final  result  of  the  multiplication  will  sometimes  be  convergent  and  sometimes 
divergent. 

The  following  question  therefore  naturally  arises:  Is  it  not  possible  through  a 
generalization  of  the  notion  of  convergence  to  arrive  at  a  wider  class  of  infinite  series 
considered  capable  of  representing  a  number,  which  is  characterized  by  a  property 
invariant  not  only  under  the  operations  of  addition  and  subtraction,  but  also  under 
the  operation  of  multiplication. 

This  question  has  been  solved  in  an  extremely  elegant  and  complete  way  by 
Cesaro  in  his  famous  paper  'Sur  la  multiplication  des  s&ies'f  which  may  be  said 
to  have  been  the  starting  point  for  the  subsequent  investigations  on  divergent  series. 

The  extensions  of  the  notion  of  convergence  introduced  by  Cesaro  in  this  paper 
may  be  defined,  in  somewhat  different  notation,  as  follows: 

n=oo 

Let  £  un  be  an  infinite  series  with  constant  terms,  and  let  us  put 

n-l 


00  oo 

*  By  multiplication  of  two  infinite  series  £  un  and  J£  t?N,  we  understand  here  and  in  the  sequel 

1  1  oo 

multiplication  by  Cauchy'a  rule  (i.e.,  the  general  term  in  the  product  series  J£  wn  is  determined  by  the 
equation  wn  »  «jVn  -f- utvn^l  -f . . .  +  «n-ivi + Vi)'  l 

f  Bulletin  des  Sciences  Mathtmatiquu,  ser.  2,  vol.  14,  1890,  pp.  114-120. 


Ill  52  S  1.  Translation  of  A  3. 


40  Contributions  to  the  Theory  of  Diriohlet  Series.  [44-45] 

W  =  %+«,+•••+«„; 


Then  the  series  J£X»  **  6a^  t°  ^e  wmmabk  of  the  0th  order  (or  convergent)  wth 
the  value  (sum)  U  if  lim  fij^  =  U;  summabk  of  the  1st  order  w*U  tile  w/we  U  if 


lim  -  8®  =  17;  tw  general,  summabk  of  the  rth  orrfer  with  the  summability  value  U  if 


Since,  as  is  well  known,  lim  $®  =  J7  implies  that 

n-oo 


it  is  seen  that  a  series  convergent  with  the  sum  U  is  also  summable  of  the  1st  order 
with  the  value  C7,  while  naturally  the  converse  of  this  theorem  is  not  true.  In  a 
similar  way,  one  can  show  that  generally  (i.e.,  for  an  arbitrary  r),  if 


i.e.,  Jto  a  series  summabk  of  the  rth  order  is  also  summable  of  the  (r+l)th  order  and 
with  the  same  summability  value. 

Starting  from  these  definitions  Ces&ro  proves  the  following  very  interesting 
theorem: 

If2Jun  **  summabk  of  the  p^  order  with  the  value  U  and£vn  is  summabk  of  the 
qth  order  with  the  value  F,  then  the  product  series  2Jwn  **  always  summabk  of  the 
(P+V+W*  w<kr  with  the  value  UV.* 

In  general,  we  call  an  infinite  series  summabk  with  the  value  U  if  there  exists  an 
integer  r  ^  0  such  that  the  series  is  summable  of  the  rth  order  (and  hence  of  course 
of  the  (r+l)th,  (r+2)th,  .  .  .  orders)  with  the  value  Z7.  It  follows  immediately  from 
Ces&ro's  theorem  that  if£un  is  summable  with  the  value  U  and£vn  is  summabk  with 

*  For  p  «  q  **  0  Ces&ro's  theorem  states  that  if  J£«nand  £vn  are  convergent  with  the  respective 
gums  U  and  V,  then  the  product  series  £wn  is  always  summable  of  the  1st  order  with  the  summability 
value  UV.  This  latter  theorem  contains  as  a  special  case  the  Abel  multiplication  theorem  (CEuvrts,  vol.  1, 
p.  225)  which,  with  the  same  assumptions,  states  that  if  J£wn  is  convergent  then  its  sum  is  always  UV, 
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the  value  V,  then  the  product  series  is  always  summabk  with  the  value  UV.  In  other 
words,  the  property  of  summability  is  invariant  under  the  operation  of  multiplication 
just  as  it  is  obviously  invariant  under  the  operations  of  addition  and  subtraction. 
Cesiro's  generalizations  of  the  notion  of  convergence  depend  on  the  fact  that 
instead  of  passing  at  once  to  the  limit  with  the  partial  sums  ff®,  as  we  do  in  the  case 
of  convergence,  he  passes  to  the  limit  with  certain  more  and  more  smoothed  mean 
values  of  these  partial  sums,  Incidentally,  it  must  be  emphasized  that  Ces&ro  is  not 
the  first  who  has  noticed  the  important  advantages  which  may  be  obtained  from 
the  consideration  of  such  mean  values  in  the  theory  of  infinite  series.  Thus,  as  early 
as  1880,  Frobenius*  proved  an  interesting  theorem  which,  in  the  above  notation, 
may  be  stated  as  follows: 

n*oo 

Letf(x)  =  JP  ana?  be  a  power  series  with  radius  of  convergence  ltand  let  the  series 

n«l 
n=oo 

]£  an,  i.e.,  the  power  series  at  the  point  x=  I,be  summable  of  the  1st  order  with  the 

n«l 

value  A.  Then  lim/(#)  =  A 

x=l 

when  x  converges  along  the  radius  vector  to  the  point  I  on  the  circle  of  convergence.^ 
Frobenius*  theorem  was  later  extended  by  HolderJ  to  the  following  more 

general  theorem: 

//  the  series  £an  is  summable  of  the  rth  order  with  the  value  A,  then 

lim/(a)  =  A 

a-l 

when  x  converges  along  the  radius  vector  to  the  point  1.  § 

Quite  recently,  important  results  have  been  obtained  in  various  parts  of  analysis 

*  t)ber  die  Leibnitzsche  Reihe,  Journal  fur  die  reine  und  angewandte  Mathematik,  vol.  89,  1880, 
pp.  262-264. 

fThis  theorem  of  Frobenius  is  a  generalization  of  the  following  theorem  of  Abel  :  I/2an  **  convergent 
with  the  sum  A,  then  lim/(a?)  «=  A.  A  particularly  interesting  example  of  the  application  of  Frobenius1 
theorem  comes  from  the  power  series 


here  the  series  1  —  1  +  1  —  1...  is  summable  of  the  first  order  with  the  value  },  in  accordance  with  the 
equation  lim  -  »  |. 

_i  i+» 

|  Grenzwerthe  von  Beihen  an  der  Convergenzgrenze,  Mathematische  Annalen,  vol.  20,  1682,  p.  535. 

§  Holder,  however,  considers  a  different,  and  for  applications  less  convenient,  type  of  mean  value. 
Schnee,  Die  Identitat  des  Cesaroschen  und  Holderschen  Grenzwertes,  Mathematische  Annakn,  vol.  67, 
1900,  'pp.  110-125,  has  however  proved  that  in  reality  Cesaro's  and  Holder's  definitions  are  equivalent. 
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by  application  of  Cesiro  summable  series.  As  perhaps  the  most  important  of  these 
results,  we  shall  mention  only  Fej&'s  theorems  on  Fourier  series.  The  type  and  im- 
portance of  these  theorems,  in  which,  incidentally,  only  summability  of  the  1st  order 
occurs,  appear  from  the  following  theorem,  which  is  contained  as  a  special  case  in 
Fejdr's  results: 

Iff(x)  is  a  continuous  function  in  the  interval  0  to  2n,  then  the  corresponding 
Fourier  series 


°  i  J* 
-\  / 

^J 


(which  series,  as  shown  by  du  Bois-Reymond,  need  by  no  means  be  convergent  for 
all  values  of  x  between  0  and  2n)  mil  be  summabk  of  the  I8t  order  at  every  point  of  the 
interval  0  to  2a  with  the  summability  value  f(x). 

We  now  pass  to  the  consideration  of  another  situation  which  also  naturally 
leads  to  the  question  of  representing  numbers  by  divergent  series. 


Let  F(x)  =  £  fn(x)  be  an  infinite  series  whose  terms  fn(x)  are  functions  of  a 

n»l 

complex  variable  x,  and  let  us  assume  that  this  series  is  convergent  in  a  certain 
connected  region  0  where  it  represents  an  analytic  function,  while  the  series  is  diver- 
gent outside  the  region  G.  We  assume  that  the  boundary  of  0  is  not  a  natural  boundary 
of  the  function  F(x)  (a  natural  boundary  of  an  analytic  function  is,  as  is  well  known, 
a  curve  whose  points  are  all  singular  points  of  the  function).  Then  the  question 
naturally  arises  whether  or  not  it  is  possible  through  a  generalization  of  the  notion 
of  convergence  to  make  the  series  usable  in  regions  outside  the  region  of  convergence 
G  and  in  such  a  way  that  the  function  represented  by  the  series  in  these  new  regions 
by  means  of  the  generalized  definitions  is  just  the  analytic  continuation  of  the 
function  F(x)  defined  by  the  convergent  series  inside  (?. 

For  power  series,  this  question  has  been  treated  by  various  mathematicians, 
who  have  taken  Ces&ro's  work  as  their  starting  point  ;  among  these  we  must  mention 
Borel  particularly. 

As  is  well  known,  the  region  of  convergence  of  a  power  series  is  bounded  by  a 
circle,  the  so-called  circle  of  convergence.  One  might  therefore  naturally  ask:  Do 
there  exist  regions  outside  the  circle  of  convergence  where  the  power  series  is  sum- 
mable by  Cesiro's  method?  This  question,  however,  must  be  answered  negatively, 
since,  as  is  very  easily  seen,  the  points  at  which  a  power  series  is  summable  without 
being  convergent  must  always—  like  the  points  at  which  the  series  is  conditionally 
convergent—  lie  on  the  circle  of  convergence  itself.  On  account  of  this  fact,  which 
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is  due  to  the  very  'strong'  divergence  of  a  power  series  outside  its  circle  of  convergence, 
Borel,  in  order  to  make  the  power  series  'applicable*  as  the  generator  of  a  function 
in  regions  outside  the  circle  of  convergence,  has  had  to  use  extensions  of  the 
notion  of  convergence  quite  different  from  those  of  Ces&ro,  and  to  resort  to  much 
stronger  devices  than  those  used  by  Cesaro  in  order  to  force  a  divergent  power 
series  to  represent  a  definite  number,  Thus,  in  his  definitions,  Borel  has  had  to  use 
a  double  passage  to  the  limit,  while  in  Ces&ro's  definitions,  as  in  the  usual  definition 
of  convergence,  there  is  only  a  single  passage  to  the  limit.  As  we  shall  see  in  several 
cases  in  the  sequel,  it  is  just  this  latter  fact  that  allows  us  to  operate  almost  as  well  with 
a  series  summable  of  the  rth  order  by  Ces&ro's  method  as  with  a  convergent  series. 
We  now  pass  from  this  to  the  consideration  of  our  proper  subject,  the  Dirichlet 

series  J?^. 

This  type  of  series  generally  possesses  a  two-dimensional  region  inside  which 
the  series  is  conditionally  convergent— and  it  is  just  this  property  which,  apart  from 
number-theoretic  applications,  has  lent  the  study  of  Dirichlet  series  its  special 
interest.  Also  the  boundary  line  of  the  half -plane  of  convergence  of  a  Dirichlet  series, 
contrary  to  what  is  the  case  for  the  circle  of  convergence  of  a  power  series,  is  not  a 
line  which  seems  to  play  any  special  role  for  the  analytic  properties  of  the  function 
represented  by  the  series.  These  observations  led  the  author  to  the  view  that 
perhaps  in  the  case  of  Dirichlet  series,  the  function-representing  properties  of  the 
series  had  been  far  from  fully  exploited  by  the  mere  consideration  of  its  sum  in 
the  region  of  convergence.  In  other  words,  in  the  case  of  Dirichlet  series  it  might 
perhaps  be  possible  in  a  far  simpler  way  and  with  much  greater  advantage  than  in 
the  case  of  power  series  to  apply  generalizations  of  the  notion  of  convergence.  It 
turned  out  that  this  was  the  case  and  even  that  the  very  simplest  generalizations 
of  the  notion  of  convergence,  namely  those  which  are  given  by  the  Ces&ro  summation 
definitions  described  above,  could  be  used  with  advantage  and  in  fact  were  even, 
so  to  say,  made  for  application  to  Dirichlet  series,  since  these  series  turned  out  in 
general  to  possess  two-dimensional  regions  inside  which  the  series  are  summable 
without  being  convergent: 

Like  the  region  of  convergence,  the  regions  of  summability  of  the  1st,  2nd, . . . ,  r th, . . , 
orders  are  all  half -planes  bounded  by  straight  lines  orthogonal  to  the  real  axis ;  moreover— - 
and  this  gives  the  whole  theory  its  significance — inside  these  regions,  the  series 
represents  by  its  summability  value  precisely  the  analytic  continuation  of  the  function 
defined  by  the  series  inside  its  region  of  convergence. 
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Furthermore,  it  turned  out  that,  in  a  manner  of  speaking,  all  theorems  valid 
for  Dirichlet  series  in  their  region  of  convergence  could  be  generalized  by  using  the 
right  points  of  view  to  the  series  in  their  summability  regions.  This  analogy  may  be 
carried  through  in  such  a  way  that  in  reality  one  need  not  consider  the  region  of 
convergence  first,  but  may  as  well  at  once  establish  the  theory  for  the  series  in  their 
regions  of  summability  of  arbitrary  rth  order.  Then,  if  one  wants  to  obtain  the 
theorems  valid  in  the  region  of  convergence,  one  need  only  specialize  to  the  value 
r  ss  0  in  the  general  theorems  already  obtained.  For  instance,  we  shall  see  that  a 
Dirichlet  series  in  its  rkh  region  of  summability  represents  an  everywhere  regular 
analytic  function  and  that  this  function  to  the  right  of  the  line  of  summability  is 
of  order  of  magnitude  with  respect  to  t  smaller  than  0(|$|r+1),  etc. 

Through  the  introduction  of  summability,  we  thus  obtain  infinitely  many 
regions  (corresponding  to  r  =  1,  2,. . .)  every  one  of  which  plays  a  role  similar  to 
the  role  of  the  region  of  conditional  convergence  and  which  together  form  a  region 
in  which  the  analytic  function  represented  by  the  series  may  be  studied  by  considera- 
tion of  the  series  alone.  Moreover — and  this  must  be  considered  a  main  point  in  the 
theory  of  summability  for  Dirichlet  series—  through  the  introduction  of  summability  it 
is  possibk  to  pursue  the  function  represented  by  the  series  to  a  line  which,  in  contrast  to 
the  line  of  convergence,  plays  a  decisive  role  for  the  analytic  behaviour  of  the  function, 
viz.  a  line  which  can  be  determined  without  any  reference  to  the  series  itself  by 
the  mere  knowledge  of  certain  decisive  properties  of  the  function. 

Having  set  forth  these  introductory  remarks,  we  shall  now  give  a  brief  survey  of 
the  content  of  Part  Two  of  this  dissertation,  in  which  an  attempt  is  made  to  build  up  a 
systematic  theory  of  summability  for  Dirichlet  series.  In  order  to  make  this  part  as 
clear  as  possible,  it  is  divided  into  smaller  sections,  each  of  which,  though  based  upon 
results  of  the  preceding  sections,  nevertheless  as  far  as  possible  possesses  a  certain 
unity. 

In  §  1,  we  state  some  general  theorems  regarding  Ces&ro  summable  series;  for 
some  of  these  theorems— in  particular  Theorem  I,  which  is  the  generalization  to 
summable  series  of  Weierstrass'  fundamental  theorem  on  convergent  series— it 
should  be  noted  that  the  reason  why  these  theorems  have  hitherto  not  been  stated 
in  complete  generality  is  perhaps  mainly  to  be  found  in  the  fact  that  the  theory  of 
Dirichlet  series  set  forth  by  the  author  seems  to  be  the  first  occasion  on  which  series 
Ces&ro  summable  of  the  rtb  order  have  been  used  to  represent  analytic  functions  in 
two-dimensional  regions. 
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In  §  2,  we  determine  the  type  of  regions  inside  which  a  Dirichlet  series  is  summable 
of  the  I8t,  2nd, . . . ,  rth, . . .  orders;  it  is  shown  that  these  regions  are  all  half -planes 
bounded  by  lines  a  =  Aj,  a  =  A2,. . . ,  a  =  Ar,, . .  orthogonal  to  the  real  axis.  It  is 
also  shown  that  a  series  summable  of  the  rth  order  to  the  right  of  the  line  a  =  A, 
represents  by  its  summability  value  an  everywhere  regular  analytic  function  which 
for  A0  >  a  >  Af  is  the  analytic  continuation  of  the  f unction  f(s)  defined  by  the  sum 
of  the  series  inside  the  region  of  convergence  (i.e.  for  a  >  A0). 

Next,  in  order  to  give  immediately  an  application  of  the  general  results  found 
in  §  2,  we  study  in  §  3  the  summability  behaviour  of  a  special  type  of  Dirichlet 
series  including,  in  particular,  certain  series  which  play  an  important  role  in  the 
analytic  theory  of  numbers.  §  3  concludes  with  a  comparison  between  the  summa- 
bility behaviour  of  the  series  JT  ~  and  the  series  £  ~ — ^ —  (<x  arbitrary  com- 

n  n 

plex). 

In  §  4,  we  determine  the  rth  'abscissa  of  summability'  Af  as  a  function  of  the 
coefficients  of  the  series.  For  later  applications,  the  general  results  thus  found  are 
used  to  establish  the  existence  of  certain  Dirichlet  series  with  particularly  simple 
summability  behaviour. 

§  5  deals  with  the  problem  of  the  distribution  of  the  abscissae  of  summability, 
and  a  complete  solution  of  this  problem  is  given. 

In  §  6,  we  treat  the  behaviour  of  the  sum-function  on  approaching  points  on  the 
boundary  of  summability  a  =  Ar.  We  prove  a  general  theorem  which  includes  as  a 
very  special  case  the  Dedekind-Cahen-Schnee  theorem,  mentioned  in  Part  One, 
concerning  approximation  to  points  on  the  boundary  of  convergence. 

In  §  7,  we  give  a  closer  investigation  of  the  analytic  function  represented  by 
a  Dirichlet  series  in  its  regions  of  summability.  In  particular,  we  study  its  behaviour 
for  infinitely  large  values  of  the  ordinate  t.  One  theorem  is  given  concerning  the 
order  of  magnitude  of  the  function  with  respect  to  the  ordinate  t,  and  another 
theorem  states  the  existence  of  a  mean  value  of  the  function  on  an  arbitrary 
straight  line  orthogonal  to  the  real  axis  lying  within  the  region  of  summability  of 
the  series,  and  gives  a  formula  for  it. 

Finally,  in  the  last  section  of  the  dissertation  (§  8),  we  solve  a  problem  which 
properly  could  be  called  the  summability  problem  for  Dirichlet  series  in  analogy  to 
what  was  termed  in  Part  One  the  convergence  problem  for  Dirichlet  series.  This 
is  the  problem  of  determining  exactly— from  the  mere  knowledge  of  the  analytic 
properties  of  the  represented  function— the  boundary  line  a  =  A  of  the  half -plane 
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inside  which  the  series  is  summable  of  some  sufficiently  high  order.  It  is  shown 
that  such  a  determination  is  possible  and  is  dependent  upon  two  essential  factors, 
namely,  on  the  one  hand,  the  regularity  or  singularity  of  the  function  and,  on  the 
other  hand,  the  order  of  magnitude  of  the  function  when  the  ordinate  t  tends  to 
infinity.  For  this  determination,  it  turns  out  that  three  different  cases  can  be 
imagined,  and  it  is  shown  that  these  three  cases  really  all  occur.  The  section  concludes 
with  a  general  theorem  concerning  multiplication  of  Dirichlet  series. 


§1- 
Some  general  theorems  on  summable  series. 

n=»oo 

Let  £  un  be  an  infinite  series  with  constant  terms,  and  let  us  put 

n-l 

m=n  m=n  m=n 

^  =  2IN;<82)="2r<82?;...;sS)  =  l's2rI).  (D 

m»l  tn»l  m-l 

Then,  as  mentioned  in  the  introduction,  the  series  is  said  to  be  aummable  of  the 
r th  order  with  the  value  U  if  ~r      . 


Furthermore,  £un  is  said  to  be  'summably  oscillating  of  the  rth  order  between 

finite  bounds'  if  -^--  is  bounded  for  all  n  without  converging  to  a  limit  for  n  =  oo. 

n 

n*oo 

We  consider  now  an  infinite  series  £  un(s)  the  terms  of  which  are  functions  of 
a  complex  variable  s.  This  series  is  said  to  be  uniformly  summabk  of  the  rth  order  in  a 

domain  G  with  the  summability  value  U(s)  if  -—•  (where  S(£  is  formed  from  the  w's 

n 

through  the  relations  (1)  and  consequently  is  now  a  function  of  s)  for  s  belonging 
to  the  domain  G  converges  uniformly  to  the  limit  U(s)  as  n  tends  to  oo. 
Then  we  have  the  following  fundamental  theorem: 


Theorem  I.  If£un(a)  is  an  infinite  series  which  is  uniformly  summable  of  the  rth 
order  in  a  certain  connected  domain  0  and  whose  terms  un(s)  are  regular  analytic  func- 
tions in  G,  then  the  series  represents  by  its  summability  value  U(s)  a  regular  analytic 
function  in  G.  Furthermore,  the  series  £un(s)  may  be  differentiated  term  by  term  an 
arbitrary  number  of  times]  i.e.,  ihe  series  £u%\s)  obtained  by  differentiating  term  by 
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term  p  times  is  again  summabk  of  the  rth  order  in  0  and  represents  by  i 
value  precisely  the  function 


Proof.  From  the  defining  relations  (1),  we  obtain  at  once  by  induction  the 


Since  S®  is  thus  a  linear  function  of  the  first  n  terms  of  the  series  and  since  by 
assumption  all  the  terms  un(s)  are  regular  analytic  functions  in  G,  we  see  at  once  that 


the  quantities  S$  and  consequently  also  the  quantities  -^—  -  are  regular  analytic 

,  nr 

functions  m  0. 

By  this  last  remark,  together  with  the  assumption  that 

S^rl 
lim  -~r  -  is  uniformly  equal  to  17(5) 

n=oo    W 

for  s  belonging  to  G,  it  follows  from  Weierstrass'  theorem,  mentioned  on  page  9 
(note  f),  that  the  summability  value  U(s)  is  a  regular  analytic  function  in  G.  This 
proves  our  first  statement. 

In  order  to  prove  that  we  may  differentiate  £un(s}  term  by  term  an  arbitrary 
number  of  times,  say  p,  we  infer  first  from  Weierstrass'  theorem  that  in  the 

domain  G  /fl&VtxW 

lim  pi)    =U<*(s).  (3) 

n«oo\    n     I 

Since  S%  is,  as  mentioned  above,  a  linear  function  of  a  finite  number  of  terms 
of  the  series  £un(s),  it  is  plain  that 


* 

where  S(£  is  formed  in  just  the  same  way  from  the  p  times  term  by  term  differentiated 
series  £u%\s)  as  S^  is  formed  from  the  original  series  ^un(s).  Hence  equation  (3) 

may  be  written  * 

£(r)  •  r  I 


but  this  last  equation  states  precisely  that  the  series  JTtt^s)  is  summable  of  the  rth 

order  and  has  the  quantity  U^s)  as  its  summability  value.  q.e.d. 

Closely  related  to  the  proof  of  Theorem  I  is  the  proof  of  the  following  theorem: 

Theorem  II.  Let£un(s)  be  an  infinite  series  whose  terms  un(s)  are  functions  of  a 
complex  variable  s  and  which  are  all  integrabk  functions  ofs  when  the  path  of  integration 
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is  chosen  as  a  certain  curve  L  of  finite  length  in  the  complex  plane.  Furthermore,  let  the 

n-oo 

series  £  un(s)  be  uniformly  summable  of  the  rth  order  with  the  summability  value  U(s) 

n-l 

for  all  values  of  s  lying  on  the  curve  L.  Then  U(s)  itself  is  integrabk  on  the  curve  L,  and 
we  have  the  equation  ^^ 

IL  n-i  ^i 

where  the  infinite  series  on  the  right  is  summable  of  the  rth  order. 

Proof.  Since  8®  is  a  linear  function  of  the  quantities  %(«),. . .,  un(s),  we  see 

8fl  •  r  1 

immediately  that  -^ —  is  integrable  on  L  for  every  n  and  also  that 
n 

* 

-ds 


t*o  —  , 

n  n 

*  n-oo- 

where  Sj?  is  formed  from  the  series  £  \  un(s)ds  in  just  the  same  way  as  S®  is  formed 
from  the  original  series  n*1    L 

n-oo 

2XW- 

n-l 

S(r)»r! 
This  observation,  together  with  the  assumption  that  lim    n  f      is  uniformly 

equal  to  U(s),  implies,  in  view  of  a  well-known  theorem  concerning  integration  of 
uniformly  convergent  sequences,  that 


and  this  last  equation  is  the  same  as  the  equation  (4). 

We  shall  now  prove  a  theorem  of  quite  a  different  type  from  the  foregoing,  a 
theorem  which  will  also  have  important  applications  in  the  sequel. 

Theorem  III.  Let  all  infinite  series  of  the  infinite  sequence 


<m 


n-l  n-l  n«l 

be  summable  of  the  rth  order  with  the  respective  summability  values  <xl5  #a,  .  .  .  ,  <xm 

Then  there  exists  a  sequence  of  positive  numbers  ev  e,,  .  .  .  ,  ew,  .  .  .  such  that  when 
*i>  *t,  ••.,em,-.*  isan  arbitrary  sequence  of  numbers  subjected  only  to  the  conditions 
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n»oo  ro-oo 

the  aeries  £  an,  when  an  denotes  the  sum  of  the  convergent  series  £  emam>n,  is  summoble 

n-l  w-1 


Proof.  Since,  as  is  easily  seen,*  the  general  wth  term  of  a  series  which  is  summable 
of  the  rth  order  is  numerically  smaller  than  a  constant  (i.e.,  a  quantity  independent 
of  w)  multiplied  by  nf,  we  see  that  there  exists  an  infinite  sequence  of  positive  con- 
stants klt  fca, . . . ,  few, . . .  such  that  for  all  m  and  n, 

KJ  <*•••»'• 

Furthermore,  putting 


for  all  m  =  1,  2,  3, . . . ,  we  have  by  assumption 

lim  jw — 1  —  a    t 

n-oo        nr 

Hence  there  exists  a  sequence  of  positive  constants  K19  K&  . . .,  #m>. . .  such  that 
for  all  m  and  n} 


We  now  put  for  all  m, 

em  =  minimum  of  ~  and  — , 
km        Km 

m-oo 

where  the  quantities  clt  ca,. . .,  cm,. . .  are  positive  and  chosen  such  that  JF  cm  is 

m-l 

convergent  ( e.g.  cm  =  — -  ] .  Then  we  shall  show  that  the  quantities  ely  e,, . . . ,  em, . . . 
\  w2/ 

will  satisfy  all  of  the  conditions  of  Theorem  III. 
First,  the  series  mra00 

\""t  /  K\ 

/   £  a  \vj 

m-l 

are  all  (for  n  =  1,  2,  3,. . .)  convergent  (and  even  absolutely  convergent)  since 

|ew*  0m  nl  ^  em  '  !am  nl  ^  7^  "  ^m  '  n*  —  cm  *  w^ 
^m 

Denoting  now  by  an  the  sum  of  the  convergent  series  (5)  and  putting 

*  See  for  instance  Bromwioh,  Theory  of  infinite  teriea,  London  1908,  pp.  317-318. 
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we  have  to  show  that  £  an  is  summable  of  the  rth  order  with  summability  value 


n-l 

woo 


equal  to  the  sum  of  the  series  £  V*m»  which  we  shall  prove  to  be  convergent.  That 
is,  we  have  to  show  that       mssl 


This  is  done  in  the  following  way:  Since  the  series  (6)  is  convergent  for  all 
n  =  1,  2,  .  .  .  ,  it  follows  immediately  from  the  identity  (2)  that 


m,q 


•  ^  ™mtq  | 

and  hence  ^     . 


=  cw 


for  all  m  and  n,  the  infinite  series  £  Em  ~^i  —  •  i8  uniformly  convergent  for  all 


m-l 


n=  1,  2,  3,  —  But  this,  together  with  the  assumption 


implies,  by  known  theorems,  that  the  series 


m«l    L         n-oo       »        J      ma=i 

is  convergent,  and  also  that 

fiW.  r|  m-oo      ^(r)         | 

lim  ^  =  lim  £  *m  ^--  =  £  tn«m  .  q.e.d. 

n-oo       »  n-oow»i  w  m-1 

By  the  expression:  a  *erie«  ^wwwaftZe  of  exactly  the  rth  orrfer  we  shall  understand 
a  series  which  is  summable  of  the  rth  order  (and  consequently  also  of  the  (r+l)th, 
(r+2)t}1,.  .  .  orders)  but  is  not  summable  of  the  (r—  l)th  order.  We  then  have  the 
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following  theorem,  which  immediately  follows  from  the  fact  that  S®—  and  eonse- 

8^-rl 
quently  also  —  —  ^  —  is  a  linear  function  of  the  first  n  terms  of  the  series. 


Theorem  IV.  I}£un  is  summable  of  exactly  the  rj*  order,  and£vn  is  summable 
of  exactly  the  r2th  order,  and  ifwn  =  un+vn,  then,  for  rl  >  ra,  the  series  £wn  is  summabk 
of  exactly  the  rj*  order;  if  rx  =  ra,  however,  we  can  infer  only  thatj£wn  is  summable 
of  the  r^  order,  but  not  that£wn  *8  summabk  of  exactly  the  r^  order. 

We  conclude  this  section  by  recalling  the  following  (well-known)  theorem, 
which  gives  an  explicit  statement  of  a  principle  very  frequently  applied  in  the  theory 
of  infinite  series,  and  which  will  he  of  use  in  the  sequel. 


Theorem  Va.  If 


where  p  =  p(n)  denotes  an  integer  which  increases  strictly  to  infinity  with  n,  and  if 
the  following  three  conditions  are  fulfilled: 

m=oo 

1.  £  \vm\  ^8  convergent, 

w=l 

2-  l^n,ml  <  K  (K  independent  of  n  and  m), 

3-  li 


n=oo 
(m  const.) 


then  Fn  has  a  finite  limit  for  n  =  oo,  which  is  equal  to  the  sum  of  the  absolutely  convergent 

m»oo 

series  £  vjm  , 

m=l 

Theorem  Va  is  included  in  the  following  theorem,  which  is  somewhat  more 
general,  and  is  particularly  convenient  for  our  applications: 

Theorem  Vb.  Let 

*»  =  2XW/*n,m  =  «iWAm+  •  '  •  +VpWn,p  , 
m=l 

where  p  =  p(n)  is  an  integer  which  increases  strictly  to  infinity  with  n.  Let  the  quantities 
vm(s),  for  s  belonging  to  a  certain  domain  Gt  satisfy  the  following  two  conditions: 

\vm(s)\  <  vm  (vm  denotes  a  quantity  depending  only  on  m) 
*«d 

2  \vm(s)\  converges  uniformly  in  the  domain  0. 

m-l 
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Let  furthermore  the  quantities  /?n>m,  which  are  independent  of  s,  satisfy  the  conditions 

l&»,ml  <  %  (&  independent  of  n  and  m) 
and 


n-oo 
(m  const.) 


Then  Fn(s),  for  s  belonging  to  Q,  witt  converge  uniformly  to  the  limit 


where  the  last  series  is  a  uniformly  absolutely  convergent  series,  i.e., 

m**oo 

2  l».MftJ 

m-1 

is  uniformly  convergent  for  s  belonging  to  the  domain  0. 

m«eo 

Proof.  First,  it  is  immediately  seen  that  the  series  £  \vm(s)f}m\  is  uniformly 

m-1 

convergent  in  thedomainffjfor^lv^)!  is  uniformly  convergent  and  from  |^n>m|  <  K 
it  follows  that  I/H  =  lim  |#     \<LK 

n=oo 

Denoting  by  e  an  arbitrarily  small  positive  number,  we  now  determine  M  =  M  (e) 
such  that 


Then,  for  all  n  with  p  =  p(n)  ^  M ,  we  have 


rn,m 


£ 

<  -. 


After  determining  Jf  we  next  determine  N  so  that  for  n  >  N  and  s  belonging 


to  the  domain  0 


m-Af-l 

2  *Jt 

m-l 


m-Jf-1 

-   ^  «.W^ 


m-M-l 


^ 
m-1 


m-1 


H.-^l<j. 


Then  for  all  n  >  JV  and  all  «  belonging  to  (?,  we  have  the  inequality 


m-Af 


m-1 
m-Af-1 

2  « 

m-1 


m-M 
m-Af-1 

m-1 
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This  last  inequality  states  exactly  that  Fn(s)  converges  uniformly  to  the  limit 

m—oo 

£  vm(s)Pm  for>  n  —  °°>  ^d  thus  Theorem  Vb  (and  consequently  also  Theorem  Va) 

m-l 

is  proved. 

§2. 

Determination  of  the  region  of  summability  of  the  r*  order  for  a 

Dirichlet  series  and  investigation  of  the  analytic  behaviour 

of  the  function  represented  by  the  series. 

The  following  main  theorem  concerning  summability  of  arbitrary  order*  is 
quite  analogous  to  Jensen's  theorem  (Theorem  II,  page  6)  and  contains  this  theorem 
as  a  special  case  (corresponding  to  r  =  0) : 

Theorem  1.  If  the  Dirichlet  series  £  ~  is  summabk  of  the  r th  order  or  summably 

n 

oscillating  of  the  rth  order  between  finite  bounds  at  the  point  SQ  =  <r0+^o»  then  2  ~1 
is  summabk  of  the  rth  order  for  every  s  =  a+it  such  that  a  >  CTO. 

Before  passing  to  the  proof  of  Theorem  I,  we  shall  prove  the  following  lemma, 
which  is  the  analogue  for  summability  of  the  rth  order  of  Dedekind's  convergence 
lemma  on  page  5,  and  which  includes  this  theorem  as  a  special  case  (r  =  0). 


n=oo 


Lemma  la.  If  £  un  is  summabk  of  the  rth  order  or  summably  oscillating  of  the 

n-l 

rth  order  between  finite  bounds,  and  if  the  sequence  »lt  «„.  .  .,  <xn,.  .  .  satisfies  the 
following  conditions: 

n«=oo  n«oo  n«oo 

2\#«n\,2n\A*oin\,...,2nr\Ar+lKn\areattcmvergenti  (1) 

n»l  n«l  n»l 

and  Bm«.-0,  (2) 

n«oo 
n*oo 

then  the  series  £  un<xn  is  summabk  of  the  rth  order.  I 

n-l 

*  H.  Bohr,  Sur  la  8&ie  de  Diriohlet,  Comptes  rendu*  dt  VAcwttmie  des  /Science*,  Porw,  vol.  148, 
11  January  1909. 

f  By  -d?an  we  understand  the  <$&  difference  otn—qotn^i.  .  .  H-C^l^^g. 

|  The  conditions  (1)  and  (2),  which  in  the  text  are  stated  in  the  form  in  which  they  will  be  applied 
in  the  proof,  may  be  simplified,  since,  as  shown  by  Bromwich,  MctihematMie  Annalen,  vol.  65,  1908, 
p.  361,  liman  «•  0  and  the  convergence  of  J£V|Jf+1<xn|  imply  the  convergence  of  the  aeries^  n 
for  all  g«  1,  2,...,r-l. 
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Proof.  Putting 


[62-03] 


m«l 


m-1 


we  have  by  hypothesis 


SP- 


(const.). 


(4) 


From  assumptions  (1),  (2),  and  (4),  we  have  to  prove  that  ]£unun  is  summable 
of  the  rth  order,  or,  in  other  words,  on  putting 

t»-n  m=n  m*»n 

TT(O)  __    V~»  w   „    .  TKl)  —    y  7T(0).         .  m(r)  _    ^  7Xr-l) 
1  n    ""  ^    amawJ  •*  n    ~~^w   -£m>t'i»-£n   ~~^L   £  m    » 
m==l  m=l  m«l 

T(r)-f! 

we  shall  prove  that    n  ,   '  has  a  finite  limit  for  n  =  oo. 
nr 

By  partial  summation,  we  find 


m-1 


Forming  now  the  expression 
we  obtain  two  sums,  namely 

tn«=n 


a?  =  2*  2?. 

m-l 


2"  flS?««  and 

tn»l  tn«2 

Applying  partial  summation  once  more  to  these  last  expressions,  we  get 


and 


m=»l 


m-1 
m«*n-l 


m-n- 2 
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We  therefore  find,  by  addition  of  these  expressions, 

T®  =  tf>n+2mj;B~1S«J>«m+  "jT '^(n-ro-l)^ .  (6) 

tn«l  m»l 

We  shall  now  verify  by  induction  the  following  expression  for  T%: 


(6) 
or  in  abbreviated  notation, 

w^ere  P       —  tff> 

and,  for  1  ^  q  ^  r+1, 

m**n-q        /OT  _w  _  l  \ 

(9) 


-  yqs(r}(n~~m'~l\Aq<x  * 

r,qtn  —  ^     °m  I       „      }       1  ^  am  • 


The  expression  (6)  for  r  =  1  (and  all  n)  coincides  with  the  expression  found 
above  for  T®.  Hence,  its  validity  will  be  proved  if  it  is  possible,  from  the  assumption 
that  (6)  is  valid  for  a  certain  r  and  all  n,  to  deduce  the  validity  of  the  corresponding 
expression  for  T^+1).  This  is  done  in  the  following  way: 


" 

Since,  as  is  well  known, 


/r+l\      /r+l\_/r+2\ 

W-ir  I  ?  /I  ?  r 


we  see  that  the  proof  by  induction  will  be  complete  if  we  can  show  that  the  quantity 


*  If  n  ^  ^  (i.e.,  if  n—q  is  negative  or  0)  Pr^n  is  to  be  interpreted  as  0,  Naturally,  n  ^  q  can 
occur  only  when  n  <J  r+1. 
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can  be  written  in  the  form        p 

*  r-fl, 

for  this  will  imply  that 


g-O 


which  last  expression  is  just  the  one  appearing  in  (7)  when  r  is  replaced  by  r+1. 
Thus,  the  proof  of  the  validity  of  (6)  is  reduced  to  a  proof  of  the  equation  (or 
rather  the  r+2  equations) 

y  P        =  P          4-P   ,  (a  —  0  1          r-4-1^ 

**      MtP  —      r+l,jr,n  i  •*  r +1,9+1, n  Va  —  v>  *»•  •  •>  7  i  x/  • 


First,  we  consider  the  equation  corresponding  to  q  =  0  and  obtain  by  partial 
summation 


Next,  when  q  denotes  any  one  of  the  numbers  1,  2,  ,  .  .  ,  r+1,  we  get 

=»n    /  ,  \ 


.(Tr1)' 

and  hence,  by  the  well-known  equation  JT"  |        J  =  |        J , 

pn  -"v^gpfflx    (n~~m\. 

**       rt?»P       ^^        w*        m  \      Q     J 


Now,  applying  partial  summation,  we  obtain 


and  thus,  using  the  identities  (  )  ~  (        )  =  (  ___i  )  an(*  Agotm—A9ocm+l  =  A**l*m, 

ro»n-ff  /„      M      i\ 

-^  «r  B:!7 

f»-l  \     *f      *     / 


p-g+1 
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Having  written  T®  in  the  form  (6),  we  can  now  prove  the  existence  of 
jxw  .  r\  y«  •  r\ 

lim    n  „     by  showing  that  each  of  the  r+2  terms  of  which  ~  —  -  consists  has  a 
n-oo     nr  nr 

finite  limit  for  n  =  oo. 

For  the  first  term  r  ! 


we  obtain  immediately  from  (2)  and  (4) 

r!  8® 
to*—  r 

n»oo      W 

We  now  consider  the  term 


H/r+l\  _H/r+n—-»      /n-m-l\ 

»'V  q  r''*"  »'\  «  /  £  "\  j-1  /    "" 


(  ' 


where  q  is  assumed  to  be  ^  1  and  ^  r\  i.e.,  we  consider  an  arbitrary  term  in  the 
formula  (6)  for  T®  other  than  the  first  and  the  last  terms.  By  the  use  of  (1)  and 
(4),  and  with  the  help  of  Theorem  Va,  §  1  (page  51),  we  can  easily  prove  that  the 
quantity  (12)  has  the  limit  0  for  n  =  oo. 
Indeed,  putting 

and,  for  m  =  1,...,  w— g, 

B      =  (r+l\      l      S™ 
Pn'm      \  q   /(?-!)!     i 

so  that 


we  find  first  that  m=r00          ms=0 

is  convergent;  moreover,  we  have 

$rt .  r!          /*•_!_  1\         1 

K  =  Kv , 


9   /(?-!)! 

finaUy  /  /mx^x 

^m  =  lim  ^n  m  =  0    on  account  of  the  factor  [  —  1 

moonst.  \  \nl       I 

Therefore,  one  infers  from  Theorem  Va,  §  1,  that 
r! 
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It  remains  only  to  consider  the  quantity 

(14) 


Of  the  quantity  (14)  we  can  prove,  again  using  Theorem  Va,  §  1,  that  it  has  a 
finite  limit  for  n  =  oo.  This  limit  is  equal  to  the  sum  of  the  series 


n-1 

which  is  absolutely  convergent,  as  we  shall  now  show. 

Indeed,  let  us  put  rAr4.l 

vm  =  m  A    <xm 

and,  for  w  =  l,...,n— r— 1, 

B      =  Iffi-rl  (*-«-!)•••(*--*-') 

rflflfi  I          »_.,f  ..f  ' 

f !       Wt  71 

so  that  f 

Then  we  have 

\P*,m\  <  JT|  • 

and 


m  const. 
n»oo 


In  consequence  of  Theorem  Va,  §  1,  we  therefore  obtain 

«t  in*n~r-l  m-oo  m«=oo 

Hm  -  Pftf+1>fl  =  lim  £    VJn,n  =  21  »,A,  =  2"  ^'+1«m  - 


n-oo   w»i 


where,  again  in  consequence  of  Theorem  Va,  §  1,  the  last  infinite  series  converges 
absolutely. 

When  we  finally  collect  the  results  stated  in  (11),  (13),  and  (15),  we  see  that  we 

y(r).rj 

have  proved  that,  under  the  given  hypotheses,   n       has  a  finite  limit,  i.e.,  that 

n 

JTun«n  is  summable  of  the  r  th  order,  and  that  the  summability  value  of  the  series  is 
equal  to  the  sum  of  the  absolutely  convergent  series 


*  (16) 

n-1 


*  Lemma  la,  which  was  proved  by  the  author  for  use  in  his  investigations  concerning  Dirichlet 
series,  was  communicated  in  the  above-mentioned  note:  Sur  la  s£rie  de  Dirichlet,  Comptes  rendut  de 


8  1.  Translation  of  A  3. 
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Lemma  la  now  puts  us  in  a  position  to  prove  the  main  theorem  stated  at  the 
beginning  of  this  section. 

VAcoMmie  des  Sciences,  Paris,  1 1  January  1909.  As  noted  above,  this  theorem  forms  the  natural  extension 
of  the  following  convergence  lemma  due  to  Dedekind:  '// Jj?wn  is  convergent  or  oscillating  between  finite 
bounds,  and  if  2\Aloin\  is  convergent  and  lim  «n  =  0,  then£unocn  is  convergent  with  the  sum^S^a^ 
Dedekind  has  also  proved  the  following  theorem,  which  is  closely  related  to  the  preceding  one:  'If 
JE«n  is  convergent  with  the  sum  U,  and  t/-i*|J1an|  converges,  and  lim  «n  ••  A,  then  J£«n#n  is  convergent 
with  the  sum  AU  +  2SnAlan?  The  natural  extension  of  the  latter  theorem  to  summability  of  the  rth 
order  may  be  stated  as  follows:  7/  JEwn  is  summabk  of  the  r^  order  with  the  summability  value  U,  and  if 
2 nt~l\dqoin\  converges  for  q  »  1,  2,. . .,  r+1  and  if  lim  <xn  =  A,  then  the  series  £unotn  is  summabk 
of  the  rth  order  and  its  summability  value  is  equal  to  AU^^S^A**1*^  This  extended  theorem  was 
used  by  the  author  to  prove  certain  theorems  concerning  the  simultaneous  rth  order  summability  of  a 
Dirichlet  series,  a  factorial  series,  and  a  binomial  coefficient  series.  These  theorems  are  stated  without 
proofs  in  a  preliminary  communication,  Uber  die  Summabilitat  Dirichletscher  Reihen,  Nachrichten  der 
Kgl  Oesellschaft  der  Wissenschaften  zu  O&ttingen,  math.  phys.  Klasse  1909,  pp.  247-262.  If  we  use  the 
theorem  of  Bromwich  given  in  note  J,  page  53,  then  the  conditions  on  the  sequence  <xv  ott,.  ,.,&„,... 
can  be  reduced  to  the  two  conditions:  J£nf|Jf+1an|  converges,  and  lim  an  exists  and  is  equal  to  A. 

As  the  author  was  informed  immediately  before  the  completion  of  the  present  dissertation,  Hardy, 
Generalisation  of  a  Theorem  in  the  Theory  of  Divergent  Series,  Proceedings  of  the  London  Mathematical 
Society,  ser.  2,  vol.  6,  part  4  (10  July  1908),  pp.  265-264,  has  already  stated  a  very  similar  theorem 
which  in  a  somewhat  different  notation  runs  as  follows:  Theorem  A.  7/J£«n  is  summabk  of  the  r^  order, 
and  if£nr\ Ar+ lan|  converges,  then^unan  is  summabk  of  the  rth  order  and  its  summability  value  is  equal  to 
the  sum  of  the  absolutely  convergent  series  JjSjpj14"1^.1  But  it  must  be  remarked  here  that  the  theorem 
given  by  Hardy  is  not  completely  correct.  First,  a  condition  is  lacking  which,  as  one  can  easily  see,  is 
absolutely  necessary  for  the  general  validity  of  the  theorem,  namely  that  lim  <xn  should  exist;  secondly, 
in  the  expression  given  by  Hardy  for  the  summability  value  the  term  UA,  where  A  «  Urn  an,  is  lacking, 
The  proof  given  in  the  text  for  Lemma  la — and  the  proof  of  the  modified  lemma  mentioned  above  is 
quite  analogous— is  essentially  based  on  the  expression  for  T$  given  in  formula  (6).  On  the  other  hand 
Hardy's  proof  of  Theorem  A  is  based  on  another  formula  for  T%\  derived  in  an  essentially  different  way. 
In  this  formula  of  Hardy,  there  appear  (in  contrast  to  what  was  the  case  in  formula  (6))  also  differ- 
ences Aq<xm  for  which  m  >  n—  q;  the  quantities  an+k  (k  >  0)  appearing  in  these  differences  are  to  be 
considered  as  identically  0  (consistent  with  the  fact  that  T$  cannot  depend  on  quantities  a^j.  for  which 
k  >  0).  This  fact  necessitates  a  special  investigation  of  certain  terms  in  a  later  passage  to  the  limit; 
however,  Hardy  has  not  taken  account  of  this  in  the  last  part  of  his  proof;  and  it  is  just  these  terms  which 
on  the  one  hand  show  the  necessity  of  the  existence  of  lim  &tt,  and  on  the  other  hand  in  the  passage  to 
the  limit  give  rise  to  the  term  UA  missing  hi  Hardy's  expression  for  the  summability  value  of  ^wwan. 
Using  formula  (6)  of  the  text,  we  obtain  the  term  UA  immediately  as 


Hardy  gives  an  application  of  his  theorem,  which  reads  as  follows  when  translated  into  the  language 

of  Dirichlet  series:  7/ J£  ~  it  summabk  of  the  rth  order  at  the  point  SQ  =  <TO+^O»  &**  ***  *mw  **  a^° 
n 

summabk  of  the  rth  order  for  values  s  =  a+it  such  that  t  =  t0  and  a  >  a0.'  This  theorem  is  included  as  a 
very  special  case  in  the  author's  Theorem  I,  which  from  the  same  assumption  (or  more  generally,  from 


the  assumption 


<  constant)  states  the  summability  of  the  rth  order  for  all  values  a-a+it  such  that 
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Proof  of  Theorem  I  :  Let  8  be  any  complex  number  for  which  a  >  o>  If  we  put 
3—  a0  =  <$,  this  means  that  JR(d)  >  0  (where  R(d)  is  the  real  part  of  d).  Let  us  further  put 


In  view  of  the  assumption  thatJ£Vn  =  J^-—  is  summable  of  the  rth  order  or  is 
summably  oscillating  of  the  rth  order  between  finite  bounds,  Theorem  I  will  be 

proved  if  we  can  show  that  «n  =  —6  satisfies  conditions  (1)  and  (2)  in  Lemma  la. 

n 

Since  |<xn|  =  -^  ,  where  JR(d)  >  0,  one  sees  immediately  that  (2)  is  satisfied. 

Before  we  pass  to  the  proof  that  conditions  (1)  are  also  fulfilled,  we  interpolate  the 
following  general  remark  : 

If  f(x)  is  a  real  or  complex  function  of  the  real  variable  x  which  possesses  finite 
(and  hence  continuous)  derivatives  of  arbitrarily  high  order  for  x^>N,  and  if  we 
put  /(w)  =/n,  then  as  is  easily  shown  by  induction  (with  respect  to  q)  the  following 
identity  holds  for  every  integral  positive  value  of  g,  and  n*zN:* 

a  >  <r0,  no  matter  what  is  the  value  of  t.  Naturally,  it  is  impossible  to  deduce  anything  about  the  existence 
of  a  half  -plane  of  summability  from  this  last  result  of  Hardy.  Neither  is  it  possible  to  draw  conclusions 
about  analytic  continuation  of  Dirichlet  aeries  by  aummability,  since  it  deals  only  with  the  behaviour 
on  a  straight  line  (and  not  in  a  two-dimensional  region).  Such  analytic  continuations  will  be  treated  in 
Theorems  II  and  III  (pages  64  and  65). 

To  his  Theorem  A  Hardy  has  added  the  following  Theorem  B:  *If£un  is  summable  of  the  rth  order 
and  if  otn  is  a  function  of  a  variable  x,  such  that 

n-tf 


for  all  N  and  xt  ihen££$Ar+1an  is  uniformly  convergent' 

In  proving  this  theorem,  however,  Hardy  has  at  an  essential  point  forgotten  a  factor  having  order 
of  magnitude  nf,  which  oversight  destroys  the  validity  of  the  proof;  as  one  can  convince  oneself  by 
simple  examples,  Hardy's  Theorem  B  is  as  it  stands  false.  —  But  it  is  possible,  as  one  immediately  sees, 
to  infer  the  uniform  convergence  of  the  series 


from  the  hypothesis  that  £un  is  summable  of  the  rth  order  and  that  J?nrJr+1an  *»  uniformly  convergent. 
We  note,  finally,  that  the  assertion  that  the  series  Jf^J14"1*,,  appearing  in  the  expression 


is  uniformly  convergent  must  not  be  confused  with  the  assertion  that  £unotn  is  uniformly  summable  of 
the  fth  order. 

*  Op.  Jensen,  Sur  une  expression  simple  du  reste  dans  la  formule  d'interpolation  de  Newton, 
Oversigt  over  det  Kgl.  Dantke  Videnskabernes  Selskabs  Forhandlingtr,  1894,  p.  251. 
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Sn+l         .»i+l         p!»t+l  **a-»+l        «*3-i+l 

dxA     dxA     dx9...\    dx^A    f®(xq]dxq.          (17) 
«  VM  V«  V  V 

"  *1  *J  *J— 2  *J— I 

If  we  put  f(x)  equal  to  -^  in  the  identity  (17),  it  follows  immediately  that, 
for  every  positive  integer  q, 

(18) 


and  hence,  since  R(d)+q  >  0,  that 

(19) 


(As  (18)  shows,  we  have  in  all  cases,  i.e.,  whether  B(6)  ^  0, 


1 


I 


n  ~~ 

where  K  is  independent  of  n.) 

n-oo 

From  (19)  it  follows  immediately  that  £  ri*~l\ Aq<xn\  converges  (q  =  1 , 2, . . .,  r  + 1), 

n=l 

for  the  nih  term  in  this  series  is  numerically  less  than  a  constant  multiplied  by 
i  proof  of  Theorem  I  is  thus  complete. 


It  follows  further  from  Lemma  la  that  the  summability  value  of  the  series  £  •— , 

which  is  summable  of  the  rth  order  for  a  >  cr0,  can  be  obtained  for  a  >  a0  as  the  sum  of 
the  absolutely  convergent  series 


where  S%*  is  formed  by  means  of  the  equations  (3)  from  the  series  £  un  =  £  ~j  • 
From  Theorem  I  we  immediately  infer: 

To   any   given    Dirichlet   series  £  ~ ,    there  corresponds  a  straight   line 

a  =  Ar  (— oo  :g  Ar  ^  +00)*  orthogonal  to  the  real  axis  such  that  the  series  is  summable 
of  the  rth  order  to  the  right  of  this  line  (i.e.,  for  a  >  Ar),  while  the  series  is  not  summable 
of  the  rth  order  at  any  point  of  the  half-plane  to  the  left  (i.e.,  for  a  <  Ar). 

The  real  number  Ar,  which  denotes  the  point  of  intersection  of  the  real  axis  with 


*  Ar  «  +  oo  denotes  that  the  series  is  not  summable  of  the  rth  order  for  any  value  of «;  ^  **  —  oo 
denotes  that  the  series  is  summable  of  the  rth  order  in  the  whole  plane. 
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the  boundary  line  of  the  region  of  rth  order  summability,  is  called  the  abscissa  of 
summability  of  the  rth  order. 

From  Theorem  I,  it  follows  also  that  »/  J^1—  w  summably  oscillating  of  the  rth 

order  between  finite  bounds  fors  =  «0,  then  the  point  a0  must  necessarily  lie  on  the 
boundary  of  summability  a  =  Ar. 

A  series  which  is  summable  of  the  rth  order  is  also  summable  of  the  (r+l)th 
order;  it  follows  immediately  from  this  that  the  straight  line  which,  for  a  given 
Dirichlet  series,  bounds  the  region  of  (r+l)tl1  order  summability  must  lie  to  the  left 
of  or,  in  special  cases,  coincide  with  the  line  which  bounds  the  region  of  rth  order 
summability.  Expressed  in  terms  of  the  abscissae  of  summability  this  means  that 
for  any  Dirichlet  series  we  have 


Before  we  begin  to  occupy  ourselves  with  the  analytic  properties  of  the  function 
represented  by  the  summability  value  of  a  Dirichlet  series,  we  interpolate  the  fol- 
lowing lemma,  which  is  a  generalization  of  Lemma  la: 

Lemma  I  b.  If£un  is  summable  of  the  rth  order  or  summably  oscillating  of  the  r  th 
order  between  finite  bounds,  and  if&^s),  «2(*)>-  •  •»<*«(*)»•  •  •  are  functions  of  a  complex 
variable  s  which,  for  s  belonging  to  a  certain  domain  G,  fulfil  the  following  conditions: 


1.  \<xn(s)\  possesses  a  finite  upper  bound  Kn  (n  =  1,  2,. . .), 

n-oo 

2.  the  r+1  series  £  n9~l\Aqotn(s)\  (q  =  1,  2,. . .,  r+1)  are  all  uniformly  conver- 
gent, 

3.  Mm  ocn(s)  =  0; 

n*»oo 
n»oo 

^Aew  ^  ^w^n(*)  **  uniformly  summable  of  the  r th  order  /or  «  belonging  to  0,  and  the 
summability  value  of  this  last  series  is  equal  to  the  sum  of  the  uniformly  absolutely 

n-oo 

convergent  series  £  S(£Ar+1otn(s). 


Proof.  The  proof  of  Lemma  la  was  carried  out  by  showing  that  each  of 

T(r)'f! 

the  r+2  expressions  (10),  (12),  and  (14)  of  which  — £-- —  consists  has  a  finite 

n 

limit  for  n  =  oo.  Similarly  we  can  show  under  the  assumptions  of  Lemma  Ib  that 
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—  ^~  —  converges  uniformly  to  its  limit  for  s  belonging  to  the  domain  G  by  showing 
n 

that  (10),  (12),  and  (14)  all  converge  uniformly  to  their  limits  for  n  =  oo. 


n*oo 


As  noted  earlier  (page  7),  the  uniform  convergence  of  £  l^nWI  implies  the 


-l 


uniform  convergence  of  <xn(s)  to  its  limit  value  (here  0)  ;  we  therefore  immediately 
see  that  #(r>-r! 

-^•*nW  (10) 

converges  uniformly  to  the  limit  0  for  n  =  oo. 

We  turn  now  to  the  consideration  of  the  expressions 


rl'    „ 


Proceeding  as  in  the  proof  of  Lemma  la,  we  put  in  the  first  case 


R      -  (r+l\      l      8™  '  rl  (n-m-l)...(n-m-q+l)  /m\^+1 
Pn'w      I  q  )(q-l)\     m'  n*~i  (n)       ' 

and  in  the  second  case  vm  =  vm(s)  =  mrAr+1ccm(s) 


rl     mr  nr. 

As  shown  on  pages  57—58  the  quantities  ^n>m,  which  are  independent  of  s> 
fulfil  in  the  first  case  the  conditions: 


|^J<  const.,   jjm  =  lim^m  =  0; 

n»oo 

and  in  the  second  the  conditions 


|^J<  const.,    /?m 

n-oo  "* 

Furthermore,  it  follows  from  our  assumptions  that  in  the  first  case 


n-oo  n-oo 


n«l  n-1 

converges  uniformly  in  G,  while 

KW1  <  n*-\Kn+qK^+  .  .  .  +Kn,q)  »  vn  (independent  of  s)  ; 
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and  that  in  the  second  case 


n-l  n-1 

converges  uniformly  in  (?,  while 

\vn(s)\  <  n'(Kn+(r+l)Kn+l+  . 

Consequently,  we  can  apply  Theorem  Vb,  §  1,  to  both  of  the  expressions  (12) 
and  (14);  we  thereby  find  that  the  expression  (12)  (q  =  1,  2,.  .  ,,r)  converges 


uniformly  to  the  limit  £  »WWA»  =  0>  that  the  expression  (14)  converges  uniformly 


ro»l 
m=oo  m-oo 


to  the  limit  £  vm(s)ftm  =  JT  $m^f+Xn(5)»  and  finally  that  the  latter  series  is 

m—  1  m»l 

uniformly  absolutely  convergent  in  the  domahi  0.  The  proof  of  Lemma  Ib  is  hereby 
completed. 

Lemma  Ib  now  puts  us  in  a  position  to  prove  the  following  important  theorem  : 

Theorem  II.  -4  Dirichlet  series  ]£  --  wth  abscissa  of  r  th  order  summability  Ar 

is  uniformly  summable  of  the  rth  order  in  every  domain  0  =  G(e,  E)  whose  points 
s  =  a+it  all  satisfy  the  following  two  conditions: 

a>VK   \*\<E. 

s 
Proof.  Let  *0  =  aQ+itQ  be  a  point  such  that  Ar  <  aQ  <  Ar+  -  .  If  we  put 


we  find  that  the  series  £un  =  ]£  -j,  which  is  independent  of  5,  is  summable  of  the 


rth  order.  We  further  have 


lim  <xn(«)  =  0  . 

n*»oo 

In  view  of  (19),  for  all  q  =  1,  2,,  .  .,  r+1  , 


s-* 
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From  the  last  inequality,  we  infer  immediately  that  the  series  JP  n^^oi^s^  is 

n-l 

uniformly  convergent  in  the  domain  0,  since  its  nih  term  is  numerically  less  than  a 

constant  times  n~l"i  . 

Since   the   conditions   stated  in  Lemma  Ib  for  £un  an<^  the  sequence 

<*i(s),.  .  .,  <xn(s),.  .  .  are  here  all  fulfilled,  this  lemma  asserts 


is  uniformly  summable  of  the  rth  order  in  the  domain  0.  q.e.d. 

Since  the  individual  terms  ~  in  a  Dirichlet  series  are  all  integral  functions  of  a 

and  since  one  can  obviously  choose  e  and  E  so  that  an  arbitrary  point  of  the  half- 
plane  a  >  Ar  belongs  to  the  interior  of  the  domain  0  =  G(e,  E),  we  infer  immediately 
from  Theorem  II  and  Theorem  I,  §  1  : 

a 
Theorem  HI.  A  Dirichlet  series  £  —8  represents  by  its  summability  value  of 

the  rth  order  a  function  f(s)  which  is  regular  and  analytic  everywhere  in  the  half  -plane 
a  >  Ar.  Furthermore,  the  series  may  be  differentiated  term  by  term  an  arbitrary  number 

of  times  in  this  half-plane,  i.e.,  the  Dirichlet  series  ]£  —  -  -  -  is  also  summable 

n 

of  the  rth  order  for  a  >  Ar  and  represents  the  function  f^s). 

Finally,  since  the  series  ^  ~  in  its  half  -plane  of  convergence  (i.e.,  for  a  >  A0) 
n 

represents  identically  the  same  function  of  s  both  by  its  sum  (considered  as  a  con- 
vergent series)  and  by  its  summability  value  (considered  as  a  series  summable  of  the 
rth  order),  we  find: 

Theorem  IV.  The  analytic  function  which  is  defined  beyond  the  boundary  of 
convergence  by  rth  order  summability  (unless  A0  =  Ar)  is  the  analytic  continuation  of 
the  analytic  function  defined  as  the  sum  of  the  series  in  its  region  of  convergence. 


Since  for  a  given  Dirichlet  series,  the  sequence  of  numbers  AO,  Als  ,  .  .  ,  A,,  .  .  .  is 
monotonically  decreasing,  as  noted  above,  there  always  exists  a  limit  value  A 
(-4^—  oo),  which  we  shall  call  the  limit  abscissa  of  summability  of  the  series.  From 
Theorems  III  and  IV,  we  immediately  infer  : 

Theorem  V.  A  Dirichlet  series  £  -~  represents  by  summability  (i.e.,  summability 
of  the  0th,  I8t,  2nd,  .  .  .  orders)  a  function  which  is  regular  and  analytic  everywhere  to  the 
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right  of  the  limit  line  of  summability  a  =  A.  In  particular,  if  A  = — oo,  the  Dirichlet 
series  is  applicable  in  the  whole  plane  upon  introduction  of  summability,  and  the 
function  defined  by  the  series  is  an  integral  function. 


§3. 

Application  of  the  general  theorems  found  in  §  2  to  a  special  type 

of  Dirichlet  series;  together  with  a  comparison  of  the 

summability  behaviour  of  the  series 


n9 


We  shall  determine  in  this  section  the  summability  behaviour  of  certain  special 
Dirichlet  series,  among  them  certain  series  which  play  an  important  role  in  the 
analytic  theory  of  numbers. 

Suppose  that  the  infinite  sequence  of  real  or  complex  numbers  al9  0|,  .  .  .  ,  an,  .  .  .  , 
not  all  0,  satisfies  the  following  two  conditions: 

1,  There  exists  an  integer  k  >  1  such  that  when  m  is  any  of  the  numbers  1,  2,  .  .  .  ,  k 

am  ~am+k  =  am+2fc  =  •  •  • 

(or,  expressed  in  other  words,  such  that  an  =  an,  when  n  ss  n'  (mod,  k)). 
2. 


We  shall  then  consider  the  Dirichlet  series  J^7  ~  whose  coefficients  are  just  the 

elements  of  the  sequence  of  numbers  described  above.  The  series  £  —  obviously 

n 

has  the  abscissa  of  absolute  convergence  I  =  1 ;  for,  when  a  >  1,  the  series  J£*  ~ 

=J^-~  converges,  since  for  all  nt  \an\  ^  Jf,  where  M  denotes  the  maximum  of 
n 

the  numbers  |ax|,  )at|,. . .,  |a$|;  whereas,  on  the  other  hand,  when  5  =  1,  the  series 
diverges,  since  not  all  of  the  numbers  \am\  (m  =  1,  2, . . . ,  k)  are  equal  to  0, 


and  y diverges. 

,£  m+nk 

We  shall  now  prove  the  following  theorem,  which  determines  the  summability 

behaviour  of  a  series  J^—  of  the  type  defined  above. 
n 
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Theorem  L  The  region  of  rth  order  summability  of  £  ~  is  the  half-plane 
(r>— r,  i.e.,  the  equation 

holds  for  all  r  =  0,1,2,.... 

From  this  fottows  in  particular 

A  =  HmAr  =— oo ; 


f»00 


this  last  equation  shows  us  that£~  is  applicable  in  the  whole  plane  upon  introduction 

n 

of  summability  and  represents  an  integral  function. 

Before  we  pass  to  the  proof  of  this  theorem,  we  shall  first  show  how  the  type  of 
Dirichlet  series  under  consideration  contains  in  particular  certain  series  which  play 
an  important  role  in  the  analytic  theory  of  numbers. 

//  we  assume  first  that  k  =  2,  al  =  1,  a2  =  — 1,  we  obtain  the  series  £  ~  = 

(—  I)1*1 
£ _ — t  which,  as  is  known,  represents  the  function  £(s)  •  (1— 2l~*)  in  its  region 

of  convergence  (for  a  >  0). 

The  theorem  thus  shows  that  this  series  is  summable  in  the  whole  plane  and  in 
particular  that  the  function  £(*)(!— 21""*)  is  an  integral  function.* 

Next,  let  k  be  an  arbitrary  positive  integer  greater  than  2,  and  let  us  put  an  =  #(n) 
where  %(n)  denotes  an  arbitrary  real  or  complex  character  modulo  k,  distinct  from  the 
so-called  principal  character.  Since  the  number-theoretic  function  #(n),  as  is  known, 

has  the  properties  .  .         .  ,.    ,  ,  .      ,  lv 

*  %(n)  =  %(n )  when  n  =  n  (mod.  k) 


m-1 

n-oo     /^\ 

it  follows  that  all  of  the  series  L(s)  =  J^  — —  belong  to  the  type  under  consideration. 

n-l      n 

*  From  the  regularity  everywhere  of  C(*)(l-21~l)  it  follows  immediately  that  £(«)  is  a  function 
meromorphic  in  the  whole  plane  which  possibly  has  poles  (of  the  first  order)  at  the  points  1  +  2p7rt(log  2)"1 
(the  zeros  of  1  —  21"').  (The  author  has  incorrectly  stated  in  his  note  referred  to  earlier  that  there  could 
only  be  a  pole  at  the  point  1.)  Of  these  points,  the  point  1  is  a  pole,  while  the  points  1 + 2pm(iog  2)-\p^O) 
are  not  poles.  This  fact  can  (after  de  la  Vallee  Poussin)  be  proved  quite  easily.— That  £(*)  is  a  function 
meromorphic  in  the  whole  plane  with  the  single  pole  «  =  1  was,  as  is  well  known,  first  proved  by  Rie- 
mann;  an  elementary  proof  of  this  theorem  (i.e.,  a  proof  which  does  not  use  Riemann's  functional 
equation  for  f  («))  was  first  given  by  Jensen,  Comptts  rendus  fa  VAcadtmie  dts  Sciences,  Paris,  vol.  104, 
1887,  p.  1156,  who  proved  in  an  elementary  way  that  £(»)(!—«)  is  an  integral  function. 
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These  series,  as  is  known,  form  the  foundation  of  the  analytic  theory  of  arithmetic 
progressions.  Thus,  these  aeries  are  applicable  in  the  whole  plane  upon  introduction  of 
summability,  from  which  it  follows  at  once  that  the  represented  functions  L(s)  are  all 
integral  functions;  this  last  theorem  is  proved  ordinarily  by  application  of  the  func- 
tional equation  for  these  functions;  (a  different  proof  was  given  by  delaValtee 
Poussin,  based  upon  successive  representations  of  L(s)  by  definite  integrals  in 
regions  extending  farther  and  farther  to  the  left). 

Having  made  these  preliminary  remarks,  we  now  pass  to  the  proof  of  the 
general  Theorem  I  stated  above,  and  we  shall  first  prove  that  the  abscissa  of  con- 

vergence of  the  series  J£—t  is  equal  to  0. 

For  this  purpose,  we  consider  JT~  at  the  special  point  5  =  0  (i.e.,  we  consider 

n 

the  series  JP—  =  £an)  an(^  form  the  partial  sums 
n 


From  the  expressions  found  for  8f®  and  S(*\  we  see  that  the  series  J^  an  is  not 
convergent,  since  8^  does  not  converge  to  a  limit  for  n  =  oo;  however,  since  \S$\  < 
const.,  it  oscillates  between  finite  bounds,  or,  as  we  would  rather  say,  is  summably 
oscillating  of  the  0th  order  between  finite  bounds.  From  this  it  follows  at  once  that 

#(1) 
A0  =  0.  We  see  further  that^an  is  summable  of  the  first  order  since  —  converges 

f  or  n  =  oo  to  the  finite  limit 


We  shall  now  prove  by  induction  that  the  theorem  found  here  for  s  =  0  is 

valid  for  arbitrary  r,  i.e.,  that  £-2  is  for  s  =—  r  summably  oscillating  of  the  rth. 

•      n 

order  between  finite  bounds  and  summable  of  the  (r+  l)th  order.  From  this  it  will  follow 
immediately  that  Af  =—  r. 

Let  us  suppose  that  the  assertion  under  consideration  has  been  proved  for 
s  =s=—  (r—  1);  we  shall  prove  from  this  its  validity  for  $  =  —  r.  For  this  purpose,  we 
use  formula  (6),  §  2  (page  55),  and  in  this  formula  put 
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" 


so  that  the  quantity  S^  in  this  formula  is  to  be  formed  from  the  series  £  —  at  the 

71- 

point  *  =  —  (r—  1),  while  T^  is  to  be  formed  from  the  series  J^~  at  the  point 

71 

s  =  —r. 

Since  <xn  =  w,  it  follows  that 


hence  formula  (6),  §  2,  here  assumes  the  following  simple  form: 


In  the  following,  we  shall  use  concerning  the  sum  of  powers  1P+2P+.  .  . 
only  the  fact  that  this  quantity  (when  p  is  a  positive  integer)  can  be  written  as  a 
polynomial  of  the  (p+l)th  degree  in  n  with  coefficients  independent  of  n.  Recalling 
the  method  of  forming  T®\  T$\.  .  .,  T%>  from  the  series^  ty*n  —Zann^  we  in*er 
at  once  from  the  above  remark,  since  an  =  an,  for  n~nf  (mod.  fc),  that  all  the  Jfc 
quantities  ^n-i)fc+i»  ^-i)fc+2>-  •  •>  ^  must  be  expressible  as  polynomials  in  n  with 
coefficients  independent  of  n  (the  polynomials  being  in  general  all  distinct). 

We  now  consider  the  equation 


gy-r!  _  ffi  •  r!  __  S^  -  (r+1)!    /w-l\r+1 
wr+1    ~"  ~^  (n-l)m     '  \T"J      ? 

which  is  obtained  from  (1)  by  multiplication  by  -^  .  From  this  equation  we  infer, 

fi 

since  by  assumption  £un  =  2  -&-D  *s  summable  of  the  rth  order  (and  hence  also 
summable  of  the  (r+l)th  order  with  the  same  summability  value),  that 


Km-^=lim-^-— -lim   *?  '.Km/  =0.         (2) 

n=oo     ft  n»oo       71  n=oo       (11— L)  n«oo  \     ft    / 

Since  all  the  k  quantities  T^^.^  (m  =  1,  2, . . . ,  k)  are  polynomials  in  n  with 
coefficients  independent  of  n,  equation  (2)  shows  that  these  polynomials  can  all  be 
at  most  of  the  rth  degree  in  n.  It  follows  at  once  that 

T(nr)-r! 


<  constant  (for  all  w), 
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i.e.,  that  £—  is  either  summable  of  the  rth  order  or  summably  oscillating  of  the 
n 

rth  order  between  finite  bounds. 

However,  we  see  indirectly  as  follows  that  J^-~  cannot  possibly  be  summable 

72> 

of  the  r  th  order  (and  hence  must  be  summably  oscillating  of  the  rth  order  between 
finite  bounds).  Indeed,  if  it  were  summable  of  therth  order,  then  either  the  k 

T<r}  •  rl 
polynomials  T^^n^i^  would  all  be  of  degree  lower  than  r  (namely,  if  lim    n  f     =  0), 


or  they  would  all  be  of  degree  exactly  r  and  have  the  same  coefficient  of  the  term  of 

T^T! 

highest  degree  (namely,  if  lim    n        =)=  0)  . 

n 

Since  TJ^  =  T^—  T^,  it  would  follow  in  both  cases  that  all  k  of  the  poly- 
nomials 3P{n+oUi)*  would  be  of  at  most  degree  r—  1  in  n,  and  hence  that 

<  const.; 


i.e.,  J^-^  would  be  either  summable  or  summably  oscillating  of  the  (r—  l)th  order 
n 

between  finite  bounds;  consequently,  the  Dirichlet  series  T—  would  have  to  be 

n 

summable  of  the  (r—  l)th  order  for  a  >  —  r  ;  however,  this  contradicts  the  assumption 
that  J^  —  is  summably  oscillating  of  the  (r—  l)th  order  between  finite  bounds  for 


We  can  now  easily  prove  the  second  part  of  the  assertion,  namely  that  JT  — 

n" 


is  summable  of  the  (r+  l)th  order.  In  fact,  if  we  form  T£+1)  =  £  T(£  there  can  only 
occur  one  of  the  following  two  cases:  qw>1 

1.  The  sum  of  the  coefficients  of  the  term  nr  in  the  k  polynomials  jT^(n.1)fc 
(m  =  1,  2,.  .  .,  k)  is  equal  to  0;  in  this  case,  all  k  of  the  polynomials  T^^,l)k  are 
obviously  of  at  most  the  rth  degree  in  n  and  consequently 


(i.e.,  ^-~  is  summable  of  the  (r+l)th  order  with  the  value  0). 
n 
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2.  The  coefficient  sum  referred  to  has  a  value  different  from  0;  in  this  case,  all  k 
of  the  polynomials  Tjj^_1)jb  (m  =  1,  .  .  .  ,  k)  are  of  exactly  the  (r+  l)th  degree,  but  all 

have  the  same  coefficient  of  the  term  of  highest  degree  nf+1;  thus 


has  a  finite  limit  f  or  n  =  oo  (but  here  different  from  0);  i.e.,  ^  -—.  in  this  case  too 
is  summable  of  the  (r+l)th  order. 

The  proof  of  Theorem  I  is  thus  complete. 

We  shall  conclude  this  section  by  proving  the  following  theorem,  which  shows, 
among  other  things,  how  one  can  immediately  obtain  from  an  arbitrary  Dirichlet 
series  a  whole  class  of  other  Dirichlet  series  which  all  have  exactly  the  same  abscissae 
of  summability  as  the  original  series. 

Theorem  II.  Lei  tip  denote  the  rth  abscissa  of  summability  for  the  series 

n=oo 

V  I?  * 

^   n9' 
n=a    n 

and  let  $  denote  the  rth  abscissa  of  summability  for  the  series 


where  oc  denotes  an  arbitrary  real  or  complex  number.  Then,  we  have  for  all  r  =  0,  1,  2,  .  .  . 
the  equation  ^  __  ^(&) 

Theorem  II  will  evidently  be  proved  if  we  can  show  that  Af}  g  Aj.0).  In  fact, 

it  follows  from  this,  since  Y,  ~  can  be  written  as  Y  —  -  and  the  arbitrary 

**    8  "  * 


number  oc  can  be  replaced  by  the  number  —  <x,  that  ^  5*  $\  an(^  consequently 
that  A<a)  =  A<6), 

In  order  to  prove  that  A?}  ^  4a)>  ^  evidently  suffices  to  prove  that  if  J^~  is 

t  n 

summable  of  the  rth  order  at  the  point  s  =  *0  =  (J0+^o>  ^en  ^~  is  summable  of 

n 

the  rth  order  for  every  s  such  that  a  >  a0,  i.e.,  such  that  a  =  <TO+£,  where  6  >  0. 
We  see  that  this  is  the  case  by  using  Lemma  la,  §  2  (page  53)  in  the  following 
way: 

*  We  have  omitted  the  first  term  at  in  the  series  J£—  in  order  to  avoid  the  circumstance  that  the 

n 

factor  (log  n)*  entering  in  the  quantity  6n  becomes  meaningless  for  £(&)  <  0. 
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If  we  put 


~  is  by  assumption  summable  of  the  r th  order,  and  since  a — (T0  =  6>  0, 


lim  <xn  =  0 . 
We  further  use  the  identity 

rl          .*!+!  ^ 

dxA     dx^.A 
*ar«  *»-    i 


*l  "*«-! 


which  is  obtained  from  the  general  identity  (17),  §  2  (page61),by  putting/(a:)=- 


^ 

It  is  easily  seen  by  induction  that  the  quantity 

f(iog*r](g) 
J 


appearing  in  the  identity  can  be  written  as  the  sum  of  a  finite  number  of  terms  of 

(log  xf 
the  form:  constant  •  —  j^-.  Hence,  from  the  identity  we  infer  the  inequality 

|  A*<xn\  <  const.  —  ?  (n  =  2,  3,,  .  .)  , 


from  which  it  appears  immediately  that  all  the  series  £  ^M^J  (0  =  1*  2, . . . ,  r + 1 ) 

n-2 

converge. 

Thus  the  conditions  (1),  §  2,  (2),  §  2,  and  (4),  §  2  are  satisfied.  Hence  Lemma  la 

(page  53)  shows  that  the  series  J£X«n  =^!"l  ^  summable  of  the  rth  order,  and 
Theorem  II  is  thus  proved.* 

In  the  special  case  where  oc  =  +p  (p  a  positive  integer),  Theorem  II  asserts  that 


n         «,n 

*  Theorem  II  shows  that  the  series  Jf—  and  £ —  have  the  same  abscissae  of  summa- 

n  n 

bility,  but  not  that  these  two  series  are  either  both  summable  of  the  rth  order  or  both  not  summable  of 
the  rtb  order  for  a  given  value  of  «.  That  a  theorem  of  this  kind  cannot  exist  follows  at  once  from  the 

(_n»-l 

fact  that  the  series  £ ,  as  one  can  easily  convince  oneself,  is  not  summable  of  the  rth  order  for 

n* 

any  value  of  *  =  a-\-it  for  which  <r  «  -r  (i.e.,  is  not  summable  of  the  rth  order  at  any  point  of  the 

(_  1  )*+l(h>2  »)* 
boundary  line  a  **  A,  «  -r)  while  on  the  other  hand  the  series  Jg- — - — )  ,  for  fl(a)  <  0,  is 
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the  series^-,  and  the  series^  =  (-!)>  .g"*"'6"'  ,  obtained  from  it  by  p 
n  n  n 

term  by  term  differentiations,  have  exactly  the  same  abscissae  of  summability.  Earlier 

(page  65)  we  proved  only  that  the  rth  abscissa  of  summability  for  the  series  JP-~ 

n 

obtained  by  differentiation  is  less  than  or  equal  to  the  rth  abscissa  of  summability 

an 

for  the  series  Jv  ~- . 
n9 

Finally,  the  case  &  =  —1  possesses  special  interest. 

n*°°a 
Let  the  series  f(s)  =  J^  •—  have  its  abscissa  of  rtto  order  summability  equal  to 


,  and  let  sl  =  (Tj+t^  and  s2  =  o2+it^  be  two  points  such  that  a1  >  Ar  and  as  >  Af, 
From  Theorem  II,  §  1  (page  47)  it  follows  that  the  series 


f 

J. 


n*(-log»)J' 


where  the  path  of  integration  from  sl  to  s2  is  supposed  to  lie  entirely  to  the  right  ol 

the  line  a  =  Ar,  is  summable  of  the  rth  order  with  the  value  \  f(s)ds. 

J«i 
However,  by  virtue  of  Theorem  II  (with  #  =  —1),  both  of  the  series 


n-oo 

and    r 


are  summable  of  the  r  th  order;  in  view  of  this,  these  two  series  can  be  separated  from 
each  other  in  the  expression  on  the  right-hand  Bide  of  the  identity  (3).  Consequently 
we  find  the  following  theorem  of  which  we  shall  make  important  use  in  §  7. 

naBOOa 
Theorem  HI.  Let  f(s)  =  £  ~  bea  Dirichlet  series  wth  abscissa  of  r  th  ordei 

n»2    n 

summability  equal  to  Af,  and  let  st  =  aj+^i  arid  s2  =  <r2+tJ8  be  two  points  for  whicl 
0i  >  Af  and  cr2  >  A,,;  then  the  following  equation  holds: 


summable  of  the  rth  order  for  all  s  such  that  a  =  ~r  (i.e.,  is  summable  of  the  rth  order  at  all  points  o 
the  line  a  «*  Af  «  — r). 

We  note  in  this  connection  that  the  following  theorem  holds:  // £(<x)  <  0,  the  series  2  -^— — 

«»  "' 

w  swnmabU  of  the  rth  order  for  all  values  of  $  such  that  £~  is  either  awnmable  of  the  rth  order  or  summabh 

oscillating  of  the  r^  order  between  finite  bounds.  w 
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The  integration  in  the  integral  on  the  left-hand  side  is  to  be  taken  along  a  path  lying 
entirely  to  the  right  of  a  —  Ar;  and  both  of  the  infinite  series  on  the  right-hand  side  are 
summable  of  the  rth  order. 

M- 

Determination  of  the  abscissa  of  summability  lr  (r  =  0, 1, 2, 3, . . .) 
as  a  function  of  the  coefficients  of  the  series. 

Corresponding  to  a  theorem  of  Cahen  (Theorem  VII,  page  16)  and  containing 
it  as  a  special  case  (r  —  0),  we  have  the  following  theorem  for  summability  of 
arbitrary  order: 

a 

Theorem  la.  Let  Y—  be  a  Dirichlet  series  with  abscissa  o/>th  order  summability 
n 

equal  to  Af,  and  let  us  put 

wi=n  wi=n  m—n 

£(Q)  _.  y  a  .  <xi)  _  y  c»(o).        .  aw  __  v  s(r~1}  n\ 

^n         ^      m'   ^n          ^    ^m  '  •  *  *  '     n         ^    Mm  V    / 

m=l  m=l  m-\ 

and 


cr  =  lim  sup  - 


logn 
,  if  Ar  ^  0,  we  have  the  equation 


(2) 


Ar  =  cr  .*  (3) 

The  proof  of  Theorem  la  will  be  carried  out  by  proving  the  following  somewhat 
stronger  theorem: 


*  That  the  equation  (3)  loses  its  validity  in  general  if  the  assumption  /r  ^  0  is  removed,  appears 

from  the  following  remark  :  If  A.  <  0,  the  series  ^  —  is  summable  of  the  rth  order  at  the  point  5  =  0, 

n8 

i-e.f  JE-Tj  =  2an  is  summable  of  the  rth  order.  Let  us  now  assume  that  this  last  series  has  a  summability 

n  aw.n 

value  A  different  from  0,  i.e.,  that  lim  -  -  —  =  A  =f=  0  as  is  naturally  the  case  in  general.  Then 

nr 


log 


cr  =  b'm  sup  - 


n' 


lim =  0,  and  consequently  Ar  4s  V 


n«=oo  1UK  '*  n»=oo 
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Theorem  Ib.  In  all  cases  (i.e.,  in  any  of  the  cases  lf  |  0),  we  have 

If  cr  >  0,  we  also  have  . 

xr  <g  cr  . 
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(4) 
(5) 


Before  we  pass  to  the  proof  of  Theorem  Ib,  we  shall  make  the  following  remark. 
As  an  abbreviation  we  have  put 


, 
log 


cr  =  lim  sup  - 


This  identity  means  that  for  arbitrary  e  >  0  the  two  following  inequalities  hold: 
log^- 


log  n 


<cr-\-e(iorn>N  =  N(e)) 


and 


log 


log  W 


>  cr— e  (for  infinitely  many  n). 


As  one  sees  immediately,  these  two  inequalities  can  also  be  written  in  the 
following  form,  which  is  particularly  convenient  for  our  purpose : 


or  equivalently : 


n^e  (ioTn>N  = 


<K-nCr+e  (for  all  n=  1,2,...) 


and 


(K  =  K(e)  denotes  a  constant  independent  of  n) , 
?  •  r! 


>  nCr  *  (for  infinitely  many  n). 


(6) 


(7) 


We  now  turn  to  the  proof  of  the  first  part  of  Theorem  Ib,  i.e.,  to  the  proof  that 
Ar  g  cr  in  all  cases. 

*  As  one  immediately  sees,  Theorem  Ib  can  also  be  expressed  in  the  following  way:  //  cr  >  0, 
then  Ar  =  cf ;  */  cp  ^  0,  then  Ar  ^  cr.  That  Theorem  la  (which  can  be  stated  as  ^  =  cr  if  Af  2>  0)  is 
contained  in  Theorem  Ib,  is  seen  as  follows:  1.  If  Ar  >  0,  then  also,  in  consequence  of  (4),  cr  >  0,  hence 
Ar  =  cr;  2.  If  Ar  =  0,  then,  in  consequence  of  (4),  cf  ^  0;  however,  cp  cannot  possibly  be  >  0,  for  this 
would  imply  Ar  =  cf  >  0  in  contradiction  to  the  assumption  Af  «  0;  hence  we  have  cr  «  0  =  Af. 
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We  do  this  by  showing  that  when  $j  =  Oi+i^  denotes  an  arbitrary  number  such 

a 
that  Oi  >  cf,  i.e.,  such  that  al  =  cr+d,  where  d>  0,  then  the  series  Jj^-f  is 

summable  of  the  rth  order. 

In  the  proof  of  this  part,  of  the  two  inequalities  (6)  and  (7)  which  define  cr 
we  shall  use  only  (6);  in  the  following  we  shall  assume  that  the  arbitrarily  small 

positive  number  e  occurring  in  (6)  is  chosen  smaller  than  the  given  number-  . 
We  now  apply  formula  (6),  §  2  (page  55),  putting  therein 


n       n>   n      ft*1'   n  n      ?&v 

whereby  the  quantity  designated  as  SjJ0  in  (6),  §  2  becomes  identical  with  the 
quantity  designated  as  S*£  in  (1)  of  this  section,  i.e.,  with  the  S%*  formed  from  the 

series  ^«n,  while  T%  in  formula  (6),  §  2  is  to  be  formed  from  the  series  ]£  ~ . 

By  the  aid  of  (6),  §  2,  we  can  now  easily  prove  that  £  -~  is  summable  of  the  rth 

yfr) .  f\ 

order,  i.e.,  that    n  r     has  a  finite  limit  for  n  =  oo.  In  fact,  as  was  done  in  the 
n 

investigations  of  §  2,  we  can  show  that  the  r+2  terms  (10),  §  2,  (12),  §2,  and  (14), 
§  2  of  which    n  f     consists,  all  have  finite  limits  for  n  =  oo.  For  the  expression 


we  obtain  at  once 


fi(r)  .  pf 

1 

o(r)  .  ..f 

1 

J 

*,       n 

n         * 

^ 

V  .  -wCr-H* 

^ 

*"    »' 

W*1 

nr 

^n" 

and  consequently                               S% 

'  _.  r 

\ 

-  K  -  n^I  =  JT  •  n"  i , 


(8) 


We  next  consider  the  expression 


n'     3 

(•?=!,  2  .....  r). 


If  we  separate  the  general  term 
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n' 


9-1 


into  the  two  factors 
and 


we  obtain 


• 


1  K 

(in  view  of  (20),  §  2  we  have,  in  fact,  m*~l\A**m\  =  mq~l  •  Aq—  <-T^,  where  ^ 

denotes  a  constant  independent  of  m  and  q  =  1,  2,. . .,  r+l). 
Hence 


We  also  have 


J^|vTO|  converges. 
\ftnttn\  <  KI    (Ki  independent  of  m  and  n) 


since 


and 


52?- r!      1 


mr 


m 


K  • 


on  account  of  the  factor  |  —  ] 
\w/ 

Consequently,  we  can  apply  Theorem  Va,  §  1  (page  51)  and  infer  therefrom 


f!  /r4-l\ 

M  ?       I       P'-«-»  =  Um  ( 

n=oo  W    \    </    /  n»oo 


, 


0) 


We  now  turn  to  the  consideration  of  the  last  term  in  (6),  §  2 : 

LXm,»=-riT'S 

n  n      m«l 

If  we  put 


and 
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1/flg-rl      1    \(n-m-l)...(n-r)\ 


_  1/flg-rl      1    \(( 
Pn'm~rl(    »'     '    *4A 

Wl      *  ' 


we  obtain 


hence  ei ,    , 

2J  \vm\  converges. 

Further,  we  have  as  previously 

|/?nij  <  constant  (independent  of  m  and  n) 

and  ^(r)    l 


In  consequence,  we  find  upon  applying  Theorem  Va,  §  1 

-  1  m=n-r-l  n=oo 


=  5°°^'%  =  F^r+i  (4-,)  • 

n-l  n~l  \w    / 


The  last  infinite  series,  also  as  a  consequence  of  Theorem  Va,  §  1,  converges  abso- 
lutely. 

When  we  finally  assemble  the  results  expressed  in  equations  (8),  (9),  and  (10), 

T(r)-r!  a 

we  see  that  we  have  proved  that  —  -  '  has  a  finite  limit  for  n  =  oo,  i.e.,  that  57— 

nr  n*1 

is  summable  of  the  rth  order,  and  we  have  shown  that  the  summability  value  of  the 
series  is  equal  to  the  sum  of  the  absolutely  convergent  series 


where  8$  is  formed  from  the  coefficients  of  the  given  Dirichlet  series  £  ~  .* 


*  If  we  assume  for  the  moment  that  Theorem  Ib  (and  hence  also  Theorem  la)  has  been  proved, 
then  we  can  infer  with  the  aid  of  the  expression  (11)  the  following  theorem,  which  we  shall  use  in  a 

subsequent  section:  Let£  -J  be  a  Dirichlet  series  with  abscissa  o/rth  order  summability  equal  to  Af,  and 
let  *0  «  00+t*0  be  a  number  such  that  09  £*  Af ;  if  we  now  put 
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We  now  turn  to  the  proof  of  the  last  part  of  Theorem  Ib,  i.e.,  to  the  proof  that 
Ar  ^  cr  if  cr  >  0. 

The  proof  of  this  fact  will  obviously  be  completed  when  we  have  shown  that,  if 

J^~7  is  summable  of  the  rth  order  for  s  =  $2  =  ffi+^i,  where  al  >  0,  then  the  ine- 
fi 

quality  al  ^  cr  holds.  (Indeed,  since  cr  >  0,  there  would,  if  Ar  <  cf,  necessarily  exist 
points  s  =  a-\-it  such  that  a  >  0  and  also  Ar  <  a  <  cr.)  The  inequality  o^  ^  cr  will 
be  proved  if  we  can  show  that  for  sufficiently  large  n  (i.e.,  f or  n  >  N  =  N(e)} 

r! 

<  n°1+e  (e  an  arbitrarily  small  positive  number),  .(12) 


for,  from  this  it  will  follow  that 
log  -*— ^ 


log  n 


and  hence 


<  (?!+€   (for  n  >  N) , 
log  -5— 


cr  =  lim  sup  - 


logw 
In  order  to  prove  the  inequality  (12),  we  use  once  more  formula  (6),  §  2  (page 


</ie  summability  value  of  the  series  Jf  ~  >  wA*c&  w  summable  of  the  r^  order  for  a  >  Af,  t*  represented  in 

n'  I    l    \ 

the  whole  half -plane  a  >  Af  by  the  absolutely  convergent  series  J£S$dr+l  I  -717:  I  • 

In  the  proof  of  this  theorem,  we  can  obviously  assume  00  =  0,  when  we  assume  at  the  same  time 
Af  ^  0.  (In  fact,  if  the  theorem  is  proved  in  this  special  case,  the  general  theorem  can  be  inferred  at 
once  by  the  use  of  a  transformation  of  variable.)  We  therefore  assume  Af  ^  0.  Then,  in  view  of  Theorem 
la,  we  have  cf  =5  A,..  If  we  now  consider  an  arbitrary  number  *t  =  tfj-f  i^  such  that  al  >  Af,  we  have 
also  QI  >  cr,  and  the  validity  of  the  theorem  follows  at  once  from  the  expression  (11),  which  for  ffj,  >  cr 
gives  the  summability  value  of  the  series  at  the  point  sr 

If  we  omit  the  condition  CTO  ^  Af  in  the  above  general  theorem,  the  theorem  loses  its  validity. 

Indeed,  if  <T0  >  Af  (in  which  case  the  series  J£  ~  is  certainly  summable  of  the  rth  order  at  the  point  «0), 
we  find  that  the  series 


is  in  general  not  absolutely  convergent  (or  even  convergent)  for  all  *  such  that  a  >  ^  but  only  for  * 
euch  that  a  >  a0,  as  we  have  already  proved  in  §  1. 
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56).  Our  task  here  being  that  of  drawing  conclusions  about  S%  (formed  from  the 


seres 


m  assumptions  about  £  -~  ,  we  write  here,  in  contrast  to  what  we  did 
l 


in  the  proof  of  the  first  part  of  Theorem  Ib, 


The  quantity  T®  in  formula  (6),  §  2  then  becomes  identical  with  what  we 

have  denoted  by  S%>  in  the  present  section,  i.e.,  with  the  S(£  formed  from  the 

* 
series  J^an,  while  8%  in  formula  (6),  §  2— this  S%}  we  shall  denote  by  S^  in  the 

following — is  to  be  formed  from  the  series^  -~,  which  by  assumption  is  summable 
of  the  rth  order. 

Formula  (6),  §  2  gives  us  immediately  the  following  inequality : 


If  we  consider  first  the  term 
rl 


r 


we  obtain 


-j-Pr,o,nl  =  Kl ' 


rl 


nr 


(13) 


for,  since  J1-?  is  summable  of  the  rtb  order,  we  have  a  fortiori 
•** 


(const.). 


In  the  foregoing  investigations,  besides  being  compelled  to  consider  separately 
the  first  term  Pr  Of  n  in  formula  (6),  §  2,  we  had  to  give  special  attention  to  the  last 
term  Pr>r+1>n  as  well.  This  step  is  unnecessary  here.  We  therefore  turn  to  the 
consideration  of  any  one  of  the  quantities 


and  find 


_H  /r+I\  WrT 

>'*"-vl  ?  /  £ 

(2=1,2  .....  r+1) 
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I    r+l\       1      /(n-m-l)...(n-TO-g+l)\ 


ri      I  (r+l\       1      / 
mr  \\  q   /(g-l)!\ 


/n 


where  JiTg  denotes  a  constant  independent  of  m,  w  and  q  (q  =  1,  2,. . .,  r+1). 
Consequently  we  have 


(14) 


»'  \  9   I    fl?'B 


£8  (  x^dx  =  —  •  n°l  =  KZ  •  n"'  .  f 
J0  (T! 


Assembling  the  results  obtained  in  (13)  and  (14),  we  obtain 

,Sf(r>  .  r  I         V°r 

^n         '  •  «- 


r,q,n 


and  hence,  e  denoting  an  arbitrarily  small  positive  number,  we  find 

:  n°l+<  (for  n>N  =  N(e)) . 


q.e.d. 


Hereby  Theorem  Ib,  and  consequently  also  Theorem  la,  is  completely  proved. 
As  one  immediately  sees,  the  following  theorem,  which  is  especially  convenient 
for  later  applications,  is  included  in  Theorem  Ib: 

Theorem  Ic.  If  it  is  knourn  only  that  one  of  the  qwntities  Ar  and  cr  is  greater  than 
0,  then  alvxiys  Ar  =  cr. 

We  shall  conclude  this  section  by  applying  the  results  obtained  above  to  prove 
the  existence  of  a  Dirichlet  series — or,  more  accurately,  of  an  entire  class  of  Dirichlet 

*  In  consequence  of  formula  (20),  §  2  (page  61),  we  have 

Im^'oJ  »  Im^-^m*1!  <  K^"1 . 
f  Only  at  this  point  it  is  used  that  (Jl  >  0; — in  fact,  the  inequality 


m-n-l 
2  mai~l  <  const,  n01 


is  only  true  if  ffj  >  0. 
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series— whose  abscissae  of  summability  Ar  for  all  r  =  0, 1,  2, . . .  satisfy  the  condition 


\  6  denotes  an  arbitrary  number  lying  between  0  and  1. 

The  existence  of  such  series— and  to  have  established  this  existence  will  turn 
out  to  be  of  importance  in  our  subsequent  investigations— is  proved  by  the  following 
theorem: 

Theorem  II.  Let  PI,PI,...,  pm, . . .  be  an  arbitrary  sequence  of  positive  integers 
which  satisfy  the  following  condition  for  all  m: 

Pm  (15) 


(e.g.  pm  =  ml  or  pm  =  mm) 

and  let  qm  denote  the  largest  integer  less  than  pl~6  (0<  6  <  I). 
The  Dirichlet  series 


1  1 

\*  an*  i 


'n*      Pi      (Pi+qi)'          Pl      (Pa+?2) 


1 


2  1 

_  J L  , 

8     '     /„      I    <)„    \*     ' 


then  has  its  abscissae  of  summability  kr  determined  by  the  equation 
Ar=-f0  (r  =  0,l,2,...). 


Proof.  Since  the  terms  in^-£  do  not  converge  to  0  as  n  tends  to  infinity, 

n 

when  s  <  0,  the  series  cannot  converge  to  the  left  of  the  imaginary  axis ;  conse- 
quently, we  have  A0  ^  0. 

Since,  on  the  other  hand,  for  s  >  0, 


-o 


(Pm+WmY 


<-^r 


and  since  £  —  is  seen  at  once  to  be  convergent  for  s  >  0  (because 

m-l   Pm 


lim 


Pi,/ 
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for  all  positive  values  of  s,  however  small,  as  (15)  shows),  it  follows  that  J^-- 
converges  (indeed,  converges  absolutely)  for  s  >  0;  hence  we  have  A0  =  0. 

We  now  pass  to  the  proof  that  the  equation  Ar  =  —  rQ  holds  for  arbitrary 
r  =  1,  2,  3,.  ...  In  order  to  apply  Theorem  Ic  to  this  proof,  let  us  first  transform 

the  series  J1  —  into  the  series 


n°          n°-r  n°    ' 

We  shall  then  prove  that  the  last  series  £  —a  has  its  rth  abscissa  of  summability 
equal  to  the  positive  quantity  r—  rO  =  r(l  —  6). 

Instead  of  considering  the  transformed  series  JJ7~  itself,  it  will,  however,  be 
convenient  to  consider  the  series 


_L/_n>» 

l  ; 


where  the  series  y  —  and  £—  are  identical,  except  that,  in  the  latter  series,  the 
""'  n*        **  n* 

1st,  2nd, . . . ,  2rth  'term  groups'  are  omitted.  As  one  can  see  at  once,  the  alteration 
from  £  ~i  to  £  —B  cannot  change  the  summability  behaviour  of  the  series. 

HI  ft 

We  shall  accordingly  prove  that  £  ~  has  its  rth  abscissa  of  summability 
equal  to  r(l—  0);  by  virtue  of  Theorem  Ic,  this  will  be  proved  if  we  show  that 

log-JL- 


cr  =E=  lim  sup  - 


logn 

where  SjJ0  is  formed  from  the  series  J^dn,  has  the  value  r(l—  6). 

The  coefficients  dlt  d$,  .  .  .  ,  cZn,  .  .  .  fall  naturally  into  separated  groups  of  the 
form 


before  the  first  term  group  (corresponding  to  m  =  2r+l)  and  between  two  succes- 
sive groups,  all  the  d's  are  equal  to  0. 
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If  we  now  form  S®\  S%\  .  .  .  ,  S^  from  the  series  £dn>  we  can  first  show  that 
one  can  handle  each  of  the  above-mentioned  term  groups  by  itself  in  forming  these 
sums.  By  this,  we  understand  that,  in  the  first  place, 

S?>  =  0  for  pm+mm  <«><  Pm+i  and  k  =  0,  1,  2,.  .  .,  r, 
and,  in  the  second  place,  in  determining 


one  need  not  consider  the  d'a  with  index  less  than  pm  (i.e.,  in  determining  $^+/  one 
can  operate  as  if  the  equations  dt  =  •  •  •  =  rfpm-1  =  0  were  valid). 

We  shall  now  establish  the  legitimacy  of  this  procedure.  We  consider  a  single 
one  of  the  term  groups  and  for  brevity's  sake,  we  put  dpm+n_i  =  un.  Then  we  have 


We  put  •  mren  m=sn  ma=n 

71(0)  _    r»  9I    .  71(1)  _    r»  7^(0).       .  /77(r)  _   yi  TXr-i) 
Jn    ~  ^    "'mJ-^n    —^    ^m'-'-J^n    ~  ^    -*m 
m=l  m»=l  m==l 

Then  it  will  suffice  to  prove  that  the  equation 

=  0  (16) 


holds  for  all  k  =  0,  1,.  .  .,  r  and  m  =  2r+l,  2r+2,.  .  .. 

Indeed,  if  one  imagines  the  successive  formation  of  S®\  .  .  .  ,  S%*  one  sees  that 
when  (16)  holds  one  will  always  leave  a  term  group  with  the  value  0  and  arrive  at 
the  following  term  group  with  the  value  0.  From  this  it  follows  that  one  can  con- 
struct the  quantities  Sf®  by  considering  the  individual  term  groups  without  worrying 
about  the  preceding  ones. 

In  order  to  prove  (16),  we  now  use  the  formula  stated  above  (page  47): 


If  we  here  put  n  =  mqm+  1  and  substitute  the  values  for  ult  w2,  .  .  .  ,  we  obtain 
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(where  Kft  (ft  =  0,  1,.  .  .,  k)  denotes  a  constant  depending  only  on  /?). 

However,  for  ot+f)  <  m  (which  is  here  always  the  case,  since  ot+fi  ^  2r  and 
m  ^  2r+l),  we  have 


\m—l 


0  times 

hence  we  obtain 


a  times 


Z2U  =  0(fori  =  0,l,...>r).  q.e.d.  (16) 

It  follows  immediately  from  equation  (16),  as  emphasized  above,  that 

S%>  =  0  for  pm+mqn  <n< pm+l  (17) 

^  =  ^\  to  O^Jg«j..  (18) 

From  (18)  we  now  infer,  when  Z  is  any  of  the  numbers  0, 1, . . . ,  mqm,  that 


From  the  inequality 
valid  f or  0  ^  I  ^  mqm,  in  conjunction  with  (17),  it  follows  immediately  that 

log 


cr  5=  lim  sup  - 


_£r(l-0). 


(19) 


*  0*  (and  in  the  sequel  Ofy  is  to  be  considered  as  1  when  a  (or  f)  is  equal  to  0. 
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We  now  pass  to  the  proof  that  cr  cannot  be  less  than  r(l— 9);  that  this  is  the 
case  may  be  seen  in  the  following  manner. 

If  we  consider  S%>  for  n  =  pm+qm—  1  (m  =  2r+l,  2r+2,. . .),  we  obtain 

•  -  iL  •  C 
r\™  ™ 

>  K  •  Pm*1'®  >  Ki(Pm+ym—l)r+r(1~®  (where  Kl  >  0) ; 
from  this,  it  follows  immediately  that 

cf^r(l-fl).  (20) 

Finally,  it  follows  from  (19)  and  (20)  that  cr  =  r(l-0).  q.e.d. 

We  have  thus  proved  that,  corresponding  to  an  arbitrary  number  9  lying 

a 
between  0  and  1,  there  exist  Dirichlet  series  Jj^—  whose  abscissae  of  summability 

are  equi-distant,  with  the  distance  9. 

The  question  naturally  arises  whether  or  not  for  other  values  of  9  there  exist 
Dirichlet  series  such  that  Ar— Ar+1  is  constant  and  equal  to  9.  For  the  cases  9  =  0 

and  9=1,  this  question  must  be  answered  affirmatively.  Thus,  the  series  £(•*)  =  £  — 
(or  any  other  series  with  positive  coefficients  for  which  A0  4=  ±  oo)  belongs  to  the 

first  category,  while  the  series  £(s)(l— 2l~*)  =  J£ ; — »  f°r  example,  is  of  the 

n 

latter  type,  as  was  shown  in  §  3.  (Incidentally,  Theorem  II  holds  also  in  the  case 
9  =  1,  as  one  can  easily  show.) 

On  the  other  hand,  as  will  be  shown  in  the  next  section,  there  cannot  exist  Dirichlet 
aeries  corresponding  to  any  value  of  6  greater  than  1. 


§5. 
Distribution  of  the  abscissae  of  summability. 

We  shall  introduce  this  section  by  deducing  some  general  theorems  concerning 
the  difference  Ar— Arfl  between  two  successive  abscissae  of  summability.  For  this 
purpose  we  shall  utilize  the  expression  found  in  the  preceding  section  for  the  abscissa 
of  summability  Ar  as  a  function  of  the  coefficients  of  the  series. 

In  the  proof  of  these  theorems,  the  results  obtained  in  the  preceding  section 
will  come  into  play  in  the  form  expressed  by  Theorem  Ic,  §  4: 

If  cr  >  0»  then  Ar  =  cr ;  if  Ar  >  0,  then  Af  =  cr  (r  =  0, 1,  2, . . . ).  Here,  cr  is  deter- 
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mined  by  (1),  §  4  and  (2),  §  4,  or,  what  is  equivalent  to  (2),  §  4,  by  the  inequalities 


>  nCr~d    for  infinitely  many  n. 


Since  the  quantity  r  !,  which  is  independent  of  w,  can  obviously  be  omitted, 
these  inequalities  may  also  be  written  in  the  following  form,  particularly  convenient 
for  our  purpose,  in  which,  for  brevity,  we  have  put  cr+r  =  dr  (r  —  0,  1,  2,.  .  ,): 


nd>-*    for  n 
and 


n«W    for  infinitely  many  n.  (2) 

Theorem  I.  The  breadth  of  the  strip  of  rth  order  summability  is  less  than  or 
equal  to  1  for  all  r  =  1,  2,  .  .  .  ,  i.e.,  expressed  in  terms  of  the  abscissae  of  summability  , 

we  have  ,     ,       .  .       ,     ^  ,     ,.       ^  ,  «,      v  * 

Ar-Ar+1  ^  1  or  Am  ^  V-l  (r  =  0,  1,  2,.  .  .).* 

Proof.  If  we  take  Ar  >  1  (as  we  can  always  do,  if  Ar  =f=  —  oo,  by  a  simple  trans- 
formation of  variable  which  obviously  leaves  the  differences  Af—Ar+1  unchanged), 
then  Ar  =  cr,  and  the  proof  of  Theorem  I  will  plainly  be  completed  if  we  can  show 

that  -^, 

cr+1^cr-l;  (3) 

for,  from  this  it  will  also  follow  that  cr4-1  >  0,  and  hence  Af+1  =  cr+1. 

Since  dr  ==  r+cr  and  df+1  =  (r+l)+cr+1,  the  inequality  (3)  can  also  be  written 

in  the  form 

dm  :>  dr  .  (4) 

The  validity  of  this  last  inequality—  and  therewith  the  validity  of  Theorem  I  — 
may  be  seen  by  the  following  indirect  consideration. 


*  It  follows  immediately  from  Theorem  I  that  if  the  series  £  ~  is  summable  of  the  rth  order  at 

n* 

the  point  a0  =  (T0-M*0,  then  it  is  summable  of  the  (r — l)th  order  for  all  s  *=  ff-t-tf  such  that  a  >  <J0+l, 
This  theorem  has  been  communicated  by  the  author  in  the  note  cited  above:  Sur  la  serie  de  Dirichlet, 
Compte*  rendus  de  VAcadimie  des  Sciences,  Porw,  vol.  148, 1909  (11  January).  In  a  note  published  half  a 
year  later:  Sur  les  series  de  Dirichlet,  Comptes  rendue  de  VAcademie  des  Sciences,  Paris,  vol.  H8,  1909 
(21  June),  M.  Riesz  has  communicated  the  addition  to  this  theorem  that  one  can  also  infer  from  the 

above  assumption  that  Jf  —  is  summable  of  the  (r— l)th  order  for  values  of  s  such  that  a  ~  o*0-fl. 
*»* 
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If  we  assume  that  (4)  is  incorrect,  i.e.,  dr+l  <  dr>  then  we  can  determine  two 
numbers  a  and  ft  such  that  dr+1  <  &  <  ft  <  dr. 

Since  &  >  dr+v  we  infer  from  (1)  (when  we  put  r+1  instead  of  r)  that 

ftm)|  <  TI"  for  n  >  Nl .  (5) 

Upon  applying  the  identity 


* 


we  infer  with  the  aid  of  (5)  that 

\&*\  g  |^r+1)|  +  |^|  <  n«+(n-l)"  <  np  for  n  >  N2  .  (6) 

However,  since  ft  <  dr,  it  follows  from  (2)  that 

\Sy\  >  n?  for  infinitely  many  n  .  (7) 

Our  assumption  that  dnl  <  dr  has  thus  led  us  to  the  two  contradictory  in- 
equalities (6)  and  (7).  Therefore  we  have  dr+l  ^  dr.  q.e.d. 

Whereas  Theorem  I  considered  only  one  of  the  differences  Ar—  Ar+1  (r  =  0,  1  ,  2,  ,  .  .  ), 
the  following,  much  deeper,  theorem  shows  a  relation  between  two  successive  differ- 
ences of  abscissae  of  summability. 

Theorem  II.  The  breadths  of  the  strips  of  summability  of  the  1st,  2nd,  .  .  .,  rth,  .  .  . 
orders  form  a  monotonically  decreasing  sequence  of  numbers,  i.e. 

Jr-  Vi  ^  Vn-Jf+i  (r  =  0,1,2,...). 

Proof.  We  shall  assume  Ar  >  2,  so  that  we  can  be  sure  that  the  three  abscissae 
of  summability  Af,  Af+1,  and  Ar+2  are  all  positive.  If  we  put  Ar+1  =  Ar—  (I—a),  we  can 
further  assume  in  the  proof  that  1  ^  a  >  0;  for,  if  <x  =  0  (i.e.,  Ar—  Am  =  1),  Theorem 
II  follows  immediately  from  Theorem  I. 

Finally,  for  the  sake  of  brevity,  we  put 

p,  (8) 


*  When  we  assume  that  Ar  is  greater  than  1,  we  have  seen  that  the  theorem  Af—  ^f+1  ^  1  is 
identical  with  the  theorem  dr+l  J>  dr.  If  we  assume,  always  under  the  assumption  Af  >  1  ,  that  dr+1  =  dr  -f  a, 
then  this  equation  becomes  identical  with  the  equation  cr+1  =  cf  -(1  —a),  and  hence  with  the  equation 
Ar—  ^.+1  =  l~a.  As  stated  in  §  2,  it  follows  immediately  from  the  definition  of  summability,  that 
A,  ^  AT+  x,  and  hence  a  must  obviously  be  ^  1.  That  this  is  the  case  can  also  be  seen  directly  as  follows. 
Prom  |^f)|  <  Kndr*  (n  =  1,  2,.  .  .),  it  follows  that 


and  from  this  we  immediately  infer  that  cfr+1  ^  rfr+  1  and  thus  a  ^  1.  q.e.d. 


g  1.   Translation  of  A  3. 


[101-102]  II.  The  Theory  of  Summability.  §  5.  89 

80 


dr+1  =  VrK'+l)  -  (Ar-(l-*))+(r+l)  =  (Ar+r)+*  =  p+*  .          (9) 
We  shall  prove  that  Ar—  Ar+1  ^  Ar+1—  Ar+2,  i.e.,  that 


or,  equivalently,  that 

<*r+2  =  V2+(r+2)  ^  Ar+r+2*  =  P+2oc  .  (10) 

The  proof  of  Theorem  II  is  thus  reduced  to  proving  from  the  assumptions  (8) 

and  (9)  that  ,     .    0  ,  n 

,  (10) 


or,  equivalently,  to  proving  that  if  e  is  an  arbitrarily  small  number  (we  choose  it 
smaller  than  the  given  number  «  >  0),  and  if  E  is  an  arbitrarily  large  positive 
number  independent  of  e,  then  there  exist  integers  n  >  E  such  that 

l^n+2)!  >^+2*~e.  (11) 

For  this  purpose  we  first  determine  three  positive  numbers  dlt  <52,  and  <58,  which 
satisfy  the  following  conditions: 

2 

£     „       He    .       5s 


After  fixuig  these  three  numbers,  we  determine  an  integer  m  such  that  for 
n  >  mt  the  following  three  conditions  are  satisfied: 

re  aU  <  n^  =  n^1  , 


and 

1-2  -w  3  >  2^ta-f-n"a. 

After  fixing  the  number  m,  we  finally  determine  an  integer  N  which  satisfies 
the  following  conditions: 

N>m,  N>E,    \S?frl>\>N*+r+  =  N»*+. 
Ifn°W  \&&*\>N»»-9  (13) 

we  have  already  found  a  number  n  (namely  the  number  N)  which  satisfies  the 
original  conditions,  i.e.,  which  is  >  E  and  for  which  (11)  is  satisfied.  The  theorem 
will  therefore  obviously  be  proved  if  we  can  show,  under  the  assumption  that  (13) 
i'fo,  i.e.,  under  the  assumption  that 
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that  there  must  certainly  exist  a  number  N1  >  N  (hence  also  >  E)  which  satisfies 
(11),  i.e.,  for  which  |S^2)|  >  ^^ 

The  existence  of  such  a  number  N!  is  proved  in  the  following  way. 
In  view  of  (12),  we  can  determine  an  integer  p,  for  which 

(N  >)  N*-**  >  p  >  N"-*'  . 

I  now  assert  that  Nl  =  N+p  has  the  desired  property,  i.e.,  that  n  =  Nt  satisfies 
the  inequality  (11). 

In  order  to  prove  this  assertion,  we  start  from  the  identity 


Prom  this  identity,  we  infer  at  once 


and  from  this 


<  >  ^+2ft"8  .  q.e.d. 

Theorem  II  includes  the  following  note-worthy  theorem  as  a  special  case: 

Theorem  III.  //  br  =  Ar+l  for  some  value  of  r,  then  Ar  =  Ar+m  for  all 
m=  1,  2,  3,  .  .  .  ,  and  hence  also  ^  =  A.  Expressed  in  other  words:  if  one  cannot  get 
beyond  the  boundary  of  summabiUty  a~lrby  using  summability  of  the  (r+  l)th  order, 
then  one  cannot  get  beyond  this  line  by  using  summability  of  any  order,  however  high. 

Summarizing  briefly  the  results  which  we  have  found  above  regarding  the 
distribution  of  the  abscissae  of  summability  of  a  Dirichlet  series,  we  come  to  the 
following  theorem: 

Theorem  IV.  Let  J^-~  ^  a  Dirichlet  series  with  abscissae  of  summability 
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^o>  A!,.  . .,  A,,. . .,  and kt us put/tr  =  Ar-1— Ar(r  =  1,  2,. . .).  Then Jor  all r  =  1,2,. .., 
the  following  inequalities  hold: 

^O;/^!;/^/^.  (15) 

Theorem  IV,  in  particular  the  inequality  pr  ^  //r+1,  exhibits  an  extraordinary 
regularity  in  the  distribution  of  the  abscissae  of  summability;  one  might  expect 
that  this  regularity  would  go  even  further,  for  instance  that  it  would  appear  also  in 
the  second  differences  of  the  abscissae  of  summability  or  the  like. 

However,  as  will  appear  from  the  following,  no  such  phenomenon  occurs.  It 
will  be  shown — and  hereby  we  shall  also  give  a  complete  solution  to  the  problem  of 
the  distribution  of  the  abscissae  of  summability— that  the  conditions  (15)  appearing 
in  Theorem  IV  are  not  only  necessary  but  also  sufficient.  In  other  words,  we  have  the 
converse  theorem  corresponding  to  Theorem  IV: 

Theorem  V.  Let  A    A          A  na\ 

A9,Alt...9Art...  (16) 

be  an  arbitrary  sequence  of  real  numbers  which,  when  Mr  =  Ar^—Art  satisfy  the  follow- 
ing conditions  for  all  r  =  1,  2, . . . : 

Aff  ^0;Arr£l;Af,  ^Mr+l.  (17) 

Then  there  always  exists  at  least  one  Dirichlet  series  F  —  which  has  as  its  abscissae 

n 

of  summability  A0, 119. . .,  Ar,. . .  precisely  the  dements  of  the  given  sequence  (16),  i.e., 
for  which  Ar  =  Ar  for  all  r  =  0, 1,  2, . . .  .* 

Proof.  Let  the  integers  ,  ,,rtv 

6         r1  =  l,ri,...,v-  <18) 

be  determined  in  such  a  way  that 

Mri  =  . . .  =  Mr^  >Mrt...  Mrp^  >  Mrp  =  . . .  =  ^/fp+1_l  >  Mrp+l  . . . 

and  let  us  put  Mfl  =  6,,  Mr|  =  0,,. . .,  Mfp  =  0p). . . 

(thus  Oj  >»,...  >0P...;1  ^0p^0). 

*  The  existence  of  one  such  Dirichlet  series  implies  the  existence  of  infinitely  many.  This  follows 
immediately  from  the  fact  that  changing  a  finite  number  of  coefficients  cannot  change  the  summability 

behaviour  'of  the  series.  If  one  prefers,  one  may  also  note  for  instance  that  the  series  £  -^  *&& 

an(logn)*  n 

£ —  have  the  same  abscissae  of  summability  for  arbitrary  a.  Incidentally,  the  proof  of  Theorem 

n 

V  will  itself  give  us  at  once  not  a  single  Dirichlet  series,  but  a  whole  class  of  them,  satisfying  the  stated 
conditions. 
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We  prove  Theorem  V  by  starting  with  certain  Dirichlet  series  which  have  very 
simple  summability  behaviour  and  whose  existence  we  have  already  established. 
From  these  series,  we  are  able  to  build  up  series  of  the  required  type.  The  Dirichlet 
series  which  serve  us  as  a  starting  point  in  this  process  are  the  series 

n»oo  n  w=B°°/x  n=<»0 

1\  _         i»».    /\  __         2>n.       .     «\  _  r»    P'n. 


which  are  determined  in  such  a  way  that  all  differences  Ar—  Af+1  of  abscissae  of 
summability  of  /p(a)  are  the  same  and  equal  to  6p,  while  the  rpth  abscissa  of  summa- 
bility Ar  coincides  with  the  rpth  element  ^lf  in  the  given  sequence  of  numbers  (16). 


it  follows  that  ,        A   t  _    .      . 

Ar  =  ylr  for  rp-l  g  r  ^  rp+1-l  , 

while  Ar  <  -4r  for  r  >  rp+1—l  as  well  as  f  or  r  <  rp~  1, 

We  shall  first  prove  the  following 

Lemma.  //  klt  k^...,kq  are  arbitrary  constants  different  from  0,  the  abscissae 
of  summability  ^  for  the  Dirichlet  series 


p-1 

are  determined  by  the  equations 

;®  =  4forr£rffl-l  (19) 

and  ^'-^^^forr^r^-l.  (20) 

The  proof  of  this  lemma  is  most  easily  carried  through  by  induction.  Since  the 

lemma  is  obvious  for  q  =  1  (in  which  case  the  series  £  ~1  re^uces  ^°  the  series 

\  n 

kifi(s),  which  naturally  has  the  same  abscissae  of  summability  as  the  series 
fi(s)  =  £~^T }  *  ^e  lemma  w^  ^e  P^ved  for  arbitrary  q  if  we  can  prove  it  for  q 
under  the  assumption  that  it  is  valid  for  #— 1.  That  is,  we  assume  that  the  series 


a    } 

n-l    y*        p-l  x          p-1  ' 

has  its  abscissae  of  summability  A(rc)  determined  by  the  equations 
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and  .A«\    «/w       *.      « 

J(C)       1(0)     fl  fnr    «  *>  «   1 

Ar  — Ar+1  —  u^  lor  r  ^  fg — i  , 
and  then  have  to  prove  that  the  series 


has  its  abscissae  of  summability  ffl  determined  by  the  equations  (19)  and  (20). 
This  is  done  in  the  following  way. 

The  series  £  —a  is  formed  by  term  by  term  addition  of  the  two  series 

n=oo  c         p=g-i  n=oo  j 

21~2W»)«A21  =  W»)- 

n=l    n        p==l  n=l    n 

If  we  denote  the  abscissae  of  summability  of  the  three  series  under  consideration 
by  tip,  4C),  and  Xj*>,  respectively,  we  have 

while  ^  =  ^  =  4rl,  (2D 

4C)>4*  for  r  <rg-l  (22) 

and  4e'<^fopr>rf-l.  (23) 

From  (22)  and  (23),  it  now  follows  at  once*  that 

A<6)  =  4C)  for  r<ra-l  (24) 

and  ^  =  ^forr>rg-l>  (25) 

while  we  can  infer  from  equation  (21)  only  that 

4(6>    <  A 

*-rrl  ^  *hrl  ' 

However,  Af  }  l  cannot  be  less  than  Ar  1  ,  for  in  such  a  case,  the  difference  $*  1—  A(r6) 
would  be  less  than  ^""^n  =  ^>  w^icl1  woul(i  contradict  Theorem  II  (page  88); 
hence  we  obtain  °  '  ^  =  ^  .  (26) 

*  Namely,  with  the  help  of  the  following  theorem,  which  can  be  immediately  inferred  from  Theo- 
rem IV,  §  1  (page  51):  //  we  denote  the  abscissae  of  aummability  of  the  rth  order  of  the  series 


*\  )!&•  and  $\  respectively,  then,  if  tff>  >  Xf>,we  June  tip  =  tf?\  while,  if  A(ra)  «  A^,  mean  infer 
only  that  ti®  £  %*\ 
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But  equations  (24),  (25),  and  (26)  are  equivalent  to  equations  (19)  and  (20),  as  one 
sees,  so  that  the  inductive  proof  of  the  lemma  is  complete. 

In  continuing  with  the  proof  of  Theorem  IV,  we  are  naturally  led  to  distinguish 
between  two  different  possible  cases. 


Case  I:  The  differences  Mr  =  Ar^—Ar  are  all  equal  from  a  certain  point  on, 
or,  in  the  notation  introduced  above,  the  sequence  of  numbers  rlt  r2,  .  .  .  ,  rpt  .  .  . 
breaks  off,  i.e.,  has  a  last  element  rp. 

In  this  case,  the  following  theorem  holds,  which  is  immediately  inferred  from  the 
above  lemma  when  we  put  q  =  P: 

&i>  kZ).  .  .,  kp  denote  arbitrary  constants  different  from  0,  the  Dirichlet  series 


n»oo 

V    n  — 

— 


has  as  its  abscissae  of  summability  Aj,0)  precisely  the  elements  of  the  given  sequence  of 
numbers  (16). 

Case  II:  Here  we  have  sequences  (16),  in  which  the  differences  Mr  —  ylr_1—  ylr 
are  not  all  the  same  from  a  certain  point  on,  or  in  other  words  the  sequence 
fi»  ?  a»  •  •  •  j  rp>  •  •  •  does  not  break  off. 

Concerning  this  case  we  have  the  following  theorem  : 

There  exists  an  infinite  sequence  of  positive  constants  elt  e2,  .  .  .  ,  ep,  .  .  .  such  that 
the  Dirichlet  series  n=:00  pan00 


(i.e.,  which  is  constructed  by  formal  computation  from  the  series  JP  epfp(s))t  has 

P-I 
as  its  abscissae  of  summability  precisely  the  elements  AQ,  Alt...,Ap9...  in  the  given 

sequence  (16)  whenever  the  numbers  el9  £2,  .  .  .  ,ep,  ...  are  different  from  0  and  satisfy  the 
conditions 


Proof.  Let  q  denote  any  one  of  the  numbers  0, 1,  2, ...  .  As  one  easily  sees,  all 

a 
the  Dirichlet  series  fp(s)  =^-^7  corresponding  to  values  of  p  >  q+l  (i.e.,  for 

p  =  g+2,  £+3, . . . )  have  their  abscissae  of  #th  order  summability  less  than  Aq—Cq, 
where  Cq  denotes  a  positive  constant  depending  only  on  q  (we  use  the  fact  that 
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q  <  rp~- 1  for  such  p).  Hence  the  series  in  question  are  all  summable  of  the  q™  order 

n=oo  a 

at  the  point  Aq—Cq9  i.e.,  the  series  J^  -^pgr  (p  =  2+2,  g+3,. . . )  are  all  summable 
of  the  jtn  order.  nasl  * 

In  view  of  Theorem  III,  §  1  (page  48),  we  can  therefore  find  positive  constants 
eq,p(P  =  J+2,  tf+3,. . .)  such  that,  if  |ep  <  e?>p,  the  series 


is  summable  of  the  #th  order.  We  can  express  this  in  other  words  by  saying  that,  if 

p-°o 

'  where  b»=2ePa»»> 


l  p-g+2 


is  summable  of  the  qih  order.  It  follows  immediately  from  this  that  the  Dirichlet 

series  £  ~  must  have  its  #th  abscissa  of  summability  less  than  Aq. 
H 

In  this  way,  we  determine  sequences  of  numbers 


corresponding  to  g  =  0, 1,  2,. . . ,  w, . . .  . 

Now,  let  em  (w  =  2, 3,...)  denote  the  smallest  of  the  m— 1  numbers 
e0  m ,  e1>m , . . . ,  c^g^ ,  and  let  ex  be  an  arbitrary  positive  number.  Then  the  numbers 
Ci,  ^2>  •  •  • » €m»  •  •  •  found  in  this  way  will  satisfy  the  conditions  stated  in  the  above 
theorem. 

Indeed,  let  0  <  |ej|  <  elt  0  <  |ea|  <  e2). . .,  0  <  \ep\  <ep,,..  and  let  us  consider 
the  Dirichlet  series 


21  -=,  where  a^^^-n- 

n-1    n  p»l 

We  shall  then  prove  that  when  q  is  any  one  of  the  numbers  0, 1,  2, . . . ,  the  0th 
abscissa  of  summability  of  this  series  is  just  the  quantity  Aq.  That  this  is  the  case 
may  be  seen  as  follows. 

The  series  JP—  can  be  written  as  the  term  by  term  sum  of  the  two  Dirichlet 
n 
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C  d 

series  £  ~  and  J^—,  where 


"„  =  2  fpap,»  and  d*  =  2  ePaP,«  • 


Of  these  two  series,  £  -7  ^as  its  #th  abscissa  of  summability  less  than  Aq,  since 
\ep\  <  ep  <|  eg>p  for  p  ^  #+2.  On  the  other  hand,  the  series 


in  view  of  the  lemma  proved  above,  has  its  gth  abscissa  of  summability  equal  to  Aq, 

since  q  <  rM—l.  The  series  Y  ~  =  £  ~  +  ^  -7  consequently  has  its  ^th  abscissa 

n  n  n 

of  summability  equal  to  Aq.  q.e.d. 

The  proof  of  Theorem  V  is  thus  complete. 
For  the  sake  of  a  later  application,  we  add  the  following  remark  to  the  proof  of 

Theorem  V.  In  Case  I,  where  the  constructed  series  JT  ~  is  formed  only  from  a 

finite  number  of  series  fp(s)  =J7~^r>  one  sees  immediately  that  the  f  unction  f(s) 

fit 

represented  by  the  series  £  —B  is  equal  to  £  &p/pM-  In  Case  II,  the  analogous  con- 
n  p»i 

elusion  cannot  be  made  immediately,  since  F  ~  here  is  formed  from  an  infinite 

^  n9 

number  of  series  fp(s).  We  shall  prove,  however,  that  it  is  possible  to  choose  the  positive 
numbers  elt  ea,  .  .  .  ,  ep)  .  .  .  occurring  in  the  proof  of  Case  II  so  small  that  f(s)  is  equal 
to  the  absolutely  convergent  series 

p-oo 


for  sufficiently  large  values  of  a,  e.g.  for  a^  A0+2.  This  is  seen  in  the  following  way. 

Since  the  series  fp(s)  =  £  -^~  all  have  their  abscissae  of  convergence  less  than 
n 

or  equal  to  AQ,  as  one  sees  immediately  from  their  definition,  it  follows  that  these 
18,  like  the  seriei 
If  we  now  put 


series,  like  the  series  J^~ ,  converge  absolutely  at  the  point 
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and  choose  ep  less  than  — £  ,  where  £Cp  converges,  we  have,  if  a  ^  . 


o  -  n—  oo  i     p=oo 


p=oo      n=oo  ._  p—  oo 


p=l 


The  interchange  of  summation  is  permissible,  since  for  a  ^  AQ+2, 

p=oo        n= 


p»l 


epKp  < 


(which  is  convergent)  . 


p-1 
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§6. 

The  behaviour  of  the  sum  function  upon  convergence  to  certain  points 
on  the  boundary  of  summability  a  —  1T. 

n»ooa 

Theorem  I.  Iff(s)  =  £  -~is  summabk  of  the  rth  order  at  the  point  s0  —  a9+itQ 

n-l    n 

with  the  summability  value  A,  then  we  have 

lim/(«)  =  A  (1) 

*«=*o 

when  s  in  converging  to  SQ  is  limited  to  an  angular  region  with  vertex  at  s0  and  with 

boundary  lines  which  form  angles  lying  between  —  -  (excl.)  and  -\  —  (excl.)  with 

2  2 

the  horizontal  line  t  =  t0  going  to  the  right  from  the  point  SQ  =  cr0+^o« 

In  the  proof  of  Theorem  I,  we  may  obviously  assume  SQ  =  0  without  loss  of 
generality. 

Since  £  -~  is  summable  of  the  rth  order  with  the  value  A  for  s  =  s0  =  0,  we 


have,  when 


the  relation 


)  .       .  op  _  y  o(r-i) 

>   •  •  •  >  °n        ^   °m      » 


Km     L_l:  =  4  . 

n«oo        W 


(2) 
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Further,  as  shown  in  §  2  (page  61)>  the  series  f(s)  =^-~,  which  is  summable  of 

n 

the  r  th  order  for  a  >  0,  can  be  represented  by  the  absolutely  convergent  series 


In  §  2  (page  61)  we  proved  the  identity 

+x         ^i+1  **r-l+l  fxr^1dx 

to,        dr....  J    <M     -£. 

J  •        * 


We  subtract  the  quantity 


from  both  sides  of  the  equation,  and  obtain  the  following  equation  : 


-n+1          .*!+!  /.sr-i+l    *«rH/      J  J      v 

=  .(«+!)...  («+r)      &A     (fa,...)    ^  +1)«for+1 

Jn  ^x  •'av-i       •'xr     \*r+l         W         X 

Sn+1          .*!+!  ***-!+!    **r+l  fPr+ldx    a 

^i      &r..\     *tr\      &fHV      -5^.       (3) 
n  •'a*  •'xr-i      •'ojr  •'n     *r+2 

From  this,  it  follows  immediately  that  ^n(0)  =  0,  and  that,  for  example  for  or  >  —  1, 

I        .n+l  -ar+l  ^n-ff-hl 

\FH(9)\£\t\...\s+r+l\-—\    dxr..\     dxM\   <fcf+l 

^  «L  J-.  «^n 


*f 

(4) 


From  the  last  inequality,  together  with  (2),  it  follows  immediately  that  the  series 

n»oo 

£  £f£Fn(s)  is  uniformly  absolutely  convergent  for  a  >  —  l+e  and  |*|  <  const.  In 

n-l 

particular,  it  is  uniformly  convergent  within  a  circle  of  radius  \  around  the  origin. 
In  addition,  since  Fn(s)  (for  every  n  =  1,  2,. . .)  is  an  integral  function,  as  its 
definition  (3)  shows,  the  series Jj?  SyFn(s)  represents  a  regular  analytic  function  g(s) 
within  the  circle  |*|  =  }.  From  this  we  infer  that 
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Now  we  have,  in  view  of  (3),  for  a  >  0 

n«oo  i  i  »  n»oo    o(r)  n=oo 

/(.)  -  J?  SSW-;)  =  •  •  •  •(•+r) 2"  -l£l  +21  «?*.(«)  •  (5) 

n-l  \n  I  n«l   w  n»l 

Since,  as  shown  above, 

n—oo 

lim  2*  S?  *(«)  =  0 , 

i-O  n-l 

in  order  to  prove  (1)  we  need  only  show  that  the  sum  of  the  series 


•(«+!)...  (H 
or,  equivalently,  since  lim =  1,  that  the  sum  of  the  series 


o(r) 


n-l   n 

has  the  limit  A  when  *  converges  to  0  within  the  angular  region  described  in  the 
theorem.  This,  however,  follows  at  once  from  Theorem  IX  in  Part  One  (page  17), 
when  we  take  account  of  (2).  The  proof  of  Theorem  I  is  thus  complete. 

Since  it  is  assumed  in  Theorem  I  that  F~  is  summabie  of  the  rth  order  at 

n8 

SQ  =  or0+^0,  the  point  a0  must  lie  either  on  the  boundary  of  summability  itself  or  to 
the  right  of  this  line. 

In  the  latter  case  (i.e.,  if  aQ  >  Ar),  Theorem  I,  even  without  the  limitation  to  a 
bounded  angular  region,  is  also  an  immediate  consequence  of  the  fact  that  f(s) 
represents  for  a  >  Ar  a  regular  analytic  and  a  fortiori  continuous  function  by  its 
summability  value  of  the  rth  order.  Also,  even  if  $0  lies  on  the  boundary  of  summability 
or  =  Af,  Theorem  I  is  included  in  the  results  of  §  2,  provided  that  ^  <  Af  (ie. 

provided  that,  as  is  generally  the  case,  J^~  is  summabie  of  the  (r+l)th  order 

beyond  the  boundary  of  summability  a  =  Ar).  To  see  this,  we  need  only  recall  that 
a  series  which  is  summabie  of  the  r  th  order  at  the  points  s0  is  also  summabie  of  the 
(r+l)th  order  with  the  same  summability  value.  Only  in  the  case  when  Ar+1  =  ^, 
which  implies  A  =  ^  in  view  of  Theorem  III,  §  5,  does  Theorem  I  yield  a  really 
new  result,  i.e.,  a  result  which  is  not  contained  as  a  special  case  in  the  theorems 
proved  previously.-—  Let  it  be  noted  finally  that  Theorem  I  includes  as  a  very 
special  case  Theorem  X  of  Part  One,  concerning  summability  on  the  boundary 
of  convergence. 
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§7. 

The  behaviour  for  infinitely  large  values  of  the  ordinate  t  of  the 

analytic  function  represented  by  a  Dirichlet  series 

in  its  regions  of  summability. 

Corresponding  to  Theorem  XII,  Part  One  (page  21)  and  including  this  theorem 
as  a  special  case  (r  =  0),  we  have  the  following  important  theorem  concerning 
summability  of  arbitrary  order  r. 

Theorem  I.  Letf(s)  =  J^-~  be  a  Dirichlet  series  with  abscissa  of  summability 

n 

of  the  rth  order  equal  to  kr  and  abscissa  of  absolute  convergence  equal  to  I  >  hr  ;  then, 
for  l+e  ^  or  ^  Ar+g  (e  an  arbitrarily  small  positive  number)  we  have 


Proof.  Since  f(s)  =  ^-7  is  summable  of  the  rth  order  at  the  point  s  =  Ar+-, 
n  g       2 

the  function  f(s)  (as  shown  on  page  61,  §  2)  can  be  represented  for  a  >  Ar+-  as  the 
sum  of  the  absolutely  convergent  series 

i 

(2) 


a 
here  S (£  is  built  up  in  the  usual  way  from  the  series  £un  =  £ — e ,  which  is  summable 

of  the  rth  order.  From  the  expression  (2)  for/($),  together  with  the  inequality  (19), 
§  2  (page  61),  it  now  follows  for  a  ^  Ar+e  that 

n*»(x 

I/Ml  ^2" 

n»l 

Hence  for  l+e  ^  a  ^  Af+e          ,,  .  __ 

/  W  — 

Since  f(s)  =  0(1)  for  a  =  J+e,  it  follows  at  once  from  the  theorem  of  Lindelof 
stated  in  Part  One  (page  22)  on  putting  al  =  Ar+e,  at  =  l+e,  k  =  c  =  r+1  that 
for  Z+e  ^  <r  ^  Ar+«  we  have  the  equation 

W££).         q.e.d.«  (1) 

*  It  follows  immediately  from  Theorem  I,  which  was  communicated  by  the  author  in  a  lecture  to 
Mathematische  Gesellschaft  in  Gottingen,  29  July  1909  (which  is  printed  in  essentially  unchanged  form 
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From  Theorem  I  we  can  infer  in  particular  the  following  theorem : 

Theorem  II.  Iff(s)  =^-7  w  a  Dirichkt  series  with  the  limit  abscissa  of  sum- 
mobility  A  (^—oo),  then  for  a  >  A-\-s  (if  A  •=  — oo,  for  a  >  —E),  we  have 

/W  =  0(\t\K) ,  (3) 

where  K  —  K(e)  denotes  a  constant  independent  of  a  and  t. 

Proof.  Since  A  =  lim  Ar,  there  is  certainly  an  integer  R  —  R(e)  such  that 

r=oo 

A-\-e>AR,   and  hence  A+e>AR+d  where  d  >  0.  If  we  now  put  £  =  $+1, 
equation  (3)  will  be  satisfied  by  virtue  of  Theorem  I,  and  Theorem  II  is  proved. 
In  Part  One,  it  was  shown  in  Landau's  Theorem  XIII  (page  23)  that  the  function 

f(s)  represented  by  a  Dirichlet  series^ —  has  a  mean  value  equal  to  the  first 

n 

coefficient  al  of  the  series,  for  arguments  s  lying  on  an  infinite  straight  line  a  =  er0 
to  the  right  of  the  boundary  of  convergence. 

We  shall  now  show  how  Landau's  theorem  can  be  included  as  a  special  case  in 
a  more  general  theorem.  This  theorem  shows  that  the  f unction  f(s)  also  has  a  mean 
value  equal  to  the  first  coefficient  a1  of  the  series  for  arguments  s  belonging  to  a 
straight  line  a  =  aQ  lying  in  the  region  of  rth  order  summability  for  arbitrary  r.  One 

in  the  paper:  t)ber  die  Summabilitat  Dirichletscher  Reihen,  Nachrichten  der  Kgl.  Qesellschaft  der  Wissen- 
schaften  zu  Go'ttingen,  math.  phys.  Klasse  1909,  pp.  247-262)  that  ~~  converges  uniformly  to  the  limit 

value  0  for  8  tending  to  infinity  in  the  half -plane  a  >  kr-\-e.  (It  is  to  be  recalled  that  \f(s)\  <  K  for 
a  ^>  l+e.)  As  the  author  noticed  after  his  lecture,  this  last  somewhat  more  special  theorem  has  also  been 
found  by  M.  Riesz  and  communicated  in  a  note:  Sur  les  series  de  Dirichlet,  Comptes  rendus  de  VAcademie 
des  Sciences,  Paris,  21  June  1909,  vol.  148,  p.  1658. 

(_!)«+! 

If  we  apply  Theorem  I  for  example  to  the  special  Dirichlet  series  J£ — =  £(*)(!  —  21"*) 

studied  in  §  3,  we  immediately  obtain  upper  bounds  for  the  absolute  value  of  the  function  £(*)  corresponding 
to  numerically  large  values  of  the  ordinate  t  in  the  entire  plane  (for  we  have  here  A  =  lim  Ar  =  —  oo). 

(_l)«+i 
Previously,  i.e.,  before  the  introduction  of  summability,  investigations  of  the  series  J£ —  could 

only  give  such  upper  bounds  for  the  ^-function  in  the  half-plane  to  the  right  of  the  line  of  convergence 
a  =  AQ  =  0.  Nevertheless,  we  shall  not  pause  to  give  the  bounds,  which  incidentally  are  fairly  exact, 
obtainable  for  the  special  function  £(*)  by  application  of  this  general  method  (which  is  applicable  to  all 
Dirichlet  series  to  the  right  of  a  =  A).  This  is  because  Riemann's  functional  equation  for  the  ^-function 
presents  a  means  of  giving  even  more  exact — indeed,  outside  the  strip  1  >  a  >  0  the  exact— upper 
bounds  for  the  order  of  magnitude  of  the  ^-function  with  respect  to  the  ordinate  t. 
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must,  as  might  be  expected  from  Theorem  I,  merely  employ  stronger  and  stronger 
smoothing  processes  for  larger  and  larger  values  of  the  order  of  summability  r. 


a> 
Theorem  III.  Let£.—8bea  Dirichlet  series  with  abscissa  of  summability  of  the 

n-l    * 

1  order  equal  to  Af .  Then,  for  every  a0  >  ^  the  following  equation  holds : 
(r+l)!rT    j*  f*     ^ 


Proof.  Upon  applying  Theorem  III,  §  3  (page  73)  concerning  the  permissibility 
of  term  by  term  integration  of  a  Dirichlet  series  in  its  region  of  summability  of  the 
r th  order  for  an  arbitrary  r,  we  obtain 

n~oo  fj  Jj  n-oo 

2--j£a-  U*  +    2jb* 

IM-I   n  Jo  ^on«2   w 


"""logn 
Here  the  Dirichlet  series^;  — ~  (in  view  of  Theorem  II,  §  3)  is  summable  of 

n«2        n 

the  rth  order  for  a  >  L,  and  K,  I  equal  to  the  summability  value  of  —  i  F —  ] 

\  logw.nc°/ 

denotes  a  constant,  i.e.,  a  quantity  independent  of  tv. 
We  then  integrate  with  respect  to  ^  and  obtain 


"o 
We  continue  this  process  r~  1  times  and  obtain  finally 


mr+ 


l  n-oo 


Since,  however,  the  series  g(s)  ~  £~  -  ;  --  is  summable  of  the  rth  order 
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for  0  >  Ar  (in  view  of  Theorem  II,  §  3),  and  since  ff0  >  Ar,  it  follows  at  once  from 
Theorem  I  (page  100)  that 


I 


This  equation,  in  conjunction  with  (4),  gives  us  immediately 

(r+l)\[T        /.'r  A        f*l 

lim  ^f-     *f  \  dtr_,  ...(dtA  f(aQ+it)dt  =  fll  .  q.e.d. 

T=oo       -t  ^o          •'o  «^0          •'o 

If  we  apply  Theorem  III  in  particular  to  the  series 


or  to  any  of  the  series  L(s)  —  £  —  —  ,  we  see  that  the  function  C(«)(l—  21'8),  as  well 

n 

as  all  of  the  functions  L(s),  have  mean  value  +  1  in  the  above  sense  along  an  arbitrary 
ordinate  o  =  <JQ  (—  oo  <  00  <  +00)- 


Determination  of  the  limit  abscissa  of  summability  A  from  the  mere 

knowledge  of  the  analytic  properties  of  the  function 

represented  by  the  series. 

Theorem  I.  Let  V-2  be  a  Dirichlet  series  with  abscissa  of  summability  of  the  rth 
n 

order  Ar  =  <x,  about  which  we  assume  that  the  analytic  function  f(s)  represented  by  the 
series  is  regular  and  satisfies  the  condition 


for  a  >  oc—l+q  (0  <  77  <  l).  Then 

YI-4-C 

«,  (1) 


where  c  denotes  the  larger  of  the  numbers  k  and  I—r). 

Theorem  I,  which  provides  an  analogue  of  the  Landau-Schnee  Theorem  XIV 
mentioned  in  Part  One  (page  27),  shows  how  J^-~  is  summable  of  the  (r+l)th  order 
beyond  the  r  th  boundary  of  summability  a  =  Af,  under  the  given  assumptions. 
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However,  the  theorem  does  not  merely  state  that  ^  <  Ar  but  even  gives  a  lower 
bound  for  the  difference  Af  —  Ar+1,  namely  the  quantity 


. 

1+C        1+C 

By  using  a  special  device,  the  author  succeeded  in  proving  this  rather  deep 
theorem  directly  from  the  Landau-Schnee  convergence  theorem.  Therefore  we  need 
not  go  through  such  penetrating  and  difficult  arguments  as  those  used  by  the 
above-mentioned  mathematicians  in  the  proof  of  Theorem  XIV  (page  27).  This 

device  consists  essentially  in  considering,  instead  of  the  given  series^7  ~  ,  a  different 

h  ^ 

Dirichlet  series  J^~j,  which  stands  in  a  close  relation  to  the  original  series.  This 

n 

series  can  be  shown  to  converge  just  so  far  as  the  original  series  is  summable  of  the 
(r+l)th  order.  The  Landau-Schnee  theorem  is  then  immediately  applied  to  the 

series  £  ~  .  Before  we  turn  to  the  proof  of  Theorem  I  we  give  the  following  lemma  : 


a 

If  the  Dirichlet  series  F  -7  has  its  r th  abscissa  of  summability  Ar  ^  1 ,  and  if  we  put 
n 


then  the  abscissa  of  convergence  /*<,  of  the  series  £  — ~  is  equal  to  the  (r-\-  l)th  abscissa 

n=l      n 

of  summability  Af+1  of  the  given  series £~ ;  equivalently,  we  have  VQ  —  Af+1+r+l, 

n 

fiCr) 

where  v0  =  /u0+r+l  denotes  the  abscissa  of  convergence  of  the  series  £  -^ . 

n 

Proof.  Since  Ar  ^  1  implies  Ar+1  ^  0,  the  abscissa  Af+1  can  be  determined,  as 
shown  in  Theorem  la,  §  4,  by  the  formula 


Ar+1  =  lim  sup 


log 

"  log  ion    'I 

=  Urn  sup    V         ~(r+l)  •  (3) 


log  w  n=oo        log  n 

Since  Ar+1  S  0  and  r+1  >  0  in  equation  (3),  we  necessarily  have 


log  \ 

lim  sup    V          >  0  . 
n-oo       log  n 
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It  follows  from  this,  upon  applying  Theorem  I  c,  §  4,  that  the  abscissa  of  convergence 

(abscissa  of  summability  of  the  0th  order)  v0  of  the  series  £  —  can  be  determined 
by  the  equation  n:=1 

m«n 

log  y  ^ 

iTi  m  log  i#:+1)i 

VQ  =  hm  sup — = =  hm  sup  — - — - — .  (4) 


log  U 

Equations  (3)  and  (4)  show  precisely  that 

q.e.d. 


We  now  turn  to  the  proof  of  Theorem  I,  in  which  we  can  obviously  assume  «  =  1 
(hence  a—  1+^=^). 

If  we  determine  S%  by  the  formulae  (2)  and  note  that  lr  —  1,  we  have 


lim  sup  - 

n=oo       log  n 

from  which  we  infer  at  once 


lim  -^  =  0    (for  aU  d  >  0) .  (5) 

n=oo  ft 

an> 

Furthermore,  in  view  of  the  theorem  in  note*,  page  78,  the  function/ (s)  —£  — 

n 

can  be  represented  f or  or  >  Ar  =  1  by  the  sum  of  the  absolutely  convergent  series 

(6) 


If  we  now  put 

Fn(s)  =^«_^+l)...(8+r)--  (7) 


we  have,  as  shown  on  page  98  (formula  (4)),  for  a  >  —1, 

\Fn(s)\  £  (r+1)  •  |<|  •  \8+l\.  •  •  \s+r+l\  •  ^.  (8) 

We  now  consider  the  following  identity,  known  at  present  only  f  or  o  >  1  : 

/  1  \ 

l   -  )  = 

\rz'  / 


Here  the  first  series  f(s)  =  J^SJ"^14"1  (  —  j  converges  absolutely  for  a  >  1  and  is 
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equal  to  0(|J|m)  for  a  ^  l+e  as  shown  by  Theorem  I,  §  7  (page  100).  Furthermore, 
the  Dirichlet  series  g(s)  =  £  j+"+i>  m  ™w  °f  (5)»  converges  absolutely  for  a  >  1, 

and  hence  is  equal  to  0(1)  for  a  ^  l+e.  Finally,  the  last  series JF7 S^Fn(s)  converges 
absolutely  f  or  a  >  0  in  view  of  (5)  and  (8).  It  also  follows  from  (8)  that  this  series 
converges  uniformly  in  every  finite  region  for  which  a  >  e;  since  Fn(s)  is  an  integral 
function  for  all  w,  it  follows  that  the  series  2J^n^n(8)  represents  a  regular  analytic 
function  f  or  a  >  0  (hence  a  fortiori  for  a  >  rj).  In  the  following  we  shall  denote  this 
function  by  h(s).  We  also  have  f  or  e  ^  a  ^  l+e,  as  appears  from  (8), 


On  the  other  hand,  as  one  can  read  off  directly  from  (9),  we  have  for  a  =  l+e 
h(s)  =  f(s)-s(s+l).  ..(*+r)g(s)  = 


By  applying  Lindelof's  theorem  (page  22)  to  the  function  A(s)/sm,  we  therefore 
find  that 


-<,^    (e  arbitrarily  small) 
for  £  ^  a  ^  l+e,  and  a  fortiori  that  the  equation 

h  (s)  =  0(|*|m-"+e)  (10) 

holds  f  or  rj  ?g  a  ^  l+e. 

tfr) 

Solving  equation  (9)  with  respect  to  g(s)  —  £   8"r+l  we  obtain 


We  now  infer  that  g(s)  is  a  regular  analytic  function  f  or  a  >  q  and  that  ,  for  »j  <a  ^  1  +  B, 


The  last  equation,  together  with  the  equation  g(s)  =  0(1),  valid  for  a  ^  l+e, 
shows  at  once  that  g(s)  for  a  >  TJ  is  equal  to 

0(\t\c+e)    (e  arbitrarily  small). 
We  have  thus  shown  that  the  Dirichlet  series 
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satisfies  the  following  two  conditions: 

S(r) 

1.  Km  -^  =  0  for  all  d  >  0,  and 

n=oo  ft 

2.  The  analytic  function  g(s)  represented  by  the  series  is  regular  and  equal  to 
0(\t\c+e)  for  o>r). 

We  can  therefore  apply  the  Landau-Schnee  Theorem  XIV  (page  27)  to  the 


series  g  (a)  =  £  —j-  and  in  this  way  infer  that  the  series  converges  for  a  > 
n=i     ft 

thus,  if  HQ  denotes  the  abscissa  of  convergence  of  the  series,  we  have  w0  g  -  . 

l+C+£ 

Consequently,  if  we  let  the  arbitrarily  small  e  converge  to  0,  we  have 


However,  in  view  of  the  lemma  proved  above,  we  have  /j0  =  Am  ;  we  thus 
obtain 


From  Theorem  I,  we  can  immediately  obtain  the  following  two  Theorems  II 
and  III.  For  the  first  of  these  theorems,  we  have  already  given  a  proof  in  a  previous 


*  Theorem  I  has  been  communicated  by  the  author  in  his  paper :  ttber  die  Summabilitat  Dirich- 
letscher  Reihen,  I.e.  It  should  be  noted  here  that  M.  Riesz,  Sur  les  series  de  Dirichlet,  I.e.,  has  stated 
without  proof  the  following  theorem  which  goes  in  a  somewhat  different  direction:  '///(«)  is  regular  for 
a  >  (70  and  equal  to  o(|t|r+1),  then  Ar+1  ^  cr0.'  Theorem  I  and  the  theorem  communicated  by  Riesz  are 
independent  of  each  other,  i.e.,  neither  can  be  deduced  from  the  other.  While  with  either  of  these  two 
theorems  one  can  prove  Theorem  III  of  the  text,  one  cannot  obtain  Theorem  II  of  the  text  from  Riesz's 
theorem. — Theorem  I  can  be  stated  in  a  more  general  form;  thus  the  author  has  f or  r  =  1  and  r  =  2 
proved  the  following  theorem,  which  forms  a  complete  analogue  of  the  Landau-Schnee  theorem  (i.e., 
coincides  with  this  theorem  for  r  =  0):  '//  Ar  ^  1  and  if /(a)  is  regular  and  equal  to  0(|<|r+1+*)  for  a  >  r) 

f  77  ^  0 )  ,  then  Ar+1  ^ .'  This  theorem  contains  Theorem  I  and  Riesz's  theorem  in  the  cases 

which  have  been  proved. — The  different  theorems  cited  above  seem  to  suggest  the  existence  of  a  positive 
number  Kr  such  that  every  Dirichlet  series  is  summable  of  the  rth  order  just  so  far  as  the  represented  function 
is  regular  and  equal  to  o(\t\Kf).  The  author  has  succeeded,  however,  in  showing  that  this  is  false  for  every  r, 
by  making  use  of  considerations  which  are  very  similar  to  those  used  in  Part  One  in  the  treatment  of 
the  convergence  problem  for  Dirichlet  series  and  which  we  shall  therefore  not  discuss  in  detail  here.  More 
specifically,  it  has  been  shown  that  the  individual  abscissae  of  summability  (like  Jlie  abscissa  of  convergence 
in  particular)  cannot  be  determined  from  the  mere  knowledge  of  the  regularity  or  singularity  of  the  function 
and  the  order  of  magnitude  of  the  function  with  respect  to  the  ordinate  t. 
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section  (§  5).  While  the  proof  referred  to  was  obtained  by  a  direct  investigation  of 
the  formal  expressions  which  represent  the  abscissae  of  summability  of  a  Dirichlet 
series  as  functions  of  the  coefficients,  the  proof  which  will  be  given  below  rests  upon 
the  connection  which  was  shown  in  Theorem  I  to  exist  between  the  summability 
behaviour  of  a  Dirichlet  series  and  analytic  properties  of  the  function  represented 
by  it.  This  proof  will  cast  new  light  on  the  theorem  under  consideration. 

Theorem  II.  //  Ar  =  Arfl,  then  also  Af+m  =  Ar  for  oil  m  =  1,  2,. . .,  i.e.,  the 
limit  abscissa  of  summability  A  is  equal  to  Ar. 

Proof.  From  the  assumption  Af  =  A^  it  follows  first  that  there  cannot  exist 
any  positive  quantity  e,  however  small,  and  a  corresponding  constant  kt  such  that 
the  function  f(s)  represented  by  the  series  is  regular  and  equal  to  0(\t\k)  for  o  >  Ar— E. 
Indeed,  if  such  a  pair  of  numbers  £,  k  existed,  one  could  infer  by  Theorem  I  that 
Ar41  <  Ar,  and  this  inequality  contradicts  the  assumption  Af  =  Ar+1. 

From  this  remark  it  follows  at  once  that  A  =  Ar.  Indeed,  A  in  the  first  place  can 
not  be  larger  than  Ar,  and  if  A  <  Ar,  the  function  f(s)  would  have  to  be  regular  and 
equal  to  0(|J|conBt)  for  a  >  Ar— e  (where  e  is  chosen  less  than  Ar— A),  in  view  of 
Theorem  II,  §  7.  This,  however,  would  contradict  the  result  obtained  above  from  the 
assumption  Ar  =  Ar+1. 

Furthermore,  the  following  theorem  can  be  immediately  inferred  from  Theo- 
rem I. 

Theorem  III.  Let  the  function}  (a)  be  represented  in  some  half -plane  by  a  conver- 
gent Dirichlet  series  £~  and  let  f(s)  be  regular  and  equal  to  0(\t\K)  (K  =  const.) 
n 

for  a  >  a.  Then,  if  A  denotes  the  limit  abscissa  of  summability  of  £-~ ,  we  have 

n 


Proof.  Let  us  assume  that  A  =  ft  >  a,  and  let  y  be  an  arbitrary  positive  number 
less  than  1  and  less  than  /?— a.  Since  Af  ^  A  =  ft,  we  can  choose  for  all  r  the  number 
1— j?  occurring  in  Theorem  I  equal  to  the  number  y  and  the  number  r+l+k  occur- 
ring in  Theorem  I  equal  to  the  given  number  K.  The  number  c  occurring  in  Theorem 
I  will  then  for  all  r  >  K—  1  be  equal  to  1  —  77  =  y .  The  lower  bound  given  in  Theorem 
I  for  the  difference  Ar— Af+1  will  therefore  be  a  positive  constant  independent  of  r 
for  all  r  >  K—  1,  which  shows  at  once  that  A  =  lim  Ar  is  equal  to  — oo,  and  conse- 
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quently  that  A  4=  0.  Our  assumption  that  A  =  ft  >  &  has  thus  led  us  to  a  contradic- 
tion, and  Theorem  III  is  proved. 

From  Theorem  III  in  conjunction  with  Theorem  V,  §  2  (page  65)  and  Theorem 
II,  §  7  (page  101)  one  immediately  obtains  the  following  theorem,  fundamental  for 
the  theory  of  summability  for  Dirichlet  series. 

A  Dirichlet  series  J^7-—  is  summable  just  so  far  as  the  function  f(s)  represented 

by  the  series  is  regular  and  of  finite  order  of  magnitude  with  respect  to  the  ordinate  L 

Or,  formulated  more  precisely:  Let/(«)  be  a  function  which  is  represented  by  a 

convergent  Dirichlet  series  Jj^  ~  in  a  certain  half  -plane  ;  then  the  limit  abscissa  of 

n 

summability  a  =  A  of  this  series  can  always  be  determined  from  the  mere  knowl- 
edge of  simple  analytic  properties  of  the  function  /(a),  namely  through  one  of  the. 
three  theorems  given  below,  which  correspond  to  the  three  possible  distinct  cases. 
The  first  theorem  treats  the  case  in  which  summability  of  the  series  is  halted 
by  the  fact  that,  on  going  to  the  left,  one  encounters  a  singularity.  This  theorem  is 
stated  as  follows. 

Theorem  IVa.  Iff(s)  is  regular  for  a  >  y  but  not  regular  every  where  {or  a>  y—e 
(e  an  arbitrarily  small  positive  number),  and  if  for  a  >  y+e 

/w  =  oat\k)  , 

where  k  =  k(e)  is  a  positive  constant  independent  of  a  and  t  (which  may  tend  to  infinity 
when  e  approaches  0),  then 


The  second  theorem  treats  the  case  in  which  summability  of  the  series  is  halted 
by  the  fact  that,  on  going  to  the  left,  without  encountering  a  singularity  one  reaches 
a  region  where  the  function  f(s)  is  not  of  finite  order  of  magnitude  with  respect  to 
the  ordinate  t.  This  theorem  is  stated  as  follows. 

Theorem  IVb.  Letf(s)  be  regular  for  a  >  /?,  but  let  there  exist  a  number  ot  >  f} 
such  that  for  a  >  a,  f(s)  is  not  equal  to  0(\t\k)  for  any  value  of  the  constant  fc,  however 
large]  in  this  case  there  must  exist  a  finite  number  y>  ft  (determined  by  a  so-called 
Dedekind  cut)  such  that  for  a  >  y+e 

f(s)  =  0(\t\*)  = 
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while  for  a  >  y — e  such  an  equation  holds  for  no  k.  Then 

A  =  y. 

The  third  and  last  theorem,  which  incidentally  can  be  considered  as  a  limiting 
case  both  of  Theorem  IVa  and  of  Theorem  IVb,  treats  the  case  in  which,  on  going  to 
the  left,  one  neither  encounters  a  singularity  nor  reaches  a  region  where  f(s)  is  no 
longer  of  finite  order  of  magnitude  with  respect  to  the  ordinate  t.  This  theorem  is 
stated  as  follows. 

Theorem  IVc.  Iff(s)  is  an  integral  function  and  if,  corresponding  to  every  real 
number  «,  there  exists  a  constant  k  =  k(a)  such  that 

f(s)  =  0(\t\k)  =  0(|«|««>) 

for  a  >  a,  then  4 

A  =  —oo , 

i.e.,  J^~7  is  summable  in  the  whole  plane, 
n 

While  it  has  been  proved  above  that  there  cannot  exist  a  Dirichlet  series  not 
falling  under  any  of  the  three  cases  considered  in  Theorem  IV,  it  has  not  yet  been 
determined  whether  or  not  there  really  exist  Dirichlet  series  corresponding  to  all 
three  cases. 

Before  the  investigation  of  the  summability  problem  for  Dirichlet  series  can 
be  considered  as  complete,  we  must  therefore  first  subject  this  existence  question 
to  a  closer  examination.  This  examination  will  result  in  the  proof  of  three  theorems 
given  below,  which  correspond  to  the  three  cases  considered  in  Theorem  IV,  and 
which  show  the  existence  of  all  the  types  of  Dirichlet  series  that  can  possibly  exist 
in  view  of  the  foregoing  (i.e.,  the  results  of  the  present  section  and  §  5). 

Theorem  Va.  Let 

Jo,  V.. ,*,,...  (12) 

be  an  arbitrary  sequence  of  real  numbers  which  satisfy  the  conditions 

o^v-^i^Vi-^i  (13) 

(for  all  r=  1,2,...)  and 

/l  =  limAr4=-oo.  (14) 

r«*oo 

Then  there  exist  a  Dirichlet  series  f(s)  =^-7  and  a  Dirichlet  series  g(s)  =£~s 

n  n 

such  that  both  of  these  series  have  'precisely  the  elements  of  the  given  sequence  (12)  as 
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their  abscissae  of  summability,  and  such  thatf(s)  possesses  a  singularity  on  the  boundary 
of  summability  a  =  A,  while  g(s)  is  regular  everywhere  on  this  line  but  possesses  singu- 
larities arbitrarily  close  to  the  left  of  this  line. 

Theorem  Vb.  Let  (12)  be  an  arbitrary  sequence  of  numbers  which  satisfy  the 
conditions  (13)  and  (14).  Then  there  exists  a  Dirichlet  series  J£  •—  which  has  precisely 

the  elements  of  the  sequence  (12)  as  its  abscissae  of  summability,  and  for  which  the 
represented  function  f(s)  is  regular  a  finite  distance  beyond  the  boundary  of  summability 
a  =  A  (i.e.,  where  f(s)  possesses  singularities  neither  on  the  line  a  =  A  nor  arbitrarily 
close  to  the  left  of  this  line). 

a 

Theorem  Vc.  There  exist  a  Dirichlet  series  ]£  —  whose  abscissae  of  summability 

n 

are  all  equal  to  — oo  (i.e.,  which  converges  in  the  whole  plane)  and,  when  (12) 
is  an  arbitrary  sequence  subject  only  to  the  condition  (13)  and  the  condition 

bn 

lim  Ar  =  A  =  —oo,  a  Dirichlet  series £~»  which  has  as  its  abscissae  of  summability 

n 

precisely  the  elements  of  the  sequence  (12). 

Theorem  Vc  has  already  been  proved  in  the  foregoing,  since  the  first  half  follows 

at  once  from  the  example  y considered  in  Part  One,  and  the  second  half  follows 

n\n* 

from  Theorem  V,  §  5.* 

We  now  turn  to  the  proof  of  Theorem  Vb,  in  which  one  is  naturally  led  to 
consider  two  different  cases. 

*  As  the  simplest  example  of  a  special  Dirichlet  series  for  which  A,  is  finite  for  all  r  but  for  which 
A.  —  —  oo  (i.e.,  which  is  not  convergent  but  is  nevertheless  summable  in  the  whole  plane),  may -be 

reckoned  the  series  J£ ,  which  has  already  often  been  discussed.  We  have  considered  in  §  3 

n* 

the  summability  behaviour  of  this  series  and  we  have  mentioned  how  from  the  results  obtained  one  can 
immediately  infer  that  the  function  £(«)(!  —  2l~4)  is  an  integral  function  and  also  how  with  the  aid  of 
Theorem  I,  §  7  one  can  immediately  obtain  upper  bounds  for  the  numerical  values  of  this  function 
corresponding  to  arbitrarily  large  values  of  the  ordinate  t. — By  using  the  results  of  the  present  section 
we  are  now  in  a  position  to  go  in  the  opposite  direction;  i.e.,  if  we  assume  as  known  (for  instance  from 
Riemann's  functional  equation)  that  the  function  f  («)(!  —  21"*)  is  an  integral  function  and  that  the 
function  is  equal  to  0(\t\K)  =  0(|«|^)  for  a  >  a,  where  a  is  an  arbitrary  real  number,  then  with  the 

aid  of  Theorem  IVc,  we  can  conclude  at  once  that  the  series  J£ — ,  which  we  know  beforehand  is 

convergent  and  represents  the  function  £(«)(!— 21""*)  in  a  certain  half -plane  (namely  for  o  >  ^  =  0), 
must  necessarily  be  summable  in  the  whole  plane. 


S  1.   Translation  of  A  3. 


1 12  Contributions  to  the  Theory  of  Dirichlet  Series,  [128-129] 

Case  1.  Here  we  consider  sequences  of  numbers  (12)  such  that  Ar— Af+1  is  differ- 
ent from  0  for  all  r,  or,  equivalently,  A,,  =(=  /I  for  all  r. 

As  shown  in  §  5  (where  we  considered  the  problem  of  the  distribution  of  the 
abscissae  of  summability,  but  without  paying  attention  to  the  regularity  or 
singularity  of  the  analytic  functions  represented  by  the  series),  there  exists  an 

infinite  sequence  of  Dirichlet  series  fp(s)  =  £~^T  (P  =  1}  ^»  ^,. . .)  (all  summable 

n 

in  the  whole  plane,  which  implies  that  the  functions  fp(s)  are  all  integral  functions) 
and  an  infinite  sequence  of  positive  numbers  ep(p  =  1,  2,. . .)  such  that  if  the 
non- vanishing  numbers  ep  satisfy  the  conditions  \ep\  <ep>  then  the  Dirichlet  series 

£-.,  where  *£° 

^* 


has  as  its  abscissae  of  summability  precisely  the  quantities  A0,  A1} . . . ,  Af , . . . ,  and 

a 
the  f  unction  f(s)  represented  by  the  series  J^1-—  is  for  a  ^  A0+2  equal  to  the  sum 

of  the  absolutely  convergent  series  £  £p/pW- 

Now  let  Jf.  be  determined  so  that  \L(s)\  <  K0  for  |*|  ^  p.  Let  the  non- 

r  "  r  r 

vanishing  numbers  sp  be  so  chosen  that  they  satisfy  not  only  the  conditions  \sp\  <ep 

/~i  p*=oo 

but  also  the  conditions  \ep\  <— ,  where  £  Cp  is  convergent.  I  now  assert  that 

an 

the  analytic  function  f(s)  represented  by  the  series  £  —  is  regular  beyond  the 

n 

boundary  of  summability  and  is,  in  fact,  an  integral  function. 

C 
That  this  is  so  may  be  seen  in  the  following  way.  Since  \ep\  <  ~ ,  where  J^  Cp 

is  convergent,  one  sees  immediately  that  the  series  £epfp  W  converges  uniformly 
in  every  finite  region  (i.e.,  for  |*|  <  const.)  and  consequently  represents  an  integral 
function  F($).  Since  /(a)  is  equal  to  F(s)  for  a  ^  A0+2,  it  follows  that/(*)  must  be 
identical  with  F(s)  and  therefore  must  also  be  an  integral  function.  q.e.d. 

Case  2.  We  consider  here  sequences  (12)  for  which  there  exists  a  number  R 
such  that  Ar  =  A  f  or  r  ^  R. 

For  a  sequence  A0,  A1? . . . ,  A,, . . .  of  this  type,  we  have  proved  in  §  6  that  there 

exist  a  finite  number  of  series  Us)  =  F  ~  (p  =  1,  2,. . .,  P)  such  that  the 

n»l      n 
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series  J7  —  ,  where  p"p.  f 

^W*  0n=J?  VVn    (*p*0), 

p-1 

as  its  abscissae  of  summability  has  precisely  the  quantities  A0,  A15  .  .  .  ,  Ar,  .  .  .  ,  and 

a  P=P 

where  the  function/  (s)  represented  byj^~  is  equal  to  the  function  JT  k  f  (s)  , 

n  •          p-i 

Whereas,  in  Case  1,  all  of  the  series  /Ja)  =  £  -^  were  summable  in  the  whole 

v         **   n8 

plane  and  hence  represented  functions  which  were  regular  a  finite  distance  beyond 
the  boundary  of  summability  a  =  A,  in  the  present  case,  exactly  one  of  these  series 

f  for  example  fp(s)  —£  —  j-  \  is  not  summable  in  the  whole  plane,  since  it  is  deter- 

mined so  that  it  has  all  of  its  abscissae  of  summability  equal  to  A.  As  an  example  of 
such  a  series,  we  have  hitherto  only  known  (and  hence  have  used  exclusively)  series 
which  are  not  regular  a  finite  distance  beyond  the  boundary  of  summability  a  =  A. 
Therefore,  in  order  to  prove  Theorem  Vb  when  the  given  sequence  (12)  falls  under 
Case  2,  it  is  necessary  and  sufficient  to  prove  the  existence  of  a  Dirichlet  series 

/(«)  =  2J  ~7  wnose  abscissae  of  summability  are  all  equal  to  A,  but  whose  represented 
ft 

function  f(s)  nevertheless  is  regular  a  finite  distance  beyond  the  boundary  line  of 
summability  a  —  A.*  The  existence  of  such  a  series  can  be  shown  by  application  of 

the  following  device.  Let  g(s)  =  £  —8  be  a  Dirichlet  series  with  the  abscissa  of 

absolute  convergence  I  =  A,  about  which  we  assume  that  g(s)  is  regular  for 
a  >  A—C  (C  >  0),  and  that  g(s)  is  not  equal  to  0(log  \t\)  for  o  >  A—e  (e  arbitrarily 

small).  (The  author  has  shown  that  such  a  series  g(s)  =  J^-^  exists,  for  instance  in 
Theorem  XVII,  page  32). 

Among  the  four  functions  +g(s),  —0(«),  +*0(«),  and  —ig(s),  there  must  exist 


at  least  one,  which  we  shall  denote  by  h(s)  =  J^~  ,  such  that  the  function  f(s)  =  e^ 

n 

for  a  >  A—e  (e  arbitrarily  small)  is  not  equal  to  0(|<|^)  for  any  value  of  K. 

The  function  f(s)  will  then  be  of  the  desired  kind.  First,  the  function  f(s)  is 
represented  for  a  >  A  by  a  convergent  (indeed,  an  absolutely  convergent)  Dirichlet 

*  As  one  can  easily  see,  none  of  the  special  Dirichlet  series  met  in  the  literature  are  of  this  kind; 
indeed,  it  can  be  remarked  that  none  of  these  special  series,  so  far  as  one  can  determine  their  summa- 
bility behaviour,  belong  to  the  case  considered  under  b). 
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series  Jj^~ ,  namely  the  Dirichlet  series  obtained  by  formal  computations  from  the 
n 

expression  n=s00 


(this  follows  immediately  from  the  fact  that  F  —  converges  absolutely  for  a  >  A, 

n 

xn  a 

while  J^—-  converges  absolutely  for  all  x).  Secondly,  J^-~  cannot  be  summable 

beyond  the  line  a  =  A,  since  this  would  imply  that/(s)  =  0(111™™*')  for  a  >  A—E. 
Thirdly,  f(s)  is  regular  for  a  >  A—C,  since  f(s)  is  equal  to  eh(8\  and  h(s)  is  regular 
for  a  >  A—C. 

The  proof  of  Theorem  Vb  is  thus  complete, 

We  now  turn  to  the  proof  of  Theorem  Va,  which  we  can  easily  carry  through 
by  using  Theorem  Vb. 

Let  h  (s)  —]£—s  ke  a  Dirichlet  series  with  abscissae  of  summability  equal  to 
n 

the  given  numbers  A0,  Alf . . . ,  Ar, . . .  and  for  which  h(s)  is  regular  for  a  >  A— C  (C  >  0). 
Such  a  series  certainly  exists  in  view  of  Theorem  Vb. 

d  e 

Further,  let  j(s)  =  £-2  and  k(s)  =  JT-i  be  two  Dirichlet  series  which  both 

fl  H 

converge  for  a  >  A  and  such  that  j(s)  possesses  a  singularity  on  the  line  a  —  At  while 
k(s)  is  regular  on  this  line  but  possesses  singularities  arbitrarily  near  to  the  left  of  it. 

The  series  /(*)  =  £  ^  =  £  -"^  and  g(9)  =  £-,  =  £  —~  then  satisfy 
n  n  n  n 

the  conditions  described  in  Theorem  Va,  as  one  sees  immediately,  and  this  theorem 
is  consequently  proved.* 

*  As  a  case  of  a  special  Dirichlet  series  of  the  type  considered  in  Theorems  IVa  and  Va  which 
seems  especially  interesting  to  the  author,  one  can  mention  the  series  JS*  -j,  where  /4n  denotes  the  so- 
called  Mdbius  factor  (i.e.,  where  pn  is  0  when  n  is  divisible  by  the  square  of  a  prime,  while  /in  ~  -f  1 
or  —1  for  all  square-free  w,  according  as  the  number  of  prime  factors  in  n  is  even  or  odd).  As  one  sees 
immediately,  this  series  converges  at  least  for  a  >  1  and  represents  here,  as  is  known,  the  function 
!/£(#)•  Since  the  function  £(«)  is  a  meroraorphic  function  in  the  whole  plane  which  is  different  from  0 
f  or  a  ^  1  and  is  known  to  possess  complex  zeros  whose  real  parts  lie  between  ~f  1  (excluded)  and  i 
(included),  the  function  !/£(*)  is  likewise  a  meromorphic  function  in  the  whole  plane,  regular  for  a  ^  1, 
but  possessing  poles  whose  real  parts  lie  between  +1  (excluded)  and  i  (included).  Let  0  (J  ^  0  ^  1) 
denote  the  least  upper  bound  of  the  real  parts  of  the  zeros  of  the  f -f  unction,  or,  equivalently,  of  the  poles 
of  the  (l/£)-function.  Since  it  is  known  that  !/£(«)  =  0(\t\k)  for  a  ^  0  + e  (e  arbitrarily  small),  where 
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We  shall  conclude  this  part  and  therewith  the  present  dissertation  by  showing 
briefly  how  introduction  of  Cesaro  summability  also  brings  essential  advantages  in 
the  theory  of  multiplication  of  Dirichlet  series. 

Let  f(s)  =  £  ~  and  g  (s)  =  J^~~  be  two  Dirichlet  series  which  both  converge  for 
a  >  or0.  The  product  series  h  (s)  =  f(s)  •  g(s)  =  J^-^need  not  converge  for  a>  a0, 
as  noted  in  Part  One  (it  was  shown  that  in  general  one  can  conclude  only  that^T— 

n 

converges  for  a  >  tf0+i)-  However,  as  communicated  independently  by  M.  Riesz* 

x» 

and  the  authorf,  J^~  is  always  summable  of  the  first  order  for  a  >  <x0. 

n 

Here  we  shall  not  investigate  further  what  one  can  say  about  the  product  series 

C  CL 

£—8  for  a  >  CTO  when  it  is  known  that  ^  -~  is  summable  of  the  pih  order  for  a  >  <TO 

71  ft 

and  that^T  —  is  summable  of  the  qih  order  for  a  >  cr0.  We  shall  content  ourselves 

with  proving  the  following  general  theorem,  which  shows  that  summability  of  a 
Dirichlet  series  for  a  >  CTO  (in  contrast  to  convergence  for  a  >  a0)  is  invariant  under 
the  operation  of  multiplication. 

Theorem  VI.  If  f(s)  =  £~  and  g(s)  =  JT~  are  both  summable  for  a  >  <r0 
n  n 

(i.e.,  if  A  ^a0  for  both  series),  then  the  product  series  h(s)  —  £  ^s  likewise  summable 

n 

for  o  >  aQ. 

k  =  k(e)  is  a  positive  constant,  we  immediately  infer  from  Theorem  IVa  that  the  series £—  is  summable 

ns 

n 

just  so  far  as  the  function  !/£(*)  is  regular,  i.e.,  that  the,  limit  abscissa  of  summability  A  of  the  series  JJ  — 

is  precisely  the  quantity  6. — Thus,  if  the  Riemann  hypothesis  6  =  i  is  correct,  then  A  —  \,  and  conversely. 
It  is  known  from  a  theorem  of  Landau,  Beitrage  zur  analytischen  Zahlentheorie,  I.e.,  p.  259,  that  if 

0  <  I,  then  also  A0  <  1,  where  A0  denotes  the  abscissa  of  convergence  of  JJ  -y .  However,  one  has  no  idea 

whether  (in  case  0<l)A0>0or^0  =  0.  Only  upon  introducing  summability,  therefore,  are  the  problem 
of  determining  the  least  upper  bound  for  the  real  parts  of  the  zeros  of  the  ^-function  and  the  study  of  the 

series  JJ—  brought  into  complete  correspondence  with  each  other.  The  problems,  incidentally,  are 
n* 

probably  equally  difficult. 

*  Sur  la  sommation  des  series  de  Dirichlet,  Comptes  rendus  de  VAcad&mie  des  Science*,  Paris,  vol. 
149,  5  July  1909. 

f  Dber  die  Summabilitat  Dirichletscher  Reihen,  I.e.,  p.  255. 
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Proof.  Since  £  -~  and  £  -~  are  summable  for  a  >  <r0,  it  follows  from  Theorem 
w  fi 

V,  §  2  and  Theorem  II,  §  7  that 

1.  /(«)  and  g(s)  are  both  regular  for  a  ><r0; 

2.  for  a  >  <r0+e,  we  have/($)  =  0(\t\k^)  and  g(s)  =  0(|*|*a(e)). 

Since  A($)  =  f(s)  •  0(s),  it  follows  from  this  that  ^(s)  is  regular  for  a  >  OQ  and 
also  that  the  equation 


holds  for  cr  >  oQ+e.  This  immediately  shows,  in  view  of  Theorem  III  (page  108), 
/• 

that  the  Dirichlet  series  J1-^  which  represents  h(s)  is  summable  for  a  >  o*0.     q.e.d. 
n 


THESES 

1.  The  opinion  that  there  exists  a  very  essential  and  fundamental  difference  between 
convergent  series  and  series  which  fall  under  a  generalized  definition  of  convergence,  which 
one  sometimes  meets,  appears  untenable  to  the  author.  —  The  question  as  to  where  one  shall  draw 
the  line,  in  a  given  investigation,  between  series  which  are  'usable  to  represent  a  number'  and 
those  which  are  'not  usable',  is  entirely  one  of  convenience. 

2.  Just  as  for  a  Dirichlet  series,  the  line  of  convergence  a  =  A0  for  a  factorial  series  is  a  line 
which  seems  not  to  stand  in  any  simple  relation  to  the  analytic  properties  of  the  function 
represented  by  the  series.  On  the  basis  of  the  close  analogy  between  the  behaviour  of  a  factorial 
series  and  a  Dirichlet  series,  it  must  be  considered  probable  that  the  boundary  line  of  summability 
a  =  A  for  a  factorial  series  (just  as  for  a  Dirichlet  series)  is  a  line  which  may  be  determined  in  a 
simple  way  from  the  mere  knowledge  of  the  analytic  properties  of  the  function  represented  by 
the  series. 

3.  At  several  places  in  the  theory  of  infinite  series,  one  can  obtain  essential  advantages 
through  the  introduction  of  a  certain  notion:  'series  with  arbitrary  indices',  a  notion  which 
forms  a  bridge  between  the  usual  infinite  series  and  the  infinite  integrals. 

Let  xQt  #!,...,£„,...  be  a  sequence  of  numbers  which  tends  steadily  to  infinity,  and  let 
uXn  be  a  function  of  xn;  the  series 


—  where  #n—  #n.-i  is  to  be  considered  as  a  summation  factor  corresponding  to  dx  in  the  integral 
V  u  (x)dx  —  will  be  said  to  belong  to  the  index  system 

#o»  xv  •  •  '  »  xn  .....    . 

Upon  introducing  this  notion,  one  is  in  a  position  to  perform  transformations  on  infinite 
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series  corresponding  exactly  to  the  usual  transformations  for  definite  integrals.  Among  the 
fields  in  which  the  concept  of  series  with  arbitrary  indices  can  be  applied  with  special  advantage, 
we  shall  mention  here,  in  addition  to  the  theory  of  multiplication  of  series,  only  the  theory  of 
so-called  general  convergence  criteria.  As  in  the  case  of  definite  integrals,  there  is  no  difference 
between  special  and  general  criteria  when  one  operates  with  the  extended  concept  of  a  series, 
where  the  transformation  is  at  our  disposal.  More  correctly,  from  a  special  criterion,  one  can 
immediately  obtain  a  corresponding  general  criterion  by  a  transformation.  Thus,  for  example, 
corresponding  to  the  special  Cauchy  criterion 


we  obtain  immediately  the  general  criterion 


which  is  equivalent  to  a  criterion  found  in  another  way  by  Pringsheim. 

4.  The  Picard-Landau  theorem  on  integral  functions  contains  the  following  algebraic 
theorem  as  a  special  case :  To  every  polynomial/(x)  for  which  the  coefficients  of  x°  and  xl  are  a0 
and  alt  respectively,  there  exists  a  constant  K  =  K(a^  a^  such  that  at  least  one  of  the  equations 
}(x)  =  0  and /(#)  =  1  has  a  root  within  the  circle  \x\  —  K. 

It  would  be  of  great  interest  if  one  could  find  an  elementary  proof  of  this  theorem,  or 
merely — which  might  perhaps  be  easier — of  the  special  theorem  that  there  exists  such  a  constant 
K  ~  K(aQ,  alf  n)  corresponding  to  all  the  polynomials  of  a  given  degree  n, 

5.  The  general  theory  of  limits  can  be  closely  linked  to  the  theory  of  fundamental  sequences 
(convergent  sequences  of  numbers)  by  the  following  theorem :  'Let  X,  with  the  elements  a?,  be 
an  arbitrary  'fundamental  set'  (i.e.,  an  ordered  set  which,  taken  in  its  order,  'tends  to  a  definite 
limit1),  and  let  Y  be  a  set  whose  elements  y  are  single-valued  functions  of  the  elements  x.  The 
necessary  and  sufficient  condition  that  the  set  Y  (ordered  so  that  y(Xj)  follows  y(xt)  when  xl 
follows  #a)  be  a  fundamental  set  is  that  all  sequences  of  numbers  ylt . . , ,  yn, . . .  in  the  set  Y  which 
correspond  to  steadily  proceeding  sequences  of  numbers  xv. .  .,xn,. . .  in  X  which  ultimately 
pass  every  given  element  x,  are  fundamental  sequences.' 

This  theorem  allows  one  to  transfer  the  theorems  holding  for  fundamental  sequences 
which  are  ordinarily  proved  in  the  introductions  to  textbooks  on  analysis,  to  the  corresponding 
theorems  holding  for  fundamental  sets  (i.e.,  for  passages  to  the  limit  in  general).  These  theorems 
are  often  used  in  textbooks  without  sufficient  justification  for  their  validity. 

6.  Let/(z)  —J£anxn  be  a  power  series  with  radius  of  convergence  1.  Abel  has  proved  that 
if  2an  i8  convergent  with  the  sum  A,  then  the  equation  lim/(.r)  =  A  holds.  On  the  other  hand, 

*«!-<) 

the  converse  theorem  does  not  hold  in  general.  However,  Tauber  has  proved  that  when  the 
assumption  Km  nan  =  0  is  added  to  the  assumption  lim/(#)  =  Ay  the  convergence  of  J£ott  can 

n~oo  a:«l-0 

be  inferred. 

One  can  show  that  Tauber's  theorem  cannot  be  essentially  improved,  since  one  can  prove 
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that  there  does  not  exist  any  sequence  gn,  tending  to  infinity  however  slowly,  such  that  the 
condition  lira  nan  =  0  in  Tauber's  theorem  can  be  replaced  by  the  condition  lim  —  •  an  —  0. 

(For  the  case  n  =  gn,  this  contains  a  result  communicated  by  Pringsheim,  namely,  that  one 
cannot  replace  the  condition  lim  nan  —  0  by  the  condition  lim  an  =  0.) 

A  theorem  proved  by  Fatou,  which  stands  in  interesting  contrast  to  the  above,  is  to  the 
effect  that  when  the  assumption  'lim  f(x)  exists*  is  replaced  by  the  stronger  assumption  '/(#)  is 

ar=l-0 

regular  at  the  point  1',  one  needs  only  the  assumption  lim  an  —  0  in  order  to  infer  the  convergence 


7.  As  first  shown  by  C.  Jordan,  the  fundamental  theorem  holds  that  every  continuous 
closed  curve  without  double  points  divides  the  plane  into  two  parts.  It  must,  however,  as  yet 
be  considered  an  open  question  whether  or  not  there  exists  a  general  theorem  corresponding  to 
Jordan's  theorem  which  holds  for  ordinary  three-dimensional  space  and  in  general  for  n-dimen- 
sional  space. 

8.  Corresponding  exactly  to  the  ordinary  theory  of  differentials,  one  can  construct  what 
might  be  called  a  theory  of  quotientials,  which  considers  the  two  inverse  operations  defined  by 
the  equations 


and 


Although  such  a  theory  of  quotientials  is  closely  related  to  the  theory  of  differentials  (for  instance 
by  the  equation  'u(x)  =  e(logu^),  still,  the  introduction  into  analysis  of  special  notations 
for  such  operations  would  be  advantageous  in  many  respects.  Thus  one  is  thereby  immediately 
led  to  establish  what  might  be  called  integral  criteria  of  convergence  of  the  second  kind  for  in- 
finite integrals 

u(x}dx    (u(x)>0). 


(In  fact,  the  relative  measure  of  growth  fu(x)  corresponds  exactly  to  -2+1  ,  in  the  same  way 

un 

as  the  absolute  measure  of  growth  u'(x)  corresponds  to  wn+1—  un.)  Thus,  for  example,  corre- 
sponding to  Bertrand's  convergence  criterion  for  infinite  series,  we  get  the  integral  convergence 
criterion 

'u(x)  £1  -~- 


x     xlogx  x  log  x  .  .  .  logm# 
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SOME  REMARKS  ON  THE  UNIFORM  CONVERGENCE  OP 
DIRICHLET  SERIES 


Summary  of  NOOLE  BEMJERKNINGEB  OM  DE  DIBICHLETSKE 

LIGELIOE  KONVERGENS. 

Matematiak  Tidsskrift  B  1921,  ,51— 55. 


It  is  pointed  out  that  in  many  theorems  on  general  Dirichlet  series 


containing  the  condition  that  the  series  should  possess  a  half-plane  of  absolute 
convergence,  this  condition  may  be  replaced  by  the  weaker  condition  that  the  series 
should  possess  a  half-plane  of  uniform  convergence. 

The  theorems  in  question  are  those  in  which  the  existence  of  a  half  -plane  of 
absolute  convergence  is  merely  used  to  show  that  for  'large*  a  the  first  terms  of  the 
series  will  dominate  the  remainder,  in  the  sense  that  if  for  an  arbitrary  N  we  write 


then  R(s)  ->  0  as  a  ->  oo,  uniformly  in  L  But  this  follows  from  the  existence  of  a 
half  -plane  of  uniform  convergence.  Indeed,  the  function  R(s)  is  represented  by  the 
Dirichlet  series  <»  oo 


It  is  sufficient  to  show  that  this  series  possesses  a  half  -plane  of  uniform  convergence. 
For  then  we  may  pass  to  the  limit  term  by  term  and  find  that  R(s)  ->  0  as  a  -*  oo, 
since  all  An—  iN  are  positive.  Evidently,  if  the  original  series  converges  uniformly  in  a 
half  -plane,  the  series  representing  R(s)  will  converge  uniformly  on  every  vertical  line 
a  =  <r0  in  this  half-plane  (the  factor  eAjv*  being  bounded  on  the  line).  However,  by 
a  lemma  previously  proved  by  the  author,*  the  uniform  convergence  of  a  Dirichlet 
series  on  a  line  a  =  <r0  implies  the  uniform  convergence  in  the  half  -plane  a  >  a0. 

00 

*  H.  Bohr,  Darstellung  der  gleichm&ssigen  Konvergenzabszisse  einer  Dirichletschen  Reihe  £  ~ 

n-ln* 

als  Funktion  der  Koeffizionton  der  Reihe,  Archiv  der  Mathematik  und  Physik  (3)  21  (1913),  326-330. 
The  theorem  is  here  proved  for  ordinary  Dirichlet  series  but  the  proof  is  valid  in  the  general  case. 
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A  REMARK  ON  THE  UNIFORM  CONVERGENCE  OF 
DIRICHLET  SERIES 


Summary  of  EN  BEM^BKNINO  OM  DIBICHLETSKE 

LIOBLIGB  KONVERGENS. 

Matematisk  Tidsskrift  B  1051,  1—8. 


1.  For  a  somewhere  convergent  Dirichlet  series 

/(•)  =f(o+it)  =  2*jr*  (0  £  ii  <  *t  <  •  •  •  -  °°) 

n=l 

let  aL  denote  the  abscissa  of  uniform  convergence  defined  as  the  lower  bound  of  those 
abscissae  a0  for  which  the  series  converges  uniformly  in  the  half-plane  a  >  aQy  and 
let  <rB  ^  aL  denote  the  abscissa  of  boundedness  defined  as  the  lower  bound  of  those 
abscissae  tr0  for  which  the  analytic  f unction  /(«)  is  regular  and  bounded  in  the  half- 
plane  a  >  cr0. 

2.  As  shown  by  the  author,  for  certain  important  types  of  Dirichlet  series,  in- 
cluding the  ordinary  Dirichlet  series  f(s)  =£ann~8  =  J^ane~*logw,  one  has  OL  =  OB. 
In  a  paper  to  appear  elsewhere  the  types  of  Dirichlet  series  with  aL  —  0B  will 
be  studied  more  closely.  The  present vpaper  gives  an  example  of  a  Dirichlet  series 
for  which  this  relation  is  as  far  from  being  true  as  possible,  in  the  sense  that 


aB  =  —oo,    aL  =  +00  . 


3.  From  the  inequality 


sin  x     sin  2x  sin  nx 

H — ^     r 


12  n 

for  all  real  x  and  all  positive  integers  n  it  follows  that  the  polynomial 


} 

w     n—  1  1          1          2 

is  numerically  ^  1  in  the  unit  circle  \z\  ^  1  while  the  numerical  value  of  the  sum  of 
the  first  n  coefficients  tends  to  oo  as  n  ->  oo.  An  elementary  consideration  shows 
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that  on  the  radius  ending  at  z  =  —  1  the  partial  sums  of  Pn(z)  are  uniformly 
bounded.  More  precisely 


4.  Emphasizing  only  what  is  essential,  and  replacing  z  by  —z  for  the  sake  of 
convenience,  we  see  that  for  an  arbitrarily  large  positive  constant  K  we  can  determine 
a  polynomial 


of  degree  N  =  N(K)  such  that 

\Q(z)\  £  I    for    \z\  £  1  , 


N" 

2V 


^  1     for  all    N'  (0  <L  N'  £  N)    and    0  <  a  ^  1  , 


for  some    N"(Q^N"^N)    and    2=-!; 


it  follows  (by  continuity)  that  for  a  sufficiently  small  6  =  d(K)  >  0 

N" 


max 

|2|  =  < 


2V 


5.  We  now  consider  the  (rapidly  increasing)  sequence  of  K  -values 


and  denote  the  polynomial  (J(z)  corresponding  to  K  =  ^m  by 


and  the  numbers  AT',  N",  d  occurring  in  the  preceding  inequalities  by  N'm,  N'^,  <5TO; 

2m 
we  assume  that  dm  has  been  chosen  <  — . 

•*•  *  tn 


6.  In  Qm(z)  we  replace  z  by  e  2w  <nw  and  obtain  an  exponential  polynomial 


such  that 


III  57* 
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(i)  W*MI£i  for  *S-m, 


(2) 


(3)  max 


^  1    for  all    N'm  (0  ^  N'm  ^  Nm)   and   —m  Sa  0  <  oo,  t  =  0 , 

""  ._,  -"<m)« 


cr»-f-m 


>  w8e2m*    for  some    N" 


m  ^  *'  m  ' 


We  notice  that  for  every  m  the  exponents  /^m)  are  all  <  1. 

00 

7.  We  now  consider  the  Dirichiet  series  ^X*6"***  whose  exponents  Alt  A2,  ... 
are  the  numbers  in  the  sequence  1 


and  for  which  the  coefficients  an  of  the  terms  corresponding  to  the  mth  group  of 
exponents 

m+/4m),m+/4m),  ...,m+ii%l 
are  the  numbers 

an  =  le-^> 

obtained  by  multiplying  the  coefficients  ^m)  of  J2m(s)  by  the  factor  —  e~m*.  This 

fti 
series  will  have  the  desired  properties. 

8.  If  we  introduce  brackets  in  the  series  we  obtain  the  series 

/W  =  J-v-^V-XM  - 

m-lm 

which  on  account  of  (1)  converges  uniformly  in  every  half -plane  a  >  —  a0  and  there- 
fore represents  an  integral  function  f(s)  bounded  in  every  half -plane  a  >  —  00. 

9.  We  now  consider  the  Dirichiet  series  £ane~**'  itself,  i.e.,  we  remove  the 
brackets.  It  follows  from  (2)  that  the  series  will  converge  for  every  real  8.  Hence 
it  is  everywhere  convergent.  The  sum  of  the  series  must  be /(a).  Hence  OB  =  —  oo. 

10.  Finally,  on  account  of  (3)  the  series  is  not  uniformly  convergent  in  any 
half -plane  a  >  a0.  Hence  aL  =  +00. 
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A  THEOREM  ON  THE  £- FUNCTION 

Summary  of  EN  SJETNING  OM  £-FUNKTIONEN. 
Nyt  Tidaskrifi  for  Motemotik  B  21  (1910),  60—66. 


In  §  3  of  a  paper  by  E.  Landau  and  the  author*  a  theorem  has  been  proved 
which  contains  the  following  theorem  : 

Theorem  I.  Let  6  and  e  be  two  arbitrarily  small  positive  numbers]  then  there 
exists  a  point  8  =  a+it  for  which  l—d  <  a  <  l+d  and  \£(s)\  <  e. 

In  the  present  paper  the  following  more  general  theorem  is  proved: 

Theorem  II.  If  6  is  an  arbitrarily  small  positive  number  and  k  and  i  are  ar- 
bitrarily large  positive  numbers,  then  the  inequality 


has  a  solution  s'  =  a'+it'  in  the  domain 

d,    t>r. 


The  proof  depends  on  Carath^odory's  inequality  and  on  two  known  results 
on  the  f  -function,  namely: 

1.  the  existence  for  every  e  >  0  of  a  constant  Cj  =  c^e)  such  .that  for  a  >  l+e 

|logCMI<«i.t 

2.  the  existence  of  a  constant  c2  >  1  such  that  for  every  T  the  inequality 


has  a  solution  t  >  T.^  On  placing  log  ca  —  c3,  this  implies  the  existence  of  a  sequence 

*  H.  Bohr  and  E.  Landau,  tfber  das  Verhalten  von  {(«)  und  £K(«)  in  der  Nahe  der  Geraden  a  «  1, 
Nachrichten  von  der  Kdniglichen  Gesettschaft  der  Wissemchaften  zu  Gtittingen,  Mathematisch'Phyaikalwche 
Klasse  1910,  303-330. 

t  Here  and  in  the  sequel  log  £(«)  denotes  the  branch  of  the  logarithm  in  the  half  -plane  a  >  1 
which  is  real  for  real  s  >  1. 

|  H.  Bohr  and  E.  Landau,  1.  o.,  §  5. 
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of  values  0  <  tv  <  Ja  <  .  .  .  ,  tn  •+  oo  for  which 

|log£(l+iO|>logloglog*--c8. 

Proof  of  Theorem  II.  If  C(s)  has  zeros  arbitrarily  near  to  the  line  a  =  1, 
the  statement  is  obvious.  Otherwise,  we  may  assume  that  f  (s)  4=  0  in  the  domain 
a  >  l—d>t>  r,  and  may  then  for  sufficiently  large  n  apply  Caratheodory's  in- 

d 
equality  to  the  function  —log  ;"(s)  in  the  circle  \s—  s0\  ^  -  ,  where 


It  shows  that  on  the  circle  \s—  SQ\  =  -  the  following  estimate  holds: 

o  k~\-  Z 


|  -log  £  (*)|  <  |  -log  £(«,  , 

where  A  denotes  the  maximum  of  3}(—  log  £(5))  =  —log  |  £(a)|  on  the  circle  \s—  SQ\  =  -  . 
On  placing  s  —  l+itn  in  this  inequality  and  using  1.  and  2.  we  find 

Iogloglog*n-c4<4—  , 


where  c4  is  independent  of  n.  Now,  A  =  —log  |£(s')|  for  a  point  s'  =  a'+itf  on 
r  this  point 

-log  |C(cr'+tt')|  >  2k  log  log  log  ^n-c5 , 


\s— s0\  —  -.  Thus  for  this  point 


r  t  ei 

where  c6  is  independent  of  n.  Since  J;  lies  in  the  interval  \tn  —  -  ,  tn+  -  ,  this  shows 

for  a  sufficiently  large  n  the  existence  of  a  point  s'  =  a'+it'  for  which  t'  >  r, 
l-d<af  <l+<5,  and 


which  is  the  desired  result, 

Theorem  II  does  not  imply  that  £(a)  assumes  arbitrarily  small  values  to  the 
right  of  the  line  a  =  1.  That  this  is  so  has  been  shown  in  a  note  that  has  recently 
been  sent  to  the  Academy  in  Paris. 
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ON  THE  VALUES  TAKEN  BY  THE  RIEMANN  FUNCTION 
f  (<y+tf)  IN  THE  HALF-PLANE  <r>  1. 

Summary  of  OM  DE  V.ERDIER,  DEN  RIEMANN'SKE  FUNKTION  £(<r-f  *0 

ANTAGEB  I  HALVPLANEN  <T  >  1. 

Beretning  om  den  Anden  Skandinaviske  Matematikerkongres 
i  Kjobenham  1911,  113—121. 


The  author  has  recently  proved  that  the  zeta-function  assumes  numerically 
arbitrarily  small  values  in  the  half -plane  a  >  1.  This  lecture  gives  the  main  features 
of  the  proof  of  the  following  much  more  extensive  theorem :  The  zeta-function  assumes 
in  the  half-plane  a  >  1  all  values  except  0,  and  it  even  assumes  every  value  different 
from  0  infinitely  often. 

[The  detailed  exposition  is  given  in  B  6.] 


8  5.    Summary  of  B  5. 
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A  NEW  PROOF  THAT  THE  RIEMANN  ZETA- FUNCTION 

f(«)  =  f  (<r+«)  HAS  INFINITELY  MANY  ZEROS 

IN  THE  PARALLEL  STRIP  0  =g  a  g  1. 

Summary  of  ET  NYT  BEVIS  FOR,  AT  DEN  RIEMANN'SKE  ZKTAFUNKTION 

£(*)  =  C(<7  +  »0  HAB  UENDBUG  MANGE  NULPUNKTEB 

INDENFOR  PARALLELSTBIMLEN  0  £  a  £  1. 
tfyt  Tidsskri/t  for  Matematik  B  23  (1912),  81—85. 


The  conjecture  of  Riemann  that  f(a)  has  infinitely  many  zeros  in  the  strip 
0  <£  <r  :£  1,  was  proved  by  Hadamard  by  means  of  his  theory  of  integral  functions. 
In  the  present  paper,  the  existence  of  the  zeros  is  deduced  from  a  recent  result  of 
the  author*  to  the  effect  that  £(s)  assumes  numerically  arbitrarily  small  values  in 
the  half  -plane  a  >  1,  and  from  some  recent  function-theoretic  lemmas.  The  method 
yields  only  the  existence  of  the  zeros  and  not  the  further  results  obtained  by  means 
of  the  Hadamard  theory. 

The  proof  is  indirect.  If  £($)  had  only  a  finite  number  of  zeros  in  the  strip,  the 
branch  of  log  f  (s)  which  is  determined  in  the  half  -plane  a  >  I  by  being  real  on  the 
real  axis  would  be  regular  in  a  quarter-plane  <r  §;  —  1,  £  ^  T  >  3.  Sincef  for  a  ^  —  1, 

'  -  3  If  Ml  =  If  (»+«)!  <  «*'  , 

where  ^  is  a  constant,  we  would  for  a  ^  —  1,  t**  r  have 


Since  log  £(2+it)  is  bounded,  this  would  imply  by  Carath^odory's  inequality  the 
existence  of  a  constant  Jba  such  that  for  2  I>  a  ^  —  J,  tgz  r+3 


*  H.  Bohr,  8ur  I'existence  de  valeurs  arbitrairement  petites  de  la  fonction  C(*)  =  C(^+*0  de 
Riemann  pour  a  >  1,  Oversigt  over  Det  Kgl.  Danske  Videntkabernes  Selskabs  Forhandlinger  1911,  201- 
208. 

t  See  e.  g.  E.  Lindeldf,  Quelques  remarques  mir  la  croissance  de  la  fonction  £(*),  Bulletin  dee 
Sciences  MatMmatiquet  (2)  32,  part  1  {1908),  341-356. 


8  6.    Summary  of  B  9. 


Zeros  of  the  Riemann  Zeta-Function. 


^  <«*'. 
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But  j. —  is  bounded  on  the  lines  a  =  —  i*  and  a  =  2.  By  a  theorem  of  Phragme'n 
and  Lindeloff,  T—  would  therefore  be  bounded  in  the  whole  domain  2  ^  a  ^  —}, 

t  ^  T+3.  This  contradicts  the  result  referred  to  above,  according  to  which  £(«) 
assumes  numerically  arbitrarily  small  values  in 'the  domain  1  <  a  <  2,  t  >  r+3. 
In  a  later  note  another  proof  of  the  existence  of  the  zeros  will  be  given,  which, 
like  the  present  one,  makes  no  use  of  Hadamard's  investigations. 

*  This  follows  immediately  from  the  functional  equation,  see  e.  g.  Lindelof,  1.  c. 
t  See  e.  g.  Lindelof,  1.  c. 


S  6.    Summary  of  B  9. 
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A  THEOREM  ON  FOURIER  SERIES  OF  ALMOST 
PERIODIC  FUNCTIONS 

Summary  of  EN  S^ETNINO  OM  FOURIERILEKKEB  FOB  N^STEN-PERIODISKE 

FUNKTIONER. 

Matematiak  Tidsskrift  B  1925,  31—37. 


Certain  powerful  tools  in  the  theory  of  ordinary  Fourier  series,  for  example 
the  Riemann  method  and  the  Feje'r-Cesaro  summation  method,  have  not  yet  been 
generalized  to  almost  periodic  functions.  Theorems  on  periodic  functions  which 
are  usually  proved  by  these  methods  may,  however,  be  generalized  if  we  can  find 
other  proofs  based  on  tools  that  are  available  in  the  new  theory.  As  an  example 
a  proof  is  given  of  the  following  theorem,  which  for  periodic  functions  is  an  im- 
mediate consequence  of  Fejer's  theorem. 

oo 

Theorem.  //  the  coefficients  an  in  the  Fourier  series  2an^n*  °f  an  almost 


i 


periodic  function  f(x)  are  all  positive,  then  £an  is  convergent. 

As  a  generalization  of  a  well-known  remark  on  continuous  functions  in  a  finite 
interval,  one  easily  proves  that  if  }(x)  is  almost  periodic  and  Q  is  the  upper  bound 
of  |/(a?)|,  then 


lim   VM{\f(x)\z<*}  =  G. 

q-+<» 

N 

This  implies  that  if  PN(x)  is  a  finite  sum  ^]anelKnX  with  positive  coefficients  an,  then 

i 

AT 


lim   ]/M{\PN(x)\*>]  =  max  \PN(x)\  =  P^(0)  = 

?->oo  1 

Now,  let /(a;)  be  an  almost  periodic  function  for  which  all  the  coefficients  in  its 

00  N 

Fourier  series  £ane***x  are  positive,  and  let  P^(x)  —  J^aweUw*  ^e  ^ne  ^th  partial 

1  i 

sum  of  the  Fourier  series.  By  the  multiplication  theorem,  the  Fourier  series  2^cne^nX 
of  (f(x))q  is  obtained  by  formally  raising  the  series  ^ane^nX  to  the  #th  power.  The 


8  7.    Summary  of  C  4. 
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M 

finite  sum  (PN(x)}q  must  therefore  be  of  the  form  £bmzivmX,  where  cm  ^  bm  for  all 

i 

m  =  1,  2,  .  .  .,  M.  Hence,  by  the  fundamental  theorem, 


1  1  1 

Taking  the  2<?th  root  on  both  sides  we  obtain  f  or  q  ->  oo  the  inequality 


which  shows  that  the  series  £an  must  be  convergent. 


S  7.    Summary  of  C  4. 
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A  CLASS  OF  INTEGRAL  FUNCTIONS 

Summ&ry  of 

EN  KLASBE  HELE  TRANSCENDENTS  FUNKTIONER. 
Matematisk  Tidsskrift  B  1926,  41—45. 


Proof  of  the  theorem  that  if  the  exponents  >ln  of  the  Fourier  series  ^aneiKnX 
of  an  almost  periodic  function  f(x)  are  bounded,  then  f(x)  is  an  integral  function, 
i.e.,  there  exists  an  integral  function  F(z)  =  F(x+iy)  which  coincides  with  f(x)  on 
the  real  axis. 

[The  proof  is  the  same  as  that  given  in  C  10.] 

Added  in  proof.  Professor  Szego  has  found  another  proof  that  will  be  published 
in  Mathematische  Annakn. 


8  8.    Summary  of  C  11. 
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STABILITY  AND  ALMOST  PERIODICITY 

Summary  of 
STABILITET  oo 


Matematisk  Tidsskrift  B  1933,  21—25. 

In  recent  years  various  authors,  especially  Birkhoff,  Franklin,  and  Wintner, 
have  shown  that  the  notion  of  almost  periodicity  may  be  applied  in  mechanics. 
Recently,  A.  Markoff*  has  discussed  almost  periodic  motions  of  dynamical 
systems  and  has  thereby  pointed  out  interesting  connections  between  the  almost 
periodicity  of  the  motions  and  what  he  calls  'stability  in  Liapounoff 's  sense*. 

The  present  note  contains  the  proof  of  a  theorem  on  the  almost  periodicity 
of  a  stable  motion,  which  is  not  directly  included  in  Markoff 's  results.  The 
note  contains  nothing  new  in  method;  the  intention  is  merely  to  show  in  a  simple 
case  the  nature  of  Markoff  s  reasoning. 

A  point  (xlt...9  xn)  in  n-dimensional  Euclidean  space  En  is  denoted  by  x  and  its 
distance  from  the  origin  by  |a?|,  so  that  \x— y\  is  the  distance  between  the  two  points 
x  and  y.  A  motion  in  En  is  defined  by  n  continuous  functions  x,  =  x,(t)  or, 
more  briefly,  by  a  continuous  function  x  =  x(t),  where  — oo  <  t  <  oo. 

A  motion  x  —  x(t)  is  called  almost  periodic  if  to  every  e  >  0  there  exists  a 
relatively  dense  set  of  translation  numbers  T  =  t(e)  of  x(t),  i.e.,  numbers  satisfying 
the  condition 

\x(t+T)-x(t)\  <*  e    (for  -oo  <  t  <  oo) . 

A  motion  is  almost  periodic  if  and  only  if  all  the  coordinates  x,(t)  are  almost  periodic. 
Every  almost  periodic  motion  is  bounded,  \x(t)\  <  K. 

A  motion  x  =  x(t)  is  called  strongly  stable  if  to  every  e  >  0  there  is  a  d  = 
d(e)  >  0  such  that  the  inequality 

|a(0-s(OI  ^  * 

*  A.  Markoff,  Stabilitat  im  Liapounoffschen  Sinne  und  Fastperiodizitat,  Mathematische  Zeitechrift 
38  (1933),  708-738. 


S  9.    Summary  of  C  32. 
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implies  the  inequality 

\x(t'+t)-x(t"+t)\  ^  e    (for  all  -oo  <  t  <  oo)  . 

In  other  words:  If  t'  and  t"  are  two  values  such  that  the  points  x(t')  and  x(t")  have 
a  distance  g  d,  then  the  difference  t' —t"  is  a  translation  number  r(e)  of  the  motion. 

The  theorem  to  be  proved  states: 

Every  bounded  and  strongly  stable  motion  x  =  x(t)  is  almost  periodic. 

Let  D  be  a  cube  in  En  containing  the  motion.  Let  e  >  0  be  given  and  let 
d  =  d(e)  be  determined  according  to  the  previous  definition.  We  divide  D  into  a 
finite  number,  say  m,  cubes  of  diameter  <  d.  If  now  tlt  . . . ,  tm+1  are  w+ 1  arbitrarily 
chosen  numbers,  then  two  of  the  points  xfa),  . . . ,  x(tm+1)  will  lie  in  the  same  small 
cube.  Consequently,  among  the  differences  ^— fy(l  ^  t  <  j  <£  m+1)  at  least  one 
will  be  a  translation  number  r(e)  of  the  motion  x(t). 

Following  Markoff,  we  shall  say  that  a  set  T  of  points  on  the  real  £-axis  has 
the  property  Am  if  for  m+1  arbitrary  numbers  tlf  . . .,  *m+i  at  least  one  of  the 
differences  ^— fy  (1  ^  i  <  j  ^  m+1)  belongs  to  T.  The  theorem  therefore  follows 
from  the  following  lemma  (due  to  Markoff): 

Every  set  T  which  (for  some  m)  has  the  property  Am  is  relatively  dense. 

It  is  easy  to  prove  this  lemma  by  induction. 


8  9.    Summary  of  C  32. 
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THE  LATEST  DEVELOPMENT  OF  THE  THEORY  OF  ALMOST 
PERIODIC  FUNCTIONS 

Summary  of  DEN  SENESTB  UDVIKLING  AP  L^EEEN  OM 

N^JSTENPERIODISKE  FuNKTIONER. 

Attonde  Skandinaviska  Matematikerkongressen  i  Stockholm  1934,  106. 


The  lecture  gave  an  account  of  the  then  not  yet  published  profound  in- 
vestigations by  J.  v.  Neumann  on  almost  periodic  functions  defined  in  an  arbitrary 
group.  These  investigations  have  now  appeared,  and  the  reader  is  referred  to 
v,  Neumann's  paper.* 


*  J.  v.  Neumann,  Almost  periodic  functions  in  a  group.  I,  Transactions  of  the  American  Mathemat- 
ical Society  36  (1934),  445-492. 


S  10.    Summary  of  C  33. 
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A  THEOREM  ON  FOURIER  SERIES 

Summary  of  EN  SJETNTNG  OM  FOUBIEBBJEKKER. 
Matematiak  Tidukrifl  B  1935,  77—81, 


In  a  recent  paper*  the  author  has  proved  the  following  theorem:  Let 

M 
p(x)  =£  (Am  cos  Amx+Bm  sin  Amx) 

m«l 

be  a  finite  sum,  whose  frequencies  Am  are  ^  1  and  for  which 

\p(x)\  rg  1    for    —oo  <  x  <  oo  . 

Let 

M   l 

P(x}  =  2  -T  (Am  sin  Amx-Bm  cos  Amx) 

m=l  ^m 

denote  the  indefinite  integral  of  p(x)  which  has  no  constant  term.  Then  we  have 
for  all  values  of  x  the  inequality 


and  the  constant  -  cannot  be  replaced  by  any  smaller  constant,  not  even  if  we 

restrict  attention  to  sums  p(x)  whose  frequencies  Am  are  integers. 

In  the  present  note  this  theorem  is  used  to  establish  the  following  theorem  on 
ordinary  Fourier  series:  Let 

00 

f(x)  cv  J^  (an  cos  nx+bn  sin  nx) 

n-N 

be  a  continuous  function  of  period  2n  whose  Fourier  series  contains  only  terms  with 
frequency  n  ^  a  given  positive  integer  N  and  for  which 

\f(x)\  <£  1    for  all  x . 
Let 

*  H.  Bohr,  Bin  allgemeiner  Satz  fiber  die  Integration  eines  trigonometrischen  Polynoms,  Prace 
MatematycznO'Fizyczne  43  (1935),  273-288. 


8  11.    Summary  of  C  37. 
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oo  l 
2J  -  (0n  ™  nx—  bn  cos  nx) 

n-tftt 

denote  the  indefinite  integral  of  /(#)  whose  Fourier  series  has  no  constant  term. 
Then 


and  the  constant  —  cannot  be  replaced  by  any  smaller  constant. 

2iv 

The  inequality  follows  at  once  by  application  of  the  preceding  result  to  the  sums 

SQ(X)  *s  *ke  6th  ^ei^r  sum  °tf(x)>  anc*  le^ng  Q  •*  °°«  That  the 

constant  cannot  be  replaced  by  a  smaller  one  is  seen  by  choosing  for  a  given  6  >  0 
a  sum  p(x)  with  integral  frequencies,  for  which  \p(x)\  ^  1  for  all  x  and  for  which 

the  integral  P(x)  for  some  x  satisfies  the  inequality  \P(x)\  >  —  d,  and  then  putting 


HI  68  811.    Summary  of  C  37. 
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AN  EXAMPLE  OF  THE  APPLICATION  OF  THE  CALCULUS  OF 
PROBABILITY  AS  AN  AID  IN  MATHEMATICAL  ANALYSIS 

Summary  of 
Ex  EKSEMPEL  PAA  ANVENDELSEN  AF  SANDSYNLIGHEDSREQNING  BOM 

HJJELPEMIDDEL  i  DEN  MATEMATISKE  ANALYSE. 
Festskrift  til  Professor,  Dr.  phil  J.  F.  Steffensen  fra  Kotteger  og  Ekver 

PCM  hans  70  Aars  Fedselsdag, 
Den  Danske  Aktuarforening,  Kebenhavn  1943,  29—33. 


To  elucidate  the  importance  of  the  methods  of  the  calculus  of  probability  for  the 
treatment  of  mathematical  problems  which  are  themselves  far  from  the  applications, 
a  sketch  is  given  of  the  author's  original  proof  of  the  following  theorem: 

If  the  Fourier  series  £AnetAnt  of  an  almost  periodic  f unction  f(t)  has  linearly 
independent  exponents,  then  the  series  £\An\  is  convergent. 

[The  original  proof  will  be  found  in  C  3,  ch.  III.] 


S  12.    Summary  of  C  46. 
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ON  8- ALMOST  PERIODIC  FUNCTIONS  WITH  LINEARLY 
INDEPENDENT  EXPONENTS 

Summary  of  OM  ^-N^STENPERIODISKE  FUFKTIONBB  MED  LINILEET 

UAFHwENGIGE  EXPONENTER. 

Norsk  Matematisk  Tidsekrift  26  (1944),  33—40. 


The  paper  contains  two  theorems  on  Stepanoff  almost  periodic  functions,  dealing 
with  $-a.  p.  and  $2-a.  p.  functions  respectively.  The  corresponding  norms  are  denoted 

by  \\<p\\s  and  \\<p\\8t. 


Theorem  1.  //  the  series  ]£  A  netAnX  with  linearly  independent  and  bounded 
exponents  An  is  the  Fourier  series  of  an  S-a.  p.  function  f(x),  then£\An\  is  convergent. 

From  the  proof  of  the  approximation  theorem  for  /S-a.  p.  functions  (by  means 
of  Bochner-Feje'r  sums)  it  follows,  since  the  exponents  are  linearly  independent, 

that  n 

\\f—**\\8'+  0  as  n  ->  oo,  where  sn(x)  =£A,eiA>*  . 

v~\ 

Hence  the  norms  \\sn\\s  are  bounded,  say  ^  (7,  i.  e., 

fi 
(1)  \  \sn(x+t)\dt  ^  C    for  all  n  and  all  x  . 

•Jo 

On  writing  A,  =  Q^9  we  determine  by  Kronecker's  theorem  a  number  #0  =  xQ(n) 
such  that  n 

|0,+^ol<r  (mod.  2^)    (v  =  1,  2,.  ..,  n)  . 

D 

Since  the  Av  are  bounded,  say  \A,\  ^  c  for  all  v,  we  find  for  this  a;0 
(2)'  9JKK+«)}  =  f3{{V'1'(lo+')} 

r»l  v~ 

Putting  d  =  min  f  —  ,  1  J  ,  we  find  from  (1)  and  (2) 


00 

which  shows  that  the  series  £Q,  converges. 

i 


III  58*  813.    Summary  of  C  48. 
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Next  it  is  proved  that  it  is  not  true  for  every  series  Jf 4nel/lna;  with  linearly 
independent  exponents  which  is  the  Fourier  series  of  an  $-a.  p.  function,  that JT|.4n| 
is  convergent.  This  is  contained  in  the  following  theorem. 

Theorem  2.  For  an  arbitrary  sequence  of  complex  numbers  Av  AZt...  for  which 
J^|-4n|8  converges,  a  sequence  of  linearly  independent  real  numbers  Alt  A^.. .  may  be 
determined  such  that  the  infinite  series  £AnelAnX  is  the  Fourier  series  of  an  $a-a.  p. 
function  f(x). 

Let  jtelf  ^2>  •  •  •  be  an  arbitrary  sequence  of  linearly  independent  numbers.  As 
exponents  the  numbers  An  =  ^rwwn  will  be  used,  where  the  factors  plt  p2, . . .  are 
suitably  chosen  positive  integers.  For  abbreviation  the  polynomials 

*    and 

will  be  denoted  by  an(x)  and  sn(x).  We  determine  positive  integers  m1  <  w2  <  ... 
such  that  if  we  put 


the  series  Jj^  converges.  For  every  fixed  q  >  1  the  mean  value  of  \am  (x)—am  ^(x)^ 
is  6g,  and  we  can  therefore  determine  a  positive  integer  Nq  such  that 

-If  V^«- v^wr*  <  &  *°*  an  x. 

Uqlx 

On  placing  pv  —  Nq  for  v  =  m^j+1,. . .,  mq  we  therefore  have 

46i!    for  all  x . 


n 


Thus  ||*m  —  sm  _J|5l  <J  26g,  which  implies  (by  the  triangle  inequality)  that  thesequence 
smi(x),  8mt(x)9 ...  is  an  $2-fundamental  sequence,  and  hence  is  $2-convergent  to  a 

00 

function  f(x).  This  function  f(x)  is  S8-a.  p.  and  has  the  Fourier  series 

n=l 


S  13.    Summary  of  C  48. 


139 


TWO  NEW  SIMPLE  PROOFS  OF  KRONECKER'S  THEOREM 

Summary  of  To  NYE  SIMPLE  BEVJSER  FOB  KBONECKERS  S.STNING. 

BY  HABALD  BOHB  AND  BOBGE  JESSEN. 

Matematiak  Tidsskrift  B  1932,  53—58. 


The  paper  contains  two  simple  analytical  proofs  of  the  'small'  Kronecker 
theorem  on  Diophantine  inequalities  with  one  variable  and  linearly  independent 
coefficients. 

[The  first  proof  is  reproduced  in  D  5  and  in  D  6,  §  4,  the  second  in  D  6,  §  5.] 


8  14.    Summary  of  D  4. 
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ONCE  MORE  KRONECKER'S  THEOREM 

Summary  of  ENDJTU  BNOANO  KRONECKEBS  SJCTNING. 
Matematisk  Tidssknft  B  1933,  59—64. 


A  new  analytical  proof  of  Kronecker's  theorem  is  given,  which  can  hardly  be 
simpler.  First,  the  'small*  Kronecker  theorem  on  Diophantine  inequalities  with  one 
variable  and  linearly  independent  coefficients  is  proved.  Next,  the  'big'  Kronecker 
theorem  concerning  arbitrary  linear  Diophantine  inequalities  with  several  variables 
is  proved  by  the  same  method. 

[The  proof  of  the  'small'  Kronecker  theorem  is  reproduced  in  D  9.  The  generali- 
zation to  the  'big'  Kronecker  theorem  corresponds  to  similar  generalizations  of 
earlier  proofs  in  D  2  and  D  6,  §  6.] 


8  15.    Summary  of  D  7. 
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A  FUNCTION-THEORETIC  REMARK 

Summary  of  EN  FUNKTIONSTEOKBTISK  BEJLEBKNINO. 
Nyt  Tideskrift  for  Matematik  B  27  (1916),  73—78. 


As  is  well  known,  if  <p(x)  is  any  positive,  continuous  and  increasing  function 
defined  for  x  >  0,  there  exists  an  integral  function  /(z)  =  f(x+iy)  which  for  x  >  0 
satisfies  the  condition  ...  ., 


In  connection  with  this  theorem,  Professor  Norlund  mentioned  in  a  conversation 
the  problem,  whether  there  exists  an  integral  f  unction  /(z)  which  increases  arbitrarily 
rapidly  in  a  whole  strip,  for  example  the  strip  x  >  0,  —1  <  y  <  1.  It  is  shown  that 
this  is  not  the  case.  Actually  a  more  general  result  is  obtained. 

Let  Q  denote,  a  domain  in  the  complex  plane  determined  by  the  inequalities 

x  >  0,    —  co(x)  <y  <  (o(x)  , 

where  a)(x)  is  a  positive,  continuous  function  defined  for  x  ^  0  which  decreases  to  bos 
x  -+  oo.  Then  there  exists  a  positive,  continuous  function  y(x)  defined  for  x>Q  (depending 
only  on  Q)  with  the  following  property:  Every  analytic  function  f(z)  =f(x+iy)  in  fl, 
whose  absolute  value  \f(z)\  in  the  whok  of  Q  exceeds  a  positive  constant  k,  satisfies  for 
sufficiently  large  values  of  x  the  condition 

!/(*)!<  rt»). 

Let  w  =  &(z)  be  the  conformal  mapping  of  Q  on  the  unit  circle  \w\  <  1  in  the 
w  =  u-\-iv~jAme  for  which  <x(l)  =  0  and  #'(1)  is  real  and  positive.  Then  0  <  x  <  oo, 
y  =  0  is  mapped  on—l<w<l,u  =  0.  The  condition  of  the  theorem  is  now  satisfied 
by  the  function  1 


Indeed,  let  0(w)  be  the  function  in  \w\  <  1  determined  by  0(&(z))  =  F(z),  where 
F(z)  is  a  branch  of  log/(«).  From  |/(«)|  >  k  >  0  it  Mows  that  -9t(G(w>))  is  smaller 
than  a  positive  constant  K.  Putting  |K(0(0))|  =  K  ,  we  find  from  Carathfodory's 
inequality  that 


8  16.    Summary  of  £  2. 
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Hence,  by  a  crude  estimate, 


for  all  u  sufficiently  near  to  1.  Putting  u  =  ot(x)  we  obtain  the  desired  result. 


8  16.    Summary  of  E  2. 
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ON  THE  HADAMARD  'GAP  THEOREM' 

fSummary  of  OM  DEN  HADAMARD'S^E  »HUL&ETNING«. 
Matematiak  Tukskrift  B  1919,  16—21. 


The  paper  begins  with  Landau's  proof  of  the  Vivanti-Dienes  theorem  on  power 
series  «> 

/(z)=2X*n 

n=0 

with  a  finite  radius  of  convergence  g,  according  to  which  a  point  z0  of  the  circle  of 
convergence  \z\  —  g,  at  which  all  terms  anz"  of  the  series  from  a  certain  stage  onward 
lie  in  a  sector  Re^,  ^^0,F  <9  <W  with  W—  V  <  ny  is  a  singular  point  of  f(z). 
Hadamard's  gap  theorem  states  that  for  every  power  series 

*"(*)  =  JX/np    (0  ^  !»!  <  «it  <  -  -  - ) 
for  which  p=1 

¥fl 

-Eii>fc    (p=l,2,3,  ...), 

mp 

where  k  is  a  constant  >  1,  the  circle  of  convergence  z  =  Q  is  a  natural  boundary 
of  F(z). 

By  means  of  the  Vivanti-Dienes  theorem  a  simple  proof  is  given  of  this  theorem 
in  the  case  k  >  3. 

We  choose  a  sector  Bei6,  B  ^  0,  V  <  9  <  W ,  where  If—  F  <  n  is  so  near  to 
»that  2n+W-V 

~w^r<k- 

For  every  p,  the  points  z  on  \z\  —  Q  for  which  am  zmf  lies  in  the  sector  will  form  mp 
equally  spaced  arcs  Bp.  A  simple  calculation  shows  that  every  arc  Bp  contains  in 
its  interior  (at  least)  one  of  the  arcs  Bpn.  An  arbitrarily  small  arc  B  on  |z|  =  Q 
contains  for  a  sufficiently  large  P  one  of  the  arcs  BP\  this  contains  in  its  interior 
an  arc  BP+V  etc.  These  arcs  J5P,  BP+l,  . . .  have  a  point  20  in  common,  which  by  the 
Vivanti-Dienes  theorem  will  be  a  singular  point  of  F(z).  Thus  the  singular  points 
of  F(z)  are  everywhere  dense  on  \z\  =  q  and  the  theorem  is  proved. 


S  17.    Summary  of  E  6. 
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AN  EXAMPLE  OF  A  METHOD  OF  PROOF 

Summary  of  ET  EKSEMPEL  PAA  EN  BEVISMETODE. 
Matematitk  T ids ak rift  B  1920,  46. 


By  an  investigation  in  the  analytic  theory  of  numbers  a  type  of  problem  was 
encountered  of  which  the  following  is  an  especially  simple  example. 

In  the  unit  circle  C  in  the  complex  z-plane  an  arbitrary  number  of  points 
zlt  . . . ,  zn  are  given,  Denoting  by  z  a  variable  point  in  C  we  consider  the  mean  value 
of  the  reciprocal  distances  of  z  from  zlt  . . . ,  zn,  i.  e.,  the  quantity 


and  wish  to  prove  that  there  exists  a  constant  K  (incidentally  K  =  4)  such  that  in 
all  cases  there  is  a  point  z0  in  C  at  which  this  mean  value  .F(z0)  is  <  K. 

This  little  theorem  is  perhaps  most  easily  proved  by  the  following  argument, 
which  is  applicable  to  numerous  problems  of  similar  type. 

We  integrate  F(z)  over  G  and  find  that  the  integral  is  smaller  than  the  integral 
of  \l\z\  over  the  circle  \z\  <  2,  which  is  4rc.  Hence  there  must  be  a  point  z0  at  which 
=  4. 


8  18.    Summary  of  E  7. 
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ON  POWER  SERIES  WITH  GAPS 

A  PROPERTY  OF  PSEUDO-CONTINUITY 

Summary  of 

OM  POTENSILKKKER  MED  HuLLEB.  EN  P8EUDO-KONTINUITETSEGEN8KAB. 

Matematisk  Tidsskrift  B  1942,  1—11, 


After  some  introductory  remarks  on  power  series  with  gaps  and  a  reference  to 
the  author's  proof  of  a  simple  case  of  Hadamard's  gap  theorem*  a  problem  is  for- 
mulated which  was  encountered  in  an  investigation  of  analytic  almost  periodic 
functions. 

Let  Jj^anzn  be  a  power  series  with  radius  of  convergence  1  representing  an 
unbounded  function  f(z)  in  \z\  <  1.  A  number  r  in  the  interval  0  <  0  <  2n  is  called 
a  rotation  number  of  f(z)  belonging  to  e  if  l/(zeir)— f(z)\  ^  e  for  \z\  <  1.  The  function 
f(z)  is  called  pseudo-continuous  (or,  more  precisely,  pseudo  uniformly  continuous  by 
rotation)  if  it  possesses  arbitrarily  small  rotation  numbers  r  for  every  e  >  0.  The 
problem  is  whether  there  exist  pseudo-continuous  functions. 

One  easily  sees,  that  a  pseudo-continuous  function  must  have  the  circle  of 
convergence  as  a  natural  boundary.  The  simplest  examples  of  such  power  series, 
namely  £z^  (q  an  integer  >  1)  and  J^V,  are  discussed,  and  it  is  shown  that  the 
first  is  not  pseudo-continuous  whereas  the  second  is  pseudo-continuous.  Thus  the 
question  is  answered  in  the  affirmative. 

It  may  be  shown  by  the  argument  used  in  the  author's  proof  of  Hadamard's 
theorem  that  any  power  series  with  sufficiently  large  gaps  is  pseudo-continuous. 
For  simplicity,  only  sub-series  of  the  series  J£V  will  be  considered. 


Theorem.  If  the  sequence  of  positive  integers  m1<m^<  ...  increases  so  rapidly 
that  £ — -  w  convergent,  then  the  unbounded  function  f(z)  represented  in  \z\  <  1  by 

^n-fl 

the  series  £zm"  is  pseudo-continuous. 

*  H.  Bohr,  Om  den  Hadamard'ske  »Huls»tning«,  Matematisk  Tidsskrift  B  1919,  15-21. 
8  19.    Summary  of  E  15. 
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771 

Without  loss  of  generality  we  may  assume  that  ml  >  3  and  that  — —  <  }  for 
all  n.  We  put  ™n+1 

4     mn  _    4rt          _ 


The  points  z  =  eld  determined  by  \mnO\  g  6n  (mod.  2n)  form  mn  equally  spaced 
arcs  7n  on  the  unit  circle.  One  easily  sees  that  every  arc  7n  contains  an  arc  7n+1, 
and  also  that  the  arc  0  <  0  <  yn  contains  an  arc  7n+1. 

We  have  to  prove  that  for  every  d  >  0  and  every  e  >  0  there  exists  a  rotation 
number  r  of  /(z)  belonging  to  £  in  the  interval  0  <  0  <  d.  We  determine  n  so  large 


that  f]n  <  d  and  4<5n+  J^,,  <  e.  On  the  arc  0  <  0  <  r)n  we  determine  an  arc  7n+1, 

n+l 

in  it  an  arc  7n+2,  etc.  These  arcs  7W+1,  7n+2,.  ,  .  determine  a  point  r  in  0  <  6  <  d, 
and  a  simple  estimate  shows  that  this  r  is  a  rotation  number  of  /(z)  belonging  to  e. 


S  19.    Summary  of  E  15. 
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ON  ADDITION  OF  CONVEX  CURVES  WITH  GIVEN 
PROBABILITY  DISTRIBUTIONS 

(A  SET-THEORETICAL  INVESTIGATION) 

Summary  of 

OM  ADDITION  AF  KONVEKSE  KURVER  MED  OIVNE  SANDSYNLIGHEDSFORDELINGER. 

(EN  BLENGDETEORETISK  UNDERS0GEL8E.) 

Matematisk  Tidsskrift  B  1923,  10—15. 

The  problem  of  adding  convex  curves  'spread'  with  probability  is  encountered 
in  the  study  of  the  functions  occurring  in  the  theory  of  prime  numbers.*  In  this  note 
the  addition  of  two  curves  is  discussed  by  means  of  the  tools  of  modern  set-theory. 
Throughout,  the  notions  of  'measurable'  sets  and  'integrable'  functions  are  to  be 
taken  in  the  Lebesgue  sense. 

Let  Kl  and  Kz  be  convex  curves  in  the  complex  z-plane,  without  vertices  or 
straight  segments.  We  suppose  that  the  curve  K{  (i  =  1,2)  is  given  by  a  parametric 
representation  z{  =  /^),  where  0  g  i{  <^  1.  By  the  probability  that  a  point  zt  of  K{ 
lies  on  a  given  arc  B  of  K{  is  meant  the  length  of  the  corresponding  parameter 
interval.  It  is  assumed  that  this  'arc  probability'  is  determined  by  a  'point  probability', 
i.e.,  that  there  exists  a  function  sfa)  on  K{  whose  integral  over  every  arc  B  is  equal 
to  the  probability  of  the  arc.  For  simplicity  it  is  assumed  that  sfa)  is  bounded. 

The  sum  Q  of  K1  and  K^  is  defined  as  the  set  of  all  points  z  =  zv+zlt  where  zl 
belongs  to  K±  and  z2  belongs  to  K%.  It  is  a  closed  set  bounded  either  by  one  or  by 
two  convex  curves.f  By  the  probability  that  a  point  z  of  Q  lies  in  a  measurable  set 
M  in  the  z-plane  is  meant  the  measure  \JL  of  the  set  M  of  points  (tlt  tz)  in  the  unit 
square  E:Q  <^  ^  ^  1,  0  fg  t2  <L  1  for  which  21(<1)+z2(f2)  belongs  to  M.  The  proof  of 
the  following  theorem  is  sketched: 


*  A  survey  of  the  investigations  that  have  led  to  problems  of  this  kind  has  been  given  by  the 
author  in  a  lecture:  'ttber  diophantische  Approximationen  und  ihre  Anwendungen  auf  Dirichlet'sche 
Reihen,  besonders  auf  die  Riemann'sche  Zetafunktion',  given  at  the  Scandinavian  Congress  of  Mathe- 
maticians at  Helsingfors  1922. 

•f  H.  Bohr,  Om  Addition  af  uendelig  mange  konvekse  Kurver,  Oversigt  over  Det  Kgl.  Danske  Vidm~ 
skabemea  Sekkabs  Forhandlinger  1913,  325-366. 


S  20.    Summary  of  F  2. 
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For  every  measurabk  set  M  in  Q  the  probability  /*  exists,  i.  e.,  the  corresponding  set 
M  in  E  is  also  measurable.  Moreover,  this  'set  probability'  p  =  n(M)  is  determined  by  a 
'point  probability'  S(z),  i.e.,  there  exists  a— generally  unbounded— point  function  S(z) 
such  that  the  measure  of  M  is  eqwl  to  the  integral  of  8(z)  extended  over  the  set  M. 

The  problem  will  be  treated  in  detail  in  a  later  paper  in  which  also  the  addition 
of  an  arbitrary  number  of  convex  curves  will  be  discussed. 


S  20,    Summary  of  F  2. 
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ON  PROBABILITY  DISTRIBUTIONS  BY  ADDITION 
OF  CONVEX  CURVES 

Summary  of 
OM  SANDSYNLIQHEDSFOBDELINGEB  VED  ADDITION  AF  KONVEKSE  KUBVEB. 

BY  HAEALD  BOHR  AND  BORGE  JESSEN. 

Det  Kgl  Danske  Videnakdbernes  SeUkoba  Skrifter,  Naturvidensk.  og  Mathem.  Afd. 
(8)  12,  no.  3  (1929),  325—406  [1—82]. 


This  paper  is  a  preliminary  to  a  detailed  study  of  the  distribution  of  the  values 
of  the  Riemann  zeta-function. 

Chapter  I.  On  convex  curves.* 

The  chapter  begins  with  some  remarks  on  closed  convex  curves  a>  in  the  plane. 

N 

In  a  plane  with  a  given  origin  0  the  sum  P  =  £  Pn  of  a  finite  number  of  points 

n-o 

N  N 


Pn  is  defined  by  the  vector  equation  OP=£  OPn.  The  sum  J£*  M  n  of  a  finite  number 

n»o  n=o 

N 

of  sets  M  n  is  defined  as  the  set  of  all  points  £  Pn,  where  Pn  belongs  to  M  n.  The 


symmetrical  point  of  a  point  P  with  respect  to  0  is  denoted  by  —  P  and  the  sym- 
metrical set  of  a  set  M  with  respect  to  0  is  denoted  by  —  M. 


An  infinite  series  J^PW,  where  Pn  are  points,  is  called  convergent  with  sum  P, 

n«=0 

N  oo 

if  the  partial  sum  ^Pn  converges  to  P  as  N  ->  oo.  An  infinite  series  £  J/n,  where 

n=o  n=o 

oo 

Mn  are  sets,  is  called  convergent,  if  every  series  J^Pn,  where  Pn  belongs  to  Mn,  is 


n«o 

00 

convergent;  the  set  of  points  ^Pn  is  then  the  sum  of  the  series 

n=0  n=0 

Let  <o0,  o)lt.  .  .,  o)N,.  .  .  be  a  sequence  of  convex  curves,  We  consider  the  sets 

N 

SN  =  £  a)n  ;  evidently  they  are  bounded.  It  is  proved  by  induction  that  every  set 


*  This  chapter  repeats  in  a  condensed  form  the  results  in  H.  Bohr,  Om  Addition  af  uendelig  mange 
konvekse  Kurver,  Oversigt  over  Det  Kgl.  Danske  Videnskabernes  Selskaba  ForhandMnger  1913,  326-366. 


8  21.    Summary  of  F  3, 
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ZN  is  either  a  closed  set  bounded  by  one  convex  curve  or  a  closed  ring-shaped  set 

00 

bounded  by  two  convex  curves.  Similarly,  the  set  E  =  ^con,  if  it  exists,  is  of  one  of 

n=0 

these  types.  In  certain  cases  a  set  of  the  first  type  is  to  be  considered  as  a  set  of  the 
second  type  whose  inner  boundary  has  degenerated  into  a  point  or  a  straight  segment. 
The  points  of  this  degenerate  inner  boundary  are  then  not  to  be  considered  as  interior 
points  of  the  set. 

Chapter  II.  Introductory  definitions  and  theorems  on  probability. 

If  a  convex  curve  o>  is  defined  by  a  parametric  representation,  where  the  para- 
meter 6  describes  the  interval  0  ^  6  <  1,  this  representation  defines  an  arc-probability 
w(b)  on  co,  whose  value  for  an  arc  b  is  the  length  of  the  corresponding  part  of  the 
parameter  interval. 

Let  0)0,0)!,...,  a>N,  ...  be  a  sequence  of  convex  curves  on  which  such  probabilities 
wn(b)  are  determined  through  parametric  representations  with  parameter  intervals 

N 

0  ^  On  <  1.  These  representations  determine  a  mapping  of  every  set£N  =  £con 

n=0 

on  the  unit  cube  QN(Q  ^  On  <  1)  in  the  (00,  Olt.  .  .,  0^)-space,  by  which  a  point 

N 

P  =  £  Pn  of  ZN  corresponds  to  the  point  (00,  019  .  .  .  ,  6N),  if  Pn  is  the  point  of  o>n 

n=o 

corresponding  to  6n.  Every  point  of  QN  corresponds  to  one  point  of  EN,  whereas  a 
point  of  ZN  generally  corresponds  to  more  than  one  point  of  QN.  This  mapping 
defines  a  set-probability  WN(M)  in  the  plane,  by  which  a  set  M  is  allotted  the 
probability  WN(M)  if  the  set  of  points  in  QN  for  which  the  corresponding  point  in 
£N  belongs  to  M  is  Jordan  measurable  with  the  measure  WN(M). 

A  rectangular  coordinate  system  (XY)  is  introduced  in  the  plane  and  for 
simplicity  only  rectangles  R(xQ  ^  x  <  xlt  yQ  5g  y  <  y^  are  considered.  Under  the 
assumption  that  the  curves  <wn  do  not  contain  straight  segments  it  is  proved  by 
induction*  that  for  every  N  the  probability  WN(R)  exists  for  all  R  and  is  a  continuous 
function  of  R.  Moreover 


(a)  W^W 

*0 

where  PN+1  denotes  the  point  of  a>N+l  corresponding  to  the  parameter  value  0N+l  . 


*  The  proof  is  taken  from  H.  Bohr  and  R.  Courant,  Neuo  Anwendungen  der  Theorie  der  Diophanti' 
Bchen  Approximationen  auf  die  Riemannache  Zetafunktion,  Journal  fur  die  Heine  und  Angewandte 
Mathematik  144  (1914),  249-274. 


S  21.    Summary  of  F  3. 
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Chapter  III.  Demarcation  of  the  domain  of  curves. 

Let  o>  be  a  convex  curve  without  corners  or  straight  segments.  The  notion  of  a 
circle  touching  co  at  a  point  P  and  lying  on  the  same  side  of  the  tangent  t  as  CD  will 
be  taken  in  the  wide  sense,  including  the  point  P  and  the  tangent  t.  The  inner  radius 
?i  ( s~  0)  of  co  is  defined  as  the  largest  number  with  the  property  that  for  every  point 
P  of  ft>  the  touching  circle  with  radius  ri  is  enclosed  by  co.  Similarly,  the  outer  radius 
ry(^oo)  is  defined  as  the  smallest  number  with  the  property  that  for  every  point 
P  of  co  the  touching  circle  with  radius  ry  encloses  co. 

These  radii  may  be  determined  as  follows.  A  circle  is  called  an  osculating  circle 
of  co  at  a  point  P  if  it  is  the  limit  of  a  sequence  of  circles.touching  co  at  P  and  passing 
through  a  sequence  of  points  of  co  converging  to  P.  It  need  not  be  unique.  The  radii 
ri  and  ry  are  equal  to  the  lower  and  upper  bounds  of  the  radii  of  all  osculating  circles. f 
Another  determination  is  as  follows.  A  circle  touching  co  at  a  point  P  is  called  a 
circle  of  curvature  if  its  radius  is  the  limit  of  the  ratio  of  the  length  of  the  chord  PP* 
to  the  total  curvature  of  the  arc  PP*  for  a  sequence  of  points  P*  of  co  converging  to  P. 
Every  osculating  circle  is  also  a  circle  of  curvature J  but  not  conversely.  Nevertheless, 
the  radii  r{  and  ry  may  also  be  determined  as  the  lower  and  upper  bounds  of  the 
radii  of  all  circles  of  curvature. 

The  following  investigations  are  restricted  to  the  class  K  of  curves  for  which 
r{  and  ry  are  positive  and  finite. 

Let  co  and  co*  be  two  curves  of  this  class  such  that  the  inner  radius  of  co  exceeds 
the  outer  radius  of  co*.  It  is  then  shown  that  for  every  point  P  in  the  plane  the  curves 
co  and  P+co*  have  at  most  two  points  in  common.  The  points  P  for  which  they  have 
one  point  in  common  form  two  convex  curves  cot-  and  coy  of  the  class  K,  whose  radii 
are  estimated  by  means  of  the  radii  of  co  and  co*.  The  curve  coy  encloses  co^.  The  ring 
between  coi  and  coy  consists  of  the  points  P  for  which  co  and  P+co*  have  two  points 
in  common.  The  sines  of  the  angles  of  intersection  of  co  and  P+co*  are  estimated  by 
means  of  the  radii  of  co  and  co*  and  the  shortest  distance  of  P  from  co^  or  coy. 

By  choosing  co*  as  a  circle  one  obtains  results  on  the  parallel  curves  of  the 
curve  co. 

These  results  are  now  applied  to  a  special  case  of  the  addition  of  convex  curves. 
We  consider  three  curves  co0,  co1}  coa  of  the  class  K,  whose  radii  satisfy  the  inequalities 


t  Cf.  W.  Blaschke,  Kreis  und  Kugd,  Leipzig  1916,  114-117. 

{  J.  Hjelmslev,  tTber  die  Qrundlagen  der  kinematischen  Geometrie,  Acto  Mathematica  47  ( 1 925),  155. 
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Since  a  point  P  belongs  to  J^  =  eoo+Wj  if  and  only  if  o>0  and  P—^  have  a  point  in 
common,  one  finds  that  2l  is  a  ring-shaped  set  bounded  by  two  convex  curves 
e^  and  o)y  of  the  class  K.  Every  point  of  ^  or  a)y  has  exactly  one  representation 
PO+PI  as  a  sum  of  a  point  of  co0  and  a  point  of  %,  whereas  every  interior  point  of 
T!  has  exactly  two  such  representations.  The  sets  o^+cog  and  o)y+o)2  will  be  ring- 
shaped  sets  bounded  by  convex  curves  a)u,  coiy  and  <oyi,  a)^  of  the  class  K.  One  finds 
that  the  curve  coyi  encloses  coiy  and  that  the  set  Z"2  =0)0+^1+^2  ™  tne  ring-shaped 
set  bounded  by  o)u  and  a)yy. 

Chapter  IV.  Point  -probability. 

We  now  return  to  the  considerations  of  chapter  II. 

The  arc-probability  w(b)  on  a  convex  curve  oj  is  said  to  be  determined  by  a  con- 

tinuous point-probability  f(P)  if  it  is  of  the  form  w(b)  =  \  f(P)db,  where  /(P)  is  a  con- 
tinuous function  on  co. 

We  now  suppose  that  the  curves  o>0,  wl5  .  .  .  ,  r%,  .  .  .  belong  to  the  class  K  and 
that  their  radii  converge  to  0  as  N  ->  oo.  Moreover  we  suppose  that  the  arc-pro- 
babilities wn(b)  on  the  curves  are  determined  by  continuous  point-probabilities 
/n(Pn).  It  is  then  proved  that  for  all  N  ^  N0,  where  N$  is  a  number  depending  only  on 
the  given  curves,  the  set-probability  WN(M)  is  determined  by  a  continuous  point-pro- 
bability FN(P),  i.e.,  there  exists  a  continuous  function  FN(P)  in  the  plane  such  that 

(b)  WN(M)=({  FN(P)dM. 

JJM 

The  definition  of  the  integral  of  a  continuous  non  -negative  function  to  be  applied 
here  is  an  adaptation  of  the  definition  of  Jordan  measure.  For  an  arbitrary  set  M 
the  interior  integral  is  defined  as  the  upper  bound  of  the  integral  over  all  sets  con- 
tained in  M  composed  of  a  finite  number  of  rectangles.  The  exterior  integral  is  defined 
for  a  bounded  set  M  as  the  lower  bound  of  the  integral  over  all  sets  containing  M 
composed  of  a  finite  number  of  rectangles,  and  for  an  unbounded  set  M  as  the  upper 
bound  of  the  exterior  integral  over  all  bounded  subsets  of  M  .  The  integral  over  M 
is  defined  as  the  common  value  of  the  interior  and  exterior  integrals  when  they 
are  equal. 

The  formula  (b)  expresses  that  the  probability  and  the  integral  are  defined  for 
exactly  the  same  sets  M  and  are  equal.  It  is  easily  seen  that  this  amounts  to  the 
validity  of  the  formula  when  M  is  a  rectangle  R. 

It  follows  from  (a)  that  if  WN(  M  )  is  determined  by  a  continuous  point-probability 
FN(P),  then  WN+1(M  )  will  be  determined  by  the  continuous  point-probability 
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From  the  existence  of  a  continuous  point-probability  F$(P)  for  one  value  N  =  NQ 
therefore  follows  its  existence  for  all  N  >  Ng, 

Without  loss  of  generality  we  may  suppose  that  the  radii  of  the  first  four  curves 
<w0,  a)lt  o>2,  co3  satisfy  the  inequalities 

(°)  V^2ri,r    fi,t-S2r8tl,;    >M  ^  2r,i!f. 

Otherwise  we  choose  NQ  so  large  that  among  the  curves  o>0,  .  .  .  ,  O)NQ  there  are  four 
that  satisfy  these  inequalities  and  then  rearrange  the  curves  co0,  .  .  .,  eo#0;  this  does 
not  affect  W  N(M)  for  N  ^>  N$.  It  is  shown  that  under  the  assumption  (c)  there  is 
a  continuous  point-probability  already  for  N  =  3.  Hence,  in  the  case  where  a 
rearrangement  is  needed,  there  is  a  continuous  point-probability  for  N  ^  N0. 

Under  the  first  two  of  the  assumptions  (c)  the  sets  Sl  and  £2  were  discussed  at 
the  end  of  chapter  III.  From  the  discussion  of  Zl  it  easily  follows  that  (b)  is  satisfied 
for  N  =  1  for  all  rectangles  by  a  discontinuous  function  F^P).  This  function  vanishes 
outside  E^  and  for  an  interior  point  P  of  2^  it  is  determined  from  the  two  representa- 
tions P  =  PO+P!  and  P  =  PO'+PI'  of  P  as  a  sum  of  a  point  of  o>0  and  a  point  of 
ft>!  by  the  expression 

• 

1 


, 
sin  p  sin  p 

where  p'  and  p"  are  the  angles  of  intersection  of  o>0  and  P—  o^  at  P'Q  and  P^'.  The 
function  Fi(P)  is  discontinuous  on  the  boundary  curves  o){  and  wy)  but  it  is  shown 
that  it  satisfies  an  inequality 


where  d  denotes  the  shortest  distance  from  P  to  co^  or  eoy,  and  K1  is  a  constant. 
From  the  discussion  of  Z"2  it  now  follows  that  (b)  is  satisfied  for  N  =  2  for 
all  rectangles  by  the  function 


This  function  is  discontinuous  on  the  curves  o)iif  a)iy,  a)yi,  and  coyy,  but  it  is  less  strongly 
discontinuous  than  Fi(P).  It  is  shown  that  for  a  sufficiently  small  a  it  is  bounded 
for  points  P  having  a  distance  <  a  from  co^  or  eoyy,  whereas  for  points  P  having  a 
distance  d  <  a  from  o)iy  or  eo^  it  satisfies  an  inequality 
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where  K%  and  L2  are  constants. 

Finally,  by  use  also  of  the  last  of  the  conditions  (c)  it  is  shown  that  (b)  is  satisfied 
f  or  N  =  3  for  all  rectangles  by  the  function 


and  this  function  is  continuous  everywhere.  This  establishes  the  theorem. 

It  follows  from  the  proof  that  the  point-probability  FN(P)  for  N  ^  NQ  is 
always  strictly  positive  for  all  interior  points  of  IN. 

Chapter  V.  Probability  distributions  by  addition  of  infinitely  many 
convex  curves. 

To  the  assumptions  of  chapter  IV  we  now  add  the  assumption  that  the  series 

00 

JTeon  is  convergent  with  sum  I. 

n«0 

It  is  proved  that  in  this  case  the  sequence  of  point -probabilities  FN(P),  N  ^  JV0, 
converges  uniformly  to  a  function  F(P).  This  continuous  function  vanishes  outside 
the  set  JT,  is  positive  for  interior  points  of  T,  and  its  integral  over  I  is  1.  It  is 
called  the  point-probability  corresponding  to  Z. 

We  can  also  define  a  set-probability  W(M)  corresponding  to  2.  Since  the  set- 
functions  WN(M )  are  not  defined  for  the  same  sets,  we  consider  for  an  arbitrary 
set  M  the  interior  and  exterior  probabilities  WNti(M)  and  WNty(M)  defined  by  the 
interior  and  exterior  Jordan  measure  of  the  corresponding  set  in  the  unit  cube 
QN(Q  ^  0n  <  1)  in  the  (00,  8^. . .,  fl^-space.  For  N  -*•  oo  they  converge  to  limits 
Wt(M)  and  Wy(M ),  and  W(M )  is  now  defined  as  the  common  value  of  W^M)  and 
Wy(M)  when  they  are  equal.  One  finds  that 

W(M)=  (J  F(P)dM, 

where  the  probability  and  the  integral  are  defined  for  the  same  sets. 

The  set-probability  W(M)  may  also  be  defined  directly,  in  analogy  to  the  set- 
functions  Wx(M),  by  means  of  a  suitably  defined  Jordan  measure  in  the  unit  cube 
Q(0  ^  0n  <  1)  in  the  infinite-dimensional  (00,  Olt . . . ,  0^, . . .  )-space. 

The  uniform  convergence  of  the  sequence  of  point-probabilities  F$(P),  N  ^  JV0, 

00 

still  holds  in  certain  cases  where  the  series  £ wn  is  divergent. 
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For  every  fixed  N  ^  JV0  and  every  positive  p  we  consider  the  set  2NtN+p  = 

p 
,  To  this  set  there  corresponds  a  set-probability  WN  N+P(M)  which  for  all  suf- 


ficiently  large  p,  say  for  p  ^>  pQ  =  pQ(N),  will  be  determined  by  a  point-probability 
)-  One  easily  proves  that  for  such  p 


—  \\ 

** 


where  Pytx+p  denotes  the  variable  point  in  2NtN+p.  From  this  relation  it  easily 
follows  that  the  sequence  FN(P)>  N  ^  N^  will  be  uniformly  convergent  if  to  every 
N  ^  NQ  there  exist  positive  numbers  QN  and  rjN  converging  to  0  as  N  ->  oo  and 
such  that  for  every  p  ^  p0  =  pQ(N) 

(d)  i-^W»Xto. 

where  FN  denotes  the  closed  circular  disk  with  center  0  and  radius  QN. 

Under  this  assumption,  the  limit  function  F(P)  of  the  sequence  FN(P)  will  be 
positive  for  exactly  those  points  P  which  together  with  a  neighbourhood  belong  to 
the  interior  of  2N  for  all  N  from  a  certain  stage  onward.  It  is  natural  to  consider  the 

00 

closure  2  of  the  set  of  these  points  as  the  sum  of  the  divergent  series  £<on.  The 

n=o 

integral  of  F(P)  over  2  is  equal  to  1  .  The  function  F(P)  is  called  the  point-probability 
corresponding  to  2.  As  in  the  preceding  case  we  can  also  by  a  passage  to  the  limit 
define  a  set-probability  W  (M  )  corresponding  to  2,  which  will  be  determined  as  the 
integral  of  F(P).  In  the  present  case,  where  the  set  2  is  not  the  image  of  the  infinite- 
dimensional  unit  cube,  we  have  no  direct  determination  of  W(M)  as  an  infinite- 
dimensional  measure. 

The  chapter  ends  with  an  example.  The  curve  co  in  the  complex  Y  =  V  -\-iV- 
plane  determined  for  a  given  r  <  1  by  the  parametric  representation 


is  easily  shown  to  be  a  convex  curve.  It  has  the  symmetry  axes  V  =  0  and  17  = 
log  I/I—  r2.  By  calculation  of  its  radius  of  curvature  one  finds  for  its  inner  and  outer 

radii  the  values  r4  =  r  and  r  y  =  —-—  -  .  The  parametric  representation  evidently 

H—  r2 

determines  a  continuous  point-probability  on  w. 

By  giving  r  a  sequence  of  values  r0,  rl9  .  .  .  ,  rN,  .  .  .  converging  to  0  we  therefore 
obtain  a  sequence  of  curves  w0,  %,  .  .  .  ,  WN,  .  .  .  satisfying  the  conditions  of  chapter  IV. 
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00  00  00 

The  series  ^wn  will  be  convergent  when  the  series  J£VW  converges.  If  the  series  J£Vn 

n«0  n=0  n«o 

oo 

diverges,  but  the  series  J£V*  converges ,  then  condition  (d)  will  be  satisfied,  as  a  standard 

n=o 

oo 

argument  shows,  so  that  here  we  have  a  case  of  a  divergent  series  £oon  for  which 

n«o 

the  point-probability  exists.* 


*  A  study  of  the  seta  Z'y  shows  that  in  this  case  the  point-probability  F(P)  is  positive  in  the 
whole  plane. 
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ON  AN  EXTENSION  OF  A  KNOWN  CONVERGENCE  THEOREM 

Summary  of  OM  EN  UDVIDELSE  AF  EN  KENDT  KONVEROENSS^ETNINO. 
Nyt  Tidsskrift  for  Matematik  B  20  (1909),  1—4. 


P.  du  Bois-Reymond  has  proved  the  following  convergence  theorem : 

OO  00  00 

The  series  £an  •  bn  is  convergent,  if  £an  and.  J^|6n— 6n_,|  are  convergent. 

0  01 

It  is  shown  that  this  theorem  can  be  extended  as  follows: 

00 

//  5Jan  w  Convergent  and  if 
o  A 


are  complex  numbers  satisfying  the  two  conditions 

1)  lim  6n>m  =  bm       2)  21"  Ib^-b^l  <  B  (for  all  n)  , 

m  coast.  n=oo  r=l 

oo 

then  0ofrn,o+0A,iH  -----  haA,n  ^>  for  n  =  oo,  a  limit  equal  to  £an  '  bn  • 

0 

By  means  of  this  theorem  simple  proofs  are  given  for  the  two  main  theorems 
on  multiplication  of  two  infinite  series,  due  to  Mertens  and  Cesaro  respectively: 

00  00 

If  U  =  £un  is  convergent  and  V  =  J^vn  is  absolutely  convergent,  then  the 

0  0 

oo 

series  J£Vn,  where 


0 


is  convergent  with  the  sum  U  •  V. 

00  00  00 

If  U  =  £un  and  ^  =  2vn  are  convergent,  then  the  series  £wn  is  summable 

00  0 

with  the  sum  U  •  F,  i.  e.,  on  putting 


we  have 

M- 
n 
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SOME  REMARKS  ON  FORMAL  CALCULATION 

Summary  of  NOGLE  BEMJBBKNINGER  OM  FORMBL  REGNING. 
Matematisk  Tidsskrift  B  1928,  7—18. 


This  paper  originates  in  a  discussion  with  A,  F.  Andersen,  in  connection  with 
Andersen's  doctoral  dissertation*,  concerning  the  advantages  of  formal  calculation 
with  infinite  series.  After  some  orientating  remarks,  illustrated  by  a  proof  of  Mobius' 
inversion  formula  based  on  Dirichlet  series,  a  modified  proof  is  given  of  one  of 
Andersen's  theorems  on  differences  of  fractional  order. 

For  an  arbitrary  sequence  of  numbers  e0,  elf  e2,  .  ,  .  the  differences  ATev  of 
arbitrary  real  order  r  may  be  defined  by  the  formula 


where  the  dots  before  the  constant  term  on  the  right  indicate  terms  with  positive 
exponents  in  which  we  are  not  interested.  If  we  denote  the  binomial  series  for  (1  —  x)r 
by  r9+rlx+r^+  .  .  .  ,  this  means  that  we  put 

(II)  A=J?VW- 

p«v 

A  meaning  is  attached  to  the  symbol  Arev  only  when  this  series  converges.  Equation 
(II)  is  the  definition  used  by  Andersen.  Equation  (I)  is  formal  in  the  sense  that  though 
the  series  occurring  in  the  formation  of  the  coefficients  on  the  right  are  supposed  to 
be  convergent,  it  is  not  assumed  that  the  power  series  with  coefficients  ev  or  Arev 
are  convergent  for  any  x.  The  differences  Are,  (v  =  0,  1,  2,  .  .  ,  )  certainly  exist  when 
the  ev  are  bounded  and  r  >  0.  For  in  this  case  the  series  JFV,  (the  binomial  series 
for  x  =  1)  is  convergent  and  all  but  a  finite  number  of  its  terms  have  the  same  sign; 
the  series  (II)  is  therefore  convergent.  Andersen  also  introduced  the  broken 
differences  of  order  r  defined  by 

(Hi)  ^,=2Vp_. 

p«* 
*  A.  F.  Andersen,  Stud4er  over  Cee&ro's  Summabilitetemetode,  Copenhagen  1921. 
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The  theorem  of  Andersen  to  be  considered  is  as  follows. 
//  |«,|  <  k  (v  =  0,  1,  2,,  .  .),  then  the  equation 

A'A'e,  =  A'+\ 

holds  if  r  >  0,  s  >  —  1,  and  r+s  >  0,  i.e.,  the  indicated  differences  exist  and  are  equal. 

[It  adds  to  the  interest  of  this  theorem  that,  as  shown  by  Andersen,  it  is  'best 
possible'  in  a  certain  sense.] 

Whereas  Andersen  in  his  proof  works  directly  with  the  definition  (II)  [and  with 
the  definition  (III)  of  the  broken  differences]*,  the  modified  proof  is  based  on  the 
expansion  (I).  In  this  way  any  use  of  the  order  of  magnitude  of  the  binomial  coef- 
ficients is  avoided. 

We  put  (formally) 


...  =  R(x) 

(l-x)*  =  *0 


we  also  introduce  the  notation 

S«(«)  =  SQ+S&+  .  •  .  +snxn  . 

All  that  is  needed  about  the  binomial  coefficients  rv,  sv,  tv  is:  1)  In  each  of  the  three 
series  the  coefficients  have  the  same  sign  from  a  certain  step  onward,  say  for  v  >  c. 
2)  Since  r  and  t  =  r+s  are  both  >  0,  the  series  for  (1—  x)r  and  (!—#)*  are  both 
convergent  at  the  point  1  with  sum  0.  3)  Since  s  >  —  1,  the  coefficients  *,  in  the, 
series  for  (1—  -x)9  converge  to  0  as  v  ->  oo. 

It  is  sufficient  to  prove  that  A'AreQ  =  J'e0.  Since  r  >  0,  t  >  0,  and  |e  J  <  k 

the  differences  Arev  and  A*ev  exist  and  are  the  coefficients  of  -  in  the  expansions 

xv 

of  E(x}R(x)  and  E(x)T(x).  The  broken  difference  AanAreQ  will  be  the  constant  term 
in  the  expansion  of  E(x)R(x)Sn(x).  Hence  A'n  J%—  J'e0  is  the  constant  term  in  the 
expansion  of  E(x)(R(x)Sn(x)-~  T(x)).  We  have  to  prove  that  it  tends  to  0  as  n  ->  oo. 
Let  the  expansion  of  R(x)Sn(x)  be 


*  In  a  recent  paper:  Comparison  theorems  in  the  theory  of  Cesaro  summability,  Proceedings  of  the 
London  Mathematical  Society  (2)  27  (1928),  39-71  (58-60),  Andersen  has  given  a  simpler  formulation  of 
his  original  proof  of  a  similar  theorem,  but  uses  also  there  a  direct  method  of  proof. 
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Evidently  rv  =  tv  for  0  g  v  <£  n.  Hence 


Since  the  series  for  (l—x)r  and  (1—  x)'  are  convergent  at  x  =  1  with  sum  0,  the 

00  OO 

series  (IV)  is  also  convergent  at  x  =  1  with  sum  0,  i.  e.  J^(t;— tv)  =  0.  But  £tv  ->  0 

v-n+l  v-an-fl 

00 

as  n  ->  oo ;  hence  Jfr,  ->  0  as  n  ->  oo.  [Notice  that  TV  depends  on  v  and  n.]  The  dif- 

00  00 

ference  z1*/dr£0— J'e0  is  by  (IV)  equal  to  £ev(rv— tv).  Since  \e,\  <  k  and  £\tv\  ->  0, 

00  00 

we  have  £evtv  -*  0.  It  remains  to  prove  that  J^erT,  -»•  0  and  for  this  it  is  sufficient 
to  prove  that 

(V)  j>,|->0    as    n->oo. 

00 

This  relation  (V)  follows  from  £nv  ->  0  since  the  quantity 

00 

(vi)  2>,l 


00 

tends  to  0  as  w  ->  oo.  To  see  this  we  observe  that  £rv  is  formed  from  the  products 

r^Sp  for  which  a-\-j$  >  n  and  ft  :g  n.  Since  rx  and  sp  have  constant  signs  for  a  >  c 
and  ft  >  c,  the  total  contribution  of  the  terms  r^$p  of  'irregular'  sign — which  is  at 
least  half  of  the  quantity  (VI)— is  smaller  than 


and  this  quantity  tends  to  0  as  n  -*•  oo. 
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ON  GENERAL  CONVERGENCE  CRITERIA  FOR  SERIES 
WITH  POSITIVE  TERMS 

Summary  of 

OM  ALMINDELIGE  KONVERGENSKRITERIEB  FOB  RuEKKER  MED  POSITIVE  LED. 

Matematiak  Tidaakrift  B  1945,  1—9. 


This  paper  is  extracted  from  a  rather  extensive  unpublished  manuscript  'On 
series  with  arbitrary  indices'  from  the  author's  very  early  years. 

For  an  arbitrary  index  sequence  #0  <  xl  <  x2  <  •  •  •  and  an  associated  function 
uXv  the  sum  of  u  from  x0  to  xn  is  defined  by 


It  is  related  to  the  difference  quotient 


by  the  formula 

o        tt(0 

The  limit 

8,    "      =11 


when  it  exists,  is  called  an  infinite  series  with  arbitrary  indices  x0yxlt For  a 

positive  function  u  an  infinite  product  with  arbitrary  indices  is  defined  similarly. 
It  is  shown  that  these  notions  lead  to  a  simple  deduction  of  so-called  'general' 

00 

criteria  for  convergence  or  divergence  of  ordinary  infinite  series  J£Vn  with  positive 

i 

terms,  i.e.,  criteria  involving  'arbitrary'  functions,  as  developed  by  various  authors, 
in  particular  by  Pringsheim.* 

For  series  with  arbitrary  indices  (0  <)a:1  <  #2  <  ...  and  positive  terms  one 
easily  obtains  by  comparison  with  certain  simple  series  the  following  special  criteria: 

*  A.  Pringsheim,  Allgemeine  Theorie  der  Divergenz  und  Konvergenz  von  Reihen  mit  positiven 
Qliedem,  MathematMe  Annalen  35  (1890),  297—394. 
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«  <  1  (convergence) 
* 


First  kind.    r  •*«_  ,  ^_  ,  v  ,  _. 

1^1  (#n  ~*  °°)  (divergence), 

,  , .   ,  "  *!  /  tt*,.  f  ^  0  <  1  (convergence) 
Second  kind.        |/-J*-{-  v          f       ' 

r   w^j  I  ^  1  (#n  -»  oo)  (divergence). 

00 

Now,  an  ordinary  infinite  series  J^t>n,  i.e.,  a  series  corresponding  to  the  indices 

i 

0,1,2,...,  may  be  transformed  into  a  series  8     *       with  arbitrary  indices, 
where  uXn  = — .  The  preceding  criteria  therefore  give  the  following  general 

xn~~xn~l 

criteria  for  the  series  J£\: 

JM  tM.  *\r~^~\  ^a<i  (c°nvergence) 


))  (divergence), 
I  a  <  1  (convergence) 

vn-i  x*~~xn-i  I  ^  M^n  "*  °°)  (divergence). 
These  criteria  (in  a  somewhat  different  form)  are  well  known  and  are  also  given 
by  Pringsheim.  The  first  he  calls  the  'most  general  criterion  of  the  first  kind',  but 
the  second  does  not  appear  in  his  exposition  as  the  corresponding  criterion  of  the 
second  kind.  As  such  appears  Rummer's  criterion,  according  to  which  the  series 
JTvn  converges  if 


for  some  positive  function  <pn.  His  proof  of  this  criterion  is  rather  unsystematic.  By 
the  above  method,  Rummer's  criterion  is  immediately  obtained  from  the  following 
special  convergence  criterion  for  series  with  arbitrary  indices  and  positive  terms: 

-w(1) 
ux  <  fc(-tt«)     or    — ^  >  K  >  0  . 

** 
This  criterion  is  obvious  since  S,    ~M(I)    N  =  ur  —uff  <  u~  .  If  we  insert  u*  = 

(ZQ)  %l>  •  • ' ,  Xn)  *v        *n          *()  *n 


— " — ,  it  takes  the  form 


and  this  is  Rummer's  criterion,  since =  yv  is  an  arbitrary  positive  function. 


8  24.    Summary  of  0  5. 
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HARALD  BOHR 

22  April  1887  —  22  January  1961. 
BY 

B0RGE  JESSEN 

Memorial  adress  given  at  a  meeting  of  Danish  mathematicians  on  6  April  1951 
at  the  University  of  Copenhagen.* 


The  Mathematical  Society,  the  Society  of  Mathematics  Teachers,  and  the  club 
Parentesen  have  desired  that  we  should  meet  here  today  in  memory  of  Harald  Bohr, 
through  whose  passing  we  have  lost  the  one  who  more  than  anybody  else  tied  us 
together. 

We  should  have  liked  to  hold  this  meeting  at  the  Institute  of  Mathematics, 
where  he  .had  his  work;  however,  space  would  not  permit.  But  this  hall  too  has 
its  associations.  It  was  here  that  he,  not  yet  23  years  old,  defended  his  doctoral 
dissertation.  If  we  can  believe  the  newspapers,  it  was,  however,  not  mathematicians 
who  filled  the  hall,  but  for  the  most  part  football  enthusiasts,  who  had  come  to  see 
one  of  their  favourites  in  a  role  so  unusual  for  a  star  athlete.  There  was  a  special 
atmosphere  over  the  proceedings  through  Zeuthen's  opposition.  This  was  his  last 
official  act,  and  those  present  understood  that  it  was  an  heir  to  his  place  in  Danish 
mathematics  who  was  now  embarking  on  his  academic  career.  And  it  was  in  this 
hall  that  four  years  ago  we  celebrated  Harald  Bohr's  60th  birthday.  His  friends 
and  pupils  rejoiced  on  that  day  in  saying  what  one  does  not  say  in  words  every  day. 
But  even  on  that  day  it  was  he  who  contributed  most  through  an  unforgettable 
lecture,  in  which  he  looked  back  over  his  lif  e  and  work  and  also  gave  a  vivid  description 
of  mathematical  life  at  home  and  elsewhere,  especially  in  his  youth.  Through  kindly, 
yet  well-considered  characterizations  of  Danish  and  foreign  mathematicians  whom 
he  had  met,  he  gave  at  the  same  time  a  picture  of  himself.  This  lecture,  which  was 
printed  in  Matematisk  Tidsskrift,  will  be  often  read. 

I  have  been  asked  today  to  speak  about  Harald  Bohr  and  his  life  work,  and 

*  The  Danish  text  has  been  printed  in  Matomatisk  Tidsskrift  A  1951, 1-18.  Certain  omissions  and 
minor  changes  have  been  made  in  the  present  translation,  which  is  reprinted  from  Acta  Mathematica 
86  (1951),  i-xiv, 
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I  feel  it  as  the  dearest  duty  that  could  be  assigned  to  me,  in  this  way  to  contribute 
to  preserving  his  memory.  But  I  have  found  the  task  a  difficult  one.  I  understand 
so  well  the  reaction  of  another  of  his  closest  friends  whom  I  had  asked  if  he  would 
write  me  something  about  a  time  which  I  did  not  know  myself.  This  friend  answered 
that  he  had  tried  again  and  again,  but  had  found  nothing  that  could  be  mentioned 
in  a  larger  circle.  And  he  added:  'He  was  so  fundamentally  human  that  one  cannot 
abstract  from  the  most  personal  elements  without  destroying  the  essential.'  Nor  have 
I  found  it  easy  to  describe  Bohr's  work.  His  own  radiant  exposition  has  been  constantly 
in  my  mind.  This  must  be  my  excuse  for  not  going  very  deeply  into  his  works.  I  have 
restricted  myself  to  pointing  out  the  most  important  results  and  their  mutual  con- 
nection. 

Harald  Bohr  was  born  in  Copenhagen  in  1887,  the  son  of  the  distinguished 
physiologist  Christian  Bohr;  his  mother  was  a  daughter  of  the  prominent  financier, 
politician,  and  philanthropist,  D.  B.  Adler,  and  Bohr  throughout  his  life  maintained 
the  closest  ties  with  the  Adler  family  circle.  In  his  family  home,  which  many  of  the 
most  distinguished  Danish  men  of  science  and  letters  of  the  time  frequented  as 
friends,  he  imbibed,  together  with  his  elder  brother  Niels  Bohr,  a  deep  love  for  science ; 
and  he  learned  also  helpfulness  and  sympathy  for  others,  as  well  as  the  uncommon 
thoughtfulness  which  was  so  strong  a  trait  in  his  character,  the  more  to  be  admired 
since  it  was  coupled  with  an  impulsive  temperament. 

His  elder  cousin,  Miss  Rigmor  Adler,  has  told  me  that  he  was  the  most  lovable 
and  attractive  child  one  can  imagine,  full  of  bubbling  life,  thoroughly  kind  and 
helpful,  quick  at  everything,  intelligent  and  full  of  information,  musical,  and  highly 
amusing.  He  was  everyone's  favourite,  but  even  then  he  was  quite  unspoiled  by  so 
much  admiration.  He  loved  to  tease  those  around  him,  but  never  in  a  malicious  way. 
To  be  sure,  he  knew  also  how  to  be  impertinent.  His  parents  said  that  he  reminded 
them  of  the  irrepressible  Lavinia  in  Our  Mutual  Friend.  Even  as  a  child,  he  read 
widely  and  matured  rapidly.  Then,  as  throughout  his  later  life,  his  relationship  with 
his  brother  was  a  central  influence.  Each  was  the  other's  closest  friend;  and  they 
shared  everything,  thoughts,  interests,  and  worldly  goods. 

When  only  17  years  of  age,  he  entered  the  University  of  Copenhagen  and  chose 
mathematics  as  his  field  of  study.  Richly  gifted  as  he  was,  there  can  be  no  doubt  that, 
even  had  he  chosen  a  different  subject,  he  would  have  distinguished  himself  in  it. 
For  example,  anyone  who  knew  him  could  hardly  doubt  that  his  sure  judgment  and 
profound  human  understanding  would  have  made  him  an  outstanding  jurist.  We 
mathematicians  may  be  grateful  that  he  chose  mathematics. 
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Nevertheless,  it  was  in  another  field  that  he  won  his  first  laurels.  Prom  early 
boyhood,  he  had  been  a  keen  football  player.  At  the  age  of  eleven,  he  joined  the 
Copenhagen  Football  Club,  and  the  next  year  he  transferred  to  the  Academic  Football 
Club,  in  whose  team  he  played  in  matches  in  Denmark  and  abroad  throughout  his 
student  days,  and  occasionally  even  later,  the  last  time  as  a  young  professor.  He  also 
played  in  the  national  team.  Denmark  was  among  the  first  continental  countries 
where  the  game  became  popular,  and  'little  Bohr',.as  he  was  called  in  football  circles, 
played  in  the  team  which  won  second  place  for  Denmark  at  the  Olympic  Games  in 
London  in  1908;  Britain,  of  course,  held  an  unassailable  first  place.  The  following 
story  will  illustrate  his  great  popularity.  One  day,  he  had  taken  his  mother  to  the 
streetcar.  A  boy  with  a  large  bundle  of  newspapers  under  his  arm  followed  her  into 
the  car  and  took  a  seat  next  to  her.  He  nudged  her  with  his  elbow  to  attract  her 
attention:  'Do  you  know  who  it  was  that  helped  you  onto  the  car?'  Mrs.  Bohr, 
who  did  not  wish  to  betray  herself,  replied,  'What  do  you  mean,  my  boy  V  'That  was 
Harald  Bohr,  our  greatest  football  player.'  Throughout  his  life,  Bohr  maintained  a 
close  interest  in  the  game,  and  was  often  a  spectator,  especially  when  his  old  club 
was  playing.  One  would  hardly  be  in  error  if  one  connected  his  great  ease  in  meeting 
men  of  all  classes  with  his  athlete's  life  as  a  young  man. 

As  a  student,  Bohr  attended  lectures  by  Zeuthen,  Thiele,  and  Niels  Nielsen, 
among  others.  Among  these  very  different  persons,  Bohr  felt  the  closest  kinship  to 
Zeuthen.  The  strong  impression  which  his  teachers  made  on  him  showed  itself  in 
the  frequency  and  pleasure  with  which  he  would  talk  about  them.  The  most  decisive 
factor,  however,  in  his  development  as  a  mathematician  was  the  excellent  works 
which  he  studied ;  among  these,  he  himself  emphasized  Jordan's  Cours  d' Analyse  and 
Dirichlet's  Vorlesungen  ttber  Zahlenihzorie  with  Dedekind's  supplements. 

In  his  latter  student  years,  his  interests  centered  on  analysis,  and  he  was  led  to 
the  study  of  divergent  series.  His  first  comprehensive  investigation  was  concerned 
with  the  application  of  Cesaro  summability  to  Dirichlet  series  of  the  ordinary  type 

N>» 

~       M«      ' 

n-1  n 

where  the  coefficients  an  are  complex  numbers  and  s  —  a+it  is  a  complex  variable. 
Generalizing  the  well-known  theorem  of  Jensen,  according  to  which  every  such 
series  possesses  an  abscissa  of  convergence  y0  (which  may  be  +00  or  —  oo)  such 
that  the  series  converges  in  the  half -plane  a  >  y0  and  diverges  in  the  half -plane 
or  <  y0,  Bohr  showed  that,  corresponding  to  every  integral  order  of  summability 
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w(;>  0),  the  series  possesses  an  abscissa  of  summability  yn  such  that  the  series  is 
summable  of  the  nth  order  in  the  half  -plane  a  >  yn  but  not  at  any  point  of  the 
half  -plane  a  <  yn.  These  abscissae  form  a  decreasing  sequence,  and  thus  the  vertical 
lines  through  the  points  y0,  ylt  y|M  .  .  form  the  boundaries  of  a  sequence  of  vertical 
strips.  Bohr  showed  that  the  abscissae  of  summability  satisfy  certain  inequalities 
which  mean,  in  geometrical  terms,  that  the  widths  of  these  strips  are  all  ^  1  and 
form  a  decreasing  sequence,  He  further  showed  that  this  is  all  that  can  be  said 
regarding  the  distribution  of  the  abscissae  of  summability,  since  for  every  sequence 
yo>  Yi>  ?*>  •  •  •  satisfying  these  conditions,  he  was  able  to  construct  a  Dirichlet  series 
having  exactly  these  numbers  as  its  abscissae  of  summability.  Still  another  note- 
worthy result  was  obtained  by  Bohr  in  this  study,  by  considering  the  limit  y  of  the 
sequence  of  abscissae  of  summability.  Unlike  the  abscissa  of  convergence  y0,  which 
has  no  simple  function-theoretic  significance,  the  number  y  is  intimately  connected 
with  the  function  represented  by  the  series.  Indeed,  the  half  -plane  o  >  y  is  the  largest 
half-plane  into  which  the  function  can  be  continued  analytically  while  remaining 
of  finite  order  with  respect  to  the  ordinate  /. 

Almost  at  the  same  time  as  Bohr,  and  independently  of  him,  Marcel  Riesz 
also  studied  Ces&ro  summability  of  Dirichlet  series,  which  he  generalized  so  as  to 
apply  also  to  Dirichlet  series  of  the  general  type 


Such  a  generalization  was  also  envisaged  by  Bohr,  but  since  Kiesz's  method  wa« 
technically  simpler  (e.  g.,  it  was  immediately  applicable  to  summability  of  non- 
integral  order),  Bohr  limited  himself  to  working  out  his  theory  for  ordinary  Dirichlet 
series,  as  set  forth  here.  Meanwhile,  in  the  spring  of  1909,  he  had  received  his  master's 
degree;  and  he  used  the  work  described  above  for  his  doctoral  dissertation,  which  he 
defended  the  following  winter. 

The  problems  treated  in  his  doctoral  dissertation  are  not  comparable  in  difficulty 
to  his  later  work.  I  have  reviewed  the  dissertation  in  such  detail  because  in  this, 
the  first  of  his  longer  papers,  we  already  see  the  main  characteristics,  of  Bohr  as  a 
mathematician:  a  clearly  defined  and  attractive  problem  and  the  execution  of  the 
investigation  leading  to  conclusive  results.  The  dissertation  also  shows  the  mastery 
of  style  which  distinguishes  all  of  his  writings:  his  rare  gift  for  bringing  out  the 
large  lines  of  the  investigations  while  at  the  same  time  exposing  every  detail;  the 
gift  of  making  difficult  matters  appear  simple  through  explanations  inserted  at  the 
right  places. 
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Having  completed  the  dissertation,  Bohr  left  this  subject  and  returned  to  it 
only  in  his  latter  years,  when  he  considered,  among  other  things,  the  connection 
between  the  order  of  magnitude  of  the  function  and  the  summability  abscissae,  now 
for  arbitrary  non-negative  orders  of  summability.  In  this  topic,  he  obtained  some 
complete  results  and  also  pointed  out  interesting  open  problems. 

Bohr's  investigations  as  a  student  had  led  him  into  correspondence  with  Edmund 
Landau,  with  the  result  that  Landau  had  proposed,  that  Bohr  should  come  to  study 
with  him.  Immediately  after  his  master's  examination,  therefore,  Bohr  set  off  for 
Gottingen,  where  Landau  had  just  been  appointed.  This  center  of  mathematics,  to 
which  the  best  young  men  of  all  countries  were  attracted,  became  for  Bohr  almost 
like  a  second  home  ;  and  he  returned  there  again  and  again  in  after  years  for  longer 
or  shorter  visits.  He  loved  to  talk  of  the  rich  life  that  flourished  there,  and  many 
a  young  mathematician  has  thereby  formed  a  lively  impression  of  the  glorious  period 
in  the  history  of  mathematics  which  is  centered  foremost  on  Hilbert's  name.  With 
a  number  of  the  mathematicians  whom  he  met  in  Gottingen,  Bohr  formed  warm 
friendships.  With  Landau,  he  entered  into  an  extremely  fruitful  collaboration, 
primarily  on  the  theory  of  the  Riemann  zeta  -function. 

As  is  well  known,  the  zeta-f  unction  £(s)  is  defined  in  the  half  -plane  a  >  I  by 
the  Dirichlet  series 

£-; 

**  *,*  ' 
n-ln 

it  can  be  extended  analytically  over  the  whole  complex  plane  and  is  regular  except 
for  a  pole  at  the  point  1.  In  the  half  -plane  a  >  1  it  can  also  be  represented  by  the 
Euler  product  M 

n  — 


where  the  pn  run  through  the  prime  numbers.  In  view  of  this  representation,  the 
function  vanishes  nowhere  in  the  half  -plane  a  >  1.  The  zeros,  so  important  for  the 
distribution  of  the  prime  numbers,  are  found  in  the  critical  strip  0  g  <r  g  1.  The 
celebrated  Riemann  hypothesis  asserts  that  they  all  lie  on  the  vertical  center  line 
<r=l. 

Among  the  results  which  came  out  of  the  collaboration  with  Landau,  I  shall 
content  myself  with  describing  the  theorem  in  which  it  culminated,  namely  the 
so-called  Bohr-Landau  theorem,  dating  from  1914,  regarding  the  distribution  o£ 
the  zeros.  It  is  known  that  the  zeros  in  the  critical  strip  lie  symmetrically  both  with 
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respect  to  the  real  axis  and  with  respect  to  the  center  line  of  the  strip,  and  further 
that  the  number  N(T)  of  zeros  with  ordinates  between  0  and  T  is  asymptotically 

—  T  log  T.  The  first  result  they  obtained  was  that  in  every  strip  bounded  by  vertical 
2rc 

lines  to  the  right  of  the  center  line,  the  number  n(T)  of  zeros  with  ordinates  between 
0  and  T  is  smaller  than  a  constant  times  T  and  hence  is  of  lower  order  than  the  total 
number  of  zeros  N(T).  Together  with  the  symmetry  mentioned  above,  this  showed 
that  in  any  case  the  overwhelming  majority  of  the  zeros  in  the  critical  strip  lie  in  the 
immediate  neighbourhood  of  or  on  the  center  line.  Their  proof  showed  that,  more 
generally,  for  every  value  of  a  the  number  na(T)  of  a-points  of  £(s)  lying  in  a  vertical 
strip  to  the  right  of  the  center  line  and  having  ordinates  between  0  and  T  is  smaller 
than  a  constant  times  T.  For  the  number  of  zeros  they  succeeded  shortly  afterwards 
in  proving  the  stronger  result  that 


At  about  the  same  time,  Hardy  proved  that  actually  infinitely  many  of  the  zeros 
are  situated  on  the  center  line.  Both  results  have  since  been  sharpened  by  other 
authors. 

Side  by  side  with  the  collaboration  with  Landau,  Bohr  also  carried  through, 
in  these  years  before  the  first  war,  a  number  of  investigations  on  Dirichlet  series. 
Most  of  these  investigations  are  concerned  with  a  method  for  the  treatment  of  the 
distribution  of  the  values  of  functions  represented  by  Dirichlet  series,  in  particular 
the  zeta-f  unction.  This  method  consists  in  a  combination  of  arithmetic,  geometric, 
and  function-theoretic  considerations.  In  the  original  form  of  the  method,  its 
arithmetical  part  depended  on  Kronecker's  theorem  on  Diophantine  approximations, 
through  which,  with  the  use  of  the  Euler  product,  the  zeta-function  was  brought 
into  connection  with  functions  of  infinitely  many  variables.  The  method  showed 
that  when  the  point  s  in  the  complex  plane  traces  out  a  vertical  line  to  the  right  of 
the  point  1,  then  f  («)  will  trace  out  a  curve  whose  closure  is  a  certain  figure  which 
can  be  described.  Moreover,  this  closure  is  identical  with  the  set  of  values  attained 
by  £($)  at  points  lying  arbitrarily  near  to  the  vertical  line.  A  discussion  of  how  the 
figure  changes  when  the  line  varies  led  in  particular  to  the  remarkable  result  that  the 
zeta-f  unction  assumes  every  value  except  0  in  the  half  -plane  a  >  1,  and  in  fact 
infinitely  often. 

It  seemed  natural  to  try  to  apply  this  method  in  the  critical  strip  also,  Though 
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the  Euler  product  is  divergent  here,  one  might  hope  to  succeed  because  of  a  certain 
convergence  in  mean  of  the  product  to  the  right  of  the  center  line  of  the  strip.  But  at 
first  the  method  failed.  Then,  as  Bohr  has  told  me,  he  happened  to  be  in  Gottingen 
when  Hermann  Weyl  presented  his  famous  generalization  of  Kronecker's  theorem  to 
the  mathematical  society.  Bohr  saw  immediately  that  this  refinement  was  just  what 
was  needed  to  make  his  method  work,  In  a  preliminary  exposition  of  the  method, 
written  in  collaboration  with  Richard  Courant,  it  was  shown  that  the  values  of  the 
zeta-function  on  a  vertical  line  in  the  right  half  of  the  critical  strip  are  everywhere 
dense  in  the  whole  plane.  The  final  exposition  was  given  by  Bohr  in  a  paper  in  Acta 
Mathematica  in  1915.  The  main  result  is  a  counterpart  of  the  Bohr-Landau  theorem, 
to  the  effect  that  for  every  substrip,  however  thin,  of  the  right  half  of  the  critical 
strip,  the  above  mentioned  number  na(T)  of  a-points  in  the  strip  having  ordinates 
between  0  and  T  exceeds  a  positive  constant  times  T,  for  all  sufficiently  large  T, 
when  a  4=  0.  Through  this  result,  it  was  proved  for  the  first  time  that  whether  or  not 
the  value  0  is  assumed  by  the  zeta-function  to  the  right  of  the  center  line,  this  value 
plays  an  exceptional  role.  Indeed,  according  to  the  Bohr-Landau  theorem,  the 
number  of  zeros  is  infinitely  small  compared  with  T,  whereas  for  every  a  =J=  0  the 
number  of  a-points  is  exactly  of  the  order  of  magnitude  of  T. 

This  result,  however,  did  not  exhaust  the  possibilities  of  the  method.  By 
elaborating  it  further,  Bohr  proved  some  years  later  that  the  zeta-function  possesses 
an  asymptotic  distribution  function  on  every  vertical  line  to  the  right  of  the  center 
line  and  also  that  the  limit 

lim  — — 
r-*»    T 

exists  for  every  strip  to  the  right  of  the  center  line,  not  only  for  a  =  0  but  for  every  a. 
He  was  interrupted  in  the  exposition  of  these  results  by  his  discovery  of  almost 
periodic  functions.  When  he  returned  to  the  subject  at  the  end  of  the  1920's,  he 
invited  me,  who  was  then  among  his  students,  to  help  him  with  it.  From  this  col- 
laboration, continued  through  the  years,  developed  our  close  friendship  which  has 
been  so  decisive  a  factor  in  my  life. 

During  the  years  before  the  first  war,  Bohr  also  came  into  scientific  contact 
with  Hardy  and  Littlewood  and  formed  close  friendships  with  them.  He  often  went 
to  Cambridge  and  Oxford  to  study.  In  collaboration  with  Littlewood,  he  wrote  a 
book  on  the  theory  of  the  zeta-function,  which,  however,  was  never  sent  to  a  printer. 
Later,  when  the  theory  had  been  developed  further,  their  manuscript  became  the 
basis  of  the  two  excellent  Cambridge  tracts  by  Ingham  and  Titchmarsh.  Bohr  felt 
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deeply  attracted  by  life  in  the  old  English  universities,  especially  by  the  spirit  of 
freedom  and  tolerance  prevalent  there.  Just  before  the  outbreak  of  the  war,  he  also 
spent  a  few  months  hi  Paris,  where  in  particular  he  came  into  contact  with  Lebesgue. 

Bohr's  investigations  on  Dirichlet  series  and  the  zeta-f unction  won  him  an  early 
reputation,  which  found  expression  when  he  was  invited  to  write,  together  with 
Crame'r,  the  article  on  the  recent  development  in  the  analytic  theory  of  numbers  in 
the  Encyklopddie  der  mathematischen  Wissenschaften. 

Immediately  after  obtaining  his  doctor's  degree,  Bohr  had  joined  the  faculty 
of  the  University  of  Copenhagen.  In  1915,  he  was  appointed  professor  at  the  College 
of  Technology  (Polyteknisk  Laereanstalt),  where  at  that  time  the  university  students 
also  received  their  introductory  courses  in  mathematics.  He  retained  this  position 
until  returning  in  1930  to  the  University  of  Copenhagen,  where  through  a  gift  of  the 
Carlsberg  Foundation,  an  Institute  of  Mathematics  was  founded  with  him  as  leader. 
It  was  a  real  joy  to  him  that  it  became  possible  to  erect  this  institute  directly  adjacent 
to  his  brother's  Institute  for  Theoretical  Physics.  Bohr's  work  as  a  teacher  has  left 
a  deep  imprint  on  Danish  mathematics.  Together  with  Mollerup,  his  colleague  at  the 
College  of  Technology,  he  wrote  a  comprehensive  textbook  on  analysis,  which  has 
contributed  greatly  to  raising  the  level  of  mathematics  in  Denmark.  This  occupied 
him  for  several  years,  during  which  period  his  own  scientific  work  lay  almost  dormant. 

After  the  completion  of  the  textbook,  Bohr  returned  to  his  scientific  work ;  and 
it  was  in  the  following  years,  in  the  beginning  of  the  1920's,  that  he  performed  his 
main  achievement,  the  establishment  of  the  theory  of  almost  periodic  functions. 
The  starting  point  was  the  problem  of  characterizing  those  functions  f(s)  which  can 
be  represented  by  a  Dirichlet  series 


If  the  series  is  considered  on  a  vertical  line,  e.  g.  the  imaginary  axis,  it  reduces  to  a 
trigonometric  series  ^ 


It  was  therefore  natural  to  consider  more  generally  the  problem  of  which  functions 
F(t)  of  a  real  variable  can  be  represented  by  such  a  series,  i.e.,  can  be  formed  by 
superposition  of  pure  oscillations.  In  the  special  case  where  the  frequencies  An  are 
integers,  the  answer  is  given  in  the  classical  theory  of  Fourier  series.  The  functions 
represented  by  such  series  are  in  essence  all  periodic  functions  of  period  Zn.  Whereas 
hitherto  in  the  theory  of  Dirichlet  series  one  had  always  worked  with  frequencies 
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forming  a  monotonic  sequence,  Bohr  discovered  that,  in  order  to  obtain  an  answer  to 
the  problem,  one  would  have  to  consider  series  with  quite  arbitrary  frequencies  An. 
The  answer  was  obtained  by  introducing  the  notion  of  almost  periodicity. 

Restricting  myself  for  the  present  to  functions  F(t)  of  a  real  variable,  I  shall 
briefly  state  the  main  results  of  the  theory.  The  number  t  is  called  a  translation 
number  of  F(t)  belonging  to  e  >  0  if 

\F(t+r)-.f(t)\  ^  s  for  all  i  . 

The  function  F(t)  is  called  almost  periodic  if  for  every  e  >  0  such  translation  numbers 
r  exist  and  form  a  relatively  dense  set,  i.  e.,  a  set  with  the  property  that  any  suf- 
ficiently long  interval  on  the  real  axis  contains  at  least  one  number  of  the  set.  This 
relative  density  is  the  crucial  point  of  the  definition. 

Having  got  the  idea  that  this  was  the  desired  definition,  Bohr  developed  the 
theory  of  these  functions  systematically.  Without  undue  trouble,  it  was  proved  that 
functions  obtained  from  almost  periodic  functions  by  simple  operations  are  again 
almost  periodic.  Further  it  was  proved  that  every  almost  periodic  function  possesses 
a  mean  value  M{F(t)}  obtained  as  the  limit  of  the  mean  value  over  an  interval  when 
the  length  of  the  interval  tends  to  infinity.  This  made  it  possible  to  copy  the  classical 
theory  of  Fourier  series.  For  an  arbitrary  frequency  A,  the  corresponding  Fourier 
constant  was  defined  as  the  mean  value 

a  (A)  =  Jt{F(t)e-lU}  . 

The  use  of  a  classical  argument  showed  that  this  Fourier  constant  differs  from  0 
for  only  a  countable  set  of  frequencies  Aj,  A2,.  .  .,  and  Bohr  now  attached  to  the 
function  F(t)  the  series  ^ 

JXAJe"-', 

n-1 

which  he  called  its  Fourier  series. 

So  far  everything  had  gone  smoothly.  Now  the  essential  difficulty  was  en- 
countered: namely,  to  prove  that  this  series  actually  represents  the  function  in  a 
certain  sense,  more  precisely,  that  it  converges  in  the  mean  to  F(t),  which  amounts 
to  the  validity  of  the  Parseval  equation 


This  was  the  decisive  criterion,  that  the  class  of  functions  considered  was  actually 
the  right  one.  It  was  during  a  summer  vacation,  spent  in  idyllic  surroundings  in 
the  country  near  Copenhagen,  that  Bohr  overcame  this  difficulty.  His  proof  of  this 
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fundamental  theorem  is  a  climax  in  his  work.  In  the  printed  version,  it  fills  nearly 
forty  pages.  Bohr  has  often  said  that  he  worked  with  his  bare  hands.  That  holds  true 
for  this  proof  more  than  for  anything  else  he  has  done.  The  doctoral  dissertation 
showed  that  when  necessary  he  could  work  with  a  formal  apparatus ;  but  in  his  later 
work,  formal  manipulations  played  for  the  most  part  only  a  subordinate  role,  and  he 
worked  best  when  he  could  tackle  problems  directly.  The  fact  that  he  nevertheless 
always  reached  conclusive  results  shows  his  strength  as  a  mathematician.  Simpler 
proofs  have  since  been  found  for  his  fundamental  theorem  and  few,  unhappily,  will 
now  read  his  own  long  proof. 

Having  established  the  Parseval  equation,  Bohr,  by  a  skilful  extension  of  his 
old  method  of  passing  to  functions  of  infinitely  many  variables  by  use  of  Kronecker's 
theorem,  arrived  at  another  theorem,  which  may  be  considered  the  main  result  of 
the  theory.  It  generalizes  the  classical  theorem  of  Weierstrass  on  trigonometric 
approximation  of  periodic  functions  by  stating  that  the  class  of  almost  periodic 
functions  is  identical  with  the  class  of  those  functions  which  can  be  uniformly 
approximated  by  means  of  trigonometric  polynomials  with  arbitrary  frequencies. 

On  the  basis  of  the  theory  of  almost  periodic  functions  of  a  real  variable,  it  was 
easy  to  develop  a  corresponding  theory  of  almost  periodic  functions  of  a  complex 
variable  and  their  representation  by  Dirichlet  series  with  quite  arbitrary  exponents  kn. 
The  further  development  of  this  theory  led  to  interesting  problems  of  a  f  unction - 
theoretic  nature. 

Bohr  published  the  theory  in  1924-26  in  three  extensive  papers  in  Acta  Mathema- 
tica,  dedicated  to  his  teacher  and  friend  Edmund  Landau,  and  it  created  a  great 
sensation.  Numerous  mathematicians  joined  in  the  work  on  its  extension,  and  pupils 
from  many  countries  found  their  way  to  Copenhagen  in  the  following  years  to  study 
with  him.  Soon  there  appeared  new  treatments  of  the  fundamental  results  of  the 
theory.  Thus,  Weyl  and  Wiener  connected  it  with  the  classical  theories  of  integral 
equations  and  Fourier  integrals.  De  la  Vallee  Poussin  gave  a  simpler  proof  for  the 
Parseval  equation.  Bochner  developed  a  summation  method  for  Fourier  series  of 
almost  periodic  functions,  generalizing  FejeYs  theorem,  and  also  gave  a  new  definition 
of  almost  periodicity.  Stepanoff,  Wiener,  and  Besicovitch  studied  generalizations 
depending  on  the  Lebesgue  integral.  Favard  considered  differential  equations  with 
almost  periodic  coefficients,  and  Wintner  introduced  statistical  methods  into  the 
study  of  the  asymptotic  distribution  of  the  values  of  almost  periodic  functions.  Many 
more  could  be  mentioned.  Bohr  rejoiced  at  every  advance,  and  not  the  least  at  those 
investigations  which  simplified  his  own  exposition.  When  in  the  1930's  von  Neumann, 
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starting  fromWeyl's  treatment  and  using  Bochner's  way  of  defining  almost  periodicity, 
succeeded  in  extending  the  theory  to  functions  on  arbitrary  groups,  it  found  a  central 
place  in  contemporary  mathematics,  as  a  step  in  the  unification  of  different  mathe- 
matical theories  which  is  such  an  essential  feature  in  the  modern  development  of  our 
science.  I  shall  not  here  go  into  the  further  development  of  the  theory,  in  which  Bohr 
always  maintained  a  leading  part,  His  Danish  pupils  have  found  in  this  theory  a  rich 
field  of  study. 

As  a  visiting  professor  in  Gottingen  and  later  in  America,  where  he  made  new 
friends,  Bohr  gave  a  revised  exposition  of  the  fundamental  parts  of  the  theory, 
making  use  of  the  simplifications  which  had  been  obtained.  This  he  published  as  a 
little  book  in  the  series  Ergebnisse  der  Mathematik.  The  popularity  which  this  work 
attained  was  a  source  of  much  pleasure  to  him,  and  he  used  it  often  in  his  teaching, 
primarily  as  a  basis  for  seminars. 

As  an  academic  teacher,  Bohr  was  greatly  loved.  He  always  prepared  his  lectures 
in  minute  detail;  but  this  was  hardly  noticeable  to  the  audience,  spellbound  as  it  was 
by  his  dynamic  delivery.  On  special  occasions  when  he  wanted  to  cover  a  great  deal 
of  material  in  a  short  time,  he  filled  the  blackboard  in  advance,  making  lavish  use 
of  coloured  chalk,  so  that  it  shone  in  all  the  hues  of  the  rainbow.  His  lectures  made  an 
extraordinary  impression  on  all  who  attended  them.  One  of  his  students  from 
Gottingen  once  said  to  me  almost  reproachfully :  (Er  zerreisst  sich  ja  f iir  die  Studenten'. 
His  courses  for  advanced  students  alternated  between  function-theory  and  number- 
theory.  He  did  not  place  so  much  emphasis  on  covering  a  large  amount  of  material 
as  he  did  on  having  the  students  really  understand  the  subject.  Early  in  a  course,  he 
liked  to  point  to  some  great  theorem  as  a  goal  to  be  aimed  at  in  order  that  the  students 
might  feel  from  hour  to  hour  their  progress  towards  this  goal. 

His  collaborators  and  students  in  the  Institute  of  Mathematics  have  enjoyed 
fruitful  and  happy  years  under  his  leadership.  Certain  days  stand  out,  among  them 
in  particular  his  60th  birthday,  when  the  students  at  the  morning  chocolate  served  on 
this  occasion  presented  a  cantata  in  his  praise.  How  he  delighted  in  its  facetious  words ! 
In  the  afternoon,  he  gave  here  at  the  University  the  lecture  to  which  I  have  already 
referred.  Reluctantly  he  permitted  us  on  this  occasion  to  set  up  a  plaque  portraying 
him,  in  the  library  of  the  Institute.  For  the  youth  who  work  there  in  the  future,  it 
will  be  a  modest  outward  expression  of  the  unique  place  he  holds  in  Danish  mathe- 
matics. 

Nobody  who  met  Harald  Bohr  could  help  coming  under  the  influence  of  his 
rich  and  many-sided  character.  With  his  deep  humanity  and  radiant  spirit,  he  made 
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every  encounter  with  him  an  event.  In  1919  he  had  married  Ulla  Borregaard,  and  in 
their  hospitable  home  Danish  mathematicians  have  spent  many  happy  hours,  often 
with  guests  from  other  lands.  When  their  home  is  mentioned,  a  smaller  circle  will  also 
think  of  many  summers  spent  on  the  island  of  Als  in  the  mathematical  colony  founded 
by  Jakob  Nielsen  and  Bohr. 

Harald  Bohr  had  the  rare  gift  of  being  for  many  the  closest  confidant,  the  first 
person  to  whom  they  would  come  with  their  troubles.  One  never  turned  to  him  in 
vain.  Indeed,  so  active  was  his  helpfulness  that  one  almost  felt  it  was  doing  him  a 
service  to  call  on  him. 

To  those  who  had  the  good  fortune  to  become  his  close  collaborators,  scientific 
or  not,  Bohr's  warm  interest  was  a  unique  encouragement;  and  he  knew  how  to 
stimulate  his  collaborators  to  achieve  their  best.  He  liked  to  say  that  he  'sponged  on 
youth',  and  indeed  he  allowed  his  associates  to  do  a  great  deal;  but  his  influence  was 
so  strong  that  a  joint  work  always  bore  his  stamp.  'I  have  long  ago  bitten  off  the 
head  of  all  shame',  was  a  Danish  saying  which  he  often  used  when  he  had  a  task  in 
mind  for  an  associate. 

Bohr's  enthusiastic  interest  in  their  work  has  been  a  great  encouragement  for 
numerous  mathematicians,  among  them  many  whose  achievements  are  of  such 
excellence  that  one  would  not  expect  them  to  need  it,  and  has  helped  to  give  them 
confidence  that  their  work  was  worth  the  effort.  He  also  loved  to  praise  his  friends  to 
others.  Once,  when  his  children  had  reached  the  age  when  one  can  begin  to  tease 
in  an  amiable  way,  he  told  me  that  one  of  them  had  asked  him :  'Father,  why  is  it 
that  your  friends  in  other  countries  are  all  among  the  very  foremost  mathematicians  ? ' 
He  smiled  at  being  teased  about  his  tendency  to  praise,  rejoicing  at  the  same  time 
in  its  being  so. 

From  his  childhood,  Bohr  was  well  acquainted  with  the  works  of  Goethe  and 
Schiller,  and  he  often  quoted  them.  Two  quotations,  both  from  Die  Wahlverwandt- 
schaften,  he  used  so  often  that  perhaps  I  may  repeat  them  here :  'Die  angenehmsten 
Gesellschaften  sind  die,  in  welchen  eine  heitereEhrerbietung  der  Glieder  gegeneinander 
obwaltet'— a  characterization  which  applies  so  aptly  to  his  own  circle— and  'Gegen 
grosse  Vorziige  eines  andern  gibt  es  kein  Rettungsmittel  als  die  Liebe'.  Another 
favourite  author  of  his  was  Dickens,  whose  works  he  had  devoured  as  a  child.  He  read 
much,  in  recent  as  well  as  classic  literature,  and  liked  to  make  his  associates  participate 
in  what  thus  moved  him. 

When  disaster  struck  Germany  in  1933  and  hit  academic  circles,  among  others, 
so  hard,  Bohr  was  among  the  first  to  offer  help.  His  close  personal  relations  with 
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colleagues  in  many  countries  enabled  him  to  help  in  finding  new  homes  for  those 
scientists  who  were  either  forced  to  leave  Germany  or  who  chose  to  do  so,  and  he  turned 
all  his  energies  to  this  task.  In  the  summer  of  1933,  he  made  several  visits  to  Germany, 
which  were  a  great  encouragement  to  his  friends  in  their  distress.  His  correspondence 
on  their  behalf  was  enormous;  and  he  and  Mrs.  Bohr  never  tired  of  inviting  German 
mathematicians  to  come  and  stay  with  them  to  talk  things  over,  since  the  exchange 
of  letters  was  difficult.  The  problem  was  further  complicated  by  the  fact  that 
American  universities  had  been  severely  hit  by  the  coincident  economic  crisis.  But 
through  his  efforts,  and  those  of  his  friends  in  other  countries,  all  obstacles  were 
overcome.  Many  prominent  mathematicians,  to  whom  his  help  in  these  years  was 
decisive,  now  hold  positions  throughout  the  world,  and  in  particular  at  American 
universities. 

During  these  years  he  also  participated  energetically  in  the  endeavours  of  a 
Danish  committee  to  alleviate  the  conditions  of  people  in  other  academic  fields 
who  took  refuge  in  our  country,  and  through  this  work  he  formed  new  friendships 
with  others  who  had  dedicated  themselves  to  this  task. 

He  himself  did  not  escape  the  experience  of  exile  in  the  latter  years  of  the 
last  war,  being  compelled  to  take  refuge  in  Sweden.  Here  he  was  warmly  received  by 
his  Swedish  colleagues.  Soon  he  became  a  member  of  the  university  and  school 
committees  formed  by  Danish  refugees,  and  through  his  gift  for  encouragement  and 
his  resourcefulness,  he  was  able  to  do  much  for  the  Danish  youth  in  Sweden. 

After  the  war,  as  chairman  of  a  committee  for  help  to  Poland,  he  again  undertook 
a  great  humanitarian  work. 

In  international  mathematical  circles  and  in  the  academic  life  of  his  own  country, 
wherever  he  moved,  Harald  Bohr  exerted  an  extraordinary  influence.  When  he  had 
something  close  to  his  heart  he  would  bring  his  whole  force  to  bear  on  it,  and  he  was 
irresistible  in  effecting  it.  He  did  not  wish  to  take  on  any  regular  administrative 
duties,  though  with  his  sharp  eye  for  essentials  and  deep  understanding  of  the  human 
factor  in  every  question,  he  would  have  been  excellently  suited  for  such  a  task. 
However,  when  after  the  war  the  position  of  Provost  of  Regensen  (an  old  student 
collegium  of  the  university)  became  vacant,  he  felt  a  wish  to  assume  this  post.  He 
made  his  home  here  among  the  students  and  his  warm  interest  in  their  lives  brought 
the  students  very  close  to  him. 

When  one  came  into  the  old  courtyard  to  see  him,  one  found  him  in  his  study, 
worthy  of  the  traditions  of  the  place,  puff  ing  on  his  eternal  cigar  and  often  in  dressing- 
gown  late  in  the  day.  The  reason  for  the  latter  was,  to  be  sure,  a  sad  one,  namely  that 
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he  often  did  not  feel  well.  From  his  youth,  he  suffered  intermittently  from  an  internal 
malady,  for  which  he  sought  a  cure  through  the  years  in  vain.  When  he  said,  'I  have 
been  a  bit  tired  and  indisposed',  one  knew  what  that  meant.  Yet  he  always  returned 
refreshed  and  strengthened  from  his  stays  in  hospitals  and  convalescent  homes.  His 
spirits  were  not  at  all  affected  by  his  illness,  and  only  those  nearest  to  him  actually 
understood  it. 

In  the  last  year  or  so,  it  was  clear  to  him  that  his  illness  was  becoming  critical; 
but  even  last  year  when  he  took  part  in  the  International  Congress  of  Mathematicians 
in  America,  everyone  had  the  impression  that  he  was  in  full  vigour.  However,  just 
after  NewYear's  Day  he  had  to  enter  a  hospital  to  undergo  an  operation,  which  he 
did  not  survive.  He  remained  himself  to  the  last,  and  those  who  came  to  see  him  in 
the  hospital  went  away  cheered  as  always.  Through  his  passing  we  have  suffered  a 
great  and  irreparable  loss. 
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THE  PUBLICATIONS  OF  HARALD  BOHR 
CHRONOLOGICALLY  ARRANGED 

Reviews,  abstracts,  problems  set  arid  solved,  and  newspaper  articles,  have  not  been  included  in  this  list. 
Translations  of  Danish  titles  are  given  in  square  brackets. 


1908.  Recherches  sur  la  multiplication  de  deux  integrates  definies  prises  entre  des  limites  infinies. 
Oversigt  over  Del  Kgl.  Danske  Vidcnskabernes  Selskabs  Forhandlmger  1908,  213-232  [1-20].— 
G  1,  volume  III. 

1909.  Sur  la  se"rie  de  Dirichlet.  Comptes  Rendus  Hebdomadaires  des  Stances  de  VAcadimie  des  Sciences, 
Paris  148  (1909),  75-80.  —A  1,  volume  I. 

1909.  Ueber  die  Summabilitat  Dirichletscher  Reihen.  Nachrichten  von  der  Koniglichen  Oesellschaft  der 
Wissenschaften  zu  Qdttingen,  Mathemitisch-Physikalische  Klasse  1909,  247-262.  —  A  2,  volume  I. 

1909.  Om  en  Udvidelse  af  en  kendt  Konvergensssetning.  [On  an  extension  of  a  known  convergence 
theorem.]  Nyt  Tidsskrift  for  Matematik  B  20  (1909),  1-4.  —  G  2,  volume  III.  English  summary, 
S  22,  volume  III. 

1910.  Bidrag  til  de  Dirichlet'ske  Rsekkers  Theori.  Afhandling  for  den  filosofiske  Doktorgrad.  [Con- 
tributions to  the  theory  of  Dirichlet  series.  Dissertation  for  the  degree  of  Doctor  of  Philosophy.] 
I  Kommission  hos  G.  E.  C.  Gad,  K0benhavn  1910,  i-xn,  1-136.  —A3,  volume  I.  English  trans- 
lation,  S  1,  volume  III. 

1910.  Sur  la  convergence  des  series  de  Dirichlet.  Comptes  Rendus  Hebdomadaires  des  Seances  de  VAca- 

demie  des  Sciences,  Paris  151  (1910),  375-377. —  A  4,  volume  I. 
1910.  tTber  die  Summabilitatsgrenzgerade  der  Dirichlet'schen  Reihen.  Sitzungsberickte  der  Kaiserlichen 

Akademie  der  Wissenschaften,  Wien,  Mathematisch-Natitnvisseruchaftliche  Klasse  119  II  a  (1910), 

1391-1397.  — A  5,  volume  I. 
1910.  Uber  das  Verhalten  von  £(s)  und  Cx(«)   in  der  Nahe  der  Geraden  a  —  1.  —  With  E.  Landau. 

Nachrichten  von  der  Koniglichen  Oesellschaft  der  Wissenschaften  zu  Gdttingen,  Mathematisch- 

Physikalische  Klasse  1910,  303-330.  —  B  1,  volume  I. 

1910.  En  Saotning  om  £-Funktionen.  [A  theorem  on  the  ^-function.]  Nyt  Tidsskrift  for  Matematik  B  21 
(1910),  60-66.  —  B  2,  volume  I.  English  summary,  S  4,  volume  III. 

1911.  Beweis  der  Existenz  Dirichletscher  Reihen,  die  Nullstellen  mit  beliebig  grosser  Abszisse  besitzen. 
Rendiconti  del  Circolo  Matematico  di  Palermo  31  (1911),  235-243.  —  A  6,  volume  I. 

1911.  Sur  I'existence  de  valeurs  arbitrairement  petites  de  la  fonction  £(s)  =  £(<r-H*)  de  Riemann  pour 
a  >  1.  Oversigt  over  Det  Kgl.  Danske  Videnskabernes  Sekkabs  Forhandlinger  1911,  201-208  [1-8]. 
—  B  3,  volume  I. 

1911.  t)ber  die  Zetafunktion.  —  With  E.  Landau.  Rendiconti  del  Circolo  Matematico  di  Palermo  32 
(1911),  278-285.  —  B  4,  volume  I. 

1911.  Om  de  Vserdier,  den  Riemann'ske  Funktion  £(a-\-it)  antager  i  Halvplanen  a  >  1.  [On  the  values 
taken  by  the  Riemann  function  £(<J-\-it)  in  the  half -plane  a  >  1.]  Beretning  am  den  Anden  Skan- 
dinaviske  Matematikerkongres  i  Kjebenhavn  1911,  113-121.  —  B5,  volume  I.  English  summary, 
85,  volume  III. 

1911.  t)ber  das  Verhalten  von  £(*)  in  der  Halbebene  a  >  1.  Nachrichten  von  der  Kdniglichen  QeseUschaft 
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der  Wissenschaften  zu  Oottingen,  Maihematisch-Physikalische  Klasse  1911,  409-428.  —  B6,  vo- 

lume I. 
1912.  Lbsung  des  absoluten  Konvorgenzproblems  einer  allgemeinen  Klasse  Dirichletscher  Reihen. 

Acta  Mathematics  36  (1912),  197-240.  —  A  7,  volume  I. 
1912.  Sur  la  fonction  £(*)  dans  le  domi-plan  a  >  1.  Comptes  Rendus  Hebdomadaires  des  Stances  de 

VAcademie  des  Sciences,  Paris  154  (1912),  1078-1081.  —  B  7,  volume  I. 

C' 

1912.  tfber  die  Funktion  -  (*).  Journal  fur  die  Heine  und  Angewandte  Mathematik  141  (1912),  217- 

234.  —  B  8,  volume  I. 

1912.  Et  nyt  Bevis  for,  at  den  Riemann'ske  Zetafunktion  £(«)  =  £(a+it)  har  uendelig  mange  Nul- 
punkter  indenfor  Parallelstrimlen  0  ^  a  ^  1.  [A  new  proof  that  the  Riemann  zeta-f  unction 
£(«)  &=  £(<r-j-ft)  has  infinitely  many  zeros  in  the  parallel  strip  0  ^  a  ^  1.]  Nyt  Tidsskrift  for 
Matematik  B  23  (1912),  81-85.  —  B  9,  volume  I.  English  summary,  S  6,  volume  III. 

1913.  t)ber  die  gleichmassige  Konvergenz  Dinchletscher  Reihon.  Journal  fur  die  Reine  und  Angewandte 
Mathematik  143  (1913),  203-211.  —  A  8,  volume  I. 

1913.  tJber  die  Bedeutung  der  Potenzreihen  unendlich  vieler  Variabeln  in  der  Thoorie  der  Dirichlotschen 

Reihen  £  ~  .  Nachrichten  von  der  Konighchen  Oesellschaft  der    Wissenschaften  zu  Qdttingen, 
n* 

Mathematisch'Physikaliscfie  Klasse  1913,  441-488.  —  A  9,  volume  I. 

00  °» 
1913.  Darstellung  der  gleichmassigen  Konvergenzabszisse  emer  Dmchletschen  Reihe  2  ~  ftl8  Funk- 

* 


tion  der  Koeffizienten  der  Reiho.  Archiv  der  Mathemtitik  und  Physik  (3)  21  (1913),  326-330.— 

A  10,  volume  I. 
1913.  Ein  Satz  iiber  Dirichletsche  lleihen.  tiitzungsberichte  der  Komrjhch  Bayerischen  Akademie  der 

Wissenschaften,  Mathematisrh-Physikalische  Klasse  1913,  557-562.  —  A  11,  volume  I. 
1913.  Note  sur  la  fonction  z6ta  de  Riemann  £(*)  ==  £(a  f  it)  sur  la  droite  0=1.  Oversigt  over  Det  Kgl. 

Danske  Videnskabernea  Selskabs  ForhnndUnger  1913,  3-11  [1-9].  --B  10,  volume  I. 
1913.  Beitrage  zur  Theone  der  Riemannschen  Zetafunktion.  —  With  E.  Landau.  MatheHwtische  An- 

nalen  74  (1913),  3-30.  —  B  11,  volume  I. 
1913.  Sur  la  fonction  f  (s)  dans  le  voisinage  de  la  droite  a  —  }.  —  With  E.  Landau  and  J.  E.  Littlewood. 

Academie  RoyaU  de  Belgique,  Bulletin  de  la  Clasae  des  Sciences  1913,  1  144-1  175.  —  B  12,  volume  I. 

1913.  Om  Addition  a!  uendelig  mange  konvekse  Kurvor.  With  French  summary:  Sur  1'addition  d'un 
nombre  infini  de  courbes  convexes.  Oversigt  over  Det  Kgl  Danske  Videnskabernes  Selskabs  For- 
handlinger  1913,  325-366  [1-42].  —  F  1,  volume  III. 

1914.  Einigo  Bemerkungen  uber  das  Konvergenzproblem  Dirichlotscher  Reihen.  Rendicontt  del  Circolo 
Matematico  di  Palermo  37  (1914),  1-16.  —  A  12,  volume  T. 

1914.  Ein  Satz  uber  Dirichletsche  Reihen  mit  Anwondung  auf  die  C-Funktion  und  die  L-Funktionen.  — 

With  E.  Landau.  Rendiconti  del  Circolo  Matcmatico  di  Palermo  37  (1914),  269—  272.  —  B  13, 

volume  I. 
1914.  Sur  les  ze>os  de  la  fonction  £(«)  de  Riemann.  —  With  E.  Landau.  Comptes  Rendus  Hebdomadaires 

des  Stances  de  VAcadtmie  des  Sciences,  Paris  158  (1914),  106-110.  —  B  14,  volume  I. 
1914.  Neuo  Anwendungen  der  Theorie  der  Diophantischen  Approximationon  auf  die  Riomannsche 

Zetafunktion.  —  With  R.  Courant.  Journal  fur  die  Reine  und  Angewandte  Mathematik  144  (1914), 

249-274.  —  B  15,  volume  I. 
1914.  Sur  la  fonction  £(*)  de  Riemann.  Socttte  Mathematique  de  Frame,  Comptes  Rendus  des  Seances 

1914,  52-66.  —  B  16,  volume  I. 
1914.  Sur  la  fonction  £(«)  de  Riemann.  Comptes  Rendus  Hebdomadaires  des  Seances  de  VAcademie  des 

Sciences,  Paris  158  (1914),  198&-1988.  -  B  17,  volume  I. 
1914.  A  theorem  concerning  power  series.  Proceedings  of  the  London  Mathematical  Society  (2)  13  (1914), 

1-5.  —  E  1,  volume  III. 
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1915.  Die  Riemannsche  Zetafunktion.  (Ein  Bericht  iiber  den  gegenwartigen  Standpunkt  der  Theorie 
von  funktionentheoretischem  Oesichtspunkto  aus.)  Jahresbericht  der  Deutechen  Matlwmatiker- 
Vereinigung  24  (1915),  1-17.  —  B  18,  volume  I. 

1915.  Zur  Theorie  der  Riemann'schen  Zetafunktion  im  kritischen  Streifen.  Acta  Mathematica  40  (1915), 
67-100.  —  B  19,  volume  I. 

1915.  Laorobog  i  matematisk  Analyse.  (En  forolebig  Udarbejdelse  til  Brug  ved  Foreltesninger  paa 
Polytekniak  Lroreanstalt.)  [A  textbook  of  mathematical  analysis.  (A  preliminary  exposition  for 
use  in  lectures  at  the  College  of  Technology.)]  —  With  J.  Mollerup.  I.  Elementser-algebraiske 
Undersogelsor  med  Anvendelse  paa  don  analytiske  Plangeometri  og  Rumgeometri.  (Elementary 
algebraic  investigations  with  application  to  plane  and  solid  analytic  geometry.]  Jul.  Gjellerup, 
Kabenhavn  1915,  i-iv,  1-493.  —  Omitted. 

1916.  En  funktionsteoretisk  Bemaerkning.  [A  function-theoretic  remark.]  Nyt  Tidsskrift  for  Matematik 
B  27  (1916),  73-78.  —  E  2,  volume  III.  English  summary,  S  16,  volume  III. 

1916.  Uber  die  Koeffizientensumme  einer  beschrankten  Potenzreihe.  Nachrichten  von  der  Koniglichen 
Qesellwhaft  der  Wissenschaften  zu  Gottingen,  Mathemttwh-Phyaikalische  Klasse  1916,  276-291. 

—  E  3,  volume  III. 

1916.  Laerebog  i  matematisk  Analyse.  (En  forelabig  Udarbejdelse  til  Brug  ved  Forelsesninger  paa 
Polyteknisk  Laereanstalt.)  [A  textbook  of  mathematical  analysis.  (A  preliminary  exposition  for 
use  in  lectures  at  the  College  of  Technology.)]  —  With  J.  Mollerup.  II.  Lacren  om  do  reelle  Funk- 
tioner  mod  Anvendelse  paa  den  analytiske  Plangeometri  og  Rumgeometri.  [The  theory  of  real 
functions  with  application  to  plane  and  solid  analytic  geometry.]  Jul.  Gjellerup,  K0benhavn 

1916,  i-ii,  1-908.  —  Omitted. 

1917.  tlbor  die  Koeffiziontonsumme  einer  beschrankten  Potenzreihe.  (Zweite  Mittoilung.)  Nachrickten 
von  der  Koniglichen  Oesellschaft  der  Wissenschtiften  zu  Gottingen,  Mathematisch-Phyaikaliache  Klasse 

1917,  119-128.  — E  4,  volume  III. 

1917.  Nogle  Mindoord  om  Professor  P.  C.  V.  Hansen.  [Professor  P.C.V.Hansen  in  memoriam.]  Ingeni- 
oren  26  (1917),  167.  —Omitted. 

1917.  Nyoro  Undersogelser  over  Integralregningen.  Tro  Foredrag  holdt  i  Matematisk  Forening.  [Recent 
investigations  on  the  theory  of  integration.  Throe  lectures  given  to  the  Mathematical  Society,] 

—  With  A.F.Anderson  and  J. Mollerup.  Kebenhavn  1917,  i-ii,  1-63.  —  Omitted. 

1918.  Zur  Theorie  der  allgcmeinen  Dirichletschen  Reihen.  Mathematische  Annalen  79  (1918),  136-156.  — 
A  13,  volume  I. 

1918.  tfber  streckentreue  und  konforme  Abbildung.  Mathematiscfa  Zeitschrift  1  (1918),  403-420.  — 

E  5,  volume  III. 
1918.  Laerobog  i  matematisk  Analyse.  (En  forelebig  Udarbejdelse  til  Brug  ved  Forelaesninger  paa 

Polyteknisk  Laereanstalt.)  [A  textbook  of  mathematical  analysis.  (A  preliminary  exposition  for 

use  in  lectures  at  the  College  of  Technology.)]  —  With  J.  Mollerup.  III.  Granseprocesser.  [Limit 

processes.]  Jul.  Gjellerup,  Kebenhavn  1918,  i-ii,  1-182.  —  Omitted, 

1918.  Lfcrebog  i  matematisk  Analyse.  (En  forelebig  Udarbejdelse  til  Brug  ved  Forelaesninger  paa 
Polyteknisk  Lsereanstalt.)  [A  textbook  of  mathematical  analysis.  (A  preliminary  exposition  for 
use  in  lectures  at  the  College  of  Technology.)]  —  With  J.  Mollerup.  IV.  Lieron  om  de  komplekse 
Tal.  [The  theory  of  complex  numbers.]  Jul.  Gjellerup,  K0benhavn  1918,  i,  1-158.  —  Omitted. 

1919.  Om  den  Hadamard'sko  »Huls83tning«.  [On  the  Hadamard  'gap  theorem'.]  Matematisk  Tidsskrift  B 

1919,  15-21.  —  E  6,  volume  III.  English  summary,  S  17,  volume  III. 

1919.  Cesaro's  Summabilitetsmetode.  Tre  Foredrag  holdt  i  Matematisk  Forening.  [Cesaro's  method  of 
summability.  Three  lectures  given  to  the  Mathematical  Society.]  —  With  A.F.Andersen  and 
J.Mollerup.  Jul.  Gjellerup,  Kebenhavn  1919,  i-ii,  1-51,  1-20,  1-25.  —Omitted. 

1920.  Et  Eksempel  paa  en  Bevismetode.  [An  example  of  a  method  of  proof.]  Matematisk  Tidsskrift  B 

1920,  46.  —  E  7,  volume  III.  English  summary,  8  18,  volume  III. 

1920.  Elementerne  af  de  algebraiske  Tals  Teori.  Fire  Foredrag  holdt  i  Matematisk  Forening.  [The  ele- 
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ments  of  the  theory  of  algebraic  numbers.  Four  lectures  given  to  the  Mathematical  Society.]  — 
With  T.  Bonnesen,  J.  Mollerup,  and  J.  Pal.  Jul.  Gjollenip,  Kobenhavn  1920,  i-ii,  1--116.  — 
Omitted. 

1920.  Laerebog  i  matematisk  Analyse.  [A  textbook  of  mathematical  analysis.]  —  With  J.  Mollerup. 

I.  Element aer-algebraiske  Undereogelser  med  Anvendelse  paa  den  analytifike  Flangeometri  og 
Riimgeometri.  [Elementary  algebraic  investigations  with  application  to  piano  and  solid  analytic 
geometry.]  Jul.  Gjellerup,  Kebenhavn  1920,  1-328,  i-iv,  —  Omitted. 

1921.  Nogle  Bemserkninger  om  de  Dirichletske  Raekkers  Hgelige  Konvergens.  [Some  remarks  on  the 
uniform  convergence  of  Dirichlet  series.]  Matematisk  Tidsskrift  B  1921,  61-65.  —  A  14,  volume  I. 
English  summary,  S  2,  volume  III. 

1921,  Laerebog  i  matematisk  Analyse.  [A  textbook  of  mathematical  analysis.]  —  With  J.  Mollerup. 

II.  Laeren  om  de  reelle  Funk ti oner  med  Anvendelse  paa  den  analytiske  Plangoometri  og  Rum- 
geometri.  [The  theory  of  real  functions  with  application  to  plane  and  solid  analytic  geometry.] 
Jul.  Gjellerup,  Kobenhavn  1921,  1-082,  i-vi.  —  Omitted. 

1922.  tfber  oine  quasi-periodischo  Eigenschaft  Dirichlotscher  Reihen  mit  Anwendung  auf  die  Dirichlet- 
schen  JL-Funktionen.  Mathematische  Annalen  85  (1922),  115-122.  Also  in  Festschrift  David  Hilbert 
zu  seinem  sechzigsten  Oeburtstag  gewidmet,  Julius  Springer,  Berlin  1922, 115-122.  —  A  15,  volume  I. 

1922.  t)ber  diophantische  Approximationen  und  ihre  Anwendungen  auf  Dirichlet'sche  Reihen,  besonders 
auf  die  Riemann'sche  Zetafunktion.  Matematikerkongressen  i  Helsingfors  1922.  Den  Femte  Skandi- 
naviska  Matematikerkongressen,  131-154.  —  B  20,  volume  I. 

1922.  Another  proof  of  Kronecker's  theorem.  Proceedings  of  the  London  Mathematical  Society  (2)  21 
(1922),  315-316.  — D  1,  volume  III. 

1922.  Axel  Thue.  1863-1922.  Matematisk  Tidsskrift  B  1922,  33  [in  Danish].  —  Omitted. 

1922.  Lserebog  i  matematisk  Analyse.  [A  textbook  of  mathematical  analysis.]  —  With  J.  Mollerup. 

III.  Grsenseprocesser.  [Limit  processes.]  Jul.  Gjellerup,  Kebenhavn  1922,  1-178,  i-ii.  —  Omitted. 

1923.  t)ber  das  Verhalten  von  —  auf  der  Geraden  a  —  1.  —  With  E.  Landau.  Nachrichten  von  der 

s» 

Gesellschaft  der  Wissenschaften  zu  Qottingen,  Mathematisch-PhysikalMe  Klasse  1923,  71-80.  — 

B  21,  volume  I. 
1923.  Sur  les  fonctions  presque  periodiques.  Comptes  Rendus  Hebdomadairea  des  Seances  de  VAcadimie 

des  Sciences,  Paris  177  (1923),  737-739.  —  C  1,  volume  II. 
1923.  Sur  1'approximation  des  fonctions  presque  periodiques  par  des  sommes  trigonome'triques.  Comptes 

Rendus  Hebdomadairea  des  Seances  de  VAcademie  des  Sciences,  Paris  177  (1923),  1090-1092.— 

C  2,  volume  II. 
1923.  tlber  einen  Satz  von  Edmund  Landau.  Scripta  Universitatis  atque  BibJiothecae  Hierosolymitana- 

rumt  Mathematica  et  Physica  1,  no.  2  (1923),  1-5.  —  E  8,  volume  III. 
1923.  Om  Addition  af  konvekse  Kurver  mod  givne  Sandsynlighedsfordelinger.  (En  maengdeteoretisk 

Undersegelse).  [On  addition  of  convex  curves  with  given  probability  distributions.  (A  set-theore- 
tical investigation.)]  Matematisk  Tidsskrift  B  1923,  10-15.  —  F  2,  volume  III.  English  summary, 

S  20,  volume  III. 
1923.  Die  neuere  Entwicklung  der  analytischen  Zahlontheorie.  —  With  H.  Crame>.  Encyklopddie  der 

Mathematischen  Wissenschaften  II  3  (1923),  722-849.-— H,  volume  III. 

1923.  Lffirebog  i  matematisk  Analyse.  [A  textbook  of  mathematical  analysis.]  —  With  J.  Mollerup. 

IV.  Grundtraek  af  Lseren  om  de  komplekse  Tal.  [Elements  of  the  theory  of  complex  numbers.] 
Jul.  Gjellerup,  K0benhavn  1923,  1-128,  i-ii.  —  Omitted. 

1924.  Nachtrag  zu  unseren  Abhandlungen  aus  den  Jahrgangen  1910  und  1923.  —  With  E.  Landau. 
Nachrichten  von  der  Qesellschaft  der  Wissenschaften  zu  Qdttingen,  Mathematisch-Physikalische 
Klasse  1924,  168-172.  ~  B  22,  volume  I. 

1924.  Zur  Theorie  der  fast  periodischen  Funktionen.  I.  Eine  Verallgemeinerung  der  Theorie  der  Fourier- 
reihen.  Acta  Mathematica  45  (1924),  29-127.  —  C  3,  volume  II. 
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1924.  Neuer  Beweis  eines  allgemeinen  Kronecker'schen  Approximationssatzes.  Del  Kgl.  Danske  Viden- 
skabernes  Sekkab,  Mathematisk-Fysiske  Meddelelser  6,  no.  8  (1924),  1-8.  ~  D  2,  volume  III. 

1925.  En  Sffitning  om  Fourierraekker  for  neesten-periodiske  Funktioner.  [A  theorem  on  Fourier  series 
of  almost  periodic  functions.]  Matematisk  Tidsskrift  B  1925,  31-37.  —  C  4,  volume  II.  English 
summary,  S  7,  volume  III. 

1925.  Einige  Satze  liber  Fourierreihen  fastperiodischer  Funktionen.  Mathematische  Zeitschrift  23  (1925), 

38-44.  —  C  5,  volume  II. 
1925.  Fastperiodische  Funktionen.  Jahresbericht  der  Deutschen  Mathematiker-Vereinigung  34  (1925), 

25-40.  —  C  6,  volume  II. 
1925.  Zur  Theone  der  fastperiodischen  Funktionen.  II.  Zusammenhang  der  fastperiodischon  Funk- 

tionen  mit  Funktionen  von  unendhch  vielen  Variabeln;  gleichmassige  Approximation  durch 

trigonometrische  Summon.  Acta  Mathematica  46  (1925),  101-214.  — C  7,  volume  II. 
1925.  Sur  les  fonctions  presque  pe>iodiques  d'une  variable  complexe.  Comptes  Rendus  Hebdomadaires  des 

Stances  de  VAcadimie  des  Sciences,  Paris  180  (1925),  645-647.  —  C  8,  volume  II. 
1925.  Ober  allgemeine  Fourier-  und  Dirichletontwieklungen.  Matematikerkongressen  i  Kebenhavn  1925, 

Den  Sjette  Skandmamske  Matematikerkongres,  173-190. —  C  9,  volume  II. 
1925.  Sur  uno  olasse  de  transcendantes  entieres.  Comptes  Rendus  Hebdomadaires  des  Seances  de  I'Academie 

des  Sciences,  Pans  181  (1925),  766-768.  —  C  10,  volume  II. 
1925.  Unendlich  viele  lineare  Kongruenzen  mit  unendlioh  vielen  Unbekannten.  Del  Kgl.  Danske  Viden- 

skabernes  Selskab,  Matkematisk-Fysiske  Meddelelser  7,  no.  1  (1925),  1-42.  —D  3,  volume  III. 

1925.  En  Rerruerkning  om  Ligninger  af  ferste  Grad.  [A  remark  on  equations  of  the  first  degree.]  Mate- 
matisk  Tidsskrift  A  1925,  29-32.  —  Omitted. 

1926.  En  Klasse  hele  transcendents  Funktioner.  [A  class  of  integral  functions.]  Matematisk  Tidsskrift  B 
1926,  41-45.  —  C  11,  volume  II.  English  summary,  S  8,  volume  III. 

1926.  Zur  Theorie  der  fastpenodischen  Funktionen.  III.  Dinchlotentwicklung  analytischer  Funktionen. 

Acta  Mathematica  47  (1926),  237-281.  —  C  12,  volume  II. 
1926.  On  the  explicit  determination  of  the  upper  limit  of  an  almost-periodic  function.  The  Journal  of  the 

London  Mathematical  Society  1  (1926),  109-112.  —  C  13,  volume  II. 
1926.  Ein  Satz  uber  analytische  Fortsetzung  fastperiodischer  Funktionen.  Journal  fur  die  Reine  und 

Angewandte  Mathematik  157  (1926),  61-65.  —  C  14,  volume  II. 
1926.  Allgemeine  Fourier-  und  Dirichletentwicklungen.  Abhandlungen  aus  dem  Mathematischen  Seminar 

der  Hamburgischen  Vniversitdt  4  (1926),  366—374.  —  C  15,  volume  II. 
1926.  Sur  le  theorem o  d'unicite  dans  la  theorie  des  fonctions  presque  periodiques.  Bulletin  des  Sciences 

Mathematique*  (2)  50,  part  1  (1926),  135-139.  —  C  16,  volume  II. 

1926.  Ober  linearo  Differontialgleichungen  mit  konstanton  Koeffizicriten  und  fastperiodischer  rechter 
Seito.  —  With  0.  Neugcbauer.  Xachrichten  von  der  Oesellschaft  der  Wissemchaften  zu  Qottingen, 
Mathematisch-Phynknlische  Klasse  1926,  8-22. —  C  17,  volume  II. 

1927.  Some  remarks  on  generalisations  of  almost  periodic  functions.  —  With  A.  Besicovitch.  Del  KgL 
Danske  Vidensktibernes  Selskab,  Mathematisk-Fysiske  Meddelelser  8,  no.  5  (1927),  1-31.  — C  18, 
volume  II. 

1927.  On  the  limit  values  of  analytic  functions.  The  Journal  of  the  London  Mathematical  Society  2  (1927), 
180-181.  — E  9,  volume  III. 

1928.  On  almost  periodic  properties  of  translation  numbers.  —  With  A.  Besicovitch.  The  Journal  of  the 
London  Mathematical  Society  3  (1928),  172-176.  —  C  19,  volume  II. 

1928.  Orenzperiodische  Funktionen.  Acta  Mathematica  52  (1928),  127-133.  —  C  20,  volume  II. 

1928.  Uber  die  Verallgemeinerungen  fastperiodischer  Funktionen.  Mathematische  Anna  Jen  100  (1928), 
357-366.  — C  21,  volume  II. 

1928.  Bericht  Uber  die  Theorie  der  fastperiodischen  Funktionen.  Atti  del  Congresso  Internazionale  dei 
Matematici,  Bologna  1928,  II,  283-288.  —  C  22,  volume  II. 

1928.  Nogle  Bemeerkninger  om  formel  Regning.  [Some  remarks  on  formal  calculation.]  Matematisk  Tids- 
skrift B  1928,  7-18.  —  03,  volume  III.  English  summary,  S  23,  volume  III. 
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1929.  Sur  un  probleme  de  M.  Borel.  Comptea  Sendus  Hebdomadaires  des  Stances  de  r Academic  des  Science*, 

Paris  189  (1929),  826-827.  —  E  10,  volume  III. 
1929.  tfber  ganze  transzendente  Funktionen  von  einem  besonderen  Typus.  (Beispiel  einer  allgemeinen 

Konstruktionsmethodo.)  Sitzungsberichte  der  Preussischen  Akademie  der  Wissenschaften,  Physika- 

lisch-Mathematische  Klasse  1929,  666-571.  — E  11,  volume  III. 

1929.  Om  Sandsynlighedsfordelinger  ved  Addition  af  konvekse  Kurver.  [On  probability  distributions  by 
addition  of  convex  curves.]  —  With  B.  Jessen.  Det  Kgl.  Danske  Videnskabernes  Selskabs  Skrifter, 
Naturmdensk.  og  Mathem.  Afd.  (8)  12,  no.  3  (1929),  326-406  [1-82].  —  F  3,  volume  III.  English 
summary,  S  21,  volume  III. 

1930.  ttber  die  Werteverteilung  der  Riemannschen  Zetafunktion.  —  With  B.  Jessen.  (Ereto  Mitteilung. 
Das  Verhalten  der  Funktion  in  der  Halbebene  a  >  1.)  Acta  Mathematica  54  (1930),  1-35.  —  B  23, 
volume  I. 

1930.  ttber  analytisehe  fastperiodische  Funktionen.  Mathematische  Annahn  103  (1930),  1-14.  ~  C  23, 
volume  II. 

1930.  Kleinore  Beitrage  zur  Theone  der  fastperiodischen  Funktionen.  I-II.  I.  t)ber  die  Argument  varia- 
tion einer  fastperiodischen  Funktion.  II.  Eino  Bemorkung  uber  die  Wertvertoilung  fastpenodischor 
Funktionen.  Det  Kgl  Danske  Videnakabernes  Selskab,  Mathematisk-Fysiske  Meddelelser  10,  no.  10 
(1930),  1-17.  —  C  24,  volume  II. 

1930.  Ober  ganzo  transzendente  Funktionen,  die  auf  jeder  durch  den  Nullpunkt  gehenden  Geraden 
beschrankt  sind.  Opuscula  Mathematica  Andreae  Wiman  Dedicata,  Festskrift  tillagnad  Anders  \Vi- 
man,  Lundequist,  Upsala  1930,  39-46.  —  E  12,  volume  III, 

1930.  Matematikons  ideale  Elementer.  (Forodrag  holdt  ved  den  polytekmske  Laoreanstalts  Aarsfeat 
1930.)  [The  ideal  elements  of  mathematics.  (A  lecture  delivered  at  the  anniversary  celebration 
of  the  College  of  Technology  1930.)]  Matematisk  Tidsskrift  A  1930,  31-45.  —  Omitted. 

1931.  Kleinere  Beitrage  zur  Theone  der  fastperiodischen  Funktionen.  11I-IV.  III.  Dirichletscho  Heihen 
und  fastperiodische  Funktionen.  IV.  Uber  die  Funktionalgleichung  t  =  f(t)  -f-  <p(f(t))  hei  einer 
gogebenen  fastperiodischen  Funktion  <p(x).  Det  KgL  Danske  Videnskabernes  Melskab,  Mnthematisk- 
Fysiske  Meddelelser  10,  no.  12  (1931),  1-15.  —  C  25,  volume  II. 

1931.  On  the  inverse  function  of  an  analytic  almost  periodic  function.  Annals  of  Mathematics  (2)  32 

(1931),  247-260.  —  C  26,  volume  II. 
1931.  Almost  periodicity  and  general  trigonometric  series.  —  With  A.  S.  Bosicovitoh.  Acta  Mathematica 

57  (1931),  203-292.  —  C  27,  volume  II. 

1931.  Niels  Nielsen.  1865-1931.  Matematisk  Tidsskrift  B  1931,  41-45  [in  Danish].  —Omitted. 

1932.  tlber  die  Werteverteilung  der  Riemannschen  Zetafunktion.  —  With  B.  Jessen.  (Zweite  Mitteilung. 
Das  Verhalten  der  Funktion  im  Streifen  J  <  a  <£  1.)  Acta  Mathematica  58  (1932),  1-55.  —  B  24, 
volume  I. 

1932.  Fastperiodische  Funktionen.  Ergebnisse  der  Mathematik  und  ihrer  Grenzgebiete  I  5,  Julius  Springer, 

Berlin  1932,  i-iv,  1-96  [417-516].  —  C  28,  volume  II. 
1932.  Uober  fastperiodische  ebene  Bewegungen.  Commentarii  Mathemntici  Helvetic}  4  (1932),  51-64.  — 

C  29,  volume  II. 
1932.  t)ber  fast  period  isehe  Bewegungen  auf  einem  Kreis.  —  With  B.  Jessen.  Annali  del  la  R.  Scuola 

Normale  Supenore  di  Pi«at  Scienze  Fisiche  e  Matematoche  (2)  1  (1932),  385-398.  —  C  30,  volume  II. 
1932.  Fastperiodische  Funktionen  einer  komplexen  Veranderhchen.  Verhandlungen  des  Internationalen 

Mathematiker-Kongresses  Zurich  1932,  I,  195-208.  —  C  31,  volume  II. 
1932.  To  nye  simple  Beviser  for  Kroneckers  Saetning.  [Two  new  simple  proofs  of  Kronecker's  theorem.] 

—  With  B.  Jessen.  Matematisk  Tidsskrift  B  1932,  53-58.  —  D  4,  volume  III.  English  summary, 

S  14,  volume  III. 

1932.  One  more  proof  of  Kronecker's  theorem.  —  With  B.  Jessen.  The  Journal  of  the  London  Mathema- 
tical Society  1  (1932),  274-275.  —  D  5,  volume  III. 
1932.  Niels  Nielsen.  1865-1931.  Ovcrsigt  over  Det  Kongelige  Danske  Videnskabernee  Selskabs  Virksomhed 

1931-32,  137-145  [in  Danish].  —  Omitted. 
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1032.  Niels  Nielsen,  1865-1031.  Festskrift  udgivet  nf  K»benhavns  Universitet  i  Anledning  af  Universitetets 

Aarsfest  1932,  123-128  [in  Danish].  —  Omitted. 
1933.  Stabilitet  og  Naestenperiodicitet.  [Stability  and  almost  periodicity.]  Matematisk  Tidsskrift  B  1933, 

21-25.  —  C  32,  volume  II,  English  summary,  S  9,  volume  III. 
1933.  Zum  Kroneckerschen  Satz.  —  With  B.  Jessen.  Rendiconti  del  Circolo  Matematico  di  Palermo  57 

(1933),  123-129.  — D  6,  volume  III. 

1933.  Endnu  engang  Kroneckers  Sfetning.  [Once  more  Kronecker's  theorem.]  Matematisk  Tidsskrift  B 
1933,  59-64.  —  D  7,  volume  III.  English  summary,  S  15,  volume  III. 

1934.  Mean-value  theorems  for  the  Hiemann  zeta-function.  —  With  B.  Jessen.  Quarterly  Journal  of 
Mathematics,  Oxford  Series  5  (1934),  43-47.  —  B  25,  volume  I. 

1934.  Den  seneste  Udvikling  af  Lseren  om  nsestenpcriodiske  Fimktioner.  [The  latest  development  of 
the  theory  of  almost  periodic  functions.]  Attonde  Skandwaviska  Matematikerkongressen  i  Stock- 
holm 1934,  106.  —  C  33,  volume  II.  English  summary,  3  10,  volume  III. 

1934.  Anwendung  einer  Landauschen  Beweismethode  auf  don  Kroneckerschen  Approximationssatz. 
Mathematische  Zettschrift  38  (1934),  312-314.  —  D  8,  volume  III. 

1934.  Again  the  Kronecker  theorem.  The  Journal  of  the  London  Mathematical  Society  9  (1934),  5-6.  — 
D  9,  volume  III. 

1935.  Kleinere  Beitrage  zur  Theorie  der  fastperiodisohen  Funktionen,  V.  tvber  den  Quotienten  zweier 
analytischer  fastperiodischer  Funktionen.  Det  Kgl.  Danske  Videnskabernes  Selskab,  Mathematisk- 
Fysiske  Meddeleher  13,  no.  8  (1935),  1-13.  —  C  34,  volume  II. 

1935.  Un  th£oreme  general  sur  1' integration  d'un  polynome  trigonometrique.  Comptes  Rendus  Hebdo- 

madaires  des  Seances  de  TAcademie  des  Sciences,  Paris  200  (1935),  1276-1277.  —  C  35,  volume  II. 
1935.  Em  allgemeiner  Satz  uber  die  Integration  ernes  trigonometrischen  Polynoms.  Prace  Matematyczno- 

Fizyczne  43  (1935),  273-288  [1-16].  —  C  38,  volume  II. 
1935.  En  Saetning  om  Fourierrsekker.  [A  theorem  on  Fourier  series.]  Maternal  ink  Tidsskrift  B  1935, 

77-81.  —  0  37,  volume  II.  English  summary,  S  11,  volume  III. 
1935.  Cber  oinen  Satz  von  J.  Pal.  Acta  Litteraruw  ac  Scientiarum  Regtae  Universitatis  Hungaricae  Fran- 

citco-Josephinae.  Rectio  Scicntiarum  Mathematicamm,  Szeged  7(1935),  129-135.  —  E 13,  volume  III. 

1935.  The  arithmetic  and  geometric  means.  The  Journal  of  the  London  Mathematical  Society  10  (1935), 
114.  — Q  4,  volume  III. 

1936.  On  the  distribution  of  the  values  of  the  Riemann  zeta  function.  —  With  B.  Jessen.  American  Jour- 
nal of  Mathematics  58  (1936),  35-44.  —  B  26,  volume  I. 

1936.  Bin  Satz  uber  stabile  Bowegungen  in  der  Ehene.  —  With  W.  Fenchel.  Det  KgL  Danske  Videnska- 

bernes  Selskab,  Mathematisk-Fysiske  Meddelelser  14,  no.  1  (1936),  1-15.  —  G  38,  volume  II. 
1936.  Kleinere  Beitrage  zur  Theorie  der  fastperiodischen  Funktionen.  VI.  Der  Picardscho  Satz.  Det  Kgl. 

Danske  Videnskabernes  Selskab,  Mathematisk-Fysiske  Meddelelser  14,  no.  2  (1936),  1-8.  — C  39, 

volume  II. 
1936.  Kleinere  Beitrago  zur  Thoorie  der  fastperiodischen  Funktionen.  VII- VIII.  VII.  Stark  station&re 

und  schwach  station&re  Funktionen.  VIII.  Uber  den  Logarithmus  einer  positiven  fastperiodischen 

Funktion.  Det  Kgl.  Danske  Videnskabernes  Selskab,  Mathematisk-Fysiske  Meddelelser  14,  no.  7 

(1936),  1-24.  —  C  40,  volume  II. 
1936.  Uber  die  Umkehrung  von  analytischen  fastperiodischen  Funktionen.  —  With  B.  Jessen.  Mathe- 

matische  Annalen  113  (1936),  461-488.  —  C  41,  volume  II. 
1936.  Nogle  Bemaprkninger  vedroronde  Talteoriens  Elementer.  [Some  remarks  on  the  elements  of  the 

theory  of  numbers.]  Matematisk  Tidsskrift  A  1936,  57-65.  —  Omitted. 

1936.  T.  Bonnosen.  1873-1935.  Oversigt  over  Det  Kongelige  Danske  Videnskabernes  Selskabs  Virksomhcd 
1935-36,  87-102  [in  Danish].  —  Omitted. 

1937.  Algebraic  equations  with  almost-periodic  coefficients.— With  D.  A.  Flanders.  Det  Kgl.  Danske  Vi- 
denskabernes Selskab,  Mathematisk-Fysiske  Meddelelser  15,  no.  12  (1937),  1-49.  — C  42,  volume  II. 

1938.  Algebraic  functions  of  analytic  almost  periodic  functions.  —  With  D.  A.  Flanders.  Duke  Mathe- 
matical Journal  4  (1938),  779-787.  —  C  43,  volume  II. 
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1938.  tlber  fastperiodische  Bewegungen.  Yhdeksas  Skandinaavinen  Matemaatikkokongressi  HelsingM 
1938.  Nionde  Skandinaviska  Matematikerkongressen  i  Helsingfors  1938,  39-61.  —  C  44,  volume  II. 

1938.  Laerebog  i  matematisk  Analyse.  [A  textbook  of  mathematical  analysis.]  —  With  J.  Mollerup. 
Second  revised  edition  by  A.  F.  Andersen  and  R.  Fetersen.  I.  Lineeer  Algebra.  [Linear  algebra.] 
Jul.  Gjellerup,  Kobenhavn  1938,  1-148.  —  Omitted. 

1939.  Om  Logaritme-  og  Eksponentialfunktion.  To  Forodrag  holdt  ved  Matematiklarerforeningens  Ef- 
toraarsmede  1939.  [On  the  logarithmic  and  exponential  functions.  Two  lectures  given  at  the  autumn 
meeting  of  the  Society  of  Mathematics  Teachers  1939.]  Matematisk  Tidsskrift  A  1930,  46-81.  — 
Omitted. 

1940.  Zum  Picardschen  Satz.  AxadeMUA  HayK  VCCP,  Cfopnux  floceHtyemMU  UaMJimu  AnadcMUKa  flMumpu* 
AjuKcandpoewa  Fpaee,  Mocxea  Jlthiwpab  1940, 29-33.  Also  printed  in  Matematisk  Tidsskrift  B 1940, 
1_6.  _  E  14,  volume  III. 

1940.  Om  det  matematiske  Grundlag  for  Sandsynlighedsregningen.  Udarbejdet  efter  et  Forodrag  holdt 

i  Aktuarforeningen.  [On  the  mathematical  foundations  of  the  calculus  of  probability.  Composed 

after  a  lecture  given  to  the  Society  of  Actuaries.]  Matematisk  Tidsskrift  A  1940, 1-29.  —  Omitted. 
1940.  Laerebog  i  matematisk  Analyse.  [A  textbook  of  mathematical  analysis.]  —  With  J.  Mollorup. 

Second  revised  edition  by  A.  F.  Andersen  and  R.  Peterson.  II.  Funktioner  af  een  reel  Variabel. 

[Functions  of  one  real  variable.]  Jul.  Gjellerup,  Kebenhavn  1940,  i-x,  1-420.  —  Omitted. 
1942.  tfber  das  Kocffizientendarstellungsproblem  Dirichletscher  Reihen.  Det  KgL  Danske  Videnskaber- 

nes  Selskab,  Matematisk-Fynske  Meddelelser  20,  no.  2  (1942),  1-12.  —  A  16,  volume  I. 
1942.  Om  Potensraekker  med  Huller.  En  Pseudo-Kontinuitetsegenskab.  [On  power  series  with  gaps.  A 

property  of  pseudo-continuity.]  Matematisk  Tidsskrift  B  1942, 1-11.  —  K  15,  volume  III.  English 

summary,  S  19,  volume  III. 

1942.  A.  S.  Bang.  1866-1942.  Matematisk  Tidsskrift  A  1942,  77-78  [in  Danish].  —  Omitted. 
1942.  Laerebog  i  matematisk  Analyse.  [A  textbook  of  mathematical  analysis.]  —  With  J.  Mollerup. 

Second  revised  edition  by  A.  F.  Anderson  and  R.  Petersen.  III.  Funktioner  af  flere  reelle  Variable. 

Uendeligo  Raekker.  [Functions  of  several  real  variables.  Infinite  series.]  Jul.  Gjellerup,  Kebonhavn 

1942,  i-viii,  1-340.  —  Omitted. 

1942.  Laerebog  i  matematisk  Analyse.  [A  textbook  of  mathematical  analysis.]  --  With  J.  Mollerup. 
Second  revised  edition  by  A.  F.  Andersen  and  R.  Peterson.  IV.  Funktioner  af  en  kompleks  Varia- 
bel. Specielle  Emner.  [Functions  of  a  complex  variable.  Special  topics.]  Jul.  Gjellerup,  Kebenhavn 
1942,  i-viii,  1-197.  — Omitted. 

1943.  Et  Eksempel  paa  Anvendelsen  af  Sandsynlighedsregnmg  som  Hjaelpemiddel  i  den  mntematiske 
Analyse.  [An  example  of  the  application  of  the  calculus  of  probability  as  an  aid  in  mathematical 
analysis.]  Festskrift  til  Professor,  Dr.  phil.  J.  F.  Steffensen  fra  Kolleger  og  Elever  paa  hans  70  Aars 
Fedselsdag,  Den  Danske  Aktuarforening,  Kobonhavn  1943,  29-33.  —  C  4/5,  volume  II.  English 
summary,  S.  12,  volume  III. 

1943.  Contribution  to  the  theory  of  analytic  almost  periodic  functions.  On  the  behaviour  of  an  analytic 
almost  periodic  function  in  the  neighbourhood  of  a  boundary  for  its  almost  periodicity.  Det  KgL 
Danske  Viden*kabernes  Selskab,  Mattmatisk-Fysiske  Meddelelser  20,  no.  18  (1943),  1-37.  —  C  46, 
volume  II. 

1944.  On  some  types  of  functional  spaces.  A  contribution  to  the  theory  of  almost  periodic  functions.  — 
With  E.  Fdner.  Acta  Mathematica  76  (1944),  31-155.  —  C  47,  volume  III. 

1944.  Om  ^-nsestenperiodiske  Funktioner  med  lineart  uafhaengige  Exponenter.  [On  *S'-almost  periodic 
functions  with  linearly  independent  exponents.]  Norsk  Matematisk  Tidsskrift  26  (1944),  33-40.  — 
C  48,  volume  III.  English  summary,  3  13,  volume  III. 

1945.  Om  almindelige  Konvergenskriterier  for  Raekker  med  positive  Led.  [On  general  convergence 
criteria  for  series  with  positive  terms.]  Matematisk  Tidsskrift  B  1945,  1-9.  —  G  5,  volume  III. 
English  summary,  S  24,  volume  III. 

1945.  Laerebog  i  matematisk  Analyse.  [A  textbook  of  mathematical  analysis.]  —  With  A.  F.  Andersen 
and  R.  Petersen.  I.  Linear  Algebra.  [Linear  algebra.]  Jul.  Gjellerup,  Kebenhavn  1945,  1-154.  — 
Omitted. 
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1945.  Laerebog  i  matematisk  Analyse.  [A  textbook  of  mathematical  analysis.]  —  With  A.  F.  Andersen 
and  H,  Petersen.  II.  Funktioner  af  een  reel  Variabel.  [Functions  of  one  real  variable.]  Jul.  Gjelle- 
rup,  Kebenhavn  1945,  1-433.  —  Omitted. 

1946.  On  some  functional  spaces.  Den  10.  Skandinaviske  Matematikerkongres  i  Kobenham  1946,  313- 
319.  —  C  49,  volume  III. 

1946.  Indledningstale  ved  Aabningsmedet.  [Introductory  address  at  the  opening  meeting.]  Den  10.  Skan- 
dinaviske Matematikerkongres  i  Kebenhavn  1946,  xviii-xxv.  —  Omitted. 
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NOTES 

The  references  to  other  authors  have  been  largely  confined  to  contributions  directly  connected 
with  specific  results  of  the  various  papers. 

Alterations,  other  than  typographical  rectifications,  made  in  a  paper  before  reproduction  are 
indicated  at  the  end  of  the  notes  to  the  paper. 


VOLUME  I 

A  1 .  —  The  results  communicated  in  this  paper  are  presented  in  detail  in  A  2  and,  in  particular, 
in  A3  (SI). 

A  2.  —  For  a  detailed  exposition,  see  A  3  (S  1). 

p.  260,  The  summability  of  factorial  series  was  treated  by  Nerlund ;  see  Encykl.  Math.  Wiss.  II  3 
(1923),  684,  where  references  are  given. 

pp.  261-262.  The  investigations  on  Dirichlet  series  of  type  £ane~*n3  and  on  a  class  of  definite 
integrals,  referred  to  as  forthcoming,  have  not  been  published;  cf.  A  18,  710. 

A  3.  (S  1.)  —  p.  viii.  (p.  2.)  For  the  theory  of  summability  of  arbitrary  (integral  or  non-integral) 
order  for  Dirichlet  series  of  type  J£one~"^,  developed  by  M.  Riesz,  see  H,  753-759,  where  references 
are  given.  For  the  later  development,  see  Chandrasekharan  and  Minakshisundaram,  Typical  means, 
Oxford  University  Press  1962. 

pp.  23-37.  (pp.  23-36.)  For  a  further  discussion  of  the  convergence  problem  for  Dirichlet  series, 
see  A  17.  Examples  of  Dirichlet  series  generalizing  those  of  Theorems  XVI  and  XVII  are  given  in 
A  16,  A  17,  A  18,  and  A  22. 

p.  61.  (p.  53.)  Lemma  la  is  known  as  the  Bohr-Hardy  theorem.  For  the  extensive  literature  on 
this  theorem  and  its  generalizations,  including  investigations  by  Fekete,  Anderson,  Schur,  Bosanquet, 
and  others,  see  Hardy,  Divergent  series,  Oxford  University  Press  1949,  146,  and  Bosanquet,  Proc. 
London  Math.  Soc.  (2)  50  (1949),  482-496. 

p.  94.  (p.  82.)  The  series  considered  in  Theorem  II  has  been  further  investigated  in  A  22,  7-8. 

pp.  99-110.  (pp.  86-97.)  The  extensions  of  Theorems  I  and  II  to  general  r,  due  to  Riesz,  state 
that  Af  —  Af+jk  ^  k  f or  r  ^  0  and  k  ^  0,  and  that  Ar  is  a  convex  function  of  r  for  r  ^  0.  As  a  generaliza- 
tion of  Theorem  V  it  is  shown  in  A  22  that  these  conditions  are  also  sufficient. 

p.  114.  (p.  100.)  Theorem  I  was  extended  to  general  r  by  Riesz,  who  further  proved  that  if 
}(s)  =  0(\t\k)  for  a  >  y,  then  lk  ^  r). 

As  pointed  out  (orally)  by  Professor  Riesz,  the  Landau-Schnee  theorem  follows  from  this  result 
and  the  convexity  of  Xr.  One  has  to  observe  first  that  Ar  is  convex  even  f  or  r  ^  —1,  where  A_j  may 
be  interpreted  as  the  greatest  lower  bound  of  all  a  for  which  ann~°  —  0(n~a);  cf.  Bosanquet  and 
Chow,  J.  London  Math.  Soc.  16  (1941),  46.  Now,  if  an  =  0(nd)  for  every  d  >  0,  and  if  /(*)  =  0(\tf) 

for  a  >  t],  we  find  A_j  ^  1  and  At  ^  77;  hence,  by  the  convexity,  AO  ^  —   ^  ,  which 

is  the  Landau-Schnee  theorem. 

p.  118.  (p.  103.)  Theorem  I  is  included  in  the  following  theorem,  valid  for  arbitrary  r  ^  0:  If 

f(8)  «  0(|*|f4 1+t)  for  a  >  r),  then  Ar+1  ^ -.  By  the  preceding  argument  this  theorem  follows 
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immediately  from  Riesz's  results.  From  the  example  in  A  17,  or  from  A  22,  7-8,  it  may  be  seen  that  the 
estimate  is  the  best  possible. 

p.  127.  (p.  111.)  For  the  behaviour  of  the  sum-function  f(a)  in  the  neighbourhood  of  the  line 
tr  =  A  in  the  case  considered  in  Theorem  V  b,  see  A  5. 

p.  131.  (p.  115.)  The  series  £ftnn~*  is  actually  convergent  for  a  >  0;  cf.  Littlewood,  C.  R,  Acad. 
Sci.  Paris  154  (1912),  263-266.  Thus  for  this  series  A0  =  A. 

pp.  131-132.  (pp.  115-116.)  For  further  results  on  the  multiplication  of  Diriohlet  aonos,  see  A  18, 
720-722,  and  A  19. 

pp.  133-134.  (pp.  116-117.)  The  theory  of  series  with  arbitrary  indices,  mentioned  in  Thesis  3, 
is  presented  in  detail  in  G-  5. 

A  4.  —  Theorem  I  is  included  in  Theorem  I  of  A  8.  For  the  proof  of  Theorem  II,  cf.  Theorem 
III  of  B  1.  Theorem  III  and  Theorem  IV  for  T  =  —  oo  are  proved  in  A  7;  Theorem  IV  for  an  ar- 
bitrary t  follows  by  use  of  the  result  of  A  11. 

A  7.  —  p.  219.  The  result  mentioned  at  the  end  of  §  3  is  contained  in  Theorem  2  of  A  13.  For 
an  extension  of  Theorem  5,  in  which  the  condition  on  the  exponents  is  weakened,  see  Ostrowski,  Jber. 
Deutsch.  M ath.  Ver.  42  (1933),  160-165. 

pp.  231  and  237.  In  connection  with  Theorems  A  and  B,  cf,  the  general  result  of  Neder,  Ark. 
Mat.  Astr.  Fys.  16,  no.  20  (1922),  1-15,  according  to  which  the  inequalities  -oo  ^  &  ^  y  <Z  ft  <Z  <x> 
and  —oo^d^y^oo  satisfied  by  the  abscissae  ,x,  ft,  y,  d  of  convergence,  absolute  convergence, 
uniform  convergence,  and  boundedness,  respectively,  of  a  Dirichlet  series  £«ne~*n*  are  the  best 
possible. 

Concerning  Dirichlet  series  with  linearly  independent  exponents,  soe  also  Mandelbrojt,  Bull.  Soc. 
Math.  France  60  (1932),  208-220,  and  Aronszajn,  CM?.  Acad.  Sci.  Paris  199  (1934),  335-337. 

A8.  —  For  further  results  on  the  uniform  convergence  of  Dirichlet  series,  see  A  10,  A  14,  and 
A  21;  see  also  H,  726-727,  735,  739. 

A  9.  —  Cf.  H,  739-743. 

p.  446.  The  problem  of  determining  T  was  solved  by  Bohnenblust  and  Hille,  Ann.  of  Math.  (2) 
32  (1931),  600-622,  33  (1932),  785-786,  who  proved  that  T  -=  \.  They  further  proved  the  following 
result:  If  au  is  the  abscissa  of  uniform  convergence  of  the  series  £ann~a,  then  the  subseries  consisting 
of  those  terms  for  which  n  is  a  product  of  at  most  m  primes  has  an  abscissa  of  absolute  convergence 

^  (7u-j ,  and  these  inequalities  are  the  best  possible.  An  entirely  different  proof  that  T  —  \  was 

2  w 

given  by  Hartman,  Amer.J.Math.  61  (1939),  955-964. 

p.  480.  Theorem  XI  was  extended  by  Kloosterman,  Dan.  Mat.  Fys.  Medd.  5,  no.  6  (1923),  1-29, 
to  Dirichlot  series  of  the  type/(«)  =  <p  (£yn(pn~'))>  where  %v  $8,  . . .  are  power  series  without  constant 
term,  and  99  is  an  integral  function. 

The  method  of  this  paper  is  applied  to  Dirichlet  series  of  type  J?wn«~*»*  in  A 13  and  to  the  Riemann 
zeta-f unction  in  B  7  and  B  8,  and,  in  an  extended  form,  in  B  15,  B  19,  B  23,  and  B  24.  For  an  applic- 
ation to  mean  motions,  see  C  50,  83. 

A  10.  —  Cf.  H,  727.  The  lemma  on  p.  327  may  also  be  obtained  as  a  corollary  to  the  general 
theorem  on  exponential  polynomials  /(«)  =  JJ«tt«~A/l*  with  positive  An  which  states  that  if  |/(a)|  ^  M 
on  the  line  a  »  (T0,  then  |/(«)|  ^  M  in  the  half -plane  o  >CTO;  cf.  C  12,  245  (Theorem  A),  and  C  13,  §  4. 

A  11.  —  For  generalizations  see  Rogosinski,  Math.  Ann.  92  (1924),  104-114,  and  C  14. 

A  12.  —  Cf.  H,  737-739,  and  V.  Bernstein,  Lemons  sur  Us  progres  rccents  de  la  thtorie  de»  shies  de 
Dirichlet,  Gauthier-Villars,  Paris  1933,  esp.  27-29,  128-132,  194-202.  For  uniform  ultra-convergence, 
see  A  21, 109-110. 

A  1 3.  —  The  method  of  this  paper  is  applied  to  the  Riemann  zeta-function  in  B  7  and  B  8,  and, 
in  an  extended  form,  in  B  15,  B  19,  B  23,  and  B  24. 

A  15.  —  The  notion  of  quasi-periodicity  considered  in  this  paper  is  not  identical  with  the  notion 
of  almost  periodicity  (C  12),  since  (i)  it  is  not  required  that  the  inequalities  |/(*-f-»Tw)— /(»)|<  c  are 
satisfied  for  all  8  in  a  strip,  but  only  that  they  hold  in  a  bounded  set  to,  and  (ii)  the  fm  are  subjected 
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to  a  weaker  condition  than  that  of  being  relatively  dense;  (incidentally,  in  the  definition  of  almost 
periodicity,  this  weaker  condition  is  actually  sufficient;  cf.  C  54). 

A  17.  —  See  the  remark  on  the  Landau-Schnee  theorem  in  the  notes  to  A  3  (81). 

A  18.  —  The  investigations  of  this  paper  are  continued  in  A  19  and  A  22. 

A  19.  —This  paper  completes  the  investigations  in  A  3,  37-39,  131-132  (S  1,  36-38,  115-116), 
and  A  18,  720-722. 

A  20.  (S3.)  —  The  result  of  this  paper  is  a  very  special  case  of  the  theorem  of  Neder  referred 
to  in  the  notes  to  A  7.  The  paper  referred  to  in  §  2  as  forthcoming  is  A  21. 

B  1.  —  pp.  305  and  312.  For  extensions  of  Theorems  I  and  III,  see  B  6  and  B  7.  There  is  a 
different  proof  of  Theorem  I  in  B  22,  171. 

p.  315.  As  shown  by  Littlewood  (see  B  21,  72),  on  the  Rieraann  hypothesis  Theorem  V  is  best 


possible.  The  value  of  lim  sup  ---  was  estimated  by  Littlewood;  see  Titchmarsh,  The  theory  of  the 
log  log  t 

Riemann  zeta-function,  Oxford  University  Press  1951,  165,  291. 

p.  321.  For  applications  of  Theorem  VI,  see  A  5,  B  11,  28,  and  E  14. 

B  2.  (8  4.)  —  Theorem  II  is  superseded  by  B  4.  The  note  mentioned  at  the  end  of  the  paper 
has  apparently  not  been  published;  the  existence  of  arbitrarily  small  values  of  £(*)  in  the  half  -plane 
0  >  1  is  proved  in  B  3. 

B  3.  —  p.  204.  For  a  simple  proof  of  Kroneckor's  theorem,  see  D  9  (or  D  1,  D  4,  D  5,  D  6,  D  7,  D  8). 

pp.  207-208.  There  is  a  proof  of  Theorem  II,  independent  of  Kronecker's  theorem,  in  B  22,  170, 
and  a  refinement  of  Theorem  III  in  B  10,  7. 

B  6.  —  The  result  of  this  paper  is  superseded  by  B  7.  The  fact  that  £(«)  takes  all  values  =}=  0 
in  the  half  -plane  a  >  I  was  proved  without  the  use  of  Kronecker's  theorem  by  Landau,  Nachr.  Oes. 
Wiss.  Qdttingen.  Math.  Phys.  Kl.  1933,  81-91;  cf.  D  8. 

B  7.  —  For  the  application  of  the  method  of  this  paper  to  the  function  £'(*)/£(*)>  see  B  8.  The 
method  is  applied  to  Dirichlet  series  in  A  9  and  A  13.  For  extensions  of  the  method,  see  B  15,  B  19, 
B  23,  and  B  24.  For  a  more  detailed  discussion  of  the  sets  M(00),  see  B  26. 

Concerning  the  closure  of  the  range  of  analytic  functions  on  curves  tending  to  an  essential  singu- 
larity, see  Borel,  C.  R.  Acad.  Sci.  Paris  155  (1912),  201  (*=  Mtihodes  et  probttme*  dr  theorie  des  /auc- 
tions, Gauthier-Villars,  Paris  1922,  144-145),  Valiron,  J.  Math.  Pure  Appl.  (9)  7  (1928),  113-166,  Montel, 
Publ.  Math.  Univ.  Belgrade  1  (1932),  157-169,  Popoviciu,  Bull.  Sci.  Math.  (2)  60,  part  1  (1936),  196-198. 

B  8.  —  For  a  treatment  of  log  £(«)  by  the  same  method,  see  B  7. 

The  constant  D  was  computed  by  Burrau,  J.  Reine  Angew.  Math.  142  (1912),  51-53,  who  found 
D  =  2.576076. 

B  9.  (S  6.)  —  The  second  proof,  mentioned  at  the  end  of  the  paper,  has  apparently  not  been 
published. 

B  11.  —  For  the  literature  on  consequences  of  the  Riemann  hypothesis,  see  H,  775-777,  and 
Titchmarsh,  The  theory  of  the  Riemann  zeta-function,  Oxford  University  Press  1951,  282-328. 

p.  27.  Theorem  V  (and  much  more)  is  proved  without  the  use  of  the  Riemann  hypothesis  in  B  19. 

B  12.  —  Cf.  H,  777. 

p.  1154.  For  the  quotation  from  Jensen's  exposition  of  the  theory  of  the  gamma-function,  cf. 
the  English  translation  in  Ann.  of  Math.  (2)  17  (1916),  136. 

B  13.  —  The  theorem  of  this  paper,  or  the  improvement  on  it  in  B  14,  is  known  as  the  Bohr- 
Landau  theorem.  For  further  improvements  on  it,  due  to  Carlson,  Littlewood,  Titchmarsh,  Inghara, 
and  Selberg,  see  H,  747,  772,  and  Titchmarsh,  The  theory  of  the  Riemann  zeta-function,  Oxford  Univer- 
sity Press  1951,  196-211. 

B  14.  —  See  the  note  to  B  13. 

B  15.  —  For  the  further  development  of  the  method  of  this  paper,  see  B  19,  B  23,  and  B  24. 
The  method  is  applied  to  almost  periodic  functions  in  C  3,  103-112. 

B  16.  —  This  lecture  is  almost  identical  with  B  18. 

B  17.  —  The  results  announced  in  this  paper  are  presented  in  detail  in  B  19. 
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B  18.  —  This  lecture  is  almost  identical  with  B  16. 

B  19.  —  For  the  further  development  of  the  method  of  this  paper,  see  B  23  and  B  24. 
B  20.  —  The  results  on  the  distribution  of  the  values  of  the  zeta-f unction  announced  on 
pp.  150-154  are  presented  in  detail  in  B  23  and  B  24. 

B  21.  —  The  result  of  this  paper  is  superseded  by  B  22. 

B  22.  —  The  value  of  lim  sup was  estimated  by  Littlowood  and  Titchmarsh; 

log  log  t 

see  Titchmarsh,  The  theory  of  the  Riemann  zeta-function,  Oxford  University  Press  1951,  165,  291. 

B  23.  —  The  distribution  of  the  values  of  the  zeta-f  unction  and,  more  generally,  of  almost 
periodic  functions,  has  been  the  subject  of  investigations  by  Bochner,  Buch,  Favard,  Hartman,  Haviland, 
Jessen,  van  Kampen,  Kershner,  Tornehave,  Wintner,  and  others.  New  methods  have  led  to  extensions 
of  the  results  of  the  present  paper  and  its  continuation  B  24.  See  the  comprehensive  expositions  by 
Jessen  and  Wintner,  Trans.  Amer.  Math.  Soc.  38  (1935),  48-88,  Jessen  and  Tornehave,  Acta  Math.  77 
(1945),  137-279,  and  Borchsenius  and  Jessen,  Acta  Math.  80  (1948),  97-166.  The  first  two  of  these 
papers  contain  extensive  bibliographies.  Some  of  the  results  of  the  last  two  papers  are  summarized  in 
C50. 

B  24.  —  See  the  note  to  B  23.  For  an  application  of  the  first  main  theorem,  see  B  26. 

B  26.  —  The  outer  boundary  A(a)  of  the  set  M(a)  was  shown  by  Kershner  and  Wintner,  Amer. 
J.  Math.  58  (1936),  421-425,  to  be  a  regular  analytic  curve  for  every  a  >  1.  The  inner  boundary  B(a) 
of  M (a)  (for  a  >  C)  was  discussed  by  Kershner,  Amer.  J.  Math.  59  (1937),  167-174,  who  proved,  among 
others,  the  theorem  mentioned  on  p.  43.  Cf.  also  van  Kampen  and  Wintner,  Amer.  J.  Math.  59  (1937), 
175-204,  and  van  Kampen,  Amer.  J.  Math.  59  (1937),  679-695. 


VOLUME  II 

C  1 .  —  The  results  communicated  in  this  paper  are  presented  in  detail  in  C  3. 

The  reprint  differs  from  the  original  on  p.  739,  1.  1 ;  instead  of  Tegalite  (2)'  the  original  has  Tin- 
egalite  (3)'. 

C  2.  —  The  results  communicated  in  this  paper  are  presented  in  detail  in  C  7. 

C  3.  —  An  Italian  summary  (by  the  author)  has  appeared  in  Boll.  Un.  Mat.  Ital.  3  (1924),  220- 
224,  4  (1925),  27-29. 

p.  30.  The  existence  of  the  length  l(e)  in  the  definition  of  almost  periodicity  may  be  replaced  by 
a  weaker  condition,  in  consequence  of  a  result  of  Bogoliouboff ;  see  C  54,  12.  Another  characterization 
of  almost  periodic  functions  was  given  by  Bochner,  Math.  Ann.  96  (1927),  143;  cf,  C  9,  189,  C  15,  369, 
and  C51;  see  also  Favard,  Acta  Math.  51  (1928),  37-40,  L^ons  mtr  les  fonctions  presque-ptriodiques, 
Gauthier-Villars,  Paris  1933,  77-80,  and  Ursell,  J.  London  Math.  Soc.  4  (1929),  123-127,  5  (1930),  47-50. 
Bochner's  characterization  is  fundamental  for  the  extension  of  the  theory  to  groups  due  to  von  Neu- 
mann, Trans.  Amer.  Math.  Soc.  36  (1934),  445-492;  cf.  C  51.  Still  another  characterization  was  given 
by  Maak,  Abh.  Math.  Sem.  Hamburg  11  (1935),  240-244,  Mat.  Tidsakr.  B  1938,  7-12,  Fostperiodiache 
Funktionen,  Springer- Verlag,  Berlin/Gdttingen/Heidelberg  1950.  Concerning  almost  periodic  functions 
on  a  half -line,  see  C  14. 

p.  58.  There  is  a  simpler  arrangement  of  the  proof  of  the  multiplication  theorem  in  C  28,  56-57. 

p.  63.  A  number  of  different  proofs  of  the  fundamental  theorem  have  been  given;  the  most  im- 
portant of  these  proofs  are  surveyed  in  C  53.  We  give  here  the  main  references. 

A  proof  by  means  of  Fourier  integrals  was  given  by  Wiener,  Math.  Z.  24  (1925),  575-616;  it  has 
since  been  much  simplified  by  Wiener  himself  and  by  Bochner;  see  Wiener,  Proc.  London  Math.  Soc. 
27  (1928),  483—496,  Acta  Math.  55  (1930),  117-258,  The  Fourier  integral  and  certain  of  its  applications, 
Cambridge  University  Press  1933, 185-199,  and  Bochner,  Vorksungen  tiber  Fouriersche  Integrate,  Akade- 
mische  Verlagagesellachaft,  Leipzig  1932,  81-82. 
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A  proof  based  on  an  extension  of  E.  Schmidt's  method  in  the  theory  of  integral  equations 
and  on  a  theorem  on  groups  of  unitary  matrices  was  given  by  Weyl,  Math.  Ann.  97  (1927),  338-356. 
Various  alternative  forms  of  this  proof  have  been  given  by  other  authors.  Thus  the  application  of 
Schmidt's  method  has  been  replaced  by  a  variational  argument  by  Hammerstein,  Sber.  Preuss.  Akad. 
Wiss.  Phys.  Math.  Kl  1928,  17-20,  and  by  the  use  of  a  general  theorem  on  operators  in  a  non-separable 
Hilbert  space  by  Rellich,  Math.  Ann.  110  (1935),  342-356.  The  group -theoretical  argument  has  been 
replaced  by  a  use  of  differential  equations  by  Liineburg,  Dan.  Mat.  Fys.  M edd.  12,  no.  3  (1932),  1-7. 
By  a  modification  of  Hammerstein's  proof,  M.  Rie8z,Fysiogr.  Soltek.  LundF&rh.  3,  no.  10(1933),  109-117, 
was  also  able  to  avoid  the  group-theoretical  part  of  the  argument.  Weyl's  method  is  fundamental  for 
von  Neumann's  theory  of  almost  periodic  functions  in  groups.  Another  version  of  Weyl's  theory,  based 
on  a  remark  by  Stepanoff  and  Tychonoff,  was  obtained  by  Pontrjagin,  and  was  extended  to  almost 
periodic  functions  in  groups  by  Weil  and  van  Kampen;  see  the  notes  to  C  7. 

The  proofs  of  Wiener  and  Weyl  are  based  on  the  convolution  process,  which  shows  that  the 
fundamental  theorem  is  an  easy  consequence  of  the  uniqueness  theorem.  A  proof  of  the  latter  theorem, 
related  to  Bohr's  proof  of  the  fundamental  theorem,  but  much  simpler,  was  given  by  de  la  Valtee 
Poussin,  Ann.  Soc.  Sci.  Bruxdles  Ser.  A  47,  part  2  (1927),  141-158,  48,  part  1  (1928),  56-57.  This  proof 
is  reproduced  in  C  28.  A  simplification  has  been  indicated  by  M.  Riesz,  Mat.  Tideskr.  B  1934,  11-13. 
A  shorter  exposition  of  Bohr's  proof  and  a  simplification  of  de  la  Vailed  Poussin 's  proof  were  given 
by  Jessen,  Daw.  Mat.  Fya.  Medd.  25,  no.  8  (1949),  1-12. 

Finally,  Bogoliouboff's  direct  proof  of  the  theorem  on  uniform  approximation  of  an  almost 
periodic  function  by  trigonometric  polynomials,  mentioned  in  the  notes  to  C  7,  contains  a  new  proof  of 
the  fundamental  theorem  (since  uniform  approximation  implies  approximation  in  mean). 

p.  87.  The  'Minimalfehler'  e(r)  has  been  studied  in  detail  by  Bochner,  Math.  Ann.  96  (1927), 
136-142,  under  the  name  of  'Verschiebungsfunktion'. 

p.  92.  A  much  more  precise  result  on  the  set  of  translation  numbers  than  that  contained  in  Lemma  9 
is  given  in  C  19. 

p.  103.  For  other  proofs  of  the  convergence  theorem,  see  C  5,  42,  C  28,  76-77  (due  to  Fekete), 
and  Bochner,  Math.  Ann.  96  (1927),  133-134. 

pp.  112-119.  For  further  results  on  periodic-like  functions,  see  C  17,  16-22,  and  C54. 

p.  123.  Another  proof  of  the  integration  theorem,  based  on  Bochner's  characterization  of  almost 
periodic  functions,  was  given  by  Favard,  Acta  Math.  51  (1928),  43-46,  Lemons  sur  lesfonctions  presque- 
periodiques,  Gauthier-Villars,  Paris  1933,  82-85.  Concerning  integration  of  almost  periodic  functions, 
see  also  C  36  (and  the  notes  to  that  paper),  and  C40,  17-24.  For  differential  equations  and  almost 
periodic  functions,  see  C  1 7  (and  the  notes  to  that  paper). 

C  4.  (S  7.)  -—  p.  34.  (p.  128.)  There  is  a  slightly  different  proof  of  the  theorem  in  C  5,  43,  and  an 
extension  in  C  6,  44.  The  theorem  is  a  corollary  to  Bochner's  extension  of  Fej6r's  theorem  to  almost 
periodic  functions,  Math.  Ann.  96  (1927),  129,  135. 

p.  35.  (p.  128.)  A  detailed  proof  of  the  formula  lim  ]/M {\f(x) \*9}  =  G  for  the  upper  bound  of  the 
absolute  value  of  an  almost  periodic  function  is  given  in  C  13. 

C  5.  —  p.  42.  For  other  proofs  of  Theorem  A,  see  C  28,  76-77  (due  to  Fekete),  and  Bochner, 
Math.  Ann.  96  (1927),  133-134. 

p.  43.  There  is  a  slightly  different  proof  of  Theorem  B  in  C  4  (S  7) ;  for  another  proof  of  this  theorem, 
see  Bochner,  Math.  Ann.  96  (1927),  135. 

For  Fourier  series  of  Stepanoff  almost  periodic  functions  with  linearly  independent  exponents, 
see  C  48. 

Concerning  absolutely  convergent  Fourier  series,  see  also  Linfoot,  J.  London  Math.  Soc.  4  (1929), 
121-123,  Bochner,  Jber.  Deutsch.  Math.  Ver.  39  (1930),  52-54,  Cameron,  Duke  Math.  J.  3  (1937),  682-688, 
Pitt,  J.  Math.  Phys.  Mass.  Inst.  Tech.  16  (1937),  191-195. 

C  7.  —  An  Italian  summary  (by  the  author)  has  appeared  in  Boll  Un.  Mat.  Ital  4  (1925),  211-215. 

p.  105.  Concerning  the  connection  between  translation  numbers  and  Fourier  exponents,  see  also 
C  29,  59-61. 
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p.  107.  For  further  results  on  'ausgezeichnete  Mengen',  see  Bochner,  Math.  Ann.  96  (1927),  141-146. 

p.  111.  Almost  periodic  functions  with  infinite  integral  basis,  and  also  with  arbitrary  finite  or 
infinite  basis,  have  been  treated,  in  close  analogy  to  Bohl's  investigations,  by  E.  Pedersen,  Dan.  Mat. 
Fys.  Medd.  8,  no.  6  (1928),  1-22. 

p.  141.  For  limit  periodic  functions  of  one  variable,  see  also  C  20. 

p.  163.  Several  other  proofs  of  the  theorem  on  uniform  approximation  of  almost  periodic  functions 
by  trigonometric  polynomials,  which  avoid  the  use  of  functions  of  infinitely  many  variables,  have  been 
given.  There  are  comments  on  these  proofs  in  C  53.  We  give  here  the  main  references. 

A  proof  by  extension  of  Fej£r's  summation  theorem  was  given  by  Bochnor,  Math.  Ann.  96  (1927), 
125-130.  This  proof  is  reproduced  in  C  28,  69-75.  There  is  a  variant  of  it  m  C  18, 10-16.  Another  proof 
was  given  by  Weyl,  Math.  Ann.  97  (1927),  348-349.  There  is  a  variant  of  it  by  Wiener,  Proc.  London 
Math.  Soc.  (2)  27  (1928),  494-496.  All  these  proofs  depend  on  the  fundamental  theorem  (or  the  uniqueness 
theorem).  A  proof  independent  of  the  theory  of  Fourier  series  was  given  by  Bogoliouboff ;  see  Kryloff 
and  Bogoliouboff,  M&hodes  nouvelles  de  la  mtcanique  non  lineaire  dans  four  application  a  Vttude  dufonc- 
tionnement  de  Voscittateur  a  lampe  I  (Russian  with  a  French  preface),  Gosudarstvennoe  Tehniko- 
Teoretifoskoe  Izdatel'stvo,  Moskva  1934,  62-67.  Another  version,  in  which  the  emphasis  is  on  the 
arithmetical  properties  of  translation  numbers,  was  given  by  Bogoliouboff,  Ann.  Chaire  Phys.  Math. 
Kiev  4  (1939),  195-205  (cf.  Math.  Rev.  8,  512,  and  C  54).  A  slightly  generalized  form  of  Bogoliouboff  s 
original  proof  was  given  by  Mar£enko,  Zapiski  Nautno-Issled.  Inst.  Mat.  Meh.  i  Har'kov.  Mat.  Obtt.  (4) 
20  (1950),  28-32. 

A  simple  necessary  and  sufficient  condition  that  a  given  trigonometric  series  should  be  the  Fourier 
series  of  an  almost  periodic  function  was  given  by  Doss,  Ann.  of  Math.  (2)  46  (1945),  202,  by  help  of 
Bochner's  theorem. 

p.  165.  As  pointed  out  by  Stepanoff  and  Tychonoff,  Mat.  Sbornik  41  (1934),  166-178,  the  intro- 
duction of  the  closure  H{f(x-\-h}}  amounts  to  the  embedding  of  the  group  of  real  numbers  h  in  a  compact 
topological  group;  cf.  also  van  Dantzig,  C.  R.  Acad.  Sci.  Paris  196  (1933),  1074-1076,  Mat.  Sbornik 
(N.8.)  1  [43]  (1936),  665-675.  On  the  basis  of  this  remark  the  fundamental  theorems  on  almost  periodic 
functions  may  be  derived  from  the  theory  of  compact  groups,  as  shown  by  Pontrjagin,  Topological  groups, 
Princeton  University  Press  1939,  124-125.  Analogous  results  concerning  almost  periodic  functions  on 
arbitrary  groups  were  obtained  by  Weil  and  van  Karapen;  see  Weil,  L'inttgration  dans  les  groupes 
topotogiques  et  ses  applications,  Hermann  &  Cie.,  Paris  1940,  124-139. 

If  the  closure  H{f(x+h)}  is  identical  with  the  set  {/(x+h)},  then/(£)  is  periodic  (and  conversely); 
see  Felner,  Dan.  Mat.  Fys.  Medd.  25,  no.  14  (1950),  1-15,  where  an  analogous  theorem  for  functions 
of  several  variables  is  proved. 

p.  184.  The  generalized  approximation  theorem  follows  immediately  from  Bochner's  summation 
theorem. 

p.  207.  The  theorem  on  simultaneous  approximation  was  generalized  by  Bochner,  Math.  Ann. 
96  (1927),  130-132.  The  conclusion  holds  under  the  sole  assumption  that  the  functions  form  an  'aus- 
gezeichnete Monge'.  Under  this  assumption,  the  exponents  of  the  functions  must  belong  to  an  enumerable 
set  of  numbers. 

A  theory  of  almost  periodic  functions  of  finitely  or  infinitely  many  variables  was  developed  by 
Bochner,  Math.  Ann.  96  (1927),  383-409;  functions  of  two  variables  were  considered  by  Franklin, 
J.  Math.  Phys.  Mass.  Inst.  Tech.  5  (1926),  40-54,  201-237.  See  also  Kitagawa,  Proc.  Phys.  Math.  Soc. 
Japan  (3)  16  (1934),  39-51,  Brauers  (Brazma),  Comment.  Math.  Helv.  11  (1939),  330-335,  Acta  Univ. 
Latviensis  (3)  7  (1939),  235-263.  Like  the  original  theory,  this  extension  is  contained  in  von  Neumann's 
theory  of  almost  periodic  functions  in  a  group,  as  is  also  the  theory  of  almost  periodic  sequences  de- 
veloped by  Walther,  Abh.  Math.  Sem.  Hamburg  6  (1928),  217-234,  and  Seynsche,  Rend.  Circ.  Mat. 
Palermo  55  (1931),  395-421. 

The  theory  was  extended  to  functions  with  values  from  an  abstract  space  by  Bochner,  Acta  Math. 
61  (1933),  149-184.  The  corresponding  extension  of  von  Neumann's  theory  was  performed  by  Bochner 
and  von  Neumann,  Trans.  Amer.  Math.  Soc.  37  (1935),  21-50. 
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Concerning  the  generalizations  to  discontinuous  functions,  see  in  particular  C  27  and  C  47  (and 
the  notes  to  these  papers). 

The  reprint  differs  from  the  original  on  p.  174,  1. 13,  where  instead  of  [2]  the  original  has  [5]. 

C  8.  —  The  results  communicated  in  this  paper  are  presented  in  detail  in  C  12. 

C  9.  —  p.  173.  The  Innsbruck  lecture  is  C  6. 

C  10.  —  The  proof  of  the  theorem  of  this  paper  is  repeated  in  C  11  (88).  Another  proof  was 
given  by  Szogo,  Math.  Ann.  96  (1927),  378-382.  It  follows  from  the  proof,  in  conjunction  with  Theorem  5 
in  C  12,  that/(*)  is  almost  periodic  in  [  —  00,  +00]. 

C  12.  —  An  Italian  summary  (by  the  author)  has  appeared  in  Boll  Un.  Mat.  Ital.  5  (1926), 
137-142. 

p.  245.  For  another  proof  of  Theorem  A,  soe  C  13,  111-112. 

p.  251.  An  analytic  function  /(«)  - /(0-f  it)  in  a  strip  <x  <  a  <  ft  can  be  almost  periodic  as  a 
function  of  t  for  every  a  in  a  <  a  <  ft  without  being  almost  periodic  in  [a,  ft];  see  the  notes  to  C  23. 

p.  253.  For  an  extension  of  Theorem  2  to  functions  defined  in  a  half -strip  &  <  a  <  f},t  >  0, 
see  C  14,  64, 

p.  257.  Concerning  the  quotient  of  two  almost  periodic  functions  in  the  case  where  the  denomi- 
nator may  have  zeros,  see  C  34. 

pp.  270-271.  There  is  a  much  simpler  proof  of  the  extension  of  Picard's  theorem  (Theorem  25) 
in  C39. 

p.  275.  Theorem  28  was  generalized  in  various  directions  by  Bang,  Favard,  R.  Peterson,  Taka- 
hashi,  and  others;  see  Favard,  Mat.  Tidsskr.  B  1936,  71-75,  Petersen,  9.  Skand.  Matkongr.  Helsingfors 
1938,  105-112,  Takahashi,  Jap.  J.  Math.  16  (1939),  99-133,  and  Bang,  Mat.  Tidsskr.  B  1941,  53-58; 
these  papers  contain  further  references. 

p.  277.  For  a  generalization  of  Theorem  29,  see  C  16. 

The  problem  of  the  behaviour  of  analytic  almost  periodic  functions  outside  the  strip  of  almost 
periodicity  was  studied  by  Besicovitch,  Acta  Math.  47  (1926),  283-295,  Almost  periodic  functions,  Cam- 
bridge University  Press  1932,  163-169;  see  also  Jessen,  Acta  Math.  63  (1934),  300-307,  and  Borchsenius 
and  Jessen,  Acta  Math.  80  (1948),  100-137. 

A  theory  of  harmonic  almost  periodic  functions  was  developed  by  Favard,  These,  Paris  1927, 
1-108  (  =  J.  Math.  Pure  Appl.  (9)  6  (1927),  229-336),  Lecons  aur  les  fonctions  preaque-ptriodiquea, 
Gauthier-Villars,  Paris  1933,  140-159. 

Meromorphic  almost  periodic  functions  were  considered  by  several  authors.  For  a  discussion  of 
this  notion,  see  Norgil,  Mot.  Tidsskr.  B  1930,  73-91. 

Almost  periodic  functions  of  several  complex  variables  were  considered  by  Brazma,  Acta  Univ. 
Latviensis  (3)  20  (1941),  431-455. 

016.  —  In  the  reprints  of  the  paper  the  following  addition  was  made: 

'Addition  apres  tirage  du  fascicule.  —  Apres  avoir  rec.u  l'6preuve  de  cette  Note,  j'ai  recu  une  lettre 
de  MM.  A.  Besicovitch  et  8.  Bochner  qui,  tous  les  deux,  ont  donne*  des  contributions  iraportantes  a 
la  theorie  des  fonctions  presque  periodiques.  J'apprends  qu'ils  ont  aussi,  independamment  de  moi, 
trouv6  le  the"or&me  d'unicite"  ge'ne'ral  donne  ci-dessus.' 

For  a  generalization  of  the  theorem,  in  which  the  functions  on  the  two  lines  are  only  assumed 
to  be  almost  periodic  in  Stepanoffs  sense,  see  Linfoot,  J.  London  Math.  Soc.  3  (1928),  177-182. 

C  17.  —  Concerning  the  lemma  of  Esclangon,  mentioned  on  p.  10,  see  Landau,  Math.  Ann. 
102  (1929),  177-188. 

There  is  an  extensive  literature  on  differential  (or  difference)  equations  and  almost  periodic 
functions.  Bohr  returned  to  the  subject  only  in  C  40.  Among  the  contributions  by  other  authors  we 
mention  the  following. 

Systems  of  linear  differential  equations  with  almost  periodic  coefficients  were  studied  by  Favard, 
Acta  Math.  51  (1928),  31-81,  Lecons  sur  les  fonctiorw  presque-periodigues,  Gauthier-Villars,  Paris  1933, 
85-107,  by  Bochner,  J.London  Math. Soc.  8  (1933),  283-288,  by  Cameron,  Duke  Math.J.  1  (1935), 
356-360,  Ann.  of  Math.  (2)  37  (1936),  29-42,  J.  Math.  Phys.  Mass.  Inst.  Tech.  15  (1936),  73-81,  Acta 
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Math.  69  (1938),  21-58,  by  Lewitan,  Uspehi  Mat.  Nauk  (N,  S.)  2,  no.  6  (22)  (1947),  174-214  (Amer. 
Math.  Soc.  Translation  no.  28  (1950),  1-53),  and  by  Hartman  and  Wintner,  Amer.  J.  Math.  71  (1949), 
859-864. 

Linear  difference  equations  witb  constant  coefficients  and  almost  periodic  right-hand  side  were 
considered  by  Walther,  Nachr.  Oes.  Wiss.  Qdttingen.  Math.  Phys.  Kl.  1927, 196-216.  A  general  discussion 
of  difference-differential  equations  was  given  by  Bochner,  Math.  Ann.  102  (1929),  489-504,  103  (1930), 
588-597,  104  (1931),  579-587. 

Almost  periodic  solutions  of  the  wave  equation  were  considered  by  Muckenhoupt,  J.  Math.  Phys. 
Mass.  Inst.  Tech.  8  (1929),  163-199,  and  Bochner,  Acta  Math.  62  (1934),  227-237.  These  investigations 
were  generalized  to  operational -differential  equations  by  Bochner  and  von  Neumann,  Ann.  of  Math. 
(2)  36  (1935),  255-291.  Operational -difference  equations  were  considered  by  Kitagawa,  T6hoku  Math.  J. 
44  (1938),  139-161.  Further  results  concerning  solutions  of  the  wave  equation  were  obtained  by  Soboleff, 
C.  R.  (Dokktdy)  Acad.  Set.  URSS  (N.  S.)  48  (1945),  542-545,  618-620,  49  (1945),  12-15. 

CIS.  —  For  a  detailed  exposition  of  the  theory  of  generalized  almost  periodic  functions,  based 
on  the  method  of  the  present  paper,  see  C  27. 

p.  21.  The  approximation  theorem  for  S-a.p.  functions,  and  for  other  classes  of  generalized  almost 
periodic  functions,  was  proved  also  by  Franklin,  Math.  Z.  29  (1928),  70-86. 

C  19.  —  The  investigation  referred  to  in  the  introduction  as  forthcoming  is  C  27;  see  C  27,  243. 

C  20.  —  Concerning  limit  periodic  functions  of  one  variable,  see  also  Kaluza  jun.,  J.  Heine  Angew. 
Math.  181  (1939),  153-176. 

C  2 1 .  —  The  results  announced  in  this  paper  are  presented  in  detail  in  C  27. 

C  23.  —  The  idea  of  this  paper  is  also  used  in  E  11.  The  investigation  announced  at  the  end  of 
the  paper  was  carried  out  and  extended  by  H.  Petersen  in  several  papers;  see  in  particular  Acta  Math. 
67  (1936),  81-122.  His  principal  result  is  that  a  regular  function  which  is  almost  periodic  on  every 
vertical  line  in  a  strip  must  be  almost  periodic  in  an  everywhere  dense  set  of  substrips,  and  that,  con- 
versely,  to  an  arbitrary  everywhere  dense  set  of  substrips  there  exists  a  regular  function  in  the  strip, 
which  is  almost  periodic  on  every  vertical  line,  and  for  which  the  given  strips  are  the  maximal  strips 
of  almost  periodicity.  By  the  same  method,  Petersen,  Dan.  Mat.  Fys.  Medd.  15,  no.  8  (1938),  1-25, 
has  constructed  an  integral  function  f(z)  =  j(x-\-iy)  which  is  almost  periodic  in  [— oo,  +00]  both 
vertically  and  horizontally. 

C  24.  —  I.  A  new  treatment  of  the  subject  is  given  in  C  29;  for  further  results,  see  C  30,  C  44, 
and  050.  There  is  a  detailed  bibliography  in  Jessen  and  Tornehave,  Acta  Math.  77  (1945),  137-279. 

II.  The  method  of  condensation  of  singularities  was  applied  to  a  modification  of  Bohr's  example 
by  van  Kampen,  Amer.  J.  Math.  61  (1939),  729-732,  who  thereby  obtained  a  function  for  which  a 
prescribed  bounded  sequence  of  values  a  are  exceptional.  A  detailed  discussion  of  the  possible  irregulari- 
ties in  the  distribution  of  the  values  of  an  almost  periodic  sequence  or  an  almost  periodic  function 
for  a  fixed  a  was  given  by  Jessen  and  Tornehave,  Acta  Math.  77  (1945),  204-221. 

The  reprint  differs  from  the  original  on  p.  11,  1. 18;  instead  of  'fastperiodisch  wird'  the  original 
has ',  und  somit  nach  dem  obigen  Satze  auch  die  Funktion  <p(x)  =  arg/(z)  selbst,  fastperiodisch  wird'. 

C  25.  —  IV.  Another  treatment  of  the  subject  is  given  in  C  30.  The  inversion  of  analytic  almost 
periodic  functions  is  treated  in  C  26  and  C  41. 

C  26.  —  Another  treatment  of  the  subject  is  given  in  C  41.  The  inversion  of  almost  periodic  func- 
tions of  a  real  variable  is  treated  in  C  25,  10-15,  and  C  30. 

C  27.  —  Concerning  the  classes  of  S^-t  Wp-t  and  B^-a.p.  functions,  see  also  C  47.  With  small 
alterations,  the  present  paper  is  incorporated  in  Besieovitch,  Almost  periodic  functions t  Cambridge 
University  Press  1932,  67-129. 

p.  204.  For  Besicovitch's  proof  of  the  analogue  of  the  Riesz-Fischer  theorem  for  B*-a.p.  func- 
tions, see  Proc.  London  Math.  Soc.  (2)  25  (1926),  495-512,  or  his  above  mentioned  book,  109-112. 
There  is  another  version  of  the  proof  in  C  47,  54-58.  Other  proofs  are  mentioned  in  the  notes  to  C  47. 
Besieovitch  further  proved  that  the  theorem  does  not  hold  for  S*-a.p.  functions.  It  follows  from  Main 
Example  I  in  C  47,  111-114,  that  it  does  not  hold  for  W*-a.p.  functions  either. 
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p.  227.  A  simplification  of  the  definition  of  B-a.p.  functions  was  given  by  Besicovitch,  Acta  Math. 
58  (1932),  217-230,  62  (1934),  317-318;  see  also  Ursell,  Proc.  London  Math.  Soc.  (2)  37  (1934),  535-546. 
Another  structural  characterization  was  given  by  Felner,  Dan.Mat.Fys.Medd.  21,  no.  11  (1945), 
1-30. 

p.  262.  Theorem  II  for  Sp-a.p.  and  Wp-a.p.  functions  was  proved  also  by  Ursell,  Proc.  London 
Math.  Soc.  (2)  32  (1931),  422.  Examples  of  S-a.p.  functions  whose  Bochner-Feje>  sums  do  not  converge 
almost  everywhere  were  constructed  by  Ursell,  Proc.  London  Math.  Soc.  (2)  33  (1932),  457-466. 

p.  267.  A  simplification  of  the  definition  of  B-a.p.  functions  was  given  by  Ursell,  Proc.  London 
Math.  Soc.  (2)  37  (1934),  535-546. 

There  is  an  extensive  literature  on  Fourier  series  of  generalized  almost  periodic  functions.  Bohr 
returned  to  the  subject  only  in  C  48.  Among  the  contributions  by  other  authors  we  mention  the 
following. 

It  was  proved  by  Wiener,  Math.  Z.  24  (1925),  583,  and  Haslam-Jones,  J.London  Math.  Soc. 
8  (1933),  261-265,  that  a  trigonometric  series  J£ane***x  is  the  Fourier  series  of  an  S^-a.p.  function, 
whenever  £A pa  converges,  where  Ap  is  the  sum  of  those  |on|  for  which  An  belongs  to  the  interval 
p  <!,  An  <  p+ 1  (p  =  0,  ±  1,  ±2,  . . . ).  (The  converse  does  not  hold.)  It  follows  from  this  theorem  that 
the  analogue  of  the  Riesz-Fischer  theorem  holds  for  the  class  of  S*-a.p.  functions  with  exponents 
Aj,  Aa,  . .  •  if  there  exists  a  constant  K  such  that  the  number  of  An  in  an  arbitrary  interval  of  length  1 
is  ^  K.  This  was  proved  also  by  Stepanoff,  Doklady  Akad.  Nauk  SSSR  (N.  S.)  64  (1949),  171-174, 
297-300.  As  pointed  out  (orally)  by  Dr  Tornehave,  the  converse  of  this  statement  is  also  valid. 

A  simple  characterization  of  the  class  of  S*-a.p.  functions  for  which  the  numerical  differences 
between  the  Fourier  exponents  exceed  a  positive  number  was  given  by  Paley  and  Wiener,  Fourier 
transforms  in  the  complex  domain,  American  Mathematical  Society,  Now  York  1934,  116-123;  see  also 
Bochner,  Prace  Mat.  Fiz.  43  (1935),  63-79.  Simple  characterizations  of  the  trigonometric  series  that  are 
Fourier  series  of  generalized  almost  periodic  functions  of  various  classes  were  given  by  Doss,  Ann. 
of  Math.  (2)  46  (1945),  196-219,  who  also  considered  the  problem  of  multiplicators  for  such  classes. 

C  28.  —  A  Russian  translation  by  D.  A.  Ralkov  (under  the  editorship  of  A.  I.  Plesner)  was 
published  by  Gosudarstvennoe  Tehniko-Teoreti£eskoe  Izdatel'stvo,  Moskva-Leningrad  1934.  An  Eng- 
lish translation  by  H.  Cohn  (appendices  translated  by  F.  Steinhardt)  was  published  by  Chelsea  Pub- 
lishing Company,  New  York  1947. 

p.  4.  The  different  proofs  of  the  main  theorems  on  almost  periodic  functions  are  surveyed  in  C  53. 
See  the  notes  to  C  3  and  C  7. 

p.  28.  Concerning  the  definition  of  almost  periodicity,  see  the  notes  to  C  3. 

p.  77.  The  idea  of  the  proof  is  used  in  proofs  of  Kronecker's  theorem  in  D  4,  D  5,  and  D  6. 

C  29.  —  See  the  notes  to  C  24, 1. 

C  30.  —  p.  389.  Theorem  II  was  generalized  to  abstract  almost  periodic  functions  by  Bochner, 
Acta  Math.  61  (1933),  159-161. 

C  32.  (S  9.)  —  Concerning  stability  and  almost  periodicity,  see  also  Bogoliouboff,  Enseignement 
Math.  34  (1935),  337-346.  For  plane  stable  motions,  see  C  38. 

C  33.  —  See  C  51. 

C  34.  —  p.  12.  Concerning  algebraic  functions  of  analytic  almost  periodic  functions,  see  C  43. 

C  35.  —  The  result  communicated  in  this  paper  is  presented  in  detail  in  C  36. 

C  36.  —  Theorem  A  was  proved  also  by  Bochner,  Proc.  London  Math.  Soc.  (2)  26  (1927),  443-445. 

For  an  application  of  the  main  theorem  to  periodic  functions,  see  C  37. 

New  proofs  and  extensions  of  the  main  theorem  were  given  by  Favard,  Mat.  Tidsskr.  B  1936, 
81-94,  Lewitan,  C.  R.  (Doklady)  Acad.  Sci.  URSS  (N.  S.)  15  (1937),  169-172,  von  Sz.  Nagy  and  Strausz, 
Mat.  Termeszett.  tirtes.  57,  part  1  (1938),  121-135,  von  Sz.  Nagy,  Ber.  Verh.  Sachs.  Akad.  Wiss.  Leipzig. 
Math.Phyt.KL  90  (1938),  103-134,  91  (1939),  3-24,  Bang,  Dan.  Mat.  Fya.  Medd.  19,  no.  4  (1941), 
1-28,  Om  quoai-analytiske  Funktioner,  Nyt  Nordisk  Forlag  -  Arnold  Busck,  Kobenhavn  1946,  35-41. 
For  further  references,  and  for  applications  to  the  theory  of  approximation,  see  Favard,  Coll.  Intemat. 
XV.  Nancy  1947,  97-110. 
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C  39.  —  The  paper  referred  to  on  p.  6  is  E  14. 

C  41.  —  The  inversion  of  analytic  almost  periodic  functions  defined  in  an  arbitrary  strip  was 
considered  by  H.Schmidt,  Ber.  Verh. Saclu.  Akad.  Wiss.  Leipzig.  Math.  Phys.  Kl.  90  (1938),  83-96. 

C  42.  —  p.  25.  Intransitive  abelian  almost  translation  groups  of  almost  periodic  functions 
were  considered  by  Assadourian,  Duke  Math.  J.  8  (1941),  518-524. 

C  44.  —  p.  50.  A  number  c  =  h^+htfti  for  which  (hlt  ht)  is  a  lattice  point  of  the  convex  closure 
of  the  lattice  points  (n®,  n$),  need  not  be  the  mean  motion  of  a  trigonometric  polynomial  with  the 
exponents  ^  —  ^Vi+^'W  ^is  was  shown  by  an  example  by  Jessen  and  Tornehave,  Acta  Math. 
77  (1945),  176;  more  general  examples  were  considered  by  Tornehave,  10.  Skand.  Matkongr.  Ksbenhavn 
1946,  325-328. 
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C  47.  —  p.  31.  The  paper  by  F01ner  referred  to  is  Bidrag  til  de  generaliaerede  nceatenperiodiske 
Funktioners  Teori,  Fr.  Bagges  Kgl.  Hofbogtrykkeri,  Kebenhavn  1944. 

p.  54.  A  much  simpler  proof  of  the  completeness  of  the  J5p-spaces  had  previously  been  given  by 
Ursell,  Proc.  London  Math.  Soc.  (2)  32  (1931),  406,  415.  Other  proofs  have  been  given  later  by  Marcin- 
kiewicz,  C.  R.  Acad.  Sci.  Paris  208  (1939),  157-159,  Wecken,  Math.  Z.  45  (1939),  401,  and  by  Hartman 
and  Wintner,  Proc.  Nat.  Acad.  Sci.  U.S.A.  33  (1947),  128-132. 

p.  58.  The  incompleteness  of  the  W^-a.p.  spaces  had  previously  been  proved  by  Ursell,  I.  c., 
407-409,  415. 

p.  70.  An  example  to  26/f  had  previously  been  given  by  Ursell,  1.  c.,  431. 

p.  131.  Another  example  with  the  properties  of  Main  Example  IV  had  been  given  previously  by 
Lewitan  and  Stepanoff,  C.  R.  (Doklady)  Acad.  Sci.  URSS  (N.  S.)  22  (1939),  220-223. 

C  48.  (813.)  —  p.  36.  Another  proof  of  Theorem  1  is  obtained  by  combining  the  theorem  on 
absolute  convergence  of  the  Fourier  series  of  an  ordinary  almost  periodic  function  with  linearly  inde- 
pendent exponents  and  a  theorem  of  Doss,  Ann.  of  Math.  (2)  46  (1945),  218-219,  to  the  effect  that  an 
S-a.p.  function  with  bounded  exponents  is  equivalent  to  an  ordinary  almost  periodic  function. 

p.  38.  Another  proof  of  Theorem  2  follows  from  the  theorem  of  Wiener  and  Haslam-Jonos  men- 
tioned in  the  notes  to  C  27. 

It  was  proved  by  Sidon,  J.  Reine  Angew.  Math.  166  (1931),  62-63,  that  if  a  series  £AneiAn*  with 
linearly  independent  exponents  /in  is  the  Fourier  series  of  an  S-a.p.  function,  then  2*\An\*  is  convergent. 
As  shown  by  Bochner  and  Jessen,  Ann.  of  Math.  (2)  35  (1934),  257,  it  is  sufficient  to  assume  that  the 
series  is  the  Fourier  series  of  a  B-a.p.  function. 

C  50.  —  p.  77.  For  Tornehave's  extension  of  Kronecker's  theorem,  see  Dan.  Mat.  Fya.  Medd. 
24,  no.  11  (1948),  1-21;  cf.  also  Dan.  Mat.  Fya.  Medd.  26,  no.  20  (1950),  1-18. 

pp.  83-84.  See  Borchsenius  and  Jessen,  Acta  Math.  80  (1948),  97-166. 

C  51.  —  For  detailed  expositions  of  the  theory  of  almost  periodic  functions  in  groups,  see  Weil, 
U  integration  dans  les  groupes  topofogigues  et  sea  applications,  Hermann  &  Cie.,  Paris  1940,  124-139, 
and  Maak,  Faatperiodiache  Funktionen,  Springer- Verlag,  Berlin/Gottingen/Heidelberg  1960. 

C  53.  —  For  references,  see  the  notes  to  C  3  and  C  7. 

C  54.  —  A  Hebrew  summary  by  B.  Amira,  printed  at  the  end  of  the  paper,  has  here  been  omitted. 

I)  1 .  —  The  method  of  proof  of  this  paper  is  used  also  in  B  21  and  C  5.  It  is  further  used  in  D  2 
for  a  proof  of  the  general  Kronecker  theorem.  The  proof  is  repeated  in  D  6,  §  3.  For  a  simplification, 
see  D9. 

The  proof  by  Lettenmeyer,  referred  to  at  the  beginning  of  the  paper,  is  found  in  the  same  volume 
of  Proc.  London  Moth.  Soc.t  immediately  preceding  the  present  paper. 

D  3.  —  The  investigations  of  this  paper  are  continued  in  D  10. 

D  4.  (S  14.)  —  The  first  proof  is  repeated  in  D  5  and  in  D  6,  §  4,  the  second  in  D  6,  §  5.  The 
second  proof  is  extended  to  a  proof  of  the  'big*  Kronecker  theorem  in  D  6,  §  6. 
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D  5.  —  The  proof  is  repeated  from  D  4,  64-57,  and  is  repeated  in  D  6,  §  4. 

I)  6.  —  The  proofs  in  §§  4  and  5  were  also  published  in  D  4. 

D  7.  (S  15.)  —  The  proof  of  the  'small'  Kronecker  theorem  is  repeated  in  D  9. 

D  9.  —  The  proof  is  repeated  from  D  7,  where  the  'big*  Kronecker  theorem  is  proved  by  the 
same  device.  For  an  extension  to  abclian  groups,  see  Bundgaard,  Dan.  Mat.  Fys.  M edd.  14,  no.  4 
(1936),  12-14. 

I)  10.  —  p.  23,  Seo  M.  Riesz,  C.  R.  Congr.  Internet.  Math.  Oslo  1936,  II,  36-37.  The  paper  referred 
to  in  footnote  2  is  D  11. 

D  1 1.  _  p.  45.  The  paper  referred  to  is  D  10. 

pp.  47-48.  See  M.  Riesz,  C.  -R.  Congr.  Internal.  Math.  Oslo  1936,  II,  36-37. 

The  connection  between  the  spaces  R^  and  R°°  was  used  by  Felner,  Dan.  Mat.  Fys.  Medd. 
25,  no.  19  (1950),  1-15,  to  prove  duality  theorems  for  groups. 

E  1 .  —  Cf .  Landau,  Darstellung  und  Begrundung  einiger  neuerer  Ergebnisse  der  Funktionentheoriet 
Julius  Springer,  Berlin  1916,  9,  26-29. 

There  is  another  proof  of  the  theorem  by  Sidon,  Math.  Z.  26  (1927),  731-732,  and  an  extension 
of  it  to  Diriohlet  series  by  Rogosinski,  Math.  Z.  20  (1924),  308. 

E  2.  (816.)  —  The  theorem  that  an  analytic  function  cannot  increase  arbitrarily  rapidly  in  a 
strip  was  proved  differently  by  P61ya,  Mat.  Tidsskr.  B  1921,  14-16,  who  showed  that  no  regular  ana- 
lytic f unction  /(z)  =  f(x+iy)  in  the  strip  x  ^  0,  —  \n  ^  y  ^  \n  satisfies  the  inequality  \f(x+iy)\  2>  exex 
in  the  whole  strip. 

E  3.  —  The  investigations  of  this  paper  are  continued  in  £  4. 

The  reprint  differs  from  the  original  on  p.  286, 1.  5  from  below,  where  instead  of  2,  5  the  original 
has  2,  3. 

E  4,  —  It  was  proved  by  Schur,  J.Reine  Angew.  Math.  148  (1918),  130,  that  |«0I  +  KI  +  -.. 
-f|«J  f=*  (n-f  1)  for  every  function  /(z)  with  |/(z)|  <  1  for  \z\  <  1;  as  pointed  out  by  Schur,  this 
immediately  implies  a  weaker  result  than  that  of  Theorem  B,  namely  that  lim  sup  {Gn—\8n\}  —  oo, 

It  was  proved  by  Neder,  Math.  Z.  11  (1921),  115-123,  that  Theorem  B  is  best  possible  in  the  sense 
that  for  every  sequence  LTt  tending  to  infinity  (no  matter  how  slowly)  there  exists  a  function /(z)  with 
|/(z)|  <  1  for  |z|  <  1,  and  such  that  On— |*n|  <  Ln  for  infinitely  many  n. 

E  5.  —  Another  proof  of  the  main  theorem  of  this  paper  was  given  by  Rademachor,  Math.  Z. 
4  (1919),  131-138,  who  further  proved  an  analogous  theorem,  in  which  the  assumption  that  the  mapping 
be  'streckentreu'  is  replaced  by  its  counterpart  that  it  be  'wmkeltreu'.  A  restrictive  condition  in  Rade- 
macher's  theorem  was  removed  by  Merichoff,  Math.  Ann.  95  (1926),  641-670.  In  a  later  paper  by 
Menchoff,  Mat.  Sbornik  (N.  S.)  2  [44]  (1937),  339-356,  Bohr's  theorem  is  generalized;  the  condition 
that  the  mapping  be  'streckantreu'  is  here  replaced  by  the  condition  that  the  ratio  between  the  upper 
and  lower  bounds  of  |/(z)— /(z0)l»  when  z  describes  a  circle  with  center  z0and  radius  r,  should  converge 
to  1  as  r  -»  0,  for  all  z0  with  the  possible  exception  of  a  denumerable  set. 

E  6.  (S  17.)  —  Concerning  gap  theorems,  see  also  C46,  31-37,  and  E  15. 

E  8.  —  A  Hebrew  translation  by  B.  Amira,  which  accompanies  the  paper,  has  here  been  omitted. 

For  the  investigations  mentioned  at  the  end  of  the  paper,  see  Kloosterman,  Dan.  Mat.  Fys.  Medd. 
5,  no.  6  (1923),  1-29.  For  an  application  to  integral  functions,  see  P61ya,  J.  London  Math.  Soc.  1  (1926), 
12-15. 

The  theorem  of  the  paper  is  contained  in  the  general  results  of  Montel,  Ann.  Sci.  £cole  Norm.  Sup. 
(3)  46  (1929),  1-23,  concerning  the  range  of  an  analytic  function. 

E  10.  —  The  result  communicated  in  this  paper  is  presented  in  detail  in  £  11. 

Ell.  —  The  investigation  on  analytic  almost  periodic  functions  mentioned  at  the  beginning 
of  the  paper  is  C  23. 

As  shown  by  Milloux,  Bull  Sci.  Math.  54,  part  1  (1930),  302-310,  the  asymptotic  properties  of 
the  characteristic  function  T(r,/)  of  a  function /(z)  which  remains  bounded  outside  a  strip  are  closely 
connected  with  the  narrowness  of  the  strip. 
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E  12.  —  Analytic  functions /(z)  for  which  lim/(re^),  r-*oo,  exists  for  every  0  were  considered  by 
A.  Both,  Comment.  Math,  Helv.  11  (1938),  77-125;  see  also  Lauritzen,  Mat.  Tidsakr.  B  1950,  42-48. 

E  14.  —  The  application  to  almost  periodic  functions  mentioned  on  p.  30  is  in  C  39.  The  main 
theorem  on  p.  31  was  generalized  by  J0rgensen,  Math.  Ann.  115  (1938),  710-719,  who  proved  that, 
under  the  assumptions  of  the  theorem,  either  F(e)  is  bounded  in  the  half -plane  a  >  1,  or  there  exist 
positive  constants  K,  M ,  m  such  that  meKo  ^  \F(8)\  ^  MeKa  in  some  half -plane  a  >  <r0. 

E  15.  (S  19.)  —  The  investigation  on  analytic  almost  periodic  functions  mentioned  on  p.  3 
(p.  145)  is  C  46. 

F  1 .  —  For  the  application  to  the  zeta-function  mentioned  at  the  end  of  the  introduction,  se« 
B  7.  For  further  results  on  the  boundary  curves,  giving  detailed  information  on  lengths,  areas,  curv- 
atures, etc.,  see  Haviland,  Amer.  J.  Math.  55  (1933),  332-334,  and  Kershner,  Amer.  J.  Math.  58 
(1936),  737-746,  59  (1937),  423-426. 

F  2.  (S  20.)  —  p.  10.  (p.  147.)  The  lecture  given  at  the  congress  at  Helsingfors  is  B  20. 

p.  15.  (p.  148.)  The  paper  referred  to  as  forthcoming  is  F  3.  The  problem  is  treated  in  F  3  under 
more  restrictive  assumptions  on  the  curves  and  the  probability  distributions. 

F  3.  (S  21.)  —  For  the  applications  to  the  zeta-function  mentioned  at  the  end  of  the  preface, 
see  B  23  and  B  24. 

A  new  treatment  of  the  subject,  depending  on  the  methods  of  probability  theory,  was  given  by 
Jessen  and  Wintner,  Trans.  Amer.  Math.  Soc.  38  (1935),  48-88;  see  also  van  Kampen  and  Wmtner, 
Amer.  J.  Math.  59  (1937),  175-204,  van  Kampen,  Amer.  J.  Math.  59  (1937),  679-695. 

G  1.  —  p.  232.  Concerning  series  with  arbitrary  indices,  see  A3,  133-134  (S  1,  116-117),  and 
G  5  (S  24). 

G  2.  (S  22.)  —  The  theorem  of  this  paper  may  also  be  formulated  as  a  theorem  on  sequences. 
In  this  form  it  was  established  by  Toeplitz,  Prace  Mat.  Fiz.  22  (1911),  11,  and  Kojima,  Tdhoku  Math.  J. 
12  (1917),  297,  who  proved  that  the  conditions  of  the  theorem  are  also  necessary  for  the  existence  of 
the  limit. 
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with  linearly  independent  exponents, 

[C  1,  739],  C  3,  103-112,  C  5,  42,  C  28,  75-77, 

[045(812)1  [048,34]; 

of  Fourier  series  of  almost  periodic  functions 
with  positive  coefficients,  C  4, 34-37  (S  7), 
C  5,  43; 

of  Fourier  series  of  almost  periodic  functions 
with  coefficients  in  an  angle,  C  5,  44 ; 

of  Dirichlet  series  of  almost  periodic  func- 
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Algebraic  numbers  and  forms:  survey  of,  H, 

886-849. 

Almost  periodic  functions :  see  Almost  periodic 
functions  of  a  real  variable,  Almost 
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Almost  periodic  functions  in  groups, 
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convergence  in  mean  of  Fourier  series  of, 
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[C  1,  739],  C  3,  108-112,  C  5,  42,  C  28,  75-77, 
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159-163,  183-218,  [C  16,  870-372],  C  28,  69-75, 
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operations  with  Fourier  series  of,  C  3, 57-68, 

121-123,  126-127,  C  28,  46-50; 
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in  n-dimensional  space,  C  32  (89); 

on  surfaces,  C  44,  53-57 ; 
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sign,  [C  8, 646],  [C  9, 182-iss],  C  12, 265-274; 

Laurent  decomposition  of,  [C  8,  046],  [C  9, 
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C  12,260; 
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mean  value  of,  C  12,  257; 

zeros  of,  C  12,  273,  [C  28,  94-95],  [C  31,  206- 

208],  [C  44,  58-59],  [C  50,  78-84]; 


828. 


General  Index. 


201 


obtained  by  analytic  continuation  of  func- 
tion defined  in  a  half -strip,  C  14,  64-65; 

changing  Dirichlet  series  without  passing 
singularities,  C  23 ; 

represented  by  Dirichlet  series  of  Rogosin- 
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asymptotic  distribution  of  the  values  of, 

[C  28,  94-95],  [C  31,  106-408],  [C  44,  57-80], 
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Chebyshev,  P.:  H,  783-784,  788,  803-805,  807. 

Chow,  H.  C.:  827,187. 

Cipolla,  M.:  H,  807. 

Circles  of  curvature  of  convex  curves:  F  3, 

345-351  (S  21,  151). 

Class  number:  H,  888,  842. 

Coefficient  formula  for  Dirichlet  series:  A  16, 

H,  729-730. 

Completeness:  of  Sp~  and  Sp-a.p.  spaces,  C  47, 
51-53; 

of  Bp-  and  Bp-a.p.  spaces,  C  47,  54-58. 
Conf ormal  representation :  E  5 ; 

application  of,  C  36,  280,  E  2, 76  (S  16,  HI), 

E  13,  181-135. 

Congruences:    linear,   with   infinitely   many 

variables,  D  3,  D  10, 
Convergence :  of  Dirichlet  series  of  type  J£ann~', 

A3,  1-39  (S  1,8-38),  A  17; 
of  Dirichlet  series  of  type  J£ane~M  A  12, 

H,  725-728,  734-780; 

see  also  Absolute  convergence,  Convergence 

in  mean,  Uniform  convergence. 
Convergence  criteria:  for  infinite  series,  [A  3, 
134  (S  1, 117)],  G  5(8  24); 

for  integrals  over  an  infinite  interval,  [A  3, 

186  (S  1,  118)]. 

Convergence  factors:  A  3, 2,  5  (S  1,  5, 7). 
Convergence  in  mean:  of  Fourier  series  of 

almost  periodic  functions,  [C  1,  789],  C  3, 

53,  C  28,46; 
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of  Fourier  series  of  periodic  functions,  C  28, 

15. 

Convergence  problem:  for  Dirichlet  series  of 

type  2ann~st  A  3,  23-37  (S  1, 23-36 ),  A  17; 

for  Dirichlet  series  of  type  2ane,-**',  A  12, 

H,  734-789. 

Convex  curves:  addition  of,  B  7,  1079-1080, 

B26,  Fl; 
probability  distributions  by  addition  of, 

B  15,  268-271,  B  19,  87-90,  B  23,  13-14,  B  24, 

10-12,  F  2  (S  20),  F3  (S  21); 
osculating  circles  and  circles  of  curvature  of, 

F3,  845-351  (S  21,  151); 

intersection  of,  F  3,  351-359  (S  21,  151); 

parallel  curves  of,  F  3,  359-360  (S  21,  151). 

Convolution:  of  periodic  functions,  C  28, 12-13; 

of  almost  periodic  functions,  C  28, 39-41,  47. 

Copenhagen,  College  of  Technology:  Preface, 

xxix-xxxii. 
Copenhagen    University:    Preface,    xiv-xxi, 

xxix,  xxxii-xxxiv. 
Corput,  J.  G.  van  der:  H,  su,  828-824, 827-828, 

834. 

Courant,  R.:  Preface,  xxii,  H,  768; 

co-author  of  B  15; 

papers  dedicated  to,  C  42,  D  1 1 . 
Crame>,  H.:  Preface,  xxix,  B  20,  144,  H,  731, 

750,  761,  766,  777,  791-793,  795,  808,  812,  819, 
822,  846,  848J 

co-author  of  H. 

Dantzig,  D.  van:  S  27,  192. 

Dedekind,  R.:  Preface,  xix,  A  1,  76,  A  3,  2,  18 

(S  1,  4,  19),  H,  842-843. 

Dedekind  zeta-function:  H,  842. 

Derivation :  of  Dirichlet  series  of  type  J£ann~*, 

[A  2,  251],  A  3,  8,  75-76  (S  1,  9,  65); 

of  analytic  almost  periodic  functions,  [C  9, 

180],  C  12,  255,  260,  276. 

Dickson,  L.  E.:  H,  802, 809. 

Dienes-Vivanti  theorem:  E  6,  18-19  (S  17), 
E15,2. 

Differences  of  fractional  order:  G  3,  ia-18  (S  23). 

Differential  equations:  with  constant  coeffi- 
cients and  almost  periodic  right-hand  side, 
C17; 
with  almost  periodic  coefficients,  C  40, 20-24. 

Diophantine  approximations:  H,  883-886; 
see  also  Bohl-Wennberg  theorem,  Dirichlet- 
Kronecker  theorem,  Kronecker's  theorem, 
Kronecker-Weyl  theorem. 


Dirichlet,  P.  G.  Lejeune:  Preface,  xix,  H,  725, 

728,  781,  733,  783,  796,  799-800,  802,  818,  816, 
836,  839-841. 

Dirichlet's  divisor  problem:  H,  sis. 
Dirichlet -Kronecker  theorem:  B  1,  307-808, 

B  11,  18-28,  B  20,  135-136; 

applied  to  Dirichlet  series,  A  11,  560-561, 

A  15,  117,  B  1,  825,  [B  20,  188-189]; 

applied  to  the  zeta-function,  B  1,  807-809, 
B  4,  280,  [B  20,  no]; 

applied  to  the  theory  of  prime  numbers, 
[B  20,  Hi-144]; 

see  also  Bohl-Wennberg  theorem. 
Dirichlet  series:  see  Dirichlet  series  of  type 
£ann~s,  Dirichlet  series  of  type  ^ane~^ft 
Dirichlet    series    of    Rogosinski's    type, 
Dirichlet  series  of  almost  periodic  func- 
tions. 
Dirichlet  series  of  type  £ann~s:  surveys  of, 

B  20,  H,  724-759; 

Cesaro  summability  of,  [A  1],  A  2,  A  3, 41-132 

(S  1,38-116),  A  18,  A  19,  A  22; 
abscissa  of  rth  order  summability  of,  [A  1, 

77-78],  [A  2,  249,  252],  A  3,  71,  85-93  (S  1, 
62,  74-81); 

where  an  —  (  — l)n+1  (representing  the  func- 
tion (1-21-*)C(*))  ,  [A  1,  79],  A  3,  78,  127 
(S  1,  67,  111),  A  9,  485-487,  A  15,  117-118, 

A  22,  5,  [B  16,  52],  [B  18,  i],  B  19,  76; 
derivation  of,  [A  2,  251],  A  3, 8, 75-76  (S  1,  9, 

65); 
in  which   an  is   replaced   by  an  (log  n)a, 

[A  2,  251],  A  3,  82-85  (S  1,  71-74); 

near  a  point  on  the  boundary  of  rth  order 
summability,  [A  2,  251],  A  3, 111-114  (S  1, 
97-99); 

order  of  growth  of,  on  vertical  lines,  [A  2, 

251],  A  3,  20-21,  28-36,  114-115  (S  1,  21-22, 
28-85,   100-101),   A    16,   4-12,   A    17,  A   18, 

713-720,  A  22; 
distribution  of  abscissae  of  summability  of, 

A  2,  252-254,  A  3,  99-110  (S  1,  86-97),  A  22; 

mean  value  of,  [A  2,  254],  A  3,  22-23, 116-118 

(S  1,  23,  101-103); 
multiplication  of,  A  2,  255,  A  3,  37-39,  181- 

132    (S    1,    86-88,    115-116),    A    18,    720-722, 

A  19; 
limit  abscissa  of  summability  of,  [A  2,  258- 

259],   A   3,   76,    128-131    (S    1,  65,   108-115), 
A  5; 
where  ott  =  /*(n)  (representing  the  function 
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!/£(«)),  [A   2,  259],  A  3,  131  (S  1,  114-115), 

A  9,  484,  G  3,  10-12 ; 
where  an—l  when  n=mm,  on=  — 1  when 

n=n»M+lf  and  an— 0  for  all  other  n, 

A  2,260; 

convergence  of,  A  3,  1-39  (S  1,  3-38),  A  17; 
abscissa  of  absolute  convergence  of,  A  3,  2, 

15  (S  1,  4,  18-17),  A  9,  13  20,  148-149; 

abscissa  of  convergence  of,  A  3,  5,  u  (S  1, 

6, 18); 
with  prescribed  behaviour  on  the  lines  of 

convergence  and  of  absolute  convergence, 

A  3,  10-13  (S  1,  11-15); 
uniqueness  theorem  for,  A  3,  13-14  (8  1, 

15-ie); 
near  a  point  on  the  line  of  convergence, 

A3, 15-18  (S  1,17-20); 
convergence  problem  for,  A  3,  23-37  (S  1, 

23-86),  A  17; 

Lindelof  /4-function,  or  order  function,  of, 

A  3,  28-86  (S  1,  28-35),  A  17,  A  18,  713-720, 

A  22; 
linear  combinations  of,  A  3,  55-57,  105-110 

(S  1,  48-50,  92-97),  A  22,  17-28,  31-38; 

where  am  —-  amJrk,  Oj-f , . .  -j-afc  =  0,  A  3, 77- 

82  (S  1,  66-71); 

with  equidistant  abscissae  of  summability, 

A  3,  93-99  (S  1,  81-86); 

uniform  convergence  of,  in  half -planes,  [A  4, 

376],  A  8,  204-209,  A  9,  A  10; 

near  the  limit-line  of  summability,  A  5; 
difference  between  the  abscissae  of  absolute 
and  of  uniform  convergence  of,  A  9,  B  20, 

148-149; 

and  power  series  in  infinitely  many  variables, 

A  9,  [050,83]; 
values  taken  by,  on  or  near  a  vertical  line, 

A  9,  447-458; 

where  an  =  0  when  n  is  not  a  power  of  a 
prime  number,  A  9,  480-482 ; 

with  Euler  product,  A  9,  480-484,  A  15, 121 ; 

sub-series  of,  corresponding  to  prime  num- 
bers H,  A  9,  485-486 ; 

quasi-periodic  property  of,  A  15,  8  20, 139; 
where  an  ~  0  for  all  composite  n;  A  15, 

118-121 ; 

coefficient  formula  for,  A  16; 
Biesz  summabiiity  of,  A  18,  A  19,  A  22; 
summability  function  of ,  A  18, 712,  A  22,  3; 
with  prescribed  order  function  and  summa- 

bility  function,  A  18, 713-720,  A  22; 


with  positive  coefficients,  6  1,  324-335  ; 

zeros  of,  B  13; 

inversion  of,  C  41,  484; 

asymptotic  distribution  of  the  values  of, 

[C  50,  83]; 

mean  motions  of,  [C  50,  as]  ; 
see  also  L-functions,  Kiemann  zeta-function. 
Dirichlet  series  of  type  £ane~**8:  survey  of, 

H,  724-759; 

summability  of,  [A  1,  so],  [A  18,  710]; 
uniform    convergence    of,    in    half-planes, 

[A  4,  875-376],  A  8,  A  14  (S  2),  A  20  (S  3), 

A  21; 

where  0  <  lim  inf  —  --  <  oo,  [A  4,  376], 
logw 


A  21; 


where  -~  -  -  =  0(e**»),  [A  4,  876],  A  8, 
Vn~^» 

205-209,  A  12,  1-8J 

absolute  convergence  of,  [A  4,  37R-377],  A  7; 
with  linearly  independent  exponents,  [A  4, 

376-377],  A  7; 

having  zeros  with  arbitrarily  large  abscissae, 

A6; 
bounded  beyond  the  line  of  absolute  con- 

vergence, A  7,  231-237  ; 
bounded    in   a   half-plane,    but    nowhere 

absolutely  convergent,  A  7,  237-240  ; 

where  lim  —  ~-  =  oo,  A  8,  209-211  ; 
logn 

ultra  -convergence  of,  A  8,  209,  A  12,  14, 

A  21,  109-110; 
analytically  continued  into  a  quarter-plane, 

All; 
convergence  problem  for,  A  12; 

where  0  <  lim  inf  —  —  ,  A  12,  8-ie; 
logn 

for  which  the  existence  of  a  half-plane  of 
convergence  implies  the  existence  of  a 
half  -plane  of  absolute  convergence,  A  12, 
8-16; 

and  functions  of  infinitely  many  variables, 
A  13; 

values  taken  by,  on  or  near  a  vertical  line, 
A  13,  139-153; 

classes  of,  A  13,  158-156; 

difference  between  the  abscissae  of  uniform 
convergence  and  of  boundedness  of,  A  21  ; 

with  gaps,  C  46,  10,  31-37. 
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Dirichlet  series  of  Rogosinski's  type:  [C  12, 

939],  C  25,  8-4. 

Dirichlet  series  of  almost  periodic  functions: 
definition  of,  [C  8,  646],  [C  9,  iso],  C  12, 

257-259  J 

with  linearly  independent  exponents,  [C  8, 

646],  [C  9,  181],  C  12,  261 J 

with  positive  coefficients,  [C  8,  646],  [C  9, 

181],  C  12,  261-264J 

whose  exponents  all  have  the  same  sign, 

[C  8,  646],  [C  9,  182-185],  C  12,  265-274; 

Laurent  decomposition  of,  [C  8,  646],  [C  9, 

185-187],  C  12,  274-280; 

operations  with,  fC  9,  isi],  C  12,  260 ; 
with  exponents  An  such  that  Jfe"^*  con- 
verges for  every  <5  >  0,  [C  9,  isi],  C  12, 

261-262; 

with  bounded  exponents,  [C  9,  iss],  C  12, 

268; 

inversion  of,  C  41. 
Distribution  of  the  values:  see  Asymptotic 

distribution  of  the  values. 
Divisor  problem:  of  Dirichlet,  H,  818; 

of  Piltz,  H,  821. 
Doetsch's  three-lines  theorem:  C  10, 767,  C  11, 

43,  C  12,  245,  C  25,  7,  C  36,  282,  H,  737. 

Doss,  R.:  S27, 192,  195-196. 

Dual  modules  in  infinitely  many  dimensions: 

D  10,  22-31,  D  11,  56-02. 

Dual  spaces  of  infinitely  many  dimensions: 

D  10,  22-31,  D  11,  50-50. 

Dupre",  A. :  H,  796. 

Epstein,  P.:  H,  779. 

Equations:  algebraic,  with  almost  periodic 

coefficients,  C  42,  C  43; 
linear,  with  infinitely  many  variables,  D  3, 

7-10. 

Esclangon,  E.:  C  1,  739,  C  2,  1091,  C  3,  33-34, 

C  7,  111-117,  140,  C  17,  9-11. 

Estermann,  T.:  D  9,  5. 
Euler,  L.:  H,  dii. 

Euler  product  of  the  zeta-f unction:  H,  759; 

application  of,   in  the  half -plane   a  >  1, 

B  3,  [B  5  (S  5)],  B  6,  B  7,  B  8,  B  23,  B  26; 

application  of,  in  the  strip  }  <  0  <£  1,  B  14, 

B  15,  LB  17],  B  19,  [B  20,  152-153],  B  24. 

Euler  summability:  C  6,  87. 

Factorial  series:  [A  1,  so],  [A  2, 260],  [A  3, 133 
(S  1,  lie)]. 


Taltung' :  see  Convolution. 

Fatou,  P.:  A  3, 135  (8  1,  us),  C  46, 17,  E  4, 126, 

H,  807. 

Fatou's  lemma:  C  27,  206,  C  47,  41. 
Favard,  J.:  C  28,  4,  C  35,  me,  C  36,  273,  284, 

C  40,  3,  C  44,  48,   S  27,   190-191,  193,  195. 

FejeV,  L.:  C  7,  183,  E  3,  277,  E  13,  129; 

paper  dedicated  to,  C  52. 
FejeVs  summation  theorem:  [A  3, 47  (S  1, 43)], 

[C  7,  183-185],  C  28,  20-22. 

Fekete,  M. :  C  5, 44,  C  28, 5,  D  4, 53,  H,  736, 749, 

758,  S  27,  187. 

Fenchel,  W.:  Preface,  xxxiii,  C  44,  52-57,  C  50, 

77; 

co-author  of  C  38. 

Flanders,  D.  A.:  co-author  of  C  42,  C  43. 
F01ner,  E.:  C  49,  C  54,  12,  S  27,  192,  195-197; 

co-author  of  C  47,  D  10,  D  11. 
Fourier  series:  see  Fourier  series  of  periodic 
functions,  Fourier  series  of  limit  periodic 
functions,  Fourier  series  of  almost  periodic 
functions. 

Fourier  series  of  periodic  functions:  of  one 
variable,  [A  3,  47  (S  1,  42)],  C  28,  6-25, 
C37(S  11),  E  13; 

of  infinitely  many  variables,  C  7,  186-193. 
Fourier  series  of  limit  periodic  functions:  of 
infinitely  many  variables,  C  7,  196-205, 
C62; 

of  one  variable,  C  20, 130-133. 
Fourier  series  of  almost  periodic  functions: 
definition  of,  [C  1,  738],  C  3,  47-49,  C  28, 
41-13; 
convergence  in  mean  of,  fC  1,  739],  C  3,  53, 

028,46; 
with  linearly  independent  exponents,  [C  1, 

739],  C  3,  103-112,  C  5,  42,  C  28,  75^77,  [C  45 

(S  12)],  [C  48,  34]; 
operations  with,  C  3,  57-03,  121-123,  120-127, 

C  28,  46-50; 
with  positive  coefficients,  C  4,  34-87  (8  7), 

C  5,43; 

with  coefficients  in  an  angle,  C  5,  44 ; 
with  bounded  exponents,  C  10,  C  11  (S  8); 
summation  of,  C  18,  10-16,  C  28,  69-75; 
in  Stepanoffs  sense,  C  18,  20,  27-30,  C  27, 

262-264,  266,  C  48  (S  13); 

in  Weyl's  sense,  C  27,  262-264,  266; 

in  Besicovitch's  sense,  C  27,  262-263,  265-266, 

C  47,  47. 
Fowler,  R.  H.:  H,  834. 
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Franel,  J.:  A  3,  26  (S  1,  27),  B  1,  30*,  H,  733. 
Franklin,  Ph.:  C  15,  374,  C  22,  285,  C  27,  204, 
C  28,  8,  78,  C  32,  21  (S  9,  131),  S  27,  m, 

194. 

Fredholra,  L:  Paper  dedicated  to  the  memory 

of,  B  23. 

Frobenius,  G.:  A  3,  46  (S  1,  «). 
Fueter,  R, :  H,  843. 
Fujiwara,  M.:  H,  727,  744. 
Functional  equation  of  the  zeta-function :  H, 

759-763 ; 

approximate,  H,  771. 
Functional  spaces:  C  47,  [C  49], 
Fundamental  discriminant:  H,  837. 
Fundamental  theorem :  see  Parseval  equation. 
Fuss,  P.  H.:  H,809, 

Gamma-function:  [A  2, 262],  G  1,  225. 

Gap  theorems:  for  Dirichlet  series,  C  46,  10, 

31-37,  H,  735; 

for  analytic  almost  periodic  functions,  C  46, 

33-37  J 

for  power  series,  E  6  (S  17),  E  15  (S  19). 

GaUSS,  C.  F.:  H,  782,  791,  823,  828,  839. 

Gegenbauer,  L.:  H,  828. 

Generalized  almost  periodic  functions :  surveys 

of,  C  21,  C  22,  C  28,  78-84,  C  49; 
Stepanoff's,  0  18,  is-so,  C  27,  226,  228-231, 

238-241,  261-364,  266,  C  30,  396-398,  C  46, 18, 
C  47,  83-53,  62-73,  C  48  (S  13); 
Weyl's,  C  27,  226,  281-241,  261-264,  266,  C  47, 
83-51,  58HJ6,  74-96; 

Besicovitch's,  C  27,  227,  242-257,  261-263,  265- 

291,  C  47,  33-51,  54-58,  62-66,  97-109; 

analogue  of  Riesz-Fischer  theorem  for,  C  47, 

47,  S  27,  194-195; 

extreme  examples  of,  C  47,  58-61,  70-78,  88- 

91,   110-155. 

Genocchi,  A.:  H,  792. 

Geometric  and  arithmetic  means :  G  4. 

Goldbach's  theorem:  H,  809. 

Gflttingen  University:  Preface,  xxi-xxvii. 

Gram,  J.  P.:  H,  772, 792. 

Grandjot,  K.:  A  17,  7,  10,  E  11,  568,  H,  742, 

Grave,  D.  A. :  paper  dedicated  to  the  memory 

of,  E  14. 

Gronwail,  T.:  H,  770,  799,  815. 
Grossmann,  J.:  H,  soi. 
Groups:  almost  periodic  functions  in,  [C  33 

(S  10)],  C51; 
of  substitutions,  in  connection  with  alge- 


braic functions  of  almost  periodic  func- 
tions, C42. 

Hadamard,  J.:  A  3,  22,  38  (S  1,  23,  37),  B  9,  82 

(S  6,  126),  B  16,  55-56,  66,  B  18,  4-5,  C  3,  83, 
H,  722,  729-780,  744-745,  761-762,  764,  784,  796, 
798,  802. 

Hadamard's  gap  theorem :  for  Dirichlet  series, 

C  46,  10,  31 ; 

for  power  series,  E  6  (S  17),  E  15, 2  (S  19, 145). 
Hadamard's  three-circles  theorem:  B  11,  6, 

B  12,  1167,  1174,  [C  10,  767],  [C  11,  43]. 

Hadamarcl-Fabry  gap  theorem:  extension  to 

Dirichlet  series  of,  H,  735. 
Half -module  of  an  almost  periodic  function: 

C  41,  473. 

Halphen,  G.  H.:  H,  784. 
Hamburger,  H.:  H,  762. 
Hammerstein,  A,:  C  28,  4,  C  53,  344,  H,  794, 

827,  849,  S  27,  191. 

Hansen,  P.  C.  V. :  Preface,  xxix. 

Hardy,  G.  H. :  Preface,  xix,  xxii,  xxvii-xxviii, 
xxxiii,  A  3,  68-70  (S  1,  59-00),  A  18,  711, 
A  22, 10,  21,  39,  B  18, 16,  B  20,  IBS,  HI,  uo, 

D  5,  275,  E  9,  180,  H,  724,  731-732,  734,  742, 
748-749,  751-754,  757-758,  769-772,  774-775, 
788,  791,  804,  808-809,  815,  818-819,  822-825, 

828,  880,  832-835,  849,  S  27,  187. 

Hartman,  Ph.:  C  44,  eo-ei,  C  50,  76, 78,  S  27, 

188,  190,  194,  196. 

Haslam-Jones,  U.  S.:  S  27,  195. 

Hausdorff,  F.:  H,  830. 

Haviland,  E.  K.:  B  26,  30,  S  27,  190,  198. 

Hecke,  E. :  Preface,  xxii,  H,  835, 84 1, 843, 846-848. 

Hecke  zeta-function:  H,  847. 

Herglotz,  G.:  H,  841. 

Hermite,  Ch. :  H,  838. 

Hilbert,  D. :  Preface,  xx,  xxiii-xxv,  xxxii,  A  9, 

444,  460,  H,  741,  744,  830; 

paper  dedicated  to,  A  15. 
Hille,  E.:  A  17, 5,  A  21,  106,  S  27,  188. 
Hjelmslev,  J. :  Preface,  xvi,  xxx,  F  3, 349  (S  21, 
151); 

paper  dedicated  to,  F  2  (S  20). 
Hoheisel,  G.:  B  24,  n. 
Hdlder,  0.:  A  3,  46  (S  1,  4i),  H,  783. 
Holder's  inequality:  C  27,  205,  C  47,  40. 
Holmgren,  E.:  H,  790. 
Hurwitz,  A.:  C  3,  48,  69,  78,  H,  749,  798,  886. 

Ideals:  H,  847-849. 
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Implicit  functions:  of  almost  periodic  func- 
tions of  a  real  variable,  C  42 ; 
of  analytic  almost  periodic  functions,  »C  43. 
Incompleteness  of  Wp-  and  Wp-a.p.  spaces: 

C  47,  58-61. 

Inequality  between  arithmetic  and  geometric 

means:  G  4. 
Infinite  series:  with  arbitrary  indices,  [A  3, 

133-134  (S  1, 116-117)],  [G  1,  232],  G  6  (S  24); 

convergence  criteria  for,  [A  3, 134  (S  1, 117)], 

G  6(824); 

summability  of,  G  2  (S  22); 
formal  calculation  with,  G  3  (S  23); 
see  also  Binomial  coefficient  series,  Dirichlet 

series,   Factorial  series,   Fourier  aeries, 

Irregular  power  series,  Power  series. 
Ingham,  A.  E. :  Preface,  xxvii,  B  25, 48,  S  27, 1 89. 
Integral   functions:    determined   by   almost 

periodic  functions  with  bounded  Fourier 

exponents,  C  10,  C  11  (S  8); 
converging  to  zero  outside  a  neighbourhood 

of  a  curve  tending  to  infinity,  [E  10],  E  1 1 ; 
bounded  on  every  straight  line  through  the 

origin,  E  12. 
Integral  representation  of  Dirichlet  series: 

H,  740. 

Integrals  over  an  infinite  interval:  convergence 

criteria  for,  [A  3,  186  (S  1,  lie)]; 
multiplication  of ,  G  1 ; 
summability  of,  G  1,  220. 
Integration :  of  almost  periodic  functions  of  a 
real  variable,  C  3, 121-127,  C  28, 49-52,  C  40, 
19-24 ; 
of  analytic  almost  periodic  functions,  [C  9, 

180],  C  12,  254,  260,  268,  275; 

of  periodic-like  functions,  C  17,  16-22; 

of  trigonometric  polynomials,  [C  35],  C  36; 

of  periodic  functions  whose  Fourier  constants 

of  order  <  N  vanish,  C  37  (S  11). 
Inversion:  of  almost  periodic  functions  of  a 
real  variable,  C  25,  10-15,  C  30,  889-898; 
of  analytic  almost  periodic  functions,  C  26, 

C  41. 
Irregular  power  series:  C  12,  288,  C  26,  940-250, 

[C  28,  85],  C  41,  484-487,  H,  744. 

Iversen,  F.:  C  9,  184,  C  12,  249,  C  39, 6. 

Jansson,  T.:H,  737, 

Jensen,  J,  L.  W.  V. :  Preface,  xvii-xviii,  A  1, 

77,  80,  A  3,  2-8,  70,  78  (S  1,  4-5,  60,  67),  A  5, 
1891,  B  12,  1154,  H,  725-727,  760,  S  27,  189. 


Jensen's  formula:  B  24, 15; 
extension  to  analytic  almost  periodic  func- 
tions of,  [C  28,  95],  [C  31, 207],  [C  44,  58- 

59],  [C  50,  78-84]. 

Jensen's  inequality:  B  12,  nea,  B  13,  269. 
Jessen,  B.:  Preface,  xxxii,  C  28,  4, 94-95,  C  31, 

206-208,  C  38,  12,  C  44,  42,  45-60,  C  47,  54, 
100-103,  C  53,  342,  C  54,  12,  S  27,  190-191, 
193-194,  196,  198; 

co-author  of  B  23,  B  24,  B  25,  B  26,  C  30, 
C  41,  C  50,  D  4  (S  14),  D  5,  D  6,  F  3  (S  21); 
Harald  Bohr  in  memoriam,  S  25. 
Jordan,  C.:  Preface,  xix,  A  3,  135  (S  1,  119), 

C  17,  11. 

J0rgensen,  V.:  S  27,  198. 
Juel,  C. :  Preface,  xvi,  xviii,  xxx ; 
paper  dedicated  to,  C  4  (S  7). 

Kaluza  jun.,  T.:  S  27, 194. 

Kamke,  E. :  H,  830. 

Kampen,  E.  R.  van:  C  44, 6i,  C  50, 76,  S  27, 190- 

192,   194,   198. 

Kempner,  A.  J.:  H,  830. 

KerSkjarto",  B.  von:  C  38,  6. 

Kershner,  R.:  S  27,  190,  198. 

Kinkelin,  H.:  H,  797. 

Kitagawa,  T.:  S  27,  192,  194. 

Klein,  F.:  Preface,  xxii-xxiii. 

Kloosterman,  H.  D.:  E  8, 5,  S  27, 188,  197. 

Kluyver,  J.  C.:  H,  806,  812, 

Knopp,  K. :  H,  726, 732. 

Koch,  H.  von:  B  20,  HI,  H,  787,  790,  794. 

Koebe,  P.:  Preface,  xxii. 

Kojima,  T.:  H,  726,  731,  S  27,  198. 

Kowanko,  A,  S.:  C  22,  285,  C  28,  78. 

Kronecker,  L. :  H,  729,  833,  837 ; 
see  also  DirichletnKronecker  theorem,  Kro- 
necker's  theorem,  Kronecker-Weyl  theo- 
rem. 

Kronecker's  theorem:  for  one  variable,  B  20, 

135-136,  B  21,  78-76,  [C  6,  89],  [C  28,  77], 

[C  50, 77],  D  1,  D  4  (S  14),  D  5,  D  6, 126- 

127,  D  7,  59-62  (S  15),  D  8,  D  9,  H,838; 

for  several  variables,   D  2,  D  6,  127-129, 

D  7,  62-64  (S  15),  D  11,  48J 

applied  to  Dirichlet  series,  [A  4,  876],  A  7, 

A  9,  447-458,  A  13,  142-146,  [B  20,  144-150], 
H,  789-748  J 

applied  to  the  zeta-function,  B  3,  [B  5, 119- 

120],  B   6,  417-420,  426,  B   8,  227-228,  281, 

[B  16, 60-61],  [B  18,  8-10],  [B  20, 147-143], 
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B  21,  77-78,  B  22,  172,  B  23,  6-8,  H,  766- 
767; 

applied  to  almost  periodic  functions,  C  7, 

112-113,  118-188,  176-178,  C  42,  21,  85,  [C  44, 
46],  048,86-87  (S  13,  137); 

generalization  of,  [C  50, 77], 
Kronecker-Weyl  theorem:  B  15, 259-268,  B  20, 

183-136,  H,  838-834; 

applied  to  Dirichlet  series,  A  15,  120; 
applied  to  the  zeta-function,  B  15,  273-274, 

B  19,  86,  92-93,  99-100,  [B  20,  150-154],  B  23, 
11-12,  15,  83-34,  B  24,  10,  13,  42,  H,  767- 
768J 

applied  to  almost  periodic  functions,  C  3, 

103-112,  [C  44,  42],  [C  45],  [C  50,  76,  83]. 

Rummer's  convergence  criterion:  G  5,  7-9 

(S  24,  162). 
Kuniyeda,  M.:  H,  727,  754. 

L-functions:  H,  795-801 ; 

summability  of  Dirichlet  series  of,  A  3,  78 
(S  1,  67); 

zeros  of,  A  15,  121-122,  B  13,  B  14. 
Lagrange,  J.  L.:  C  44,  39-40,  C  50,  75. 
Landau,  E. :  Preface,  xxi-xxii,  xxv-xxvi,  A  2, 

254,  257,  260-261,  A  3,  8-9,  13,  20-22,  25-27, 
37-88,  131  (S  1,  10,  14,  21-28,  26-27,  86-37, 
115),  A  6,  236,  A  7,  222,  A  8,  205-206,  209, 
A  10,  327-328,  A  12,  1,  3,  A  17,  5,  A  19,  71, 

A  21, 107,  B  18,  8,  B  20,  uo,  D  4,  53,  D  6, 

124,  126,  D  8,  312,  £  3,  276-281,  E  4,  119, 
E  6, 16-17  (S  17),  E  8, 1,  H,  722,  731,  738-737, 
739,  744-747,  751-753,  760,  763,  765,  767-772, 
774,  776-777,  788-787,  789-790,  793-794,  797- 
807,  809,  811-815,  817-882,  839-848,  845-849, 
S27,  189,  193,  197; 

co-author  of  B  1,  B  4,  B  1 1,  B  12,  B  13,  B  14, 

B21,  B22; 

paper  dedicated  to,  C  3 ; 
see  also  Landau-Schnee  theorem,  Picard- 

Landau-Schottky  theorem,  Vivanti-Lan- 

dau  theorem. 
Landau-Schnee  theorem:  A  3, 27  (S  1, 27),  A  12, 

A  17,  [A  21,  106-107],  H,. 737^738,  S  27, 187. 

Laplace,  P.  S.:  0  1,  214. 
Laplace  integrals:  [A  1,  so]. 
Lattice  points:  H,  816,  823-827. 
Laurent  decomposition  of  analytic  almost 
periodic  functions:  [C  8,  646],  [C  9,  185- 

187],  C  12,  274-280. 

Lauritzen,  S.:  8  27,  198. 


Lebesgue,  H, :  Preface,  xxix,  C  28, 16-n,  F  2, 

12. 

Legendre,  A.  M.:  H,  782, 796. 
Lehmer,  D.  N.:  H,  791, 829. 

Lerch,  M.:  H,  778-779,  798,  835,  838,  841. 

Lettenmeyer,  F.:  D  1,  315,  S  27,  196. 

Lewitan,  B.  M.:  S  27,  194-196. 

Liapounoff  stability:  C  32, 21  (S  9,  isi),  C  38, 8. 

Liechtenstein,  L. :  paper  dedicated  to  the  mem- 
ory of,  C  36. 

Limit  periodic  functions:  of  infinitely  many 
variables,  [C  2,  1091-1092],  C  7,  146-154, 

196-205,  C  62; 

of  one  variable,  C  7,  i4i-ue,  C  20. 
LindeUtf,  E.:  Preface,  xxviii,  A  2,  251,  A  3,  21 

(S  1,  22),  A  4,  370,  B  1,  304,  312,  B  9,  83-85 
(S  6),  C  39,  5-6,  E  14,  29-30,  H,  787,  747,  760, 
769,  772,  778  J 

see  also  Lindeldf  /i-function,   Phragmen- 

Lindel&f  theorem. 

Lindelof  ^-function:  A  3,  28-3«  (S  1,  28-35), 
A  17,  A  18,  711-720,  A  19,  74-75,  A  22, 

[B  16,  58-59,  64],  [B  18,  6-8,  13],  H,  737, 
708-769,  775-776. 

Lindh,  E.:  H,  727. 

Linear  congruences  with  infinitely  many  vari- 
ables: D  3,  D  10; 
applied  to  almost  periodic  functions,  C  7, 

178-179. 

Linear  equations  with  infinitely  many  vari- 
ables: D  3, 7-10. 

Linear  independence :  see  Almost  periodic  func- 
tions of  a  real  variable,  Analytic  almost 
periodic  functions,  Dirichlet  series  of  type 
J£ane~V,  Dirichlet  series  of  almost  periodic 
functions,  Fourier  series  of  almost  periodic 
functions,  Kronecker's  theorem,  Kro- 
necker-Weyl theorem. 

Linear  substitutions  in  infinitely  many  vari- 
ables: D  3,  11-18,  D  10,  5,  25-27,  D  11,  47, 
52-56. 

Linfoot,  E.  H.:  S  27, 191,  198. 
Lionnet,  F.  J. :  H,  789. 

LipSChitZ,  R.:  H,  778-779,  797. 

Littlewood,  J.  E. :  Preface,  xxvii-xxviii,  B  8, 

217,  B  11,  3,  B  16,  59,  64,  B  18,  8,  18,  B  20, 
133,  141-144,  B  21,  72,  B  22,  168,  H,  781-782, 
784,  748,  752,  754,  758,  766,  769-772,  774^777, 
788-789,  791,  794-^795,  804,  808-809,  812,  815, 
822,  880,  832,  834-835,  S  27,  188-190; 

co-author  of  B  12. 
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Logarithmic  means:  H,  755. 
Lorenz,  L.:  H,  819. 
Liineburg,  R.:  S  27, 191. 

/j-function:  see  Lindel6f  /^-function. 

Maak,  W.:  S  27, 190,  196. 

Malmrot,  B.:  H,  727. 

Malmsten,  C.  J.:  H,797. 

Mandelbrojt,  S.:  S  27, 188. 

Mangoldt,  H.  von:  H,  729,  765,  792,  794,  sii; 

see  also  Riemann-von  Mangoldt  formula. 
Marcenko,  V.A.:  S  27, 192. 
Marcinkiewicz,  J.:  S  27, 196. 
Markoff,  A.:  C  32, 21  (S  9,  isi),  C  38, 3. 
Maximal  strip   of  analytic  almost  periodic 

function:  [C  9,  179],  C  12,254. 
Mean  motion:  C  24,  5-11,  C  29,  C  44,  C  50. 
Means :  arithmetic  and  geometric,  G  4 ; 

typical,  H,  755; 

logarithmic,  H,  755. 
Mean  value:  of  Dirichlet  series,  [A  2,  254],  A  3, 

22-28,    116-118    (S    1,   23,    101-103),    H,    745- 
746; 

of  functions  of  the  zeta-function,  B  25; 
of  almost  periodic  functions  of  a  real  vari- 
able, [C  1,  737],  C  3,  42-46,  C  28,  34-41; 

of  analytic  almost  periodic  functions,  C  12, 

257; 

of  analytic  functions  on  vertical  lines,  E  9, 

181 ; 
arithmetic  and  geometric,  G  4, 

Mellin,  H.:  H,  748,  750,  768-769,  773,  778,  788. 

Menchoff,  D.:  827,  197. 

Merlin,  J.:  H,  808. 

Mertens,  F.:  G  1,  231,  G  2,  3  (S  22),  H,  763, 769, 

800,  805-806,  812-818,  839-840. 

Meyer,  A.:  H,  841. 
Milloux,  H.:  827,197. 
Minakshisundaram,  S.:  8  27,  187. 
Minkowski,  H.:  Preface,  xxi-xxii. 
Minkowski's  inequality:  C  27,  207,  C  47,  40. 
Mittag-Leffler,  G,:  E  10,  827,  E  11,  565,  E  12, 

39,  43; 

paper  dedicated  to,  C  12. 
M6bius,  A.  F.:  H,  811. 
Mdbius'  inversion  formula:  G  3,  8-12  (8  23, 

158). 

Module:  of  an  almost  periodic  function,  C  29, 

54; 

in  infinitely  many  dimensions,  D  10,  22-31, 
Dll. 


Moller,  J.P.:  B  26,  44. 
Mollerup,  J.:  Preface,  xxix. 
Montel,  P.:  E  9,  iso,  S  27,  ise,  197. 
Montel's  theorem:  B  23, 17,  C  12, 246. 
Mordell,  L.  J. :  H,  832, 840, 843. 
Moreau,  C.:  H,  796. 
Muckenhoupt,  C.  F.:  S  27,  194. 
Multiplication:  of  Dirichlet  series,  A  2,  255, 

A  3,  37-39, 131-132  (S  1,  36-38, 115-116),  A  18, 
720-722,  A  19,  H,  750-753,  757-758; 

of  integrals  over  an  infinite  interval,  G  1; 

of  infinite  series,  G  2,  3-4  (8  22). 
Multiplication  theorem:  for  almost  periodic 
functions,  C  3,  57-59,  C  28,  47,  56-58 ; 

for  periodic  functions,  C  28,  18-19. 
* 

Nagell,  T.:  H,  839. 
Nagy,  B.  von  Sz.:  827,195. 
Nalli,  P.:  H,  754. 
Neder,  L.:  A  17,  9-10,  H,  720, 728, 735, 739,  S  27, 

188-189,  197. 

Neugebauer,  0.:  Preface,  xxxiii; 

co-author  of  C  17. 
Neumann,  J.  von:  C  33  (S  10),  C  51,  8  27, 190, 

192,  194. 

Nielsen,  J. :  Preface,  xxx-xxxi,  D  4, 53,  D  7, 59 ; 

paper  dedicated  to,  A  19. 
Nielsen,  N.:  Preface,  xiv,  xvi-xvii,  A  3,  ix 

(S   1,  3). 

Norgil,  R.:  827,193. 

Nerlund,  N.  E. :  Preface,  xx-xxi,  A  3,  ix  (S  1, 3), 

E  2,74  (S  16,  HI),  S  27,  187; 

paper  dedicated  to,  G  5  (S  24). 
Normal  functions:  C  9, 189,  C  15, 889,  C  40, 5, 7 ; 

discontinuous,  C  51,  60S. 
Number-theoretic  functions:  survey  of,   H, 

780-782,  810-836. 

Number-theory :  analytic,  survey  of,  H,  780-849. 

Oppermann,  L.:  H,  sos. 

Osculating  circles  of  convex  curves :  F  3,  345- 

351   (8  21,  151). 

Osgood,  W.  F.:  E  9,  m,  E  12,  41.     , 
Ostrowski,  A.:  C  43,  779,  783,  H,  735,  744,  830, 

835,  8  27,  188. 

Over-convergence  of  Dirichlet  series:  A  8,  20$, 

A  12,  H,  A  21,  109-110. 
Oxford  University:  Preface,  xxvii. 

Pal,  J.:  E  13,129. 

Paley,  R.E.A.C.:  S  27,  m. 
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Paris  University:  Preface,  xxix. 
Parseval  equation:  for  almost  periodic  func- 
tions of  a  real  variable,  [C  1,  739],  C  3, 

52,     68-108,    C    28,    45,    53-54,    [C    53,    341- 
346]; 

for  analytic  almost  periodic  functions,  [C  9, 

181],  C  12,  259; 

for  periodic  functions  of  a  real  variable, 

C  28,  14-16,  24-25. 

Partitions:  H,  833. 
Pedersen,  E.:  S  27, 192. 
Periodic  functions:  of  infinitely  many  vari- 
ables,  [C  2,  1091],  C  7,  134-187,  186-193; 

of  one  variable,  C  7,  133-134,  C  27,  207-219, 

C  28,  6-25 ; 

integration  of,  C  37  (S  11);  * 

transformation  of,  leading  to  uniformly  con- 
vergent Fourier  series,  E  13. 
Periodic -like  functions:  C  3,  113-11 8,  C  17,  16- 

22,  C  54. 
Perron,  0.:  A  3,  is,  88,  38  (S  1, 15,  38-37),  A  6, 

286,  A  7,  223,  A  16,  2,  H,  728-730,  786,  744, 
749,  886; 

paper  dedicated  to,  A  18. 
Perwuschin,  M.:  H,  807. 
Petersen,  J.:  Preface,  xiv,  xvii. 
Petersen,  R.:  Preface,  xxx,  C  28,  88,  C  31, 202, 

S  27,  198-194. 

Pfeiffer,  E.:  H,  817. 

Phragme'n,  E.:  H,  729,  752,  790-792,  803. 

Phragm4n-Lindel6f  theorem :  B  1, 318-317,  B  3, 

208,  B  9,  85  (S  6,  127),  B   10,  4-10,  B   11, 

13,  n,  B  21,  so,  B  22, 172,  C  12,  245,  C  16, 
138,  C  25,  6,  C  46,  9. 

Picard's  theorem :  extension  to  analytic  almost 
periodic  functions  of,  [C  9, 184-185],  C  12, 

270,  274,  C  39; 

generalization  of,  E  14. 
Picard-Landau-Schottky  theorem:  A  5,  1394- 

1895,  B  1,  809-312,  821,  B  11,  28,  C  39,  6-7, 

E  8,  2,  E  14,  so. 

PiltZ,  A.:  H,  778,  790,  792,  798,  798,  800,  803,  808, 
821. 

Piltz's  divisor  problem:  H,  821. 
Pincherle,  S. :  H,  726, 748. 
Pitt,  H.R.:  827,191. 
Plesner,  A.I.:  S  27, 195. 
Poincare",  H.:  C44,io. 
Poisson  stability:  C  38, 3. 
Polignac,  A.  de:  H,  784. 
Polya,  G.:  H,  797, 889,  S  27,  197. 


Polynomials :  estimate  of  partial  sums  of,  A  21, 

111-113; 

see  also  Trigonometric  polynomials. 
Pontrjagin,  L.:  S  27, 1 91-192. 
Popoviciu,  T.:  S  27,  189. 
Power  series:  Tauber's  theorem  on,  [A  3,  185 

(S  1,  117-118)]; 
in  infinitely  many  variables,  A  9,  [C  50,  83], 

[E  8,  5],  H,  741-742; 

irregular,  C  12,  238,  C  26, 249-250,  [C  28,  85], 

C  41,  484-487,  H,  744; 

sum  of  absolute  values  of  terms  of,  E  1; 

sum  of  coefficients  of,  for  bounded  function, 
E3,  E4; 

with  gaps,  E  6  (S  17),  E  15  (S  19); 

in  m  variables,  E  8, 8-5. 
Prime  ideals:  H,  847-849. 
Prime  numbers :  survey  of  distribution  of,  H, 

782-810; 

represented  by  a  quadratic  form,  H,  8 40-84 i, 
Princeton,    Institute   for   Advanced   Study: 

Preface,  xxxii. 

Pringsheim,  A.:  A  3,  15,  134-185  (S  1,  17,  in- 
ns), G  5,  8  (S  24,  161),  H,  738. 

Probability:  by  addition  of  convex  curves, 

B    15,  263-271,   B    19,   87-90,   B   23,   18-14, 

B  24,  10-12,  F  2  (S  20),  F  3  (S  21); 
by  addition  of  circles,  C  3,  106-110; 
as  an  aid  in  mathematical  analysis,  [C  45 

(S  12)]. 

Quadratic  forms  and  fields:  H,  838-841. 
Quasi -periodic  functions:  [C  1,  789],  [C  2, 1091], 

[C  3,  33-84,  121,  123],  C  7,  111-117,  124-125, 

[C  17,  9-11],  [C  28,  3,  5]. 
Quotientials :  [A  3,  135-186  (S  1,  us)]. 

Rademacher,  H.:  S  27, 197. 

Ralkov,  D.  A.:  827,195. 

Ramanujan,  S.:  H,  778, 816, 821, 828, 882-833. 

Rau,  K.  Ananda:  H,  787. 

Reidemeister,  K.:  H,  843. 

Rellich,  F.:  827, 1 91. 

Remak,  R.:  E  5, 405,  H,  800, 830. 

Riemann,  B.:  H,  729,  749,  759,  781,  768-765,  784, 
795. 

Riemann's  formula  on  prime  numbers :  H,  792- 

795. 

Riemann  hypothesis :  H,  784-765 ; 
in  connection  with   the  series 
[A  2,  259],  A  3,  131  (S  1,  115); 
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extension  of,  to  L -functions,  A   15,  121- 

122; 
consequences    of,    B   11,  B    12,   H,   775- 

777.  , 

Biemann-von  Mangoldt  formula:  B  11, 10-18, 

B  12,  1144-1152,  [B  16,  56-57],  [B  18,  5-6], 
H,  765-766,  776-777. 

Riemann  zeta-f unction:  surveys  of,  B  16,  B  18, 

B  20,  H,  759-779; 

analytic  continuation  of,  [A  1,  79-so],  A  3, 

78  (S  1,67); 

values  of,  in  the  half-plane  0  >  1,  A  9,  484, 

B  1,  805-309,  314-815,  B  3,  [B  5  (S  5)],  B  6, 

B  22,  168-ni; 
near  the  line  a  —  1,  B  1, 312-314, 822-324,  B  2 

(S  4),  B  4; 
on  the  line  a  =  1,  B  1, 815-319,  B  3, 208,  B  10, 

B  21,  B  22; 
and  functions  of  infinitely  many  variables, 

[B  5],  B  6,  B  7,  B  8; 
values  of  the  logarithm  of,  on  or  near  a  line 

0  =  00  >  1,  B  7,  B  23,  5-11,  B  26; 
values  of  the  logarithmic  derivative  of,  on 

or  near  a  line  a  —  CTO  >  1,  B  8; 
zeros  of,  B  9  (S  6),  B  11,  10-13,  B  12, 1H4- 

1152,  B  13,  B  14; 

order  of  growth  of  derivatives  of  the  loga- 
rithm of,  in  the  strip  J  <  0  <^  1,  B  1 1,  7-9, 

14-is ; 
order  of  growth  of  the  logarithm  of,  in  the 

strip  £  <  0<^  1,  B  11,  9-10,  28-27; 
values  of,  in  the  strip  }  <  0  <£  1,  B  11,  27, 

B  15,  271-274,  [B  17],  [B  18,  le],  B  19, 

69-72  J 

near  the  line  0  =  £,  B  12; 

a-points  of,  in  the  strip  1  g  t  <  T,  B  12, 

1152-1175; 

asymptotic  distribution  of  the  values  of,  in 

the  strip  \  <  a  <L  I,  [B  17],  [B  18,  16], 

B  19,  69-72,  B  24,  4-5; 
asymptotic  distribution  of  the  values  of  the 

logarithm  of,   in  the  strip  J  <  0  ^  1, 

B  19,  [B  20,  152-154],  B  24; 
use  of  Euler  product  of,  in  the  strip  \  <  <r  ^  1, 

B  19,  75-84,  B  24,  5-8,  44-58J 

asymptotic  distribution  of  the  values  of  the 
logarithm  of,  in  the  half -plane  0  >  1, 
[B  20,  150-152],  B  23; 

mean  value  of  functions  of,  B  25; 

mean  motions  of,  [C  44, 59-60],  [C  50, 88-84]; 

see  also  Riemann  hypothesis. 


Riesz,  F.:  B  24,  17; 

paper  dedicated  to,  C  52. 
Riesz-Fischer  theorem :  analogue  of,  for  almost 
periodic  functions,  C  47,  47,  S  27,  194-195. 
Riesz,  M.:  A  2,  252,  255,  A  3,  100,  115,  122,  182 

(S  1,  87,  101,  107,  115),  A  18,  710-712,  A  19, 
71,  73,  A  22,  8-4,  19,  21,  D  10,  8,  23,  D  11, 
47-50,  E  1,  4,  H,  724,  731,  752,  754,  756-758, 
775,  S  27,  187,  191,  197; 

paper  dedicated  to,  A  21. 
Riesz  summability  of  Dirichlet  series:  A  18, 

A  19,  A  22,  H,  754-758. 

Ritt,  J.  F. :  C  28, 88,  C  31, 203,  C  34, 4,  C  43, 780. 
Rogosinski,  W.:  C  12,  289,  C  14,  65,  C  25,  3-4, 

H,  819,  S  27,  188,  197. 

Rosenblatt,  A.:  H,  751. 

Roth,  A.:  S  27,  198. 

Rouche's  theorem:  B  23,  is. 

Runge's  'Polverschiebung' :  C  23,  7,  E  11. 

Sp-a.p.  functions:  C  18,  18-30,  C  27,  226,  228- 

231,  238-241,  261-264,  266,  C  47,  33-53,  62-73; 

inversion  of,  C  30,  396-398 ; 

as   boundary   values   of   analytic   almost 

periodic  functions,  C  46,  is; 
with  linearly  independent  exponents,  C  48 

(S  13). 

Sp-  and  8?-a.p.  spaces:  C  47,  39,  51-53,  67-73. 
Schaper,  H.  von:  H,  782. 
Scheibner,  W.:  A  3,  i,  8  (S'l,  3,  10). 
Sobering,  E.:  H,  791,  840. 
Schmidt,  E.:  B  20,  142,  H,  790-791. 
Schmidt,  H.:  C  41,  461,  472,  S  27,  196. 
Schmidt,  R.:  C  21,  357,  C  22,  285,  C  27,  204,  264, 

C  28,  78,  C  47,  46. 
Schnee,  W.:  A  2,  257,  A  3,  10,  is,  is,  26-27,  46 

(S  1,  11,  17,  19,  27,  41),  A  7,  199,  A  9,  445, 

A  12,  i,  5,  A  17, 5,  A  21, 106-107,  B  13,  270, 
B  14,  107,  B  15,  256,  B  19,  75,  B  22,  m, 

B  24,  44,  H,  724,  726,  781-782,  787-788,  744- 
746,  757; 

see  also  Landau-Schnee  theorem. 
Schottky,   F.:   see  Picard-Landau-Schottky 

theorem. 

Schur,  I.:  E  1,  4,  H,  797,  839,  S  27,  187,  197. 
Sch ware's  lemma:  C  12,  247. 
Secular  constant:  see  Mean  motion. 

lier,  J.  de:  H,  837. 
35,  A.:  827,189. 
Series :  see  Binomial  coefficient  series,  Dirichlet 

series,   Factorial  series,   Fourier  series, 
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Infinite   series,   Irregular  power   series, 
Power  series. 
Seynsche,  I.:  S  27, 192. 
Shah,  N.M.:  H,  sio. 

Sidon,  S.:  C  28,  5,  D  4,  53,  S  27,  196-197. 
Siegel,  C.  L.:  H,  762,  836,  844. 
Sierpinski,  W.:  B  20,  134,  H,  823. 
Singular  series:  H,  831. 
Soboleff,  S.  L.:  S  27, 194. 
Square-free  numbers:  H,  828. 
Stability:  and  almost  periodicity,  C  32  (S  9); 

and  periodicity,  C  38. 
Stackel,  P.:  H,  808-809. 
Stadigh,  V.:  H,  744. 
Stanford  University:  Preface,  xxxii. 
Stationary  functions:  C  40,  8-1 6. 
Steffensen,  J.  F.:  Preface,  xxx,  H,  744, 750, 788, 
826; 

paper  dedicated  to,  C  45  (S  12). 
Stepanoff,  W.:  C  9, 188,  C  15,  374,  C  18, 5,  C  21, 

357,  C  22,  285,  C  27,  203,  C  28,  78,  C  30,  396, 
C  49,  31(5,  S  27,  191-192,  195-196; 

see  also  Sp-a.p.  functions,  Sp-  and  Sp-a.p. 

spaces. 

Sterneck,  R.  D.  von:  H,  812. 
Stieltjes,  T.  J.:  A  3,  37  (S  1,  36),  A  9,  476,  A  11, 

56i,  A  18, 709,  A  19, 71,  B  22,  m,  G  1, 231, 

H,  751,  784,  790,  801,  812. 

Stermer,  C.:  paper  dedicated  to,  C  48  (S  13). 
Strausz,  A.:  S  27,  195. 
Stridsberg,  E.:  H,  830. 

Substitutions:  groups  of,  in  connection  with 
algebraic  functions   of   almost   periodic 
functions,  C  42; 
linear,  in  infinitely  many  variables,  D  3, 

11-18,  D  10,  5,  25-27,  D  11,  47,  52-58. 

Summability:    of    Dirichlet    series    of    type 
2ann~s,  [A  1],  A  2,  A  3,  41-132  (S  1, 38- 
116),  A  18,  A  19,  A  22; 
of  Dirichlet  series  of  type  3£ane~**',  [A  1,  so], 

[A  18,  710],  H,  753-759; 

of  Laplace  integrals,  [A  1,  so]; 

of  factorial  series,  [A  1,  so],  [A  2, 260],  [A  3, 

183  (S   1,  116)]; 

of  binomial  coefficient  series,  [A  2,  26i]; 
by  Cesaro's  method,  general  theorems  on, 

A  3,  52-60  (S  1,  46-58); 

of  Fourier  series  of  almost  periodic  functions, 

C  18,  10-16,  C  28,  69-75 ; 

of   Fourier  series   of   generalized   almost 


periodic  functions,  C  18,  27-80,  C  27,  261- 

266; 

of  Fourier  series  of  periodic  functions,  C  28, 

19-22; 
of  integrals  over  an  infinite  interval,  G  1, 

220; 

of  infinite  series,  G  2  (S  22). 
Summability  factors :  [A  1, 76-77],  [A  2, 248-249], 

A  3,  61-70,  72-74  (S   1,  53-60,  62-64). 

Sylvester,  J.  J.:  H,  808. 

Szasz,  0.:  H,  735. 

Szego,  G.:  C  11,  45  (S  8),  S  27,  193. 

Sz.  Nagy,  B.  von:  S  27, 195. 

Takahashi,  S.:  S  27, 193. 

Tauber's  theorem:  [A  3,  135  (S  1,  m-ns)]. 

Teege,  H.:  H,  soo. 

Thiele,  T.N.:  Preface,  xiv-xv. 

Three-circles  theorem:  B  11,  6,  B  12,  lie?,  1174, 

[C  10,  767],  [C  11,  43]. 

Three-lines  theorem:  C  10,  767,  C  11,  43,  C  12, 

245,  C  25,  7,  C  36,  282,  H,  737. 

Titchmarsh,  E.  C. :  Preface,  xxvii,  S  27, 1 89-190. 
Toeplitz,  0.:  Preface,  xxii,  A  9,  487-488,  B  20, 

149,  C  7,  170,  C   15,  368,  C  40,  3,  C  47,  73, 
D  3,  8,  D  10,  4,  H,  742,  S  27,  198. 

Torelli,  G.:  H,  784,  803. 

Tornehave,  H.:   C  50,  77,  79-83,  S  27,   190, 

194-196. 

Translation  function,  or  'minimal  error' :  C  3, 87. 
Translation  module:  C  46, 8. 
Translation  numbers:  definition  of,  for  func- 
tions of  a  real  variable,  C  1,  737,  C  3,  30, 
C28,  27; 
common  to  two  almost  periodic  functions, 

C  3,  37,  C  28,  32; 
lemma  on,  C  3,  85-86 ; 
integral,  C  3,  88 ; 
relations  between  Fourier  exponents  and, 

C  7,  105-117,  C  29,  59-ei; 
definition  of,  for  functions  of  a  complex 

variable,  C  8,  645,  C  9,  178,  C  12,  252; 
almost  periodic  properties  of,  C  19; 
arithmetical  properties  of,  C  53, 347,  C  54, 12. 
Trigonometric  polynomials :  estimate  of  partial 

sums  of,  A  21,  no~in ; 
integration  of,  [C  36],  C  36. 

Tschebyschef,  P.:  H,  783-784,  788,  808-805,  807. 

Tychonoff,  A.:  S  27, 1 91-1 92. 
Typical  means:  H,  755. 
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Ultra-convergence  of  Dirichlet  series:  A  8,  209, 
A  12,  H,  A  21,  109-110. 

Uniform  convergence:  of  Dirichlet  series  of 
type  J^V"^'  in  half-planes,  [A  4,  375- 
376],  A  8,  A  14  (S  2),  A  20  (S  3),  A  21, 

H,  726-727,  739} 

of  Dirichlet  series  of  type  ^ann~*,  in  half- 
planes,  [A  4, 37e],  A  8, 204-209,  A  9,  A  10; 

of  a  sequence  of  almost  periodic  functions 
forming  a  uniformity  set  or  a  majorized 
set,  C  7,  110,  C  28,  55-56. 
Uniqueness  theorem :  for  Dirichlet  series,  A  3, 

13-14  (8  1,  15-16),  H,  728-729; 

for   almost   periodic   functions   of   a   real 
variable,  [C  1,  739],  C  3,  54-55,  C  28,  52, 

58-69,  [C  53,  342-344],1 

for  analytic  almost  periodic  functions,  [C  9, 

181,  187],  C  12,  259,  277,  C  16; 

for   Stepanoff   almost  periodic   functions, 

C  18,  so,  C  27,  266; 
for  Weyl  and  Besicovitch  almost  periodic 

functions,  C  27,  266; 
for  periodic  functions,  C  28,  14-n. 
Ursell,  H,  D.:  C  27,  242,  C  28,  78,  C  51,  608, 

S  27,  190,  195-196. 

Vaisala,  K.:  H,  724. 

Valiron,  G.:  8  27,  189. 

Vallee  Poussiri,  C.  de  la:  B  16, 55,  B  18, 4,  C  28, 

5,  58-69,  C  51,  601,  C  53,  342,  H,  761-762, 
771-772,  774,  784,  788,  792,  796,  798,  800,  802, 
806-H07,  811,  840-841,  S  27,  191. 

Values:  see  Asymptotic  distribution  of  the 
values,  Dirichlet  series,  Kiemann  zeta- 
f  unction. 

Veblen,  0.:  Preface,  xxxii. 

Vivanti's  theorem:  E  6, 16-n. 

Vivanti-Dienes  theorem:  E  6,  18-19  (S  17), 
E  15,  2. 

Vivanti-Landau  theorem:  C  46,  32,  H,  736; 
extension  to  analytic  almost  periodic  func- 
tions Of,  [C  8,  646],  [C  9,  181],  C  12,  262-264. 

Voronoi,  G.:  H,  817,  810-820,  823-825. 
Wp-a.p.  functions:  C  27,  226,  231-241,  281-264, 

266,  C  47,  33-51,  58-66,  74-96. 

Wp-  and  Wp-a.p.  spaces:  C  47,  39*,  58-61, 74-96. 

WalflSZ,  A.:   H,  781,  806,  819,  821-822,  825,  849. 


Walther,A.:C36,280,C  42,3, 16,25, 827,192,194. 

Waring's  problem:  H,  829. 

Weber,  H.:  H,  840,  842. 

Wecken,  F.:  8  27,  196. 

Weierstrass,  K.:  A  3,  7  (S  1,  9),  C  50,  83. 

Weierstrass'  theorem  on  trigonometric  ap- 
proximation: [C  3,  33],  [C  7,  103,  183,  185], 
C  28,  22-24. 

Weil,  A.:  S  27, 191-192,  196. 

Wennberg,  8.:  B  23,  4,  C  1,  737,  C  3,  119,  H, 

785,  746-748,  772; 

see  also  Bohl-Wennberg  theorem. 
Weyl,  H.:  Preface,  xxii,  B  20, 133-134,  HI,  C  21, 

357,  C  22,  285,  C  27,  204,  C  28,  4-5,  78, 
C  31,  200,  C  44,  42,  60,  C  49,  316,  C  50,  76, 
C  51,  595,  601,  C  53,  343-344,  347,  D  1,  315, 
D  6,  123,  H,  767,  769,  830-831,  833-834,  S  27, 
191-192; 

see  also  Kronecker-Weyl  theorem,  W^-a.p. 

functions,  Wp-  and  Wp-a.p.  spaces. 
Wieferich,  A.:  H,  832. 
Wiener,  F.:  E  i;  4. 
Wiener,  N. :  C  9, 188,  C  15,  374,  C  21,  357,  C  22, 

285,  C  27,  208,  C  28,  4,  78,  C  51,  601,  C  53, 
344-347,  S  27,  190,  192,  195. 

Wigert,  S.:  H,  815,  820-821,  823. 
Wilson,  B.  M.:  H,  sio,  821. 
Wiman,  A.:  paper  dedicated  to,  E  12. 
Wintner,  A.:  B  26,  35-36,  C  24,  5,  12,  C  28,  4, 
C  30,  387,  C  32,  21  (S  9, 131),  C  44,  44,  61, 

C  47, 100-103,  C  50,  76,  S  27, 190, 194, 196,198. 

Zeros:  of  Dirichlet  series,  A  6,  B  13,  H,  746- 

748; 

of  the  zeta-function,  B  9  (S  6),  B  11,  10-13, 

B    12,    1144-1152,  B    13,  B    14,   H,  762-766, 

771-777  ; 

of  analytic  functions,  B  13,  269,  B  14,  106, 

B  23,  17-20,  B  24,  15-20; 
of  analytic  almost  periodic  functions,  C  12, 

273,  [C  28,  94-95],  [C  31,  208-208],  [C  44, 
58-59],  [C  50,  78-84]. 

Zeta-function:  of  an  algebraic  field,  B  1,  325- 
330; 

of  Dedekind,  H,  842 ; 

of  Hecke,  H,  847 ; 

of  Riemann,  see  Riemann  zeta-function. 
Zeuthen,  H.  G. :  Preface,  xv-xvii,  A  3,  ix  (S  1, 3). 


S  28. 


